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Abstract: In the study of algebraic structures related to logical systems, Ideals and filters have different meanings
and they are algebraic notions related to logical provable formulas. Unlike the classical Boolean lattice theory,
ideals and filters are not dual notions in residuated lattices. An interesting subclass of residuated lattices is the
class of triangle algebras, which is an equational representation of interval-valued residuated lattices that provides
an algebraic framework for using closed intervals as truth values in fuzzy logic. The main aim of this article is to
introduce and study the concept of ideals in triangle algebras and investigate the connection between ideals and
filters. We first point out that the construction procedure for the filter generated by a subset of a triangle algebra

established by Zabhiri et al. is incorrect, and we proceed to give an alternative characterization.
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Introduction

Ideal theory is a very effective tool for studying various algebraic and logical systems. Indeed,
the notion of ideal has been introduced in many algebraic structures, including

e lattices: here, ideals are examples of convex sublattices, and many conditions on elements and
ideals of lattices amount to weakened forms of distributivity [3];

¢ rings: the set of all ideals of a ring is a common example of a residuated lattice, and ideals
are in a one-to-one correspondence with congruence relations. Furthermore, the kernel of
any homomorphism is an ideal and reciprocally any ideal is the kernel of a homomorphism.
Moreover, the set of all ideals of a ring was used to study some subclasses of the variety of rings;
these researches aimed to investigate properties of some subclasses of rings whose residuated
lattices of ideals belong to a specific subvariety of residuated lattices (see [1,4]. for example,
Belluce et al.[1] studied those rings whose semiring of ideals, under ideal sum and ideal product,
can be equipped with the structure of a Heyting algebra.

¢ residuated lattices: ideals have crystallized researchers’” attention in MV-algebras [6,7], whereas
in general residuated lattices it is filters (shown to be equivalent to deductive systems) that focus
researchers’ attention. In MV-algebras, filters and ideals are dual notions (see [10]), but this is
no longer the case in the general framework of residuated lattices (see [20]). Some authors have
claimed that the notion of ideals is missing in BL-algebras; to fill this gap, Lele and Nganou [6]
introduced the notions of ideal, prime ideal and Boolean ideal in BL-algebras and derived some
of their characterizations. They used their notion of ideal to characterize BL-algebras.

It is well known in literature that in general, there are more filters than ideals in a residuated
lattice (see [7,13,14]). Liu et al. [7] studied ideals and established links with filters in residuated lattices.
Furthermore, Tchoua et al. [14] have introduced the notion of N-involutive filters by using the set of
complement elements, and they have proved that in a residuated lattice the class of N-involutive filters
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is isomorphic to the lattice of all ideals. Therefore, in residuated lattices an N-involutive filter is a dual
notion of the notion of ideal.

On the other hand, to represent imperfect information without paying too much in terms of
computational complexity and to nicely accommodate and combine the facets of vagueness and
uncertainty, closed intervals of [0,1] stand out as a particularly appealing and promising choice.
Interval-valued fuzzy set theory is an increasingly popular extension of fuzzy set theory where
traditional [0,1]-valued truth degrees are replaced by closed intervals of [0,1] that approximate the
partially unknown exact degrees. For example, it is quite impossible to measure the crowdness of
the roads of the network for a particular time duration as a single value, because, the crowdness in a
duration is not fixed, it varies time to time. So, more convenient technique to grade the crowdness is
an interval not a point (see application in [9]). Triangle algebras introduced by Van Gasse et al. [15-17]
as an equational representation of interval-valued residuated lattices (IVRL) provide an algebraic
framework for using closed intervals as truth values in fuzzy logic. The same authors introduced and
studied the notion of filter in triangle algebras [18] and used it to prove chain completeness, and later
the standard completeness [16] of interval-valued fuzzy logics based on triangle algebras. Many other
results on triangle algebras have been obtained by various authors, such as Zahiri et al. [21-23] and
Zhang(2023) et al. [26].

The above discussion motivates us to introduce and investigate the notion of ideal in the frame-
work of triangle algebras. Moreover, this paper delves into the exploration of the link between ideals
and filters in triangle algebras. In the context of residuated lattices, filters and ideals have been linked
using different operators by Liu [7] on the one hand, and Tchoua Yinga et al. [13] on the other hand.
Here, we prove that these operators are equal in residuated lattices. However, in triangle algebras the
situation is more complex: although filters are changed into ideals by these operators, as in the case of
residuated lattices, the image of an ideal is not always a filter. Therefore, we introduce a new linking
operator in the case of triangle algebras.

The paper is organized as follows: In Section 2, we first recall some preliminaries on residuated
lattices and triangle algebras. In Section 3, we introduce the notion of ideal in triangle algebras and
investigate some of its characterizations. Furthermore, we establish the link between ideals and
filters and the link between ideals and congruences. Next, we argue that the existing constructive
characterization of the filter generated by a subset of a triangle algebra proposed in [22] by Zahiri et
al. is incorrect. For this reason, we introduce and prove a new characterization of the filter generated
by a subset in triangle algebras. The section ends with an investigation of the structure of the set of
all ideals of a triangle algebra. Finally, in Section 4 we conclude and point out directions for further
research.

1. Preliminaries

In this section, we review the basic definitions and results on residuated lattices [2,5,7,18,19], and
triangle algebras [16-18] that will be used in the sequel.

