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Abstract. Based on the observations of dynamical system, we define partition ¢, which represents dynamical
system as good as possible in the sense of its entropy. The suggested method utilizes e-entropy, e-capacity,
and the introduced e-information. The resulting algorithm is also useful for defining bin lengths of histograms,
especially for multimodal distributions.
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1. Introduction

Let @ = (M,M,u,v,T) be dynamical system on a compact subset M of metric space R with
metric v and additive Lebesgue measure u, where M is a o-algebra of the subsets of R and
T:M — M is an endomorphism.

Assume that in the o-algebra M are distinguished m sets X;, X, ..., X;, € M which represent
observations of the system and assume that these observations form a partition ¢ = {X;} of the set
M.

Then, using observations’ partition ¢ itis required to define a real number & > 0 and partition

& ={X;|i € N} of theset M such that the diameters of the sets X; € &, are d(X;) = sup v(x,y) <
X,YEX;

2¢e, which represents the system “as good as possible”.

Before formulating strict criterion, let us clarify the problem by the following examples.

Assume that M = [x(, X,;] € R is an interval of real numbers and assume that observations of
the interval are represented by the partition ¢ = {X;}, which includes intervals X; = [x¢,x1], X, =
(x1,x2], X3 =(x2,%3], ..., X = (Xpp—1,Xm] such that x; € M, j=0,1,2,..,m, are drawn with
respect to certain unknown distribution. Using the numbers x;, j =0,1,2,...,m, it is needed to plot
a histogram, which represents this distribution.

This problem requires definition of the number of bins or the bin length such that the histogram
“as good as possible” represents the distribution of the observed values. Despite existence of several
formulas for calculating bin lengths, there is no strictly proven criteria for estimating goodness of the
histogram.

From the other point of view, the problem can be considered in the terms of discretization of
stochastic processes [5]. In this case, given observed realization of the process it is required to define
asequence t;, i =0,1,2,.., of times, 2& = t;; —t;, t; = iA, such that the intervals A = 2¢ between
the values x; = x(¢t;) “as good as possible” represent the process.

To formulate the criterion of consistency between the observations partition ¢ and the partition
&, denote £ = VL T, and &" = VL, T¢, where V stands for multiplication of the partitions.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Given observations’ partition ¢, we say that partition ¢, represents dynamical system & if a
distance dist(¢7,¢™) between partitions ¢ and ¢" as a function of ¢ is bounded that is

a < dist(é8,E™) < b,

for some constant numbers a and b, a < b, and that partition {, represents dynamical system
S “as good as possible” if

dist(éF, &™) = const.

In the paper, we suggest a method for defining partition ¢.. We assume that M is a compact set
with a metric v: M —» R and together with the Kolmogorov-Sinai entropy h(T) of dynamical system
we consider the Kolmogorov e-entropy and &-capacity [6]. Then, we define a diameter 2e of the
sets X; that results in the required partition ¢&,.

The suggested method is also useful for definition of the bin lengths of histograms; in the paper,
we apply the method to different datasets and compare it with the bin lengths obtained by the known
methods.

2. Methods

We follow the line of the Schwarz information criterion [10] and apply the Kolmogorov e-
entropy and e-capacity [6] (see also [2, 15]). Here we recall the required definitions and facts which
are used in the solution of the problem.

Let &= (M,M,u,v,T) beadynamical system. We assume that M isa compact subset of metric
space R with metric v and additive Lebesgue measure p such that u(M) = 1; M is a o-algebra
of the subsets of R and T:M — M is an endomorphism.

Let B =1{B;}, B,€ M, U;B; =M, B;NB; =@ for i # j, i,j €N, be a partition of the set M.

Definition 1 [12, 13]. A value

H,(B) = — X 1n(B;) log, u(By)

is called entropy of the partition f5.

Let B ={B;|B;€ M} and y = {C] | C € M} be two partitions of the set M.

Definition 2 [12, 13]. A value

H,(B1y) =—=3;u(C)Xilog, u(B; | G)

is called conditional entropy of the partition [ relatively to the partition .

