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Article
The Finite-Time Turnpike Property in Machine
Learning

Martin Gugat

Lehrstuhl fiir dynamics, control, numerics and machine learning, (Alexander von Humboldt-Professur),
Friedrich-Alexander-Universitdt Erlangen-Niirnberg (FAU), Department Mathematik, Cauerstr. 11, 91058
Erlangen, Germany; martin.gugat@fau.de

Abstract: The finite-time turnpike property describes the situation in an optimal control problem
where an optimal trajectory reaches the desired state before the end of the time interval and remains
there. We consider a machine learning problem with a neural ordinary differential equation that
can be seen as a homogenization of a deep ResNet. We show that with appropriate scaling of
the quadratic control cost and the non-smooth tracking term the optimal control problem has the
finite-time turnpike property, that is the desired state is reached in the interior of the time interval
and the optimal state remains there until the terminal time T. This property is useful to achieve a
compromise between the depth of the network and the size of the optimal system parameters which
we hope will be useful to determine optimal depths for neural network architectures in the future.

Keywords: ResNet; neural ODE; finite-time turnpike property; turnpike phenomenon; non-smooth
tracking term

1. Introduction

We consider a system that is governed by a neural ODE that can be considered as a
continuous-time ResNet. The system S is defined as follows:

x(0) € RY,
S{

= xo
p
x'(t) = Ela(ﬂi(t)T x(t) +b;(t)) wi(t)

(see for example [1,2]). Fori € {1,..., p} we have w;(t) € R?. The w;(t) are the columns of the matrix
W(t) € R4*P. We have a;(t) € R? and the 4;(t) are the columns of the matrix A(t) € R?*?. The bias
vector b(t) is in R? and has the components b;(t).

The motivation to study S is that a time-discrete version can be considered as a residual neural
networks (ResNets) that has been very used in many applications, see [3] for example in image
registration and classification problems. A time-discrete version can be obtained for example by an
explicit Euler discretization of S.

The activation function ¢ is assumed to be Lipschitz continuous with a Lipschitz constant that is
less than or equal to 1 and differentiable, for example

0(z) = tanh(z),

o(z) = m It acts on vectors componentwise.

For a given time horizon T > 0, we study an optimal control problem on the time interval [0, T],
where the desired state at T is prescribed by the terminal condition x(T) = x1, where x7 € R denotes
the given desired output of the system. Let ty € (0, T) be given. For the training of the system, we
study the loss function with a tracking term

T
Q(W, A, b) = /t x(t) — xp| + | ()] dt.

0
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with the non-smooth norm |z| = Y4_; |z].
We define the control cost (regularization term)

T
ROW,4,0) = [ HIW(IE+ 3IAWI + 3 b(0)] e

Here (|[W(t)||) denotes the Frobenius norm of W(t). We introduce the space
X(T) = {measurable functions (W(t), A(t),b(t)) defined on (0, T)
such that [ [|W()[2 + [ A()|2 + [[b(1) |2 dt < eo}.
Lemma 10 in [4] states that system S is exactly controllable, that is the terminal condition
x(tg) =z 1)

can be satisfied for all £y > 0. To be precise, for all ¢y > 0 there exists a constant C, > 0 such that for
all z € RY we can find a control #eya; such that for the state # that is generated by S with the initial
condition %(0) = xo we have ¥(tp) = z and

H”exact”LZ(o,to) < Cellz = xoll- 2)

Also the linearized system is exactly controllable in the sense that for all ¢y > 0 there exists a
constant C, > Osuch thatforallz € R? we can find a control  such that for the state ¥ that is generated
by the linearized system that is stated below with the initial condition #(0) = 0 we have X(fp) = z and

191220, 1) < Ce llz]l- 3)

The linearized system at a given u = (W, A, b) for the variation dx of the state that is generated
by a variation du = (6W, §A, ob) of the control is

p p
ox' () = Y o(ai(t) " x(t) + bi()) Sw;(t) + Y 0" (ai(t) T x(t) + bi(#))awi (£) x(t) " ai(t)

i=1 i=1

p P
30 (ay(H)T () + bi(8)) wy(8) by (1) + Y- o (ai(6) T x(E) + by()awy(£) () 6x(t)
i=1 i=1
with the initial condition §x(0) = 0.
A universal approximation theorem for the corresponding time-discrete case with recurrent neural
networks can be found in the seminal paper [5] by Cybenko, see also [6], [7-9].
For a parameter > 0 define

J(W,A,b) =vQ(W,A,b) +R(W,A,b). (4)
We study the minimization (training) problem

P(T, v) : i W, A,b
(T, ) (w,Ar,E‘)lgme( ,A,Db)

