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Abstract: Entropy production in stochastic thermodynamics is defined as the average over all the
possible system trajectories of a quantity (observable) which measures the divergence between a
trajectory and its time-reversal. In this way a quantitative measure of the irreversible evolution of a
system out of equilibrium can be given. In this note we consider a Markov system and substitute the
linear average with a more general notion of average over the trajectories (Kolmogorov-Nagumo
mean) which corresponds to substituting Shannon entropy with Rény entropy. We show that, unlike
the linear average case, the resulting notion of entropy production depends on how the observable is

defined.
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1. Entropy Production in Stochastic Thermodynamics

A basic tenet of non equilibrium thermodynamics is that for a thermodynamic system in a non
equilibrium state the variation of its (time dependent) entropy is the sum of two contributions

Ah - A(Tprod + Aaex. (1)

The first term is non negative and represents the system entropy production, while the second term
with no definite sign describes the entropy exchange (flow) with the environment. This classical
formulation has been put forward in the approach of thermodynamics of continuous systems using
balance laws, see [1]. More recently it has been re-derived in the stochastic thermodynamic setting
[2-7], where we turn our attention.

We start with a brief recognition of the theory in the simplest case of a discrete system x with
finite states and discrete time evolution. Therefore the evolution of the system in the discrete time
interval {0, ...n} is a sequence w = (xq,...,xn) € Oy, Oy = X{O""'”}. We denote with

wr = R(w) = (xy,...,%0) € Wy ()

the time-reversed trajectory associated to w. Assume that (), p) is a discrete probability space such
that p(w) > 0 for every w. In stochastic thermodynamics, the existence of a probability over the
different system evolutions allows for the introduction of the concept of information associated to the
trajectory as I(w) = —In(p(w)). As a measure of the irreversibility of system evolution described by
w we take [2]
w)
(@) ~ 1(@) = I(R@)) ~ I(@) = n H< ®
p(wR)
Since IR and I are random variables, we take their average with respect to p and their limit for n going
to infinity as (we intend lim, as lim;,_, throughout the paper)

stlim% Y plw)R(w), s:lim1 Y. plw)(w). (4)

n
we)y,
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s and sg are called respectively entropy and time-reversed entropy per unit time. If we assume
that both limit exist, we can define the system entropy production o in three equivalent ways [2] i.e.
0 =01 = 0, = 03 where

1
p(;uR)), 03 = hrIzn ED(Pr PR) 5)

1
oy =Sg—s, 0p=Ilim= p(w)In
" nwezgn P

and we have introduced the relative entropy between two discrete distributions p and g
D(p.q) = Zpiln%- ©)
i 1

Note that D(p,q) > 0 and that D(p,q) = 0 only if p = g, so we gain the result that entropy production
03 is non negative. Note also that the entropy per unit time s in (4), coincides with the (Shannon)
entropy rate of the stochastic process defined by (Qy, p) [8], [9].

2. Rény Entropy and Information

The aim of this section is to retrace the derivation of the entropy production in stochastic
thermodynamics exposed above but with a different notion of average over all the system possible
evolutions introduced by Rény. A different approach is taken in [17]. We follow the exposition of
Rény original argument [10] given in [11] for discrete probability distributions. A first point is the
following: if p and q denote the probability of two events and I(p) and I(g) is a sought measure of the
information associated to the events, then the requirement that I(pg) = I(p) + I(q) for independent
events singles out a unique information measure: I(p) = — In p, which is the one that we adopted
earlier.

If different events are to be taken into account with probability p; we would like to define the
average information associated to the observable I(p;) weighted by the probability of event i. The
most general notion of average complaining with the postulates of probability theory is the so called
Kolmogorov-Nagumo mean [11], [14] which for the informations I(p;) reads

Ir(p) = FH (L pif () )

where f is a real invertible function. Rény showed that the only possible class of functions f such that
If satisfies the additivity postulate for independent events are the linear and exponential functions. i.e.

1

f(x)=cx,c#0, and f(x)= ;(3(1—“)96 —1), a#l ®)
Plugging (8) into (7) for I(p;) = —Inp; we obtain in the linear case Shannon entropy information
measure
L(p) = =) pilnpi ©)
i

and in the exponential case the Rény information measure of order & # 1

1104111(2;??)' (10)

I(p) =

Note that for « = 1, I, = 0/0 but a straightforward application of de 'Hopital rule shows that
lim, 1 I.(p) = L1(p) so Rény entropy measure is a proper generalization of Shannon entropy. While
the importance of Shannon entropy in the formulation of Statistical Mechanics is unquestioned, there
is a growing literature showing that the notion of Rény entropy is not only pivotal in information
theory but also it is appropriate to describe physical systems with fractal nature, see again [11].
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The pioneering paper of Rény [10] contains also the proper generalization of the relative entropy
D(p,q) considered as the measure of the divergence between p and g: it is given by

1
Du(p,q) = (len (ZP?‘%H) (11)

and we have again by de 'Hopital rule that lim, 1 Dy (p,q) = D(p,q).