1.1. Residuated Lattices

A bounded commutative residuated lattice is an algebraic structure (L, A, V, ®, —,0,1) of type
(2,2,2,2,0,0) satisfying the following conditions:

(RL1) (L, A,V,0,1) is a bounded lattice;

(RL2) (L, ®,1) is a commutative monoid;

(RL3) forevery x,y,z € L,x <y — z <= x Oy < z, where < is the lattice order induced by the
lattice operations A and V.

Unless otherwise specified, we denote a residuated lattice (L, A, V,®,—,0,1) by L. Forall x € L,
we define x* := x — 0, x** 1= (x*)", xQy:=x* -y, x®y = (x* Oy*)", 1" :=land x" = x" 1 O,
forn > 1.
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In any bounded commutative residuated lattice L, we have the following rules of calculus (for
detailed proofs, see [2,7,10,12,19]):

(M) x<y <= x—=y=1
() xOy<x, v

(r3) x© (x—=y) <y

(ry)) x<y=x0z<y0z

Yy—=>z<x—z
(r5) x <y =
zZ—=x<z2—Y

(re) x<y=y" <x*;

(r7) x <x*™and x <y = x™ < y**;
(rg) x** Oy~ < (xOy)™;

(ro) (x 2> y)Oy—z)<x—z
() x 2>y < (xAz) = (yAz);
(r2) x =y < (x©z) = (YO z);
(rz) x = y<(xVz) = (yVz);
(ra) x =y <y* —x%

(r15) (xVy)* =x"Ay*;

(r1e) x*Vy* < (x Ay)%

(r1g) (xVy)© (xVz) <xO(yVz);
(r9) (xOY)* =x—y* =y —x* =1 5 y* =y — x*.

Filters and ideals play an important role in the connection between algebras and formal logic, and
they have been intensively studied from an algebraic point of view.
A filter of L is any non-empty subset F of L satisfying:

(F1) (Vx,yeL)((x<yandx € F)=y€EF);
(F2) (Vx,yeL)((xeFandye F)=x0Oy € F).

Let us now consider the following formulas: for [ a subset of L,

I (Vx,yeL)((x<yandyel)=xel);

I1y 0el;
I2) (Vx,yeLl)(xelandyel)=x0yecl);
M) (Vx,yeLl)(xelandyel)=xdycl);

( )((
( )((
149 (Vx,yel)(xelandx*0yel)=yecl);
(Vx,yeL)((x € Tand (x* - y*)* €)=yl
I6) (VxeL)(xel < x* el).

An ideal of L is a non-empty subset I of L that satisfies (I1) and (I12).

Some alternative characterizations of the notion of ideal in residuated lattices are given in the
literature. Particularly, in [5], it is proved that a subset I of L is an ideal of L if and only if (I1) and
(I3) are satisfied. In [7], it is proved that a subset I of L is an ideal of L if and only if (I'1) and (I4) are
satisfied, if and only if (I'1) and (I5) are satisfied. For any ideal I of L, (I6) is always satisfied.

1.2. Triangle Algebras

Van Gasse et al. [15-18] introduced triangle algebras as a variety of residuated lattices equipped
with approximation operators and with an angular point u different from 0 and 1.

A triangle algebra is an algebraic structure A = (A, A, V, ®, —, v, 1,0,u,1) of type (2,2,2,2,1,1,0,0,0)
such that (A, A, V,®,—,0,1) is a bounded commutative residuated lattice, and in which the following
conditions hold: for all x,y € A:
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(THvx < x (T'1) x < px

(T2) vx < vvx; (T'2) ppux < ux;

(T3) v(x Ay) =vx Avy; (T'3) u(x Ay) = ux A py;
(T4d) v(x Vy) = vx Vvy; (T'4) u(xVy) = px V uy;
(T5) vu = 0; TS pu=1;

(T6) vux = ux; (T’6) pvx = vx;

(T7)v(x = y) < vx = vy;
(MO v(x > y) Ou(x < y) Sx < y;
(T9) vx — vy < v(vx — vy).
Where, x <+ y := (x = y) A (y — x). Hereafter, we denote by A a triangle algebra (4, A, V, ®, —
, v, 1,0,u,1), unless otherwise specified.
The following is a simple example of a triangle algebra, which we will use in the sequel.

Example 1.
Let Ay = {0,u,1}, such that 0 < u < 1 and the operators v, i, ©, and — are defined by Table 1; then
Ao = (Ao, N\, V, ®,—,v,u,0,u,1) is a triangle algebra (see [22]).

Table 1. Tables of v, y, ©® and —.

x | vx X | px © 10 u 1 =10 u 1
0| 0 0] 0 0j0 0 O 01 1 1
u| 0 u | 1 u |0 u u u |0 1 1
1] 1 1] 1 110 u 1 110 u 1

In general, there is a way to construct a triangle algebra from a residuated lattice by means of the
triangularization process; for details, we refer to [16]. In any triangle algebra A, we have the following
rules of calculus (see [15-18]): forall x,y € A,

(p1) v(x = y) = (vx = vy) A (ux — py);

(p2) p(x = y) = (px — (uu©u) = py)) A (vx = py);

(p3) v(xOy) =vxovy;

(pa) p(xOy) = (vxOuy) vV (px ©vy) V (px © py © p(u © u));
(p5) V1 =1, u0=0,v0=0and u1 = 1;

(pe) vvx = vx, pux = px, and v(vx — vy) = vx — vy;

(p7) v((vx)*) = (vx)*, u((px)*) = (ux)*;

(ps) u((vx)*) = (vx)*, v((px)*) = (ux)*;

(po) (ux)* =v(x").