Our main result is that the optimal control problem P(T, 7) has the finite-time turnpike property,
that is the desired state is already reached in the interior of the time-interval [0, T] and remains there
until the end of the time interval. The finite-time turnpike property has been studied for example
in [10], [11] and [12]. In the first two references, the finite time-turnpike property is achieved by the
non-smoothness of the objective functional. In this paper, we use a similar approach adapted to the
framework of neural ordinary differential equations.
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The finite-time turnpike property is an extremal case of the celebrated turnpike property that has
originally been studied in economics. The turnpike analysis investigates how the solutions of dynamic
optimal control problems with a time evolution are related to the solutions of the corresponding static
problems where the time-derivatives are set to zero and the initial conditions are cancelled. It turns
out that often for large time horizons on large parts of the time interval the solution of the dynamic
problems is very close to the solution of the corresponding static problem. For an overview about the
turnpike property, see [13], [14], [15], [16] and the numerous references therein.

In the case of the finite-time turnpike property, after finite time the solution of the dynamic
problem coincides with the solution of the static problem. The exponential turnpike property for
ResNets and beyond has been studied for example in [17], but not the finite-time turnpike property.

2. The Finite-Time Turnpike Property

The following Theorem contains our main result, which states that the control cost entails the
finite-time turnpike property.

Theorem 1. For each sufficiently large -y > 0 each optimal trajectory for P(T, -y) satisfies
x(t) =xT,t € [to, T],

that is P(T, 7y) has the finite-time turnpike property. For t > t for the optimal parameters we have W(t) = 0,
A(t) = 0and b(t) = 0. The optimal parameters remain unchanged if vy is further enlarged or if T is further
enlarged.

For the proof of Theorem 1 we need a result about the embedding of the continuous functions in
the Sobolev space W'!: Let

T
LY0, T) = {f:[0,T] = R, f is measurable, i.e. / |f(t)]dt < oo}.
0
Consider the embedding of the space of continuous functions in the space
W0, T) = {f e LY 0, T): f € L}(0,T)}.

Lemma 1. Let ty € [0, T). For all x € WV (¢, T) we have

max_|x(t)| < (Tito +1> /T|x(t)| + |x'()| dt. (5)

telto, T) to

Proof of Lemma 1. For ty, t; € [ty, T] we have

x(t1) —x(R2)] =

/: x'(t) dt'

/: K (1)] dt' .

Thus x is continuous on [ty, T|. Hence there exists a point ¢, € [tp, T| with

IN

1 T p
to)] = min |x(t)| < t)] dt.
|2 (t:) ] te[t;,T]leI Tt /to |x(t)]
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Thus for all T € [ty, T] the following inequality holds:

[x(T) < Jx(E)]+ [x (k) — x(7)]

1 T T
/|x(t)|dt+/ ' (£)| dt
T —ty Jyy to

< (Tit0+1) /tOT|x(t)|+\x’(t)\dt.

IN

O
Now we are prepared for the proof of Theorem 1.

Proof of Theorem 1. Case 1: If xy = x, the parameters u, = (W, A, bs) = (0, 0, 0) generate the
constant state x(t) = x7. Hence u, = 0 solves P(T, ) and the assertion follows.
Case 2: Now we assume that xg # x7. For u = (W, A,b) € X(T) define the cost

to
Clo,1y) (1) :/0 FIWEP + 1A 1> + 3llb(t) > dt.

Define the non-smooth tracking term

T
bon(u) = [ [x(5) = xr|+ ¥ (1) a.
0
Define the objective functional

Kr(u) = Cq,15) (1) + v Inon (1)

We consider the auxiliary problem
I'): min K .
) uex (T) r(#)

We show that for solution u, of Q(T) we have
Lnon (u*) =0

by an indirect proof. Suppose that there exists a solution u, = (W, A, b.) of Q(T) such that
Lion(ux) > 0. Then for the corresponding optimal state x, that is generated by S we have x, (ty) # xr;
otherwise we could switch off the control at fp and continue with the zero control (0,0, 0) for t € (to, T
that generates the constant state xt on (fg, T] to strictly improve the performance.