Definition 3 [9, 12, 13]. A value

dist(B,y) = H,(Bly) + H,(vIB)

is called Rokhlin distance between the partitions f and y.

For any endomorphism T and any partition B, denote by Tf a partition of M to the sets
{TB,;}, thatis TR = {TB,}.

Let Bvy ={B;nCj| B; € B,C; €v,i,j € N} be multiplication of the partitions § = {B; | B; € M’}
and y={Cj|Cj€M}.

Definition 4 [12, 13]. A value

h(B,T) = 1{15510%}[”(3 VTRV TRV ..V T"B)

is called entropy per symbol of partition or entropy per unit of time.

Definition 5 [12, 13]. A value

h(T) = sup h(B,T),

where supremum is taken over all finite or countable measurable partitions B of M such that H,(B) <
oo, is called entropy of dynamical system.

Entropy h(T) is an invariant of dynamical system, but direct calculation of the entropy h(T) is
possible only for certain endomorphisms; for examples see [12, chapter 15] and [13, chapter 7].

Theorem 1 [1, 12, 13]. If T is invertible and M = V- _o, T"E*, then h(E*,T) = h(T).

Corollary 1 [1]. If M =V T"¢*, then h(¢*,T) = h(T).

Let € > 0 be a real number.

Set a = {A:A c R} is called e-covering of the set M, if M S Uye, A and diameter of any A € a
is not greater than 2e.
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Set M is said to be e-distinguishable, if any two of its distinct points are located at distance
greater than e.

Lemma 1 [6]. Given a compact set M, for any € > 0 there exists a finite e-covering of M. Also,
forany € >0 any e-distinguishable set M c R is finite.

Denote by N.(M) a minimal number of sets in e-covering a of the set M, and by M.(M) a
maximal number of points in an e-distinguishable subset of the set M.

Definition 6 [6]. A value

He(M) = log, V(M)
is called e-entropy of the set M and a value
E(M) = logy M (M)

is called e-capacity of the set M.

These values are interpreted as follows: e-entropy H.(M) isa minimal number of bits required
to transmit the set M with the precision ¢, and e-capacity £,(M) is a maximal number of bits,
which can be memorized by M with the precision &.

We will use the following property of e-entropy H.(M) and e-capacity £.(M).

Theorem 2 [6]. Given a compact set M, both e-entropy and e-capacity are non- increasing
functions of «.

Finally, we will use the following property of the entropy of partitions.

Let B ={B:B c M} and y = {C:C c M} be two partitions of the set M. If each set C €y is a
subset of some set B € f, then it is said that partition y is a refinement of the partition f, which is
written as y = f.

Lemma 2 [12]. If B <y, then H,(B) < H,(¥).

Let B vy be multiplication of the partitions f and y. Since each set D € f Vy is a subset of
some set B € f and of some set C € y, partition f Vy is a refinement of both § and v, thatis SV
y=pf and BVy =y

Thus, following lemma 2, H,(B) < H,(BVy) and H,(y) < H,(BVY).

For other properties of the entropy #, and its application for analysis of dynamical systems
see the paper [9] and the books [7, 13, 15].

3. Suggested Solution

Let M is a compact subset of metric space R with metric v and additive Lebesgue measure u
such that u(M) =1, M isa o-algebra of the subsets of R.
Let p={B;|B;c M}, U;Bi=M, BiNB;j=@ for i #j, i,j €N, be a partition of M. If
diameter d(B;) = sup v(x,y) of each B; € f is not greater than 2¢, then partition f is an e-
X,YEB;
covering and is called e-partition.