3. On the Definition of Rény Entropy Production

The different but equivalent notions of entropy production given above were derived in (5) using
the linear average (8); of the information I(w) and Ig (w). We now use the exponential average (8); to
compute the average of the information over all the possible trajectories and then take the limit for n
going to infinity. More in detail, for a random variable A(w) in (€, p) instead of the linear average
Y. p(w)A(w) we consider the exponential average given by (7) and (8),. A direct computation shows
that the exponential average is (here w denotes the event index)

I=—-Inp(w) — L= ﬁ In (wezﬂn p“(w)) (12)

= —tnplen) > =T p@pt ) (13)
_ 1. Plw) _ —a a—

S=In o) Se = 1_a1n(w€20np2 (w)p 1(wR)> (14)

We have thus the following result:

Proposition 1 (Rény entropy production). If one uses the exponential average instead of the linear average
in the definition (5) of system entropy production one obtains three a priori different notions of Rény entropy
production: for oy in (5)1

o1() = lim %15 ~lim %1,,4 = lim % 5 & ~In (Z‘*’Eg”w Z S:)pia(c:)(m) ] (15)
for oy in (5)2
o (a) = 1i’£n %Sa = lizn % [ﬁ In (wg)n p27“(w)p“71(w1{))} (16)
for o3 in (5)3 we resort directly to the expression (11) of the a-divergence measure and set
o3 (a) = lirrln %D,x(p, PR) = lign% Lxlj In ( Z p“(w)pl_“(wR))} (17)

we)y,

4. The Case of Markovian Evolution

We now specialize to the important case of a system described by a stationary ergodic Markov
chain defined by a stochastic transition matrix P;; > 0 for all 7, j and a stationary probability distribution
7 such that 7P = PT7r = 7. In this setting we define for (Qy, p)

p(w) = 7TJCoPXoxl "’Pxn—lxn’ p(wR) = ﬂanxnxn—l o 'lexo (18)

Note that in case the probability distribution 7 is not stationary, the definition given of p(wg) is not
the only possible one; a different choice would be to substitute 71y, with 77(n),, where t(n) = P" is
the probability distribution describing the state of the system a time n while 7 is the non-stationary
initial distribution. The difference between the two choices is not relevant in the n going to infinity

d0i:10.20944/preprints202409.0866.v1
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limit because the Markovian evolution forgets about the initial conditions. For more details see e.g.
[12]. A classical results [2], [8] states that

Proposition 2. For a stationary ergodic chain described by (P, 1) the (linear) entropy production defined in (5)
is the same for the three cases 01,0, 03 and is equal to

1 o1 p(w) Pij
oc=1lim—-D(p,pr) = lim = E w)In = E 7T Py ln —. (19)
mon (7. pe) mon wennp( ) p(wr) ijEx S B

This shows that the entropy production is zero for a symmetric matrix P. Moreover the entropy
production admits the equivalent formulations

miP 1 i Py
o= Z nipij In = — Z (7T,‘Pi]' — 7T]'P]‘l') In—=~ (20)
ijex TPy 25 7iPi

The last formulation [3] shows that if the detailed balance condition (DBC) 7;P;; — 71;Pj; = 0 for all i, j
hold the entropy production is zero; however a stationary distribution 7t need not to fulfill DCB if x
has more than two states, so we may have non-zero entropy production even if the chain is stationary

and the system x is in a non equilibrium stationary state.

4.1. Rény Entropy Production for Stationary Markovian Evolution

The computations of this section are based on [13] and [9]. We consider the case of a system
described by a stationary ergodic Markov chain and we compute Rény entropy production ¢;(«) for
i =1,2,3 as given by Proposition 1. We give the detailed computation for o3 («), the ones for o> («) and
o3(a) follow with minor modifications. Let p(w) and p(wg) be given by (18). Then in (17) we have

. 1 Capl .
n( Y pr@)p'™wn)) = s In( L Pl P, TP PG @)
we, 1 x X0---Xn

1—n

If we define the vectors s; = 7}, w; = 7'(1-1_‘", the matrix with positive entries

Ms(a);j = P{’;P].li_”‘ >0 (22)

and we denote with M" the n-th power of M we see that

(T P (wr) :%m (s Mi(@)w). 23)

I—a we)y,

To compute the n — oo limit of the above expression we use this result of Perron-Frobenius theory for
positive matrices [8]: Let A > 0 be a positive matrix, then there exist a positive real eigenvalue A of
maximum modulus and positive right [resp. left] eigenvalues e and f such that

