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Article

Energy of the Moving Particles in 3-Body Problem
of Classical Electrodynamics

Vasil G. Angelovthis

University of Mining and Geology “St. L. Rilski”, 1700 Sofia, Bulgaria; angelov@mgu.bg

Abstract: In previous papers we have derived equations of motion with radiation terms and proved
the existence-uniqueness of periodic solution of the 3-body problem of classical electrodynamics.
The number of equations of motion — 12 is more than the number of unknown functions — 9. It turns
out that 9 equations are independent and the rest 3 ones are consequences of them. These three
equations have a solution and they give the expressions for the energy of the moving particles. The
main goal of the present paper is to estimate the energy of rounding about the nuclei particles and
compare it with the values given by quantum mechanics.

Keywords: classical electrodynamics; 3-body problem; energy estimation of the rounding particles

1. Introduction

The main purpose of the present paper is to continue the investigation of the 3-body problem of
classical electrodynamics in the 3D Kepler formulation from [1,2]. The number of equations of motion
for 3 bodies in the Minkowski space is 12, while the unknown functions are 9. It is proved in [2] that
the last three equations are consequences from the first 9 once. These three equations (two in the
Kepler formulation) give estimations of the energy of the moving particles. Our main goal here is to
calculate this energy and compare it with the values from quantum mechanics [3,4]. The results
obtained refer to the helium atom where both electrons circle on the first (ground) stationary state.

The paper consists of six sections and References. Section 1 is an Introduction. In Section 2, a
derivation of the explicit form of the equations of motion for the three-body problem is made. Every
vector equation contains in the right-hand side the Lorentz force and a radiation term. The Lorentz
force is a sum of two terms each of which shows the influence of the other two particles on the first
one. In Section 3, the formalism of the transition to the Euclidean coordinates is described,
introducing delays depending on the unknown trajectories. In Section 4, we obtain the radiation part
of the energy terms in the energy equations. In Section 5 we obtain inequalities which allow us to
estimate the energy of the moving particles. Section 6 is a Conclusion. We calculate the energy of the
moving electrons rounding the nuclei. We establish that with the natural parameters of electron
motion, the energies coincide with the values obtained from quantum mechanics [3,4].

The equations of motion for the 3-body problem introduced in [2] are:

dAY & (ca 0, m09,0 , Foed ;0
r —
m1 __Z(Fl'l ﬂ'l +Fr| ﬂ”l +Fr| /7‘1 )
ds, ¢
di® e
m, S =% (Frle) ) +Frszs) /11(2) +Fr$2)rad 11(2)) (1)
ds, ¢
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di® e
m,——==2
ds, ¢
(r=12,34).

31) 4 (3 32) 1 (3 3)rad 4 (3
(Frf )11()+|:rf )/11()+Fr$)ra ﬂ'l())

As usually Latin indices run from 1 to 4, while Greek — from 1 to 3.

Let us note the number of equations in (1) is 12, while the unknown functions (trajectories) are
9. It is proved in [2] that every 4-th equation is a consequence of the previous three ones. In this way
one obtains that the independent equations in (1) are 9 in number.

2. Derivation the Explicit Form of the Energy Equation

We follow the procedure introduced in [2]. By (Xl(k) (1), ng) (), xék) ), xflk) = ict) (k=12,3) we
denote the space-time coordinates of the charged particles. The dot product in the Minkowski space

4 3
is (a,b), =2y :Z:arbr , while in the 3-dimensional subspace — (a,b)=a,b, =) a,b,; c is the
r=1 a=1

vacuum speed of light; m, (k=12,3) are the proper masses of the particles; e, (k=12,3) — their
charges. The elements of proper times are ds, (k=12,3) and the unit tangent vectors to the world

O u®@m u®@) i
lines are A0 = (ﬂ&k),/l(zk),ﬂ%k),/lgk))z U (1) , uz’ (¥ , us" (v .£ , where
Ay Ay Ay A
0% = (0 (0,08 0,080 )= (KO, 0 ©. 89 0), A= o2 ~(T0 ©, 09 )
To compare denotations with originally accepted ones we recall that (cf. [5]):
1 d d (k) (k) . ic
}/k: ; _z}/_k_, lg():ykua (t): ua (t)(a=1,2,3), A&k)zlyk:_'
\/1_(<U(k),l](k)>/cz) ds, c dt c Ay Ay
The components of accelerations are

dA® [y d 9 A%y dy 1 du®@) icd 1
L Y (R (R Y (S (S a '

ds, (cdt c ' cdt) (A dt A A dtA,

The isotropic vectors & M (k =1,2,3;n #k) are obtained as in [2] (cf. [5,6]). Namely, fix any event

on the world line of the k-th particle and draw the light cone into the past. This cone intersects the
world line of the n-th particle in any other (past) event. Then

£ = (65,6, &0 68 ) = ()0 =X (= 10) X () = X7 (= 730). X7 (O = X (t =) ez, ).