Lemma 3. Let f be e-partition of M. If diameter d(M) = sup v(x,y) =1 and measure
xX,YEM
u(B) = sup v(x,y), B € B, then H,(B) = H.(M).
x,YEB

Proof. Consider entropy
He(M) = log, N (M) = ZN o5 1°82 50 N(M)
Given ¢, a minimal number N,(M) of sets in 8 is reached if diameters d(B) of its elements

B € B are maximal thatis d(B) = 2¢. That is possible either if &L subsets from B completely
agm)

d(B) 2¢€
d(B)

subsets cover a part M' of M such that d(M\M') < 2¢ and to cover this part
it is required one additional subset, where |x] denotes maximal integer number smaller than or
d()

equal to x. In this case, the number of elements in £ is 5 + 1.

cover M, or if l

Then, if ig is integer,

() _ 1,
Ne(M) = d(B) ~ 2¢
otherwise
N.(M) = [‘“M)

d(B)J t+1= lz_lsl +1.
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Substituting these values into the definition of entropy, in the first case one obtains

— _yl/@o_1 L
He (M) = Zi:l 1/(2¢) 082 1/(2e)

and in the second case —
}[S(M) _ le/(zf) +1 1 lO 1

/o1 282 y@att
e/l 1 A "
25t Gaem 082 e Gamn 082 WaanT

Now consider entropy
Hy(B) = — Xpep n(B) log, u(B).
If number 2—18 is integer, then

1/(2¢) 1/(2e) _ 1
H,(B) = =X, 2777 2e X log,(2¢) = =¥, 27 T@s log, ——— 1/(25)

otherwise

H,(B) = — T 2¢ x log, (2¢) =

_ l/ee)l 1 11 1
2t a8 G T vas Y8 Tae

Thus, if number 2ls is integer, then H,(M) = 3,(B).

Consider the case of non-integer 2_15 For any ¢ such that number 21—8 is not integer, holds
1 1

—< .
[1/@al+1  1/(2¢)
Thus, because of monotonicity of the log function, #,(f) = H.(M). B

Note that lemma 3 is also true for a measure p and a metric v such that u(M) = d(M).

From the proof of lemma 3 follows the next fact.

Corollary 2. H,(B) = H.(M) + c(e), where c(e) = —2¢log,(2¢) monotonously increases with
£ up to a single maximum and then monotonously decreases.

In addition, let us consider e-entropy of multiplication of partitions.

Let B ={B;|B;c M} and y ={C; | C; € M} be two e-partitions of the set M and let fVy =
{Dy | Dy, © M} be multiplication of the partitions f and .

Lemma 4. Let d(B;) < 2&5, B; € B, and d(C]) < 2¢¢, C; €y, and let ¢ = max{ep, &c}. Then BV
y is e-partition with d(Dy) < 2ep < max{eg, ¢}, D € B VY, and

Hepy (M) = Higingeg,ecy (M)-

Proof. Since B Vy > f, holds N, (M) = N, (M) and H,, (M) = H,,(M); and since BVy >,
holds N, (M) > N, (M) and H,,(M) > H, (M).

Assume that &5 >¢&c . Then, since N, (M) <N..(M), holds H, (M) <H, (M), and
consequently H, (M) = H, (M) = H, (M).

On the other hand, if &; > g, then N, .(M) < N, (M) and H, (M) < H,,(M). Thus H, (M) =
Hepy(M) = He (M), B

The suggested method is based on the concept of e-information which is defined as follows.

Let § ={X;|i=1,2,..,m} beapartition of the set M obtained by observations and let &, > 0
be a radius that provides maximal e-entropy H, (M) with respectto ¢.

Radius &, depends on the diameter of the set M and the structure of the partition ¢ and
cannot be specified directly. Nevertheless, we can prove the following fact.
Lemma 5.
H, (M) = log, m.
Proof. Denote by ¢, = {Y] li=1,2, ...,mgm} partition of M such that d(Y}) = sup v(x,y) =
X,yEY

2&,, for each Y; € ¢, . In other words, partition ¢, splits the set M to the subsets with equal
diameters 2£m.

Then &, is aradius such that an average number of bits in the description of the elements of ¢
using the elements of ¢~ is maximal. Formally it means that for the radius &, holds

%}[u(fsmv'f) - max,

where n = |f€mVE | is a number of subsets in the partition ¢, V¢.