The notion of filter in triangle algebras has been introduced in [18]: a filter of A is any non-empty
subset F of A such that for all x,y € A:

(F1) (x<yandxeF)=yecF;
(F2) (xeFandy € F) = xOy€F;
(FT) x€e F=vx € F.

Observe that a filter of a triangle algebra is also a filter of the underlying residuated lattice. We denote
by F(A) the set of all filters of A.

2. Ideals in Triangle Algebras

In MV-algebras, filters and ideals are dual notions, but this is not necessarily the case in general
residuated lattices (see [6,7,13,20]). The authors in [7,13] have studied ideals and established a link
with filters in residuated lattices by using different operators. In this section, we start by introducing
the notion of ideal in the framework of triangle algebras. To establish the link between filters and
ideals, we first prove that the operators used by [7] and [13] in residuated lattices are equal. Then, we

d0i:10.20944/preprints202408.1173.v1
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prove that applying this operator to an ideal does not yield a filter in triangle algebras. Hence, we set
up a new operator to link ideals to filters in the case of triangle algebras. We end by investigating the
link between ideals and congruences, and some characterizations of the ideal generated by a given
subset.

2.1. Definition and Characterizations of the Notion of Ideal

Since we want an ideal of a triangle algebra to be an ideal of the underlying residuated lattice,
and taking into account the approximation operators v and y, we propose the following definition.

Definition 1. An ideal of A is any non-empty subset I of A satisfying, for all x,y € A:

I1) (x<yandyel)=xel;
(I12) (xelandyel)=x0yel;
(IT) xeI=ux el

We denote by Z(A) the set of all ideals of A.
The following lemma will be helpful in the sequel.

Lemma 1.
The following properties hold in any triangle algebra A, for all x,y € A.

1 u(x) < (vx)* and (ux)* < pu(x*);
2. p(vx Svy) = vx S vy and p(px  py) = px G py;
3. u(x®dy) < ux ® py and u(x @ y) < ux @ py (triangle inequalities).

Proof.

1. Since vx < x (T1), we have x* < (vx)* (rg), thus u(x*) < u((vx)*) = (vx)* ((T'3) and (ps)).
Since x < px, we have (ux)* < x* < u(x*) by (T'1 and (rg)).
2.

Hence, we have pu((vx) @ (vy)) = (vx) @ (vy).
By replacing x and y in the above by ux and uy, respectively, and using vux = ux and vuy = uy,

we have u(pux © py) = px @ py.
3. Since x < px and y < py (T]), we have x ®y < p(x) @ pu(y). Therefore, u(x ®y) < pu(pu(x) ®

n(y)) = u(x) & uy).
Furthermore,

puxoy) =px* —y)
<v(x*) = py, (p2)
< (ux)* = py, (po)
= px @ uy
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O

The following propositions are some characterizations of the notion of ideal in the case of triangle
algebras. Some proofs are omitted, since in any residuated lattice we have the following equiva-
lences [2]:

((I1) + (I2)) <= (1) + (13)) <= ((I') + (14)) <= ((I'1) + (I5)).

Proposition 1. A non-empty subset I of A is an ideal of A iff forall x,y € A:

I1) (x<yandyel)=xecl;
I3) (xelandyel)=xdyecl
(IT) xeI= ux el

Proposition 2. A non-empty subset I of A is an ideal of A iff forall x,y € A:

Iy oel;
(I14) (xelandx*©oyel)=yecl;
(IT) xeI=ux el

Proposition 3. A non-empty subset I of A is an ideal of A iff forall x,y € A:

Iy oelr
(I5) (xeland (x* - y*)*e€l)=yel
aIT) xeI=ux e L

The following result will be useful in some proofs.

Proposition 4. Let I be an ideal of A and x € A, then the following conditions are equivalent:

Proof. From (I6), we have (N;) <= (N3),ie,x € < x** € L.

From (I1), (IT) and (T'1), we have (N;) <= (N,),ie x € [& < &ux € L.

From (16), we have (N;) <= (Ny),ie, ux € [ < (ux)** € I.

Since x < px (Ty), we have (ux)* < x* (r¢). Hence, (ux)* = v((ux)*) < v(x*) (ps, T3), which
implies (v(x*))* < (ux)** (a).

Since v(x*) < x*, we have x™ < (v(x*))* (b).

From (a) and (I1), we have (Ny) = (Ns), i.e, (ux)** € I = (v(x*))* € L.

From (b) and (I1), we have (N5) = (N3), i.e, (v(x*))* € [ = x** € L.

Thus, (N1) <= (N2) <= (N3) <= (Ng) < (N;5). O

2.2. Pseudo-Duality

In the case of residuated lattices, in [7] and [13], the authors studied how to obtain a filter
from an ideal, and vice versa, an ideal from a filter.

Let us first recall the procedure followed in [7]. Given F a filter and I an ideal of L, we obtain that
F.:={xeL;Jy e Fx** <y*}isanidealand I, := {x € L; 3y € [,y* < x**} is a filter of L. One can
also prove that I« = I, F C F,, and Fi = Fiss.

In [13], for F and I a filter and an ideal of L respectively, it was shown that N(I) := {x € L;x* € I}
is a filter and N(F) := {x € L;x* € F} is an ideal of L. This induces the following properties:

d0i:10.20944/preprints202408.1173.v1
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N(N(I)) =1, F C N(N(F)) and N(N(N(F))) = N(F).

When a filter F satisfies N(N(F)) = F, it is said to be an N-involutive filter.