Since <§ (k) g(km >4 =0, the retarded functions 7y,(t) should satisfy the following 6 functional

equations

(=1 [0, E%\/i[xfﬁ(t)—xg‘>(t—rkn<t)]2 -

a=1

For the velocities vectors we have

o (U n) P (t-m0) W (t-ne) i ) _(G7(t-g,)
c c ¢ A c Ay
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d ¢, —(£07)
T 2 Z0n) (k) =Dy
dtk" Cr, _<§ u >

To derive the explicit form of the radiation terms (cf. [7]), we consider a charge ¢ (k =12,3)
describing any curve L,(k=123) in the space-time. Let Ak(x k)(t) X k)(t) X k)(t) Ict) be any event
and let

At (Xl(k) (), Xék) (), ng) (), icty ) , t <t betheintersectionof L, (k=123) with the null-cone
drawn into the past from A(k=123), and Afd"(xl(k) (fk),xgk) (fk),xék) (fk),icfk), t >t be the
intersection of Ly (k =1,2,3) with the null-cone drawn into the future from A (k =12,3).Let A™A,
and A A, be the isotropic vectors

SE(k)ret (Sg(k)ret £ k)retlé(k)retlgﬁk)ret) é(k)adv (Sg(k)adv é;(k)adv gg(k)adv é(k)adv) Then we set

) =t—f, = f =t—7(t) and 2V ()=t ~t= t =t+72%(t) and obtain
§(k)ret (g(k)ret g(k)re[ é:(k)ret- ret) (g(k)ret- ret) (Xl(k)(t) Xl(k)(t Tl:et) X(k)(t) Xék)(t Tkret) X(k)(t) Xék)(t Tret)ICTret)

g(k)adv — (é;l(k)adv , gz(k)adv,§3(k)adv , iC‘L’de) — (é;(k)adv IC‘L',de ) —
= (X (0) = X (t+ 75, X0 (1) = x$ -+ 7¢), 0 (€)= X (t+ ) ier™ ).

The velocity vectors to the world-line L, (k=123) at A®™ and A are

(yret [ A(k)ret 4 (K)ret 4 (K)ret 4 (K)ret U(k)(t) U(k)(t) u(k)(tk) ic | lj(k)(tuk) ic .
A A —
_(Al 'ﬂ? ’23 ) ) Aret ! Aret ! Aret ! Aret - Aret ! Aret

K K K K K K

A™ = \/C G0 (), u(k)(t )>

A(k)adv_(/ll(k)adv //iz(k)adv /rlék)adv i(k)adv)_[ul(k)(fk) Uék)(fk) Uék)(fk) ic J_(U(k)(fk) ic ]
- H ) 174 - - 7

adv '’ adv !’ adv ' 4 adv adv ' 4 adv
Ak Ak Ak Ak Ak Ak

AP = o - (IVE).TY )

Following the Dirac physical assumptions we define the radiation term as a half of the difference
between both retarded and advanced potentials (cf. [71)

Kyrad _ 1 aArEk)ret aAr(nn)ret 6Ar(]k)adv aA(nn)adv et ekﬂgk)ret
Frun Y (Kyret — A (Kret | (K)adv Ay (k)adv , where A =—5—————— and
2 me axn 5Xm 5Xn <l(k)ret ’é(k)ret>

4
ek&(k)adv

ﬂ(k)adv' (k)adv>
(e g0

Then the equations of motion become (r=12,34):

D)ret 1)ret 1)ad 1)ad
m 34 _&, {F(lZ)/ifl) FRO90 P\”m oA _[6/\( oA )avﬂﬂfl)}
C

Af(]k)adv —_

d s, X (L)ret X I(1) ret X El) adv 6X (Dadv

(2)ret 2)ret (2)ad 2)ad
m, 1@ & {F(zgﬂ(z) F(23)24(2) {6'“1 re aAr( )re _{@A1 v pplAa Vﬂ,ﬁz)}
C

d52 aX(Z)ret ax(Z)ret 6XE2)adv - 6X|(2)adv
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o d/1$3) |:(31);{1(3) F(32)%3) 6A1(3)ret aAr(B)ret ~ aA(S)adv_aAr(S)adv %3) 5
C 6X£3)ret axl(.?)ret axﬁB)adv aXI(B)adv

In the present paper we investigate only the fourth, eight and twelfth equations (k=1,2,3):

(kn) fa(k) ()N _ 2(n) [ 4(k) g(kn) n
QA9 & ee, |E7(A0A), A" (4% ¢ >4(1+<d;,<> é(kn)>]+
4

ds, .5 mc’ < A0 gt >3 ds,
4

1 dA{ dA™
' ‘ Z{d; <’1(k)'§(kn)>4“f}kn)</1(k)’ as, | |[*
<,1(n),§( n>>4 n n /4

+

+

e& glgk)l’et <l(k),ﬂ(k)ret>4 _lgk)ret<§(k)ret,l(k)> g(k)ret dﬂ/( ret
2mk02 <ﬂ(k)ret,§(k)ret>z ds .