Note that the number of elements in the partition ¢, V¢ is n > max(m, mgm), and that the

function f(x) = ilog2 x has a single maximum in the point x = e.
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Hence, given partition ¢ of the size m, maximum of the entropy %}f# (fng€ ) is reached for
partition &, of the size m, = m.Diameters of the elements Y; € ¢, of this partition are
d(m) .
d(Y;) = 2e, = —, j=12..,m.

Recall that the measure of the set M is u(M) = 1. Since partition ¢, includes m elements

with equal diameters, the measures of these elements are /1(Y]) = i Thus, entropy of the partition
$ep 18

Hy(Eep) = = X7y 1Y) log, u(Y;) = — X, —log, — = log, m.

Finally, since partition ¢, includes the elements with equal diameters 2¢y,, this partitionis &-
partition of M and for given g, its e-entropy is

Hem(M) = log, m,

which is required. W

Let f ={B:B c M} be a partition of the set M. Similar to definition 6, denote by N.(8) a
number of sets B € 8 such that d(B) < 2e¢.

Definition 7. A value

He(B) = log, N:(B)
is called e-entropy of the partition g.

Let #, (M) be maximal e-entropy of the set M with respect to the observations & =
{X;1i=1,2,...,m} and let € > 0 be a radius; recall that radius ¢ represents certain precision of
coding the set M (see definition 6 and remarks after it). Then

H, (M) = (M)

is the difference between minimal number of bits required to transmit the set M with the
precision &, provided by observations and minimal number of bits required to transmit the set M
with the desired precision &.

This difference can be negative which indicates that the observations do not allow transmitting
the set M with the desired precision.

Similar to the proof of lemma 5, denote by ¢, ={Y | Y c M} partition of M such that d(Y) =
sup v(x,y) = 2¢ foreach Y € &,. Then

X,YEY

}[em(M) - 7'[5(5 v fe)

is the difference between minimal number of bits required to transmit the set M with the
precision &, provided by observations and the number of bits required to transmit the observations
¢ of the set M using the partition ¢,.

The sum of these differences results in the following definition.

Definition 8. A value

Je(M) = Zg'[em(M) —H (M) —H(§VE)

is called e-information of the set M.

In the formula of e-information J,(M), the value #, (M) represents minimal number of bits
required to transmit the set M with maximal precision allowed by the observations ¢, the second
term H.(M) represents minimal number of bits required to transmit the set M with precision ¢,
and the last term H. (£ V¢.) represents the number of bits required to transmit the results of
observations of the M measured using ¢&..

Thus, the value 7.(M) is the number of bits remaining after the transmitting the observed part
of the set M with the precision &.

Theorem 3. Let & be the observations’ partition of the size m. Then, e-information J.(M) as a
function of € increases and its upper bound is log, m.

Proof. In the definition of e-information the first term 23, (M) is constant and the second term
H.(M), by theorem 2, does not increase with increasing . Thus, it remains to prove that the last term
H.(§ V&) decreases with increasing «.

Since diameter of each Z € { V¢, is d(Z) < 2¢, the number N (¢ V¢,) is equivalent to the
number n = [§ V.| of elements in the partition ¢ V¢, and so e-entropy is

H(EVE) = logyn.
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The number n of elements in the partition ¢V ¢, decreases (not necessarily monotonously)
with increasing &€ down to the number m = |€| of elements in the partition ¢. Hence, entropy
H. (& VvE,) also decreases down to the value H (¢ V ¢,) = log, m, which results in increasing of -
information J.(M) at maximum up to the value 2log, m —log, m =log, m. M

Let us return to the initial problem.

Let €=M, M,u,v,T) be a dynamical system, let ¢{ ={X;|X;cM,i=1,2,..,m} be an
observations’ partition, and £ = VL, T'¢, and &" = VL, T'¢.

Theorem 4. If T is inversible and

7. (M) = E.(M)| =0,
then Rokhlin distance
dist(E2,€") = H, (EP1E™) + H,(E|€D)

as a function of € is bounded.