In the following, we prove that for the pseudo-duality in residuated lattices the operators proposed
by [7] and [13] are equal.

First, to simplify the proofs, we will use the following characterization of F,.

Proposition 5. Let F be a filter of a residuated lattice L. Then, F, = {x €L;3y € F,x < y*}.

Proof.

e Letz € F,, then there exists a € F such that z** < a*. Since z < z**, we have z < a*. Hence
ze{xel;dye F,x <y*}.
® Let x € L such that there exists y € F, x < y*, then x™* < y*** = y*. Hence x € F..
O

Proposition 6. Let F be a filter and I an ideal of a residuated lattice L, then

(i) N(I) = L;

Proof. (i) Letx € N(I), then x* € I. Putting a = x*, we have a* < x™, x € I,.

Reciprocally, let x € I, then there exists a € I such that a* < x**, which implies x* < a**. Since
a € I, we have a** € I, by (16), thus x* € I, by (I1), i.e., x € N(I).
(ii) Letx € N(F), then x* € F. Since x < x™*, we have x € F,, witha = x*.

Reciprocally, let x € F,, then there exists a € F such that x < a*, which implies a** < x*. Since
a < a* < x* wehavex* € F,ie,x € N(F).
O

Let us now, in the case of triangle algebras, consider the pseudo-duality between filters and ideals.
We first show that the image of an ideal by the above operator in the case of triangle algebras is not
always a filter.

Example 2. Let us consider the triangle algebra Ag of Example 1.
I = {0} is an ideal of Ay, but N(I) = {u, 1} is not a filter of Ay. Indeed, u € N(I), but vu =0 ¢ N(I),
so (FT) is not true.

Hence, in the following we introduce a new operator for the pseudo-duality in the case of triangle
algebras.

Proposition 7. Let I be an ideal of A. Then T (1) := {x € A; Ja € I,a* < (vx)**} is a filter of A.

Proof. We have to show that T(I) is a filter of A.

For (F1), let x,y € Asuch that x € T(I) and x < y, we have to show thaty € T(I).

It holds that x < y implies vx < vy, thus (vx)** < (vy)**. Since x € T(I), there exists a € I such
that a* < (vx)**, so by transitivity, a* < (vy)**, thusy € T(I).

For (F2), let x,y € T(I), we have to show that x ®y € T(I).

Since x € T(I), there exists a € I such that a* < (vx)**.
Since y € T(I), there exists b € I such that b* < (vy)**. Then, by (r4), a* © b* < (vx)** © (vy)**,
thus (a* © b*)** < ((vx)*™ © (vy)*™*)**, ie, (a® b)* < ((vx)™ @ (vy)™*)*".

d0i:10.20944/preprints202408.1173.v1
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Since a,b € I and I is an ideal, a® b € I, and we have by (r9)
(vx)** ® (vy)*™* < ((vx) ® (vy))**, we obtain

()™ o (vy)™)"™ < (((vx) © (vx))™)™, (19)
= ((vx) © (vx))™, (r3)
= (v(xoy)", (p3)

It follows that (a ® b)* < (v(x ©y))**, thusx ©y € T(I).
For (FT), let x € T(I). We have to show that vx € T(I). Since x € T(I), there exists a € I such that
a* < (vx)**. Since vvx = vx, (ps) we have a* < (vvx)**, thus vx € T(I).
O

The following is a characterization of the above operator.

Proposition 8.
Let I be an ideal of A, then T(I) = {x € A; (vx)* € I}.

Proof. ¢ Letz € Asuch that (vz)* € I. Since ((vz)*)* < (vz)**,wehavez € {x € A; Ja € I,a* <
(vx)**} = T(I), fora = (vz)*.
e Letx € T(I). Hence, there exists a € I such that a* < (vx)**, which implies (vx)* < a**. Since
a € I, by (I6), a™* € 1, s0 (vx)* € I, by (I1).
O

According to the relation between y and v, we introduce the following operator for filters of
triangle algebras.

Proposition 9. Let F be a filter of A, then T(F) := {x € A; (ux)* € F} is an ideal of A.

Proof. For (I1), let x,y € Asuchthatx < yandy € T(F). We have that (uy)* € Fand x < y
imply (uy)* < (ux)*. Hence, (1x)* € F, because F is a filter. Thus x € T(F).
For (I3), let x,y € T(F). Then, (ux)* € F and (py)* € F. Hence, (ux)* ® (uy)* € F. Furthermore,

(1x)" © (ux)* < ((ux)* © (py)*)*, (r7)
= (((nx)" © (uy)*)")"
= (px © uy)*

Therefore, (ux @ py)* € F. From the triangle inequality u(x ® y) < px @& py, we have

(ux @ uy)* < (u(x®y))*. Hence, (u(x®y))* € F. Thus, x &y € T(F).
For (IT), it holds because ppux = ux.
O

In the following, we prove that the above operator is equal to the one define, in the case of
residuated lattices, on filters, and some characterizations are given.