+; <§(k)ret,l(k)>4w_ l(k),w é‘:ﬁk)mt _
(A, glarety dsiey dset /,,

B eE Sgék)advm(k)'/l(k)adv)‘l _ﬂg()adv<§(k)adv,ﬂ(k)> <§(k)adv dik )adv>
2ka2 <i(k)adv,§(k)adv>z dsadv .

+ — 1 — <§(k)adv,ﬂ(k)>4 dﬂgk)adV _</1(k), dﬂ(k)adv> [gk)adv
<ﬂ( )a V’g( )a V>4 ds A

adv dsadv

ret

+

3. Transition to the Euclidean Coordinates

Following reasoning from [7] the relations <§(k)re‘ ,glret >4 =0, <§(k)ad",§(k)ad">4 =0 yield

ret / g(k)ret g(k)ret _% ,<92(k)adv,§”(k)adv>'

3
For the retarded part of radiation term we differentiate t—f, = 1 J Z[Xik)(t) —Xﬁk)(fk)]2 with
c

=1
. . Lt sz_l:et <(:g(k)ret a(k)(t z_ret)> ' o
respect to t, and obtain D,” =—== " e and in a similar way for
dt (£ )
CZTsdv _<E(k)adv,l](k) (t+z'|fdv)>

sz_sdv <§(k)adv’lj(k) (t)>

d
advanced term we obtain D" = @ =

Further on,

7

A 1 d{ug‘)(t)J i) u(k)(t)<ﬁ(k)(t),ﬁ(")(t)> a9 ic d( j io(@®) (1), 6% ()
44’ _1d _ L

ds, A dt| A, N AL ds, A dt Ay
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U (=) (0 (= 7). 0 (= 7))

A2 _ o | U (= 7in) '
ds. M A2 A ’
n kn kn

7

dﬂgn) _ iCI:)kn<l_j(n)(t - Tkn)!ﬁ(n)(t - Tkn)> .

4
ds, An

(§90).£4) - cn

7

gy gt — _c2
o, - R, o o) A0

(0t -70) E47) - Py
e e

£(kn) 5(n) £ (kn) F(n) 2
dﬂ,(n) 5 u (t_fkn) 5 u (t_rkn) —C Typ _ -
£, =) =D, < ; ). ; ) (@ (= 1), 0 (- 7)) |5
4 Akn Akn

by, [ (TR @GP (t-7,,)) <ﬁ(k)(t)"](n)(t_rk”)>_Czrk”<u<”’(t o) G0 i0)) |
~Tkn)s ~ “kn g

<z<k) d_ﬂ(")> _ D N
1 2 4
ds . Ay An Avn

7

(0% (1), 0%t + 72 ) - ¢

<U(k)(t),l](k) (t_z_;et>_(;2 ; <l(k),ﬂ(k)adv> —

</'L(k) l(k)fet> — =
! t d
4 AN 4 AT
(k) g(k)ret\ 2 ret (k) g(k)adv\ .2 adv
(oret (k) _<” (0§ ) -] [ 00adv 4(0) _<u (0, €07’ .
5 1/1 - 7 é: 1/1 - 7
4 Ak 4 Ak
Fr(k)ret ;g rety g(k)ret\ (2 ret —(k)adv advy g(k)adv\ .2 _adv
<§(k)ret ﬂ(k)ret> :<u (t Tk )15 > C7y .<§(k)adv ;t(k)adv> :<u (t+Tk )198 > C'7y )
! 4 Aret / ! 4 Aadv 4
k k

d _1d_1dd D"d d _1d_1dd D"d
ds, AFdt  Afdt dt A dt’ ds,, A df A df dt A dt’

4

ot u;k) (t _ 7'_ll(’et) . u{(xk) (t _ Z-;ZEI) <U(k) (t _ T;et)’ lj(k) (t _ Ti:et)> .