Before proving the theorem, let us recall the following facts. Let f ={B;} and y = {C;} be
partitions of the set M.

Lemma 6 [12, 13].

H,(BVY) = H, (BIY) + H, ().

Lemma 7 [12]. If endomorphism T is inversible, then

H,(TBITy) = H,(Bly).

Proof of theorem 4. Following lemma 7,

dist($s,§") = dist($,, &) = H(§el§) + H, (§150).

Appling lemma 6 for each term, we obtain

diSt(gs' f) = 27{/4(55 v 5) - Hu(f&) - Hu(f)

The last term #,(§) does not depend on ¢; hence we are interested in the difference

20, (€ V §) — H, (£2).

Consider e-information 7.(M). From corollary 2 it follows that

}[em(M) = j{u(fem) +cy,

H(M) = H, (&) + (),

HAEVE) = H(EVED + (o),

where ¢; is constant and ¢, and c¢; monotonously increase with & up to a single maximum
and then monotonously decrease. Then

J.(M) = Zﬂu(fsm) - }[u(gs) - Hy(f Vé) +e,

where c(g) = 2¢; — ¢;(€) — c3(e) monotonously decreases down to a single minimum and then
monotonously increases.

Similarly, for e-capacity holds

E(M) = }[u(fe) + cu(e),

where ¢,(¢€) = c,(¢€) + const monotonously increases with € up to a single maximum and then
monotonously decreases.

Zero difference between e-information and e-capacity leads to

20, (&,,,) + 5(8) = Hu(§ V &) + 27, (),

where c¢s(€) = c(g) — ¢,(€) — const is bounded.

Since Zﬂ#(fgm) does not depend on ¢,

Hy(EVE)+ 23, (&) = cs(e) + const.

Consequently, the difference

27{;}, (fs \4 f) - j{u(gs)

is bounded and theorem 4 is proven. l

This theorem motivates formulation of the problem of finding a value A = 2¢ in the terms of &-
information and e-capacity of the set M.

Problem. Find radius ¢ such that

|7:(M) — €.(M)| - min.

Calculation of e-information and e-capacity is possible only for certain sets M. Example of such
calculations for evenly distributed observations over an interval of real numbers are presented in
section 4. However, an algorithmic solution of the problem is rather simple.
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Below we present an algorithm of finding ¢ for the interval M = [xg, x,,] € R of real numbers,
which can be directly extended to the subset of any lattice with appropriate o-algebra.

Algorithm 1. Computing radius &

Input: Set M = [x,x,,] CR;
observations’ partition & = {X1, Xy, ..., X}, Xiv1 =[x %0011, % < X34,
i=0,12...m—-1;
step s > 0.
Output: Radius .

—_

Calculate &, = (X, — x0)/(2m).

2. Calculate H, (M) = log, m.

3. For &€ =g, to (x,;, — xp)/2 with step s do:

4, Calculate H (M) = log,[(x,, — x0)/2¢€].

5 Create partition ¢, = {Yl,Yz, s Ymg} of M such that
Yier = [V Y1, ¥ <¥js1, Yo = X0, Y, = Xm, and yjq —y; = 2¢, j =0,1,2,...,m, —
1.

6. Compute H. (¢ V&) = eps_entropy(§,€,).

7. Calculate J,(M) = 2H, (M) — H (M) — H.(§ VE,).
8. Compute E.(M) = eps_capacity(¢, e).

9. If 3.(M) > £,(M) then

10. Break

11. End if.

12. End for.

13. Return e.

The algorithm includes two functions, eps_entropy(¢,¢.) and eps_capacity(§,e) which are
defined as follows.

Function 1. eps_entropy(§,&,)

Input: Partition ¢ = {X;, X5, .., Xin), Xiv1 = [0 Xip1), % < Xip1,
i=012..,m-—1.
Partition & = {3, Y5, ... Y.}, Yis1 = [y, ¥ie1] ¥ < ¥jsr,
j=01,2..,m.—1,
Yo = X0, Yme = Xm, and Yis1—Yi=2¢ j=0,12,..,m,— 2.