Define the auxiliary state

X(to) = x7 +

1
——— (x«(to) — xT) .
Inon(u*) ( ( 0) T)
The exact controllability of the linearized system implies that we can find a control & € L2(0, to) that
due to (3) satisfies the inequality

[+ (to) — x|

1
i < Cell®(to) —x7l| = Co 7—7—
I2lli2(0,1y) < Cell(to) = xrll = Ce gy

that generates the state V with V(0,-) = 0 and V(t) = (ty) — x.
Due to (5) we have

o) = el < (2 1) [ty = e+ o) ©

d0i:10.20944/preprints202408.1283.v1
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1
_ (T_ - +1> Lon (18-

Thus we have

. 1
||v||L2(0,t0) < Cg (T— to +1> .

For a step-size € € (0, Inon(11+)) define

€

A=1-—°
Inon(“*)

€ (0,1).

Consider the control u with
u(f) = u.(t) — edv(t)
for t € (0,tp] and for t € (ty, T) we defined & = (6W, JA, 5b) with SW(t) = —mu*(t), SA(t) =
£ A.(t),6b(t) = b, (f).

N Inun(u*) B Inon(”*)
Then if ¢ > 0 is sufficiently large, —7 is a descent direction in the sense that by a little step in the

direction —% we can improve the performance of the control u,. This can be seen as follows.
For the state x = x, + dx that is generated with the solution éx of the linearized system with the
initial condition 6x(0) = 0 we have at fg

xuw—xTz(hUw—xﬂ—eﬁwﬂ—mﬁz(1 )(ﬂﬁw—xﬂ

-
Tnon (U*)
= A (x«(to) — x7).
Hence on [ty, T] the state x = x, + dx that is generated with the solution dx of the linearized system
with the initial condition dx(tg) = — m (x4(tp) — x7) is
x =x7+ A (x(t) — x7).
Thus for the tracking term we have the bound

€

Lnon (1) = A Inon (1) + O(”‘WHZ) - <1 - m

>MMWQ+0NMW)

For the control cost we have

Co,to) () = (s — €0, s — €0) 120 1) = Co,1) (1) —2€ (U, T)12(0,4) + & C(0,4)(0)-

Define
p(e) = Kr(us — €0)

ZCmmWO—%Ww@ymm+§QmM@+7(l )amwo+owww>

a Inon(u*)
Then we have
p'(e) = =2 (uy, 5>L2(0,t0) + ZSC(O,tO)(5> — 7+ 0(e).
This yields
p'(0) = —2(us, 77>L2(0,t0) -7

The exact controllability of S implies that there is a control t,ysct € 12 (0,tp) with (due to (2))

[#exact 120, 0) < Ce [1%0 — x|
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that generates the state Viyact With Vexact (0, ) = xo and Vexaet (to, ) = x1. For t > to, let tiexact () = 0.
Since Uexact is feasible for Q(T), this yields the inequality

C(tO,T)(u*) < Kr(ux) < Kr(texact) = ||uexact||%2(0’to) < Cg llx0 — xT”%Z(O,L)-

Hence we have
(1, D) 12(0,19) < Ce llxo = x7| 120, 1) 191 12(0, )

1
< [lxo = x7ll12(0,1) C: (T—to +1> .

Thus if

1
v > 2|lxo — x1ll12(0, 1) Cc <T—t0 + 1) ,
we have p'(0) < — +2 ||lxg — x7|12(0, 1) C? (T%to + 1) < 0. This implies that for ¢ > 0 sufficiently
small we have
KT(U* — Sﬁ) < KT(H*),

which is a contradiction to the optimality of u*.

Hence for any optimal control of Q(T) we have Lo (115) = 0. With inequality (6) this implies that
for the optimal state we have x,(ty) = xt.

Now we come back to problem

P(T,7) ¢ min](u)

with | defined in (4). Let vp(T) denote the optimal value of P(T, v) and vo(T) denote the optimal
value of Q(T). Since Kr(u) < J(u), we have vo(T) < vp(T).

Moreover, any optimal control u, for Q(T) is feasible for P(T, 7). Since x.(ty) = x1, we have
Cty, 1) () = 0. Hence vp(T) < J(u.) = Kr(us) = vo(T), and thus vp(T) < vg(T). Therefore we
have

vp(T) = vo(T).

This implies that parameters that are optimal for P(T) are also optimal for Q(T) and the assertion
follows. Thus we have proved Theorem 1. [

3. Existence of Solutions of P(T, 7) for Fixed A

For the sake of completeness of the analysis, we also state an existence result. However we
can only prove the existence of a solution for the problem where the matrix A is fixed an not an
optimization parameter for P(T, 7). Thus for a given matrix-valued function A(t), we consider the
problem

P(T,y, A): min LA, -
Ty, A):  min J6A)

In order to show the existence of a solution of P(T, ¢, A), we assume that there exists a number
M > 0 such that for t € [0, T] almost everywhere we have max;c ;. 1 [[(a;)(t)|| < M. This is the case
if the a; are elements of the function space L®(0, T), for example if they are step functions over (0, T).