d/i(k)ret
ds | (A7) (A5
dalore  icD <U(k)(t —7),uM(t _Tliet)>
s, (A
daom Oy ) (U0 ) 00 7)) |
(A:dV)4 ’

ds,, | (@A)
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6
o PeDE (A% (t+70™),0 (t+ 7))
dsadv (AEdV)A 4
“ dﬂ,(k)ret (k)ret (k)(t Tret)> <§(k)retll—j(k)(t _T;et)> sz_l:et © o
ret ret T ret T3 ret
<§ Aret + (ALet)4 < (t_Tk )lu (t_Tk )> 4
" dﬂ’(k)ret Dret (k)(t) ud® (t Tret)> < (k)(t) TR (t— Tret)> z‘rkret 0 -0 et
20, ¥ (@® @00 t-7) |;
ds,. (AF) @)
! d/i(k)adv ! é(k)adv (k)(t+z_adv éé'(k)adv,u-(k)(t+z_;dV) sz_sdv ) . y ‘
<§(k)ad , ad Aadv >+< (Aadv)4 > <u(k)(t+z.sd ),u(k)(t+rsd )> ;
k
o d ﬂ(k)adv Dadv (), u(k)(t+radv)> (U 1),d® (t+70%)) -2z SO0 600 g 4 90 |
29, — + . (A% @), 0% @+ 7)) |
dS 4 A V (Ak V)

<E(kn),|j(n)> (<§(k”),G(”)>—cszn)<ﬁ(n)'ﬁ(n)> (k=123),n=k;

Hkn =1+ Dkn 2 + 4
Akn Akn

<é}'(k)ret , d-(k)ret> (<§(k)ret , L](k)ret> sz_ret ) <U(k)ret ’ lj(k)ret>

+
(A;;et)Z (ALet)

ret _ ret
H, =1+D,

<§(k)adv a(k)adv> (<§(k)adv, U(k)adv> CZTadv ) <U(k)adv ’ lj(k)adv>

+
(A (A"

HX =1+ DX

Then the energy equations become (k =1,2,3):

. (Cz _<'j(k) am >) ) (CZTkn _<§(kn)’ﬁ(k) >)
<U(k’,U(")> 3 e AR Tyn A A
—4: k n2 k —kn Eo—— - ;n K Hkn + (2)
Ay n-tnzk M C <§( ) G )>—c -
[ Akn ]
<é:(kn) NG > ¢, D, o o 7.D,. <ﬁ(k)’ﬁ(n) > N (<G(k),a(n)>_c2)<a(n), Lj(n)> -
A, A4 < u > A, Ain Aﬁn
- +

2
+A},

(<§(k”’,ﬁ(”’>—c 7, )2 (<§“‘“),U(”)>—czrkn )2
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<u(k)’l](k)ret> 2 <(k g(k > 2rel
ret

k

N e: AkA(k)ret A(k)retAk He 4
kaC2 <ﬁ(k)ra,5(k)mt>—c27;9t : k
A(k)ret
<(;g'(k)ret’u(k)> c2r ret Dret< gloret U(k)ret> <U(k)ld(k)ret> (<u( u(k)ret> c )< goret —(k)ret>
+
4 2
A2 A A(k) ret T’:e' DkrEt A(k) ret A(k) ret
+ — —
(yret (CZ ret <é;(k)ret ~( )ret>)2 Ak (CZ ret <§(k)ret ~( )ret>)2

» <G(k) ’G(k)adv>_C2 <H(k)’§(k>adv>_czrfdv
: _
_ ekz AkA(k)adv A(k)advAk Hadv+
2ka2 <H(k)adv é?(k)adv > P k
) k
A(k)adv
<g(k)advlﬁ(k)> CZTkadv Dsdv<ﬁ(k)advla(k)adv> » D;dv <U(k)lj(k)adv>+(<ﬁ(k) u(k)adv> C2)<ﬁ(k)adv’ﬁ(k)adv>
A A4 ‘ Ak A(Zk)adv A?k adv
A2 k (k)adv
TR 2_adv [ E()adv s(kadv\ )2 - 2 adv [ F(adv (0an |\
(c Tkv_<§()avlu()av>) (c 1kv_<§() v G v>)
or
mk<U“‘) u“‘)>7 3)
A N
g(kn) T\ _ ORIV k) G\ _ a2 G Gm 2 (k) (") (k) (ﬂ) (n) ()
= i ekfn <§ lu > Tkn<” ’US >Akn2Hkn+(<§ - > : Tk'l)Dk" <u ;u >_Tkr\Dkn - ( - ) - > +
ninek  C (<§(k"),ﬁ(")>*cz‘[kn) Ain (Czrkn 7<§(kn)va(n)>) AZ (C T <§(kn) u(n)>)
+i <ﬁ(k)’g(k)rel>_r;el<G(k)'ﬁ(k)rel> e (<ﬁ(k)v5(k)m>—cszm)Dkrel<ﬁ(k)mvG(K)m>7rmDm (ALen)z<H(k>’L«j(k)ra>+(<u(k)'u<k)ren>7cz)<u<k)ren’ﬁ(k)ret> i
2 (<U( et g(k)ret>_czrkm)3 (Aret)z( e <u(k)re(’g(k)ret>)2 k Pk (Af‘)Z(CZ ret <']( Jret E(K)m>)z
,i <u(k)vg(k)adv>_T:dv<'](k)yﬁ(k)adv>[ - (< Zadv) o (G adv L (A:uv)z<ﬂ(k)]ﬁ<k)adv>+(<u()u(k)adv> ¢ )<U<k>adv‘ﬁ<k)adv>
(AF)H D .
202 (<u(k)adv’é§(k)adv>7C21:dv)3 k k (Aadv) (CZTEW <U(k)adv ég(k)acw>) (A:m) (sz_[en kadv k)adv )