Output: e-entropy H (¢ vV E,) of the partition &V ¢E,.

1. From the partitions ¢ and ¢, create, respectively, the sets of points
X = {xO' X1, X2, '"!xm} and y = {yO' Y, Y2 ""ym}'

Join the sets X' and Y: Xjpine = X U Y.

Find a number N (X]-o,-nt) of elements in the set Xjjn¢.

Set M(‘X}'oint) = N(‘X}'oint) -1

Set H (§ v¢,) =log, ]V;(JGoint)-

Return H (¢ VE,).

SANERS LI A

Function eps_entropy can be implemented using concatenation of the sets with further
removing of the doubling elements.
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Function 2. eps_capacity(¢,¢)

Input: Partition & = {X1, X5, .., X}, Xiv1 = [X0 Xip1], %0 < Xiy1,
i=012..,m—-1
Radius € > 0.

Output:  e-capacity E.(M).

1. From the partition ¢ create the sets of points X = {xg, X1, X5, ..., X }-
2. If (X, —x0) < € then

3 Set M,(M) = 1.

4. Else

5. Set M.(M) = 2.

6 Set j = 0.

7 Fori=1to m—1 do:

8 If (x;— xj) <¢e or (xp —x;) < ¢ then
9 Continue.

10. Else

11. Set M.(M) = M.(M) + 1.

12. Set j =1i.

13. End if.

14. End for.

15. End if.

16. Set E.(M) = log, M.(M).
17. Return &.(M).

Time complexity C of Algorithm 1 includes the following terms: O(1) —complexity of the lines
1-4; 0(m) - complexity of the line 5; O(mlogm) — complexity of the line 6; 0(1) — complexity of
the line 7; O(m) - complexity of the line 8 and O(1) — complexity of the lines 9-13. Then, time
complexity of each iteration of the algorithm is 0 (mlogm). The maximal number of iterationsis n =
(tm — to)/2s; hence complexity of Algorithm 1 is

C =nXx0O(mlogm).

Convergence of Algorithm 1 is guaranteed by the indicated above fact that e-information J.(M)
increases with increasing ¢ while e-capacity £.(M) decreases with increasing ¢. Since the interval
M =[xy, x,] isbounded, the difference between increasing e-information 7.(M) and decreasing e-
capacity £.(M) has its minimum in M, which is a terminating point of the algorithm.

Algorithm 1 returns radius ¢ for which the difference |J.(M) — £E.(M)| between e-information
and e-capacity is minimal. Consequently, partition ¢, = {Y | Y c M}, in which diameters of the sets
Y € &, are d(Y) = 2¢, is a required partition.

Dependence of the functions J.(M) and £.(M) on the diameter 2¢ is illustrated in Figure 1.
In this example, M = [x,x,], %o = 0, x,, = 100, and in observations partition ¢ = {X;,X,, ..., Xp,},
Xiv1 =[x, %141], % <41, 1=0,1,2,...,m—1, points x; are evenly distributed on the interval M.
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Figure 1. Dependence of e-information J.(M) and e-capacity £.(M) onthe diameter d = 2¢ of the
sets Y € &, for the partition & = {X1,X,, ... X}, Xiv1 = [XiXi41], % <341, 1=0,1,2,...,m—1,
where m = 100 points are evenly distributed on the interval M = [xg, x,,], Xo = 0, X, = 100. The
stepis s = 1.

The computed radius is € = 7.1 and diameter is d = 2¢ = 14.2. The values of e-information
and e-capacity are J.(M) = £.(M) = 3.7 bit.
Note that the accuracy of computing radius € increases with decreasing the step s.

4. Numerical Examples

Let M = [xg, x,,] € R be an interval of real numbers, x,, > x,. Given ¢ > 0, a minimal number
of sets in the e-covering a of the interval M is

o = =]

Then, the e-entropy of the set M is
3, (M) = log, N, (M) = log, [222].