(A"

lim =eif; = (e ®f),‘]' Vi,j. (24)

n—oo A

Let A3 = A3(a) be the positive maximum modulus eigenvalue of M3(«a) defined in (22). Then by (23)
and (24)

1 % (1) (1—) 1 (i Miww oy 1, s My(w
nln(w;ﬂnp(w)i? (wR))—nln( Al Ag)—nln Al +1InAs (25)
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and taking the limit for # going to infinity, since logarithm is a continuous function we have
s MI@w, o M),
hignln(T) =In[s- (11’1111 A Jw] =1In(s-e® f w)
and hence, see (17) and (25),
o3(a) = lim 1D,,C(p PR) = limlln( ). p*(w)pt=2) (wR)> = L11r1/\3(0¢). (26)
non ’ o\ S a—1
With minor modifications of the above argument we can prove for (16) that
m(a) = l'mls = Lln/\ () (27)
2 - ln n [ 1 — 2 ’

where A, (a) is the positive maximum modulus eigenvalue of
2—a pa—1
Mg(tx)i]' = Pi' apﬁ- .

Note that for a symmetric matrix P;; = Pj; we have M3(«) = Mz («) = P, independent of a. Since
A = 1 for a stochastic matrix, we recover the result that the entropy production is zero for a symmetric
matrix. In the same way used above, we can prove for (15) that

.1 1 1

where AR (a) is the positive maximum modulus eigenvalue of
R -1
My (a)ij = P;;P;

and A1 (a) is the positive maximum modulus eigenvalue of M (a);; = Pi‘}‘-. For a symmetric matrix we

have
Mi(a) = MR(a) =P = PT

hence 01 (a) = 0 for a symmetric matrix. We have obtained three expressions for the Rényi entropy
production of a stationary ergodic Markov chain as resumed by the following

Proposition 3. Denote with o;(n,a), i = 1,2,3 the quantity in square brackets in the r.h.s. of (15), (16), (17).
For a stationary ergodic Markov chain the Rényi entropy production can be defined using Proposition 1 as

a(@) = limioy(na) = ——(nAR(@) - Ay (@) (29)
n n 11—«

m(e) = lirrln %0’2(1’1,0() = %ln)\z(oc) (30)

o3(a) = lign %03(11,04) = ﬁ InAz(a). (31)

4.2. Exchangeability of the (n, «)-Limits in Rény Entropy Production o;(x)

In this section we show that

Proposition 4. For all three expression of Rény entropy production o;(n,a) in Proposition 3 we can exchange
the limit order that is

1 1
lim lim =¢;(n,a) = lim lim —o;(n,a0) =0  i=1,2,3. (32)
n o a—=1 n x—1 n N
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Proof. Denote with 0;(n,«), i = 1,2,3 the quantity in square brackets in the r.h.s. of (15), (16),(17). A
preliminary investigation concerns their behavior in the limit « — 1. A direct application of the de
I’'Hopital rule shows that

limo;(n,a) = ) w)In = D(p, i=1,23
e ( ) £ nF( ) p( ) (F FR)

Therefore, by (19) in all three cases, computing the limit for n — co we have

hrrln im rll(rl(n a) = hm ! D(p, PR) =0, i=1,2,3. (33)
We now turn to the computation of lim,_,1 0;(«). We show the computation of the limit « — 1 for
o3(«) in (26) , the other cases are dealt with minor modifications.

In all generality, we know that the maximum modulus eigenvalue is a continuous function of the
entries of the matrix. Therefore since all the matrices M;(«) for i = 1,2,3 and MR (a) tends to P for
going to 1, we have that in all cases A;(a) and AR () tends to the maximum modulus eigenvalue of P
which is equal to 1 because P is a stochastic matrix. Hence lim,_,1 0;(«) is an undeterminate form 0/0
to which we apply again de 'Hopital rule. We compute

ATy 69

InAz(w) .
Jim o3 (a) = lim =75 = lim
where A'(a) = dA(«)/da. From now on we drop the 3 index in A3 and Mj to ease the notation. To
compute A’ (a), note that at t least in a neighborhood U of a = 1, the eigenvalue A(«) is the solution of
the equation

detA(a) = det(M(a) —A(a)l) =0 Yael

Note that by (22)
Aji(a) = Py — M), Aji(a) = Mjj(a) if i # ]
Denote with C;; the algebraic complement of A;; and write det A as det A = Zj CijAjj. Then

d adetA dAjj
- detA = 2 ”—Zz;d Zc” +ch]d (@) =0
gl i#]
Now from (22)
iM-~(oc) = M;j;i(a) ln&
du g o g Pji
therefore P
N (a CiiMii(a ln a)In =L 35
( ) Zz Cll ; (e ) ]1 ZZk Ckk Pji (39

We conclude the proof using the following lemma

Lemma 1. Let A(x) = M(a) — A(a)Land let C;j(a) be the matrix of algebraic complements of A(a). Then

im Cjla) _ Ci(1)
a—1 Y g Cr(a) Y Cre (1)

where 1 is the stationary distribution of P, P = 7.