4. Transformation of the Radiation Part of the Energy Terms

Here we follow the Dirac assumption 7{ =72 =7, 7 is a small parameter. This assumption is

motivated by the fact 7=1yy1-4 2 ( 7o=1,/c~107% sec). Since u(t) are infinitely smooth functions,
using the Taylor expansions we have:
£09 =X (14 7) - X () = 20 0+ O(e%) = 9% = 7u® (1); £ =X (1) X (t—7) = u';
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ul (t+7)=ul ) +0(); ul(t—7)=ul’(®) -0 uP P (t+7)=(u¥ (t))2 +0(z):
WO OUEE-1) =(u ) -0();
(a0, 500 - Zu(”(t)u‘“(m) Zu<k>(t)u<k’<t> (a®,0%);
P~ (E0 GO = 2 00 (1),5) (1 2)) ~ 2le? - (0 (0,50 1))
G2 — (E0= GO = r o (09 (1), 4 1+ 7)) = 7(¢ - (UO .00 ) 5

rel <§(k)l'Et ”(k)(t z_ret)> T(C2 <(k)(t) (k)(t)>)

2 £(kn) (n)
C' 7, _<§ U
~1:D™ = ~

C,[adv _<§(k)adv a(k)(t +z_ad\/)> T(CZ —<ﬁ(k)(t),U(k)(t)>)

adv __ ~
D = ~

cr adv _<§(k)adv U(k)(t)> 2'(02 — <G(k)(t)a U(k)(t)>) )

Hl:etzl+[<rﬂ(k)(t),ﬁ(k)(tr)>z’(cz<ﬁ(k)(t),ﬁ(k)(t)>)< UM (1), 0%t - ﬂ)} N

2 (k) (k) ) -
c —<u N > (cz—<u(k),u<k’>)

- 1+(<Tﬁ(k)(t),ﬁ(k)(t +z’)> ) T(C2 —<G(k’(t),l](")(t)>)<U(")(t),G(k) (t+ r)>J1

c? —<G(k’,ﬁ(k)> (Cz —<U(k’,0(")>)2

Then the radiation part becomes

re( i K)ret >

Rrad _ ek < “"> ’9‘ )’et>( rel) H ret (<U( ) 5( )ret> 2 m)DFt <G(k)m’ lj(k)m> _TkretDret (Afl)z <U u(k)m>+(< U(K ret> 2
(@ k (e
)

()
k)ret gk)ret> 2 rel)3 (Arel)Z( 2 ret <u(k)rel'§‘(k)re(>)2 Aret 2 < ret ‘k Jret
_<ﬂ(k)'g(k)am?_ A <u(k)’u(k):dv><A:m)szaav_(<Um"f( adw> Czrad )D" <u<k)adv,j2(k> > adVDaw (AK <U umm>+(<U(k)’ﬁ(tmv><:2)<ﬁ(:)adv’dmadvﬂ=
(<l](k)adv'§(k) > c?fad ) (Aid) (c r:m_<u(k)am'§(k)adv>) (A2 (CZTka—<l]( v )adv>)
(k) (k) ﬁ(k),ﬁ(k’r —CZ’[ l](k)‘ﬁ(k)rel Aret (k) k)ret (k) (k) ‘(k) —(k)rel
(Are|)2+ _ _
G (c - <U‘ s >)3 (oo ) (mz( zf (i, U(” >)
. <u<k) u‘”) <u" %z > oy (<u(”,t]‘”r>—czr)<u(”,G‘k’a"v>+T(A“V)2< g u(k)adv> ((u“’,u‘“)-&)(u“ u(k)aﬂv> ]
(e -(a®,a%)) (8 e~ (a® g7 (2 (c e—{a® g0r))
[ (cz < >)< i rel> < k)ret> (cz )<a ﬁ(k)ret>7
2 ﬁ |
20 Akzr( (k) ) Akzrz(cz (k) )