Theorem 2. Assume that sup,, |o(x)| < 1and the Lipschitz constant of o is less than or equal to 1. Assume
that A(t) is given such that we have

ess sup [(a;)(s)]| < o
ie{1,..p},s€[0,T]

Then each T > 0 and vy > 0, problem P(T, -y, A) has a solution W, b such that in (W, A, b) € X(T).

d0i:10.20944/preprints202408.1283.v1
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If A(t) = 0 for t > ty, for sufficiently large -y each solution has the finite-time turnpike property stated in
Theorem 1.

The proof of Theorem 2 uses Gronwall’s Lemma (see for example [18]). For the convenience of
the reader we state it here:

Lemma 2 (Gronwall’s Lemma). Let L > 0, Uy > 0, ¢ > 0 and an integrable function U on [0, T| be given.
Assume that for t € [0, T| almost everywhere the integral inequality

0<U(t) <Up+ fy LU(T) +edt
hold. Then for t € [0, T| almost everywhere the function U satisfies the inequality
U(t) < Up et +¢ &1,
Now we present the proof of Theorem 2.

Proof of Theorem 2. Consider a minimizing sequence (u,,)%" ; with u, = (W, A, b,) € X(T) for all
n € {1,2,3,...}. Define the norm

T
lunllx(r) = \//O IWa (D112 + A + [1a (8] dt

and the corresponding inner product that gives a Hilbert space structure to X(T). Due to the definition
of ], there exists a number M > 0 such that for all n € {1,2,...} we have

[unllx(r) <M, @)

that is the sequence is bounded in X(T).
Hence there exists a weakly-converging subsequence with a limit

i, = (W,, A, by) € X(T).

Let x. denote the state generated by u.. For the states x;, generated by the u,, as a solution of S due to
the definition of the tracking term R we can assume by increasing M if necessary that we have

sup [xn(s)] < M.
s€l0, T],ne{1,2,3,..}

Due to Mazur’s Lemma (see for example [19], [20]), there exists a subsequence of convex
combinations that converges strongly. To be precise, there exist convex combinations

N(k) ‘ ‘ N(k) ‘
v = )\gn)um, with)\gn) >0,k <m<N(k)and Z)\()zl
m=k m=k
such that
lim o — . [x(T) = 0.
k—o0
This implies
T
Jim [ Wi (t) — Walt)[| + [|bn(t) — bi(t) || dt = 0.
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Since ¢ is Lipschitz continuous with a Lipschitz constant that is less than or equal to 1, this implies
forie{1,..p}

N(k)
CNZ%AWKmMﬂTMA0+%hMAﬂH—U«mMﬂTmU)+@0dﬂ)

D (8) + (0)m (D)) = (@) (5) " 2 () + (bi>*(t))| : ®)

Thus for t € [0, T| almost everywhere we have

N(k)
ZA X (t) — x4 (1)
p ot ||N(K)
<Y [ A @)n(s) = @2 ()| o((a)(s) T x.(6) + (1) (9))]
i=1 m=k
N(k) N(k)
1Y A @) m(s) a(Z:Aﬁkmx@Txm@>+wom@»>a«wx@TxA@rwodwﬂd&
m=k m=k

Then the fact that sup,, [o(x)| < 1, the Cauchy-Schwarz inequality , (7) and (8) yield

N(k) t N(k
ZAxMwﬁ* <z/ Ju(s) — (w:)«(s)
[N 2 i| NG 2
+J/O ACAME dsJ/o o 1 M @)(5)T () + (0 (9))) = o((@)(6) T x:(5) + (0)-(9))| s
m=k m=k
Pt ||N(K)
A,,f)wlms — (w;)«(s)|| ds
<X ) |5 A @in(e) = (w9
P NG ?
+M /0 (Zk/\ (a;)(s) " xm(s) + (b))m(s)) — ((a;)(s) T xx(s) + (bi)«(s))| ds
P | [N
A,,i()wims w;)«(s)]| ds
SQA,E () (s) — (w7)+(s)
¢ NGB 2 NGB 2
a;)(s)T Xm(s) — x4 (s s N (s) — (b;)«(s s.
+M /0 (a;)(s) Lz_lk)\m m(8) — xx( )1 ds+ M /O Ek?\m (b)m(s) — (bi)«(s)| d