2¢
Let &, be a minimal value of ¢ which provides maximal e-entropy

He (M) = log, [ 22|
of the interval M. Following lemma 5
He,, (M) = log, m;

thus

1xm—xo
&, = -,
m 2 m
Let

E={Xu Xy o, X}, Xigr =[x xi41], % <41, 1=0,1,2,..,m—1,

be an observations partition of the interval M and

=YV Y =[Viviedl ¥ <Yisn Yo =1%o Ym, = Xm
Yis1—Yi=2¢ j=012.,m.—1

be a partition of the interval M such that all its elements are of the length 2e.
Then, s-information of the interval M is

7.(M) = 210g, m — log, || - #,(§ v £,).
Entropy H (¢ V&) depends on distribution of the values x;, i =0,1,2,...,m, over the interval

Assume that these values are distributed evenly and ¢ < .. Then £V ¢, =&, and
HL(EV &) = H (M) = log, [

2¢
Note that in general this equivalence does not hold and calculation of the entropy of

multiplication of partitions is processed according to function 1 (see section 3).
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Similarly, e-capacity £.(M) depends on the distribution of the values x;, i =0,1,2,...,m, over
the interval M. If these values are distributed evenly such that xj,; —x; = xj., — xj4q and xj,q —
x; > ¢ forany j=0,1,2,..,m— 2, then

o —

and

E.(M) = log, M, (M) = log, [*2=2|.

If distribution of the values x; is such that x,,_; —x, < &, which means that all the values
except x,, are located between x, and x,,_1, and x,,, — xy > ¢, then

M. (M) =2

and

E.(M) =log,2 =1.

If x,, —xy < ¢, then the interval M does not contain e-distinguishable subsets, and we assume
that

M.(M) =1

and

E.(M) =1log,1=0.

In general case, e-capacity is calculated using function 2 (see section 3).

Finally, using the formulated criterion (see the problem in section 3), for evenly distributed

values x; we obtain (for simplicity we omit the notion of ceiling)
- - — 3
I.(M) — E,(M) = 2log, m — 2log, xngxo —log, ms %0 = log, m? — log, %.
Thus, it is required to find a value ¢ such that
(xm—x0)* _
483
which is

m?,

Xm—Xo
Yam?’

Consequently, diameter d(Y;) of the intervals Y, j = 1,2, ..., m,, in the required partition ¢, =
(", Yy, .., Y, } is

d(¥) = 257=2.

To illustrate the suggested method, let us calculate diameters d(Y;), j = 1,2, ...,m,, of intervals

£ =

in the partition ¢, and compare the obtained results with the bin lengths provided by the known
methods appearing in the literature.
Let M= [0, 10] al’ld E = {XIIXZJ ...,Xlo}, Xl = [0, 1], X2 = (1, 2],..., XlO = (9, 10]. Then,
_ 5 10-0 _
d(v;) =2 T = 255

forall j =1,..,m, = 4. For this interval M, bin lengths calculated by the known methods used
for plotting histograms are the following;:

maxA-minA _ 10-0

- the simplest rule: d; = —F = 3.01,
- theSturgesrule [14]: d, = maxA-mind _ 1020 _ )24,
log, m+1 log, 11+1

3.49s _ 3.49x3.32

- theScott rule [11]:d; = ey T

= 5.20,

- the Freedman-Diaconis rule [3]:  d, = 2((23\3/;1) = 2x3\(/zi_—13)

= 4.94.

It is seen that in this example with evenly distributed observations, diameter calculated using
the suggested method is compatible with the bin lengths calculated using the known rules.