PO e o >]
IR IR}

(k) Fr(k)adv (k) rr(kret (k) Fr(k)adv (k) rr(k)adv (k) Fr(koret (k) pr(kret o i
_ 4 J<u i >_<u i >L<u i >—<u i > <u i >—<u U > _ 4 4 Qe g <U‘“ ﬁm>
2°A° l T T T T cAf ' 2t AN
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Besides
<§(21’ G(1)> (<§(21),U(1>>_02721)<G(1)’j(1)>
H, =1+ A + X =1
21 21
</§‘23),ﬁ(3)> (<5(23),U(3’>—c2123)<l](3),ﬁ(3)>
H,, =1+ A + X
23 23
It is known that (cf. [5]):
oo T e o, M2t me (@)
c A, dt 2 A, A,
Then from (3) we obtain
dE, e 121<U(2’,U(l)>—<§(21’,ﬁ(2’> 2+(<§(21),U(2)> 7, < q® u<1>>)< qo u(1>> 7, A2< G U<1)>7+
dt 2% 2 _/Eey so\)’ 21 @) G
(c Ty <§ ,u >) (c Ty — < >) |
oo, ,23<U(2)'U(3)2_<g(23)’l]3(2)>Azsszs+(<§(23)’G(2)> 7, < G u(3)>)<ﬁ(3’ u(3)> 7, Az < i@ 6(31> .
(022'23—<§(23),ﬁ(3)>) Ags(c Ty — < >>
o i), “
AZ
gzcee r21<U‘3),U‘1)>—<§‘31),U‘3)>A 2+(<§(31’,U(3’> 7, < G® u‘”>)< m,ﬁ“’) 131A2< G® u(1)> N
dt o o _JE@ o\ @) GO
¢z =(£2.02)) 83 (er = (€00
G0 @\ _/£@2) +3) £(32) 703 g i\ G® §® A2 (G® @
roee, r3z<u ,u } <§ ,u3 >A322H32+<<§ u > Tqp < ,u >)<u ,u > Ty < ,u > .
(e (6% )
odl <a“’4,iz’<3>>'
A3
In the Keper formulation one obtains i® =0 and

Ut—r,,),U0t—-7
A, = \/Cz —(U(t—7q), U(t—75)) » C\/l—< ( 31)(:2 ( 31)> ~C, because we consider the case

|<U(t —Ty), Ut — 1'31)>| <C?<c’and then B=C/c=1/137 - Sommerfeld fine structure constant (cf.
[3D)-

Further on,

4:(21) _ (é:l(Zl) ’ 52(21) ’ 53(21) , §4(21) ) _ (X1(2) t), ng) (t), Xéz) (t), iCTZl),
£2 =(6,6,,61, 65 ) = ()P (0) = (t = 7,0). 7 (1) = X7 (7). X7 () =7 (t ~ 75 ez, ),
EW =(&.6™.6%,6) =7 0.%7 0,67 () ey, ),

EF =(£,88, 50, £ ) = (xO (1) - X (t—15,), X7 (1) = X2 (1= 75,), X7 (1) = X (1= 75,) ey, ),

Kg(zs) lj(s)>‘ \/<§(23) 5(23)>\/< @) u(3)> =Cr,C,
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< @ e > (< o U(a)> —C’r,, ) <U(3) , G(3)>
H,, =1+ > + Z ,
C c
(£, ((E,09)-cre, ) (42, 0®)
H,, =1+ 5 + Z ,
c c
_[5®@ 5@
9, ee —<X e >+
R
C'7,,
T0s <U(2) e > _ <62(23) e > 4 <§<23) e > (<§(23) e > _ 02123)<U‘3),G(3’ >
+€,€6; — 3 C + 2 + 2 +
(szzs —<§(23),G(3) >) c c
23) (2 —~(2) ~+(3 —(3 (3 2 /=(2) @3 — =
+(<§( ) ¢ )>—T23<U( ) ¢ )>)<u( )¢ )>_123C <u( ) ¢ >> N e; <u<2)'u(2)>
— 2 3 ’
C(CZTZ3—<§(23),U'(3)>) c
3@ 73 i3 (2 £(32) 7(3) £(32) 7(2) £(32) 72\ _ 2 T2 ()
g, (x0u®) e (U00®)(9.09) [ (£9.07) ((£9.u7)-c'n, ) (0. 0)
— =gl ——F—F+e8, —c’| 1+ > + ; +
dt c’r. ( 2 £(32) 70 c c
31 C7y 7<§ U >) .