Proposition 10. Let F be a filter of A, then T(F) = {x € A;Ja € F,ux < a*} = {x € A; Ja € F,x <

(va)*} = N(E).
Proof.

e Letz € T(F), we have to find a € F such that yz < a*.
Since z € T(F), we have (uz)* € F. Because puz < (uz)**,wehavez € {x € A; Ja € F,ux <a*},
witha = (uz)*.
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e letz € {x € A;Ja € F,ux < a*}. We have to find b € F such that z < (vb)*. Since
z € {x € A; Ja € F,ux <a*}, there exists a € F such that uz < a*. Hence, a** < (uz)*. Because
a < a**, wehave a** € F, which implies (uz)* € F, by (F1). Since (v((pz)*))* = (pz)** (ps) and
z < pz < (pz)*™ (T'1), we have z < (v((puz)*))*. Thus, z € {x € A; 3b € F,x < (vb)*}, with
b= (uz)*.

e Let us prove that {x € A;Ja € F,x < (va)*} C T(F). Letz € {x € A;Ja € F,x < (va)*}.
Then, there exists a € F such that z < (va)*. Therefore, uz < u((va)*) = (va)* (T'3, ps). Hence,
(va)** < (pz)*. Because a € F, we have va € F, by (FT). Since va < (va)**, we have (va)** € F,
and then (uz)* € F, by (F1). Thus, z € T(F).

Next, we have to prove that T(F) = N(F).

e Letx € N(F), then x* € F, which implies by (FT) v(x*) € F. Since v(x*) = (ux)* (pg), we have
(ux)* € F. Thus x € T(F).
e Letx € T(F), then (ux)* € F,ie,v(x*) € F, by (pg). Since v(x*) < x*, we have x* € F, by (F1).
Thus x € N(F).
O

Proposition 11. Let I be an ideal and F a filter of A. Then,

(1) T(T(I)) =L

(2) x e T(T(F)) < (vx)** € F;
(3) FCT(T(F));

(4) T(T(T(F))) = T(F).

Proof.
@
x€T(T(I)) < (ux)* € T(I)
= (((px)")" el
> (ux)" €L (ps)
<= x € I,(Proposition 4)
(2) Letx € A.

x € T(T(F)) < (vx)* € T(F)
= (u(vx)")" €F
< (vx)** € F, (by po)

(3) Letx € F. Then, vx € F, and since vx < (vx)**, we have (vx)** € F, which implies x € T(T(F)).
Thus F C T(T(F)).

(4) Since T(F) is an ideal, then T(T(T(F))) = T(F), by Proposition 11 (1).

O

We have in the following example an illustration of the previous Propositions; it also highlighted
that in Proposition 11 (3), we do not always have an equality.

Example 3.
Let A = {[0,0]; [0, 9];[0,a];[0,b];[0,1]; [v,v]; [v,a]; [v, b]; [v,1]; [a,a]; [a,1]; [b, b]; [b, 1]; [1, 1] }. We de-
fine x and = by the Table 2;
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Table 2. Tables of = and .

=10 9 a b 1 *x |0 v a b 1

01 1 1 1 1 0|0 0 O 0 O

v 0O 1 1 1 1 and v|0 v v v v

a |0 b 1 b 1 al0 v a v 1

b |0 a a 1 1 b|0 v v b b

1 0 v a b 1 110 2 a b 1

Vx,y,z,t € A [x,y] ©z,t] = [xxz,y xt], and

[x,y] = [z.t] = [(x =z)A(y=1t),(y =1t plxy] =y yl vix,y] = [x,x]. Then, A= (A,A\V,0,—

,V,1,[0,0],10,1], [1,1]) is a triangle algebra [24] whose lattice is given by Figure 1 .

(1,1]

la. a4 [b, b]
[v, a]g [v, 0]
[07 a] L [07 b}

[0.0]

Figure 1. Lattice of Example 3.

Let F = {[a,a],[a,1],[1,1]}, G = {[v,v],[v,4],[v,b],[v,1],[a,a],[b,V],[a,1],[b,1],[1,1]}, and T =
{[0,0]} then:

i) Fand G are filters and I is an ideal
i) T(F) =1 T(T(F)) =T(I) =G, T(T(I)) =T(G) = I, T(T(T(F))) = T(F),and I = T(T(I)). We
have F C T(T(F)), but [v,v] € T( (F)) and [v,v] ¢ F,so F C T(T(F)).

Guided by the above observations, for pseudo-duality in triangle algebras, we will use the
operator T, i.e., for any ideal I and filter F of A,

T(I) = {x€A (vx)" €l}
T(F) = {x€A; (ux)* € F}.

2.3. Ideals and Congruences

Let us now investigate the link between ideals and congruences. In particular, we will explain
how to build a congruence from an ideal and vice versa.
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Definition 2. A congruence relation on A is an equivalence relation which is compatible with all operations

on A.

Lemma 2.

Let A = (A NV,0,—,v,u,0,u,1) be a triangle algebra, 6 be an equivalence of A and
ae{AV,0,—}

If for all x,y,z € A, x0y = (xaz)0(yaz) and (zax)6(zay), then, for all x,y,z,t € A,
(x0y and z0t) = (xaz)0(yat).

Proof. let assume xfy = (xaz)0(yaz) forall x,y,z € A. Leta € {A,V,®,—},a,b,c,d € A such that
afb and c0d; we have to show that (aac)6(bad).

Since abb, then, (anc)6(bac), and (caa)f(cab). Also, since cbd, then (cab)6(dab) and (bac)0(bad). Fur-
(anc)f(bac)

thermore which implies (anc)@(bad). Likely,
(bac)0(bad)
6 (cab
(caa)f(cab) which implies (caa)f(dab) O
(cab)B(dub)

The following proposition shows that any ideal of a triangle algebra induces a congruence relation.

Proposition 12. Let I be an ideal of A Then, the binary relation -~ defined by
x~ry <= (vx =) €land (v(y — x))* € 1), forall x,y € A, is a congruence on A.