Now let us consider examples with different distributions of observed values x;, i =
0,1,2,..,m, and so - different observations partitions ¢ = {X; | X; € M}. In all examples
we assume that M = [x,, x,], xo =0, x,, = 100 and m = 100.
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In these examples, we used uniform distribution with a =0 and b = x,,,, normal distribution
with y = x,,/2 and o = x,,,/6, and exponential distribution with u = 2. Diameters d calculated by
the suggested method and bin lengths dg, ..., d, calculated by the known rules are the following:

- evenly distributed data:

d=14.21, d;=990, d,=1295  d;=2181 and d,=2154,
- uniform distribution with a =0 and b = x,,:

d=1411, d, =983, d,=1287, d;=2269 and d,=22.65,
- normal distribution with y = x,,,/2 and ¢ = x,,/6:

d=1191, d,=827, d,=1082, d;=1311 and d,=10.38,
- exponential distribution with pu = 2:

d=120, d;=107, d,=141, d3=135 and d,=0091.

It is seen that the suggested method results in the diameters d that are close to the bin lengths
dq,...,d, provided by the conventional methods with respect to the distribution of the data. For
evenly and uniformly distributed data diameter d is close to the bin length d, resulted by the
Sturges method, for normal distribution d, < d < d; and for exponential distribution d; < d < d,.

Histograms of these data with the bin lengths d; calculated using the Scott rule and with the
bin lengths d calculated by the suggested method are shown in Figure 2.

Evenly distributed Uniform distribution: a = 0, b = 100

0 20 40 60 80 100 0 20 40 60 80 100
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Figure 2. Histograms plotted using the bin lengths d3 calculated using the Scott rule (figures (a) for
each distribution) and using the bin lengths d calculated using the suggested method (figures (b) for
each distribution).

Finally, let us consider specific distribution, which appears in the analysis of queues [4].

Consider a clerk serving the clients of some office during a day. Then, arrival 1 and departure
u rates measured per day describe the state of the system at the end of the day, but do not provide
any information about the system during the day.

On other hand, the rates 1 and p measured per minute are also useless since the clients do not
arrive and the clerk does not serve with such velocities.

Thus, it is required to define correct time units per which arrival and service rates should be
specified. In such a form the problem was formulated by Yaakov Reis [8].

Assume that the office, where the mentioned above clerk works, serves 480 clients 8 hours
during a day. Also, assume that the clients arrive by three “waves” — in the morning, in the midday
and in the evening.

For this data, diameter d calculated by the suggested method and bin lengths dj,...,d,
calculated by the known rules are the following:

d=220 d,=2191, d,=4845 d;=6799 and d,=66.41.

Histogram for this data with the bin lengths d; calculated using the Scott rule is shown in

Figure 3.a, and histogram with the bin lengths d calculated by the suggested method is shown in

Figure 3.b.
Dependence of the functions J.(M) and E.(M) on ¢ for this distribution is shown in Figure

3.c.
3 waves distribution
100 T T z T 2-6' N
@
50 8%,
)
wWa4h
0 o I
30 90 150 210 270 330 390 450 c
®3,
(@) ¢l
=]
g2
S|
E1j - = £ - information | |
@ ! — & - capacity
0 1 L L |
0 100 200 300 400 0 100 . 200 300 400 500
(b) Diameter d = 2¢

(c)

Figure 3. Arrivals of the clients during a day: (a) histogram with the bin length computed by the Scott
rule; (b) histogram with the bin length computed by the suggested algorithm; (c) dependences of &-
information J.(M) and e-capacity £.(M) on the diameter d = 2¢.

It is seen that for this data the suggested method results in the diameter d which is close to the
bin length d; provided by the simplest rule. Following this result, arrival rates during a day should
be calculated each 22 minutes, while the Sturges rule they should be calculated each 48 minutes,
by the Scott rule —each 68 minutes, and by the Freedman-Diaconis rule — each 66 minutes.

5. Conclusion

In the paper, we suggested a method of discretization of dynamical system basing on its
observations. The method results in the partition ¢, which represents the system, and is as close as

possible to the observations partition ¢.
The method utilizes the Kolmogorov and Tikhomirov e-entropy and e-capacity and the

Rokhlin distance between partitions.
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Along with theoretical results, the method is presented in the form of ready-to-use algorithm.
The suggested method is also useful for definition of the bin lengths of histograms, especially
for the datasets with multimodal distributions.
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