332 <ﬁ(3’ ,1'1"3)>

+
C3

+

(<§‘32),U(3)>—r32<G(3),ﬁ‘z)>)<u(3) L](3)> 7,,C < G® u(2)>]

o~ (£99,42))

5. Energy Inequalities

We recall that  [d®]=/(a%,u%),k=23) , p)=(x*,xV) (k=23

cr,, = <§(k”’,§(k”)> ‘
Then

G
|E, (1)< |e2e1|jMds+

[, (T (e,
0 -
(C T3 ™ <§ 2 >)

(J £, ””HwﬂhrIP”Mwﬂmh”Mwﬂhfclh“Mw3 | % ZWJ i i)
ds<

c(c T, <§(23’ u(3)>)
t2icC Ct. ||u || T CC +C ||u 3)"
T,(C™ +CC 23 23
|: 23( ) 5 CS [1

— 2
(czr23 —C7,C ) c ¢!

0

<|e2e1|f L ds+|ee3|f

21 0

(cruC +7,,C%) 6||d‘3’ || + 723c26||d(3’ || t e§E||i7'<2’ ||
ds +j 3 ds =
) C

2
C(02123 —Cr,C)

» w1 i) el
:ﬂ! {lezell 2 213 €, 3| ﬂ) {CTB o 2 ds,
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=2 = 3, A2, mA2
T32C + 02'320 3 cC" +CC” +CC ~(2)
———C"| 1+ — Tsp ||u || +

t E t
|E3(t)|s|e3el|_|' Cf; 3d3+|e3e2|J' 2
0 31 0 (C T3 —CT32C)

(czasC + 75,8 )T |0 + 7o ’C |6 t e§E||1Z(3 |
+ ds+| ——ds=

c(c’zy, - CT326)2

(2) &2 2(3)
» @ p [ 1 2||u ), <kl
Zﬂj |e3e1 2 +| 2 3| 2 S.
0 c'z (1 ,B) CT32 c? Tap c
In the 3D-Kepler formulation the first particle Pi is put at the origin O(0,0,0), that is, P1
(x®ct) =0,xP(t) = 0,x(t) =0} t €[0,0c) . Then EY(t)=0.
We pass to the spherical coordinates, that is, the particle P,(n=2,3) islocated at the point

%™ = p, cosg, cos A, ; %, = p,sing, cos 4, ;%" = p,sin 4,
where p,(0)=0; ¢,(0)>0; 4,(0) e ‘:*%4- 5%75} ,0<o< % and then the velocities are:

u,™ = p, cosg, cos A, — p,@, Sin @, cos A, — p, A, cosg, sin A,
u," = p, sing, cos A, + p,@, COS@, COS A, — p, A, Sing, sin A,
u,™ = p,sin A, + p, A, cos A,

where p® =dp®® /dt. For the accelerations we have (cf. [1,2]):
U, ~ j, sing, cos A, + p,@, oS¢, Cos A, — p, A sing, sin A,

u," ~ p, sin A, +p, L, cos A, .

In the same manner we obtain the expressions for the second derivatives (n=2,3):

U™ ~ jp, cos@, cos A, — @, p, Sing, COS A, — A p, OS¢, sin A,
U™ ~ pp, sing, cos A, + @, p, COS @, COS A, — 4 p, Sing, sin A,
u§“) ~p,sinA +4 p, cosi,.

Then p,=p,(1); @ =0,(1); p3=p3(t—723); @3=3(t—72);

EaO=1 Z[x(z’(t) KO- =2 0,0- \/z[x@(t) Ot ry 0] - 20,

e —1

el -1
P, (1) = py + _[ r(s)ds 2p, — R, R Pri Pa(t) = pyy + _[ r,(s)ds 2py — Ry ~ P
0 0
E@) =(0, p,c0sp, — Py COSPs, P, SiN @, — p3sin ;)
! p,1) — oyt —7)].
2'23(0:; <6E(23) 5(23)> C\/ |:X(2) ) - X(3) (t— Tzs(t))] = \/pz +p3 20,p, COS((DZ ?, ) >| 2 C3 23 |/

t

t t
pzo+Ir2(s)ds—p30—jr3(s)ds— j r,(s)ds| >
0 0

t-7,3

t—17p3

t
P+ [L(8)ds = pyy— [ 1(s)ds
0

0

|,02 (t) —P3 (t _Tzs)l =

elﬁ _ e/‘(l—fza) " 1—g Hs -
2 |p2 t) -, (t)l -R, T = |p2 t)-p, (t)l —-R.ef 2 |,02 t)— s (t)l —(Re"" ) u~ |p3 ®)-p, (t)l;
C
|Pz ®-p, (t)l 2 |on p3o| (R, +R)e” [ >0~ |pzo paol ’
T3 (t) |,020 - p3o|
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1 [TZe zay_ 1 ps(t) — p,(t—175,)
Tsz(t)zg <§(3z),§(32)>=5\/,0§+,022—2p2p3 cos(p; — @,) 2| : Cz = |;

t

t t
P+ [1,(8)ds — pyo = [, (s)ds = [ 1,(s)ds| >
0 0

t-73,

t-13

t
Pz T J‘ L(s)ds — py — J. r,(s)ds| =
0

0

|p3(t) —p,(t _Taz)l =

Mo eﬂ(t*faz)