Due to Mazur’s Lemma, this yields the existence of a sequence (&), with € > 0 and limy ., €, =0

such that
NG) p t NG :
Y A2 (t) — ()| <ex+ Y M /ess sup [|(;)(s)]2 2 H—x(t)| ar
m=k i=1 0 se(o,7) -
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Thus by increasing the value of M if necessary, we obtain for t € [0, T| almost everywhere

N(k) p f N(k) 2
Z AP Xm(t) —x:(H)|| < e+ ) M /M2 ) )\(k)xm(s) —x«(s)|| ds.
i=1 0 m=k
Since (|u| + |v])? < 2|u|2 +2|v|? and
(Z V |zl ) <p ): |z;| this yields the integral inequality
NG ? N(K) 2
) /\m)xm(t) —x(B)]| <2(ex)? +2pM4 xm — x(s)|| ds.
m=k m=k

Now Gronwall’s Lemma yields for ¢ € [0, T] almost everywhere

N(K)

Z )\(k Xm(t) — 2 (t) || = O(eg)-

This yields

N(k) ®
lim max Ay X (F) — x4 (t
k=eoteloT] || 2" m(t) ®)

For the time derivatives we obtain again by increasing the value of M if necessary
/T
N(k)

Y A @) (t) = (@) (1)

m=k

N(k)
Z X (£) — XL (1)|| dt

p
<y (@) () () + (8. (1)

+ |2 A i) (8| | (E AR @) ()T s (8) + (Bi)n (1)) = (@) (D) xa(8) + (B (1)) e

P T
<X
; 0

i=1

N(k)

3 AW (@) (£) — () (t)

m=k

TN AL om0 e T [N A 0 (0T ) + (Bn(8) — (@) ) + (b))
P T [N(K) " z
<o+ M| [ E AR @)OT x(t) ~ @) x(8)| dt
i=1 0 lm=k

T |N() 2
My | (Bi)(t) = (Bi)u(1)|
m=k
p T N(k) ‘ 2
<ea(+M)+MY | [ lewxm(t)_x*(w} dt
i=1 m=k

P T N(k) ®
<eg(l+M)+M ) /O [(ai) ()P 1] Y. Apxm (£) — xa||? dt
i=1 m—k
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< Sk(l + M)

2

4 T
+MZ ess sup ||(a;)(s)]| /0 dt

N(k)
Y A xn(8) — ()
i=1 s€l0, T] m=k

4
<eg(l+M)+M Z ess sup ||(a;)(s)| ex = O(ex).
i=1  se[0,T]
Thus we have
liminf Q(vg) > Q(us), iminf R(vg) > R(uy).
k—o0 k—o0

This yields
liminf J(uy) > J(uy).

k—o0

Hence u. is a solution of P(T, 7y, A). This shows that solution of P(T, y, A) exist.
The exact controllability properties that have been used for the construction in the proof of
Theorem 1 still hold if the matrix A is fixed. Hence the assertion follows. O

4. Discussion

We have shown that with a suitable non-smooth loss function each solution of a learning problem
has the finite-time turnpike property which means that it reaches the desired state exactly after finite
time. Since the finite time t( can be considered as a problem parameter, this situation allows to choose
tp in a convenient way. Thus ty arises as an additional design parameter in the design of optimal neural
networks, that corresponds to the number of layers. Since for t € [t, T| the optimal parameters are
zero, System S does not change the state on [ty, T] and thus the time horizon can be cut off at .

Hence the problem to find the optimal number of layers in a neural network corresponds in the
setting of neural ODEs to the problem of time-optimal control where the task is to find a minimal
value of fy subject to the constraint that x (o) = x1 and for the optimal parameters u(t) the constraint
||u(t) ||§(( 1) < P is satisfied. Here the number p is prescribed as a problem parameter. Let w(T, 7v)
denote the optimal value of P(T, 7). Then for optimal parameters u(t) that solve P(T, ) we have
||u(t)||%((t0) < w(T, 7). Since Theorem 1 implies that for the optimal state we have x(ty) = xr,
we conclude that optimal parameters for P(T, ) also solve the time-optimal control problem with
parameter p = w(T, ) and the optimal time is ;.

We have shown the existence of a solution of the nonlinear optimization problem for the case that
one of the parameters, namely the matrix A(t) is fixed. In order to show that a solution also exists
with A as an additional optimization parameter, we expect that an additional regularization term in
the objective functional (for example fOT |A’(t)||? dt) is necessary. This is a topic for future research.
We expect that the finite-time turnpike property also holds in the case t; = 0. However, the proof
that is presented here does not apply to this case so this is another topic for future research. As a
possible application of our results we have in mind the numerical solution of shape inverse problems
as described in [21].
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