Proof.

* ~jisan equivalence relation.

Reflexivity: let x € A, we have (v(x — x))* = (v1)*=0¢€ L

Symmetry: ~ is symmetric by definition.

Transitivity: let x,y,z € A such that x ~; y and y ~ z, we have to show that x ~j z.
Since x ~j y, we have (v(x = y))* € I and (v(y — x))* € [;
sincey ~j z, wehave (v(y — z))* € Iand (v(z — y))* € [
since (z = y) ® (y = x) < (z = x) (r10), then by (T3) and (p3), v(z = y) Ov(y —
x) < v(z — x), by residuation v(z — y) < v(y — x) — v(z — x). Furthermore,
vy = x) = v(z = x) < (v(z = x))* = (v(y — x))* (r14), then by transitivity v(z —
¥) < (vz = %)) = (v(y = x))". Hence, ((v(z — x))* = (v(y — ))*)* < (v(z = )"
Since (v(z = y))* € I, wehave ((v(z = x))* = (v(y = x))*)* € L.
Since (v(z — x))* — (v(y — x))* < (v(y — x))** — (v(z — x))** (r14), we have
(Wly = )™ = Wz = ¥))™) < ((vz = 1)* > Wy — x)*)* then, (V(y —
x))** = (v(z — x))**)* € I. Furthermore, (v(y — x))** — (v(z — x))**)* € I and
(v(y — x))* € I, which implies (v(z — x))* € I, by Proposition 3.
Likewise, we can show that (v(x — z))* € L.

* ~is compatible with the operations of A
Letx,y,z € A, such that x ~j y, thatis (v(x = y))* € [and (v(y — x))* € I.

1. We have to show that (x A z) ~1 (y A z).
Wehavex — y < (xAz) = (yAz) (r11), thenv(x — y) < v((x Az) = (yAz)), since v
is increasing. Consequently, (v((x Az) = (¥ Az)))* < (v(x — y))*. Hence, (v((x Az) —
(yAz)))* €1,since (v(x — y))* € I. Likewise, we show that (v((y Az) = (x Az)))* € L.

Thus (x Az) ~; (y A z).
2. We have to show that (x V z) ~j (y V z).

We have x — y < (xVz) = (yVz) by (r3), thenv(x — y) < v((xVz) — (yVz)).
Consequently (v((xVz) = (yVz)))* < (v(x = y))* Hence, (v((xVz)— (yVz))) €l


https://doi.org/10.20944/preprints202408.1173.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 August 2024 d0i:10.20944/preprints202408.1173.v1

12 of 18

since (v(x — y))* € I. Likewise, we show that (v((yVz) — (xVz)))* € I. Thus
(xVz) ~ (yVz).

3. We have to show that (x ®z) ~ (¥ ©® z).
Wehavex — y < (x©®z) = (y©®z) by (r2), thenv(x — y) < v((x©z) = (y©2z)).
Hence, (v((x®z) = (y©2)))* < (v(x — y))*, then (v((x ®z) = (y©z)))* € I, since
(v(x — y))* € I. Likewise, we show that (v((y ®z) — (x®z)))* € I. Thus (x ® z) ~;

(y©z).
4. We have to show that (x — z) ~; (y — z).

We have x — y < (y — z) = (x — z) by (r19) and residuation. Hence, v(x — y) <
v(ly = z) = (x = z)), then (v((y — z) — (x — 2)))* < (v(x — y))*. Therefore
(v((y = z) = (x = z)))* € I, since (v(x — y))* € I. Likewise, we show that (v((x —

z) = (y = z)))* € I. Thus (x = z) ~1 (y = 2).
5. We have to show thatz = x ~;z = y.

We havey — x < (z = y) — (z = x) by (r19) and residuation. Hence, v(y — x) <
v((z = y) = (z = x)), then (v((z = y) = (z — x)))* < (v(y — x))*. It follows
(v((z = y) = (z = x)))* € I,since (v(y — x))* € I. Likewise, we show that (v((z —

x) = (z—=y)))* € L. Thus (z = x) ~1 (z = y).
6. We have to show that vx ~j vy.

We have v(x — y) < vx — vy by (T7). Then (vx — vy)* < (v(x — y))*, hence (vx —
vy)* € I. We have (v(vx — vy))* € I, since v(vx — vy) = vx — vy, (pg). Likewise, we

show that (v(vy — vx))* € I. Thus vx ~j vy.
7. We have to show that yx ~j uy.

We have v(x — y) < ux — uy by (p1). Therefore, v(x — y) = vv(x — y) < v(ux — py)
by (ps, T3). Hence, (v(ux — py))* < (v(x — y))*, and (v(ux — uy))* € I.Likewise, we
show that (v(puy — ux))* € I. Thus ux ~p py.

O

For any ideal I of A, the ~-class of any x € A is denoted by [x], and the set of all ~-class is
denoted by A/ 1.

The following proposition establishes a one-to-one correspondence between the set Z(A) of ideals
and the set Con(A) of congruences of A.

Proposition 13. Let I be an ideal of A, then I = [0]~

.-
Proof.

e Letx € I, then (v(x — 0))* = (vx*)* € I, by Proposition 4.
Moreover, (v(0 = x))* = (v1)* = 1* = 0 € I. Hence, x ~ 0, and consequently x € [0]~,.
e Since ] is an ideal, it holds that 0 € I.
Let x € [0]~,, then (vx*)* € I, which implies x € I, by Proposition 4.
O

The following result proves that any congruence relation on a triangle algebra induces an ideal.
Proposition 14. For any congruence ~ of A, [0]~ is an ideal.