>[0,()~ p, (O] R, = =[p; (1) = p, (V)| - R 1_1/@ >|p,(t) = p, ()]~ (RE™) | 1= |y (1) — p, )

c
T3 (t) |p30 _1020|

|,03(t) pz(t)|>|,030 :020| (Ry+R )eﬂT >0~ |p30 p20|

Recall that KU(”) qm > <CT implies

\ ”<l](”),ﬁ(")> = \/rnz +p. 087+ pln’ <e \/an +p, @7+ pY?<CT and

‘<ﬁ(n),ﬁ(n>> _

S
o
<.

\/ P+ PG 008" A+ p, 2 Al | <@ R+ p 07 + 0, <o

( ﬂ)) =1.03, then

ur 2 2 2 2 2y 2 2=
<e’ w, \/Rn +p0, D, + 0,7V, <o, T

B+ p ) cos? A, + p,iA"

Since

t p 1+ ) 2fie]), dfie]
|E2(t)|£ﬂ'([ [|ezel 027221 e |( )[Tzsc C*7y c? _dss
dealifo o @ o wlt] )l

1375 | P . ® - ¢ CleM-pO) ] |

S|e2e1|j € 11.03 ¢ 2aC +“’2° ds <
137 4 :0202 |pzo_p30| C|p20 p30|

2~ |t
—5+1.03 ¢ 208 |, 0)2 ¢ _[e”sds <
137 _,020 |p20 - ,030| C|P20 ,030| 0

el o gy 20, +“’22E e 1
137 | P2 |p20 —,030| C|P20 ,030| H
and
1 2 u(z) 5(3)
|E (t)|<ﬂj' |e3 | | a+p) ” " ”2 ” ds <
Ty 1 ﬂ) T3 C c*7y c

—_ 2— |t
< e8| LZ+1.03 ¢ =+ 20,0 + a)32c Ie”sds <
137 | pao |P30 — Pl ¢| P ~ Pl c

]
Ll 4103 —= 2@, +a’3C e 1
137 | po 10— Paol” " Clow — Pl
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6. Conclusion - Numerical Verification of the Above Formulas

For the He-atom both electrons are on the first stationary state, that is, one can assume
W,=0;=0= 4.1><1016, T=27/w=153x107 . Let us choose u= 4.12x10" > w =4.1x10%
such that

UT =4.12x10"° x1.53x10™° ~ 6,3 = e*T =e*° 545 and
D,=D, =D < e =41x10"x0.0018 = 7.38x10" and
R,=R,<Ce™* = :L3i7><3><108 x1.8x107° ~0.039x10° =3.9x10° . It is  known  that

2
e,=€,~1.6x10"°C | p=1/137, c~3x10°m/sec, ((1+ﬂ))3 :13?;;337 =1.03. Consequently
1-p
for n=2:
e ~ 2= Hro
IE, ()] < |“| s103 — & _%e¢ | ecier 71
137 |P20 _P30| C|p20 —p30| c H

e HT
_ e8] c . 1.03x02+[ 2.06 +9Jwﬁ e’ 1 _
137 | py | P — ,030| |,020 - p30| C H
7 7
10 7.4;L+ 7.657 - 1.54x10 10 X105 ~10 7.43.+ 7.66 . 1.54x10 .
P |,020 —,030| |p20 - p30| P2 |p20 —,030| |,020 _,030|
Since p,, =5.3x10™" then

10_45[7.41 7.66 154><107] 10_45[7.41><1022 7.66 1.54x107]z

2 5 32 + 2 + _
P |om —p30| 020 = ' P20 = Pxo] P20 = P

7.66 1.54x10’ =
~107% 2 |E,.
|,020 - ,030| |,020 - p30|
Let us compare the obtained energy with the energy of the first stationary state from quantum
mechanics (cf. [4]). Since W, = —iz 2 n; L
& 8h
1 egm, 1 (1.6x107)* x9.1x10°™*
&’ 8h*  886°x10* 8.6.62°x10°%

—(p=L12,.) for p=1 one obtains

=-2.2x107".

W, =—

It is easy to see that one can choose |p, — | in such a way that E, =2.2x107%. Indeed, for

|02 = Pos| = @107 we obtain

£ _qg®|_ 766 1.54x107 g (7 66 g, L 54x10" ] ~
2 _— | =
|pzo _pso|2 |,020 —p30| a’ a

=10_46766 10% 10[%} 0_22766 924102
a a 0[

for ¢ =1.8659.
We note that similar results can be obtained if @, # @; but ®, = @, .
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