Proof of Lemma. See Appendix.
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We are now able to conclude our computation: since lim,_,; M(«) = P, we have from (34) and
(35) that

lim o3(a) = lim A’ (&) Z 7 Pjj ln =0

a—1 a—1 ]

O

5. Numerical example

We have shown that there are three different formulations which generalize the notion of the
entropy production for an ergodic stationary Markov chain. In this section we introduce a simple
stochastic matrix P and we compute the Rény entropy production o;(«) fori =1,2,3. Let0 < p,g <1

and define
I-p—q p q
P = q I-p—9q 4
P q 1-p—9q

Note that, even if P is a non symmetric stochastic matrix, it has 7 = (%, %, %) as a stationary distribution.

Using (19) we can compute the entropy production of (P, )

P,.
o= niPijln# =(p—g)Int >0. (36)

ijex Jt

= =

To compute o;(«) one needs to compute the corresponding matrix M;(«) and the relative maximum
modulus eigenvalue A;(«) for a in a neighborhood of 1. This has been done using the software Wolfram
Mathematica. See Figure below for a plot of 0i(«) as function of « for p = 1/4 and q = 1/2. The
intersection between curves is at « = 1, ¢ = 1 In2 corresponding to ¢ computed by (36).

o 0.3 ~
ez 02 ~

=~ 0.1

= - 0.0 ~

06 -0},

0 1 2 3 4 5 0.0 0.5 1.0 1.5 20

(a) (b)

Figure 1. (a) Plot of 03 («) (dotted), 0» () (dashed) and oy («) (dot-dashed) as a function of « € [0,5] for
p =1/4,q = 1/2 (b) the same as in (a), for a € [0,2]

6. Conclusions

In stochastic thermodynamics the irreversibility of system evolution is expressed in terms of the
information I(p(w)) associated to a trajectory w and its time-reversal. The additivity postulate on
information I(p) associated to an event of probability p restricts the possible forms of the average
information of the events of information I(p) to the linear or exponential Kolmogorov-Nagumo mean
[11]. In the first case we obtain Shannon information measure and in the second one Rény information
measure of order . Note that Rény information measure reduces to Shannon one when « tends to 1.

In stochastic thermodynamics, the entropy production is defined as the linear average over the
system trajectories w of the information difference I(p(wgr)) — I(p(w)) where wg is the time-reversed
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trajectory. This coincides with the linear average of S(w) = In[p(w)/p(wr)] which coincides with the
relative entropy D(p, pr) [2].

In this paper we have shown that, if one considers the exponential average of order « of the above
introduced random variables, one obtains three different definitions of the entropy production when
one considers trajectories of infinite length which we have called Rény entropy production. It is also
shown that in the limit & going to 1 all three definitions reduce to the linear entropy production ¢ in
(19) and this result is independent of the order in which the « and 7 limits are taken. However, Rény
information measure is used with & # 1 in the description of diverse physical systems (turbulent fluid
flows, fractal system, DNA sequences, [11]). It is therefore important to investigate the existence of a
notion of entropy production associated to Rény entropy via the exponential average. In this respect
we have shown that different straightforward generalization of the usual linear average definition are
possible, which give quantitatively different answers to the entropy production rate for a # 1. This
fact is relevant for example is one intends to adopt the maximum entropy production rate principle
to describe a thermodynamic system in a stationary non equilibrium state ([15,16]). We think that
Rény information measure, containing an additional parameter « is able to ‘resolve’ the theoretical
differences between multiple definitions of the notion of entropy production which remains unseen
when considering only the & = 1 case, corresponding to the use of Shannon entropy. We hope that the
issue raised in this work may help to shed light also on the usual notion of entropy production rate,
which is a cornerstone of non equilibrium thermodynamics.
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Appendix A

Proof of Lemma 1. Note that A(1) = P — I. We prove that C;;(1) = k; for all j for some k > 0. Let 7t
be the unique stationary distribution of P. Then PT7t = ri.e. ATt = (PT — )7t = 0. So we have that
det AT = 0. In addition ker AT = (7). Using Kroneker formula for the determinant we have

detAT=0 = Y c;A")(Ah);=o0.
j

If we denote with ad(A) = C(A)T the adjoint matrix, it holds that ad(A) = ad(AT)T therefore
C(A)T = C(AT). Then we have

ZCij(AT)(AT)ij = Z(AT)ijCji(A) =0 Vi
I j

Therefore C;;(A) = krt; for some k > 0 for all i as requested. []
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