Proof.

For (I1), let x,y € Asuchthatx < yandy € [0]~. Since y € [0]~, then y ~ 0, which implies
(x Ay) ~ (x A 0), because ~ is a congruence. Therefore, x ~ 0, because 0 < x < y. Hence,
x € [0]~.

For (I3), let x,y € [0]~. Since x € [0]~, then x ~ 0. Consequently, x* ~ 0* = 1. Similarly,
y* ~ 1. Hence, (x* ©®y*) ~ (1© 1) =1, therefore (x* © y*)* ~ 1* =0,1i.e,x®y ~ 0. Thus
x®y € [0]~.
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For (IT), let x € [0]~. Since x € [0]~, then x ~ 0 thus px ~ u0 = 0, which implies px € [0]~.
Hence [0]~ is anideal. O

Given a congruence relation ~ on .4, it is not clear whether ~j =~ holds. This remains an open
question.

As a consequence of Proposition 12, the following result establishes that the quotient of a triangle
algebra by a congruence induced by an ideal is a triangle algebra.

Proposition 15. Let I be an ideal of A, then A/1 = (A/I,\,V,®,—,v, 1,1, [u]~,, [1]~,) is a triangle
algebra, where for all x,y € A, 0([x]~,) = [0(x)]~,, V0 € {v,u} and [x]<,aly]~, = [xay]., Va €
{A\,V,—, 0}

Proof. This is a direct consequence of the fact that ~; is a congruence. O

Definition 3. [25]
A homomorphism between A = (A,V, N, *,—,v,1,0,u,1) and B = (B,U,N,®,=,7,1,0,u,1) two
triangle algebras is any mapping f : A — B, that satisfies foralla,b € A, f(aV b) = f(a) U f(b), f(aNb) =

f(a)T1f(b), flaxb) = f(a) © f(b), f(a = b) = f(a) = f(b), f(va) = V(f(a)), f(pa) = F(f(a)); the
kernel of f, denoted by ker(f), is define by ker(f) := {x € A; f(x) = 0}.

The following establish that the kernel of any homomorphism is an ideal.

Proposition 16. Let A, B be two triangle algebras and f : A — B a homomorphism, then Ker(f) is an ideal of
A.

Proof.

1. Letx,y € A, such that x < yand y € Ker(f).

Since x < y, we have x Ay = x. Hence, f(x Ay) = f(x). Because f is a homomorphism, we
have f(x) A f(y) = f(x). Then f(x) < f(y)-

Since y € Ker(f), we have f(y) = 0. Therefore, f(x) = 0. Hence, x € Ker(f).
2. Letx,y € Ker(f). Then f(x) = 0and f(y) = 0. Furthermore, because f is a homomorphism, we

have f(x®y) = f(x) @ f(y) = 0. Thus, x By € Ker(f).
3. Let x € Ker(f). We have f(ux) = u(f(x)) = u(0) = 0. Therefore, ux € Ker(f).

Thus, Ker(f) is anideal of A. [

The following proposition establishes that any ideal is the kernel of a homomorphism of triangle
algebras.

Proposition 17. Let I be an ideal of a triangle algebra A, then there exists a homomorphism f of triangle
algebras such that I = Ker(f).

Proof. Let us consider
n: A — A/l

x — [,

7 is a homomorphism between the triangle algebras A and A/I. Let x € Ker(m), then t(x) =1 =
[0]~,, ie.,v(x = 0)% = (vx*)* € I. Hence, by Proposition 4, x € I. O


https://doi.org/10.20944/preprints202408.1173.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 August 2024 d0i:10.20944/preprints202408.1173.v1

14 0f 18

2.4. Ideals Generated by a Subset

Before we dive into the case of ideals, let us first highlight that we have identified an inaccuracy
in the characterization of the filter generated by a subset of a triangle algebra as proposed in [22].
Here, we provide an example to counter the arguments in the proof given in ([22], Proposition 4.2).
Subsequently, we provide some accurate characterizations of the filter generated by a subset of a
triangle algebra. Furthermore, we describe the ideal induced by a subset of a triangle algebra.

Recall that for any subset X of a triangle algebra .4, the filter generated by X which we will denote
[X) is the smallest filter of £ containing X.

In ([22], Proposition 4.2) they mentioned that for any subset S of a triangle algebra A, [S) = {x €
L|3(nx;) e N*XS,vx>x10x0 - Ox,,Vie{1,2,---,n}}, which we claim is not accurate, as
we can see in Example 4 below.

Example 4. Let us consider the triangle algebra Aq of Example 1. In the following two cases, we have
[S)#A#{x€A; 51080 - -Osy <vx,neN,i€ln,s; €S}

1. For S = {u,1}, S is a filter of the residuated lattice (Ao, \,V,®,—,0,1), but S is not a filter of
the triangle algebra Ay (see Example 2). Using the fact that [S) is the smallest filter of A containing
S, we have [S) = Ay; however, using the characterization above given in [22], we have 0 ¢ {x €
Aps105 0 - Os, <vx,n € N,i € 1;n,s; € S}. Hence, [S) # {x € Ap; 51050 - Os, <
vx,n € N,i € [1;n],s; € S}.

2. For S = {u}. Since u ®u = u, we have u™ = u, Yn € N*. Therefore, Vn € N*, u®---0u =

n—times

u>0=vu Hence, u ¢ {x € A;51050 --0Os, < vx,n € Nji e [L;n],s; € S}. Thus
SZ{x€A; 5050 --Os, <vx,ne€N,ie[l;n],s; €S}

To mend this problem, we introduce the following characterization of the filter induced by a
subset of a triangle algebra.

Proposition 18. Let S be a non-empty subset of A. Then,
S)={xcAvs10vs,®---Ovs, <x,neN,ie[l;n]s; €S}

Proof. LetB={x € A; v510vs, O+ - Ovs, < x,n € N,i € [;n],s; € S}. We will show that B = [S).
¢ First, we show that B is a filter.

For (F1), let x,¥ € A such that x < y and x € B. Therefore, there existsn € N, 51, -+ ,54, € Ssuch

thatvs) ©vs; © - O s, < x. Since x <y, thenvs; ©Ovsy ©® -+ - ©vs, <y. Thusy € B.
For (F2), letx,y € B. Then, thereexistsn € N, s; € S,i € [1;n] suchthatvs; @vs, ®---Ovs; < x

and there exists m € N, t; € S,i € [1;m] such that vt; @ vty ©® - - - © vty < y. By (r4), we

havevs; Ovsy ® - OUs OVt OVl O -+ OVt <K xOy. Thusx ©y € B.
For (FT), let x € B. Therefore, thereexistsn € N,s; € S,i € [1;n] suchthatvs; ®vs; ©---Ovs, <

x. Hence, by (T3), we have v(vs; ©®vsy © - - - © vs,) < vx which implies, by (pg) and (p3):
vs1 OVUs) @ -+ ® sy < vx. Thusvx € B.
e Next, we show that S C B.
Lets € S. Since vs < s (T1), we have s € B.

e Let F be a filter of A containing S. Let x € B, then there exists n € N, s; € S,i € [1;n],
such that vs; ©@vsy ©® - -- @ vs, < x. Leti € [1;n], thens; € S C F, thus s; € F, so by (FT)
vs; € F. Because this is true for all i € [1;#], we have, by (F2): vs; ®vsp ® - - - ® vs, € F. Since
vs1 O VUsy ® - - O Vs, < x, we have, by (F1): x € F.

Concluding, B = [S). O
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Below is another characterization of the filter induced by a subset of a triangle algebra.

Proposition 19. Let S be a non-empty subset of A.
Then [S) = {x € A, vs1 QU ©®---Qusy, <vx,n € N,i € [1;n],s; € S}.

Proof.

e Letac [S), then (FT),va€ [S),soac {x € A vs1Qvs, ©®---Ousy, <vx,ne€N,ie[L;n],s; €
S}
e letae {x €A vs10VUHRO---Ousy < vx,n € Ni€ [1;n],s; €S}, then there exists n € N,
s; € S,i € [1;n],such thatvs; ®vs, ® - -+ ®vs, < va. Since va < a (by (F1)), it holds thata € [S).
O

We recall that, for any subset S of a triangle algebra .4, the ideal generated by S is the smallest
ideal of A containing S, it is denoted by (S]. Next, we introduce a characterization of the ideal induced
by a non-empty subset of a triangle algebra.

Proposition 20. Let S be a non-empty subset of a triangle algebra A. We have (S] = {x € A; x <
Us1 @ usy @ - - usy,n € Nyi € [1;n],s; € S}.

Proof. Let = {x € A; x < pus; G usy @ --- @ usy,n € N,i € [1;n],s; € S}.
* We first show that I is an ideal.

For (I1), this is obvious.
For (I3), let x,y € I. Therefore, x < ps1 @ usy ® --- @ psy, withn € N,i € [L;n],s; € S, and

Yt S uty - -- @ uty, withm e N,i € [1;m],t; € S. Hence, x By < us1 ® usa @ --- @
Usy G uty G uty @ - - - G uty. Thusx dy € 1.

For (IT), let x € I. Then, we have x < usy ® us, ® --- ® usp, withn € N,i € [1;n],s; € S.
Hence,
px < p(ps1 @ psy @ - - - D psn)
< Hs1 @ Hs2 S---D HSn, (Lemma 1 (3)/ p6)

Thus ux € 1.
® Lets € S. Sinces < us, (I'l), wehaves € I. Thus S C L.
® Let | be an ideal of A containing S. Let x € I, we have x < s ® sy @ - - - @ usy, with
neN,ie[L;n],s; €S. Leti € [1;n], thens; € S C J. Because | is an ideal of A, us; € J (IT), for
alli € [1;n]. Hence, by (I3), pis1 @ psp & - - - @ s, € Jand by (I1), x € J. Thus I C J.

In conclusion, (S| =1. O

Any ideal generated by {a} will be denoted by (4] and will be called principal ideal.

Let us now explore the algebraic structure of Z(A), the set of ideals of .A. One can observe that, if
I and | are two ideals of A, then I N | is an ideal of A.

In what follows, we establish that the set of ideals of A is a Heyting algebra.

Proposition 21. (Z(A), A, V,{0}, A) is a complete lattice, with IN] = INJ, IV ] = (I1U]], for all
I, JeZ(A).

Proof. LetI,],K € Z(A);

Idempotence: IN[=INI=LIVI=(IUI]=(I]=1
Symmetry: IN]=INJ=]NI=]ALIV]=(IUJ]=(JUll=]JVI
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Associativity: I A (JAK) =IN(JNK) = (IN])NK. Moreover,
SinceJ]CIUJCIV]C (IV])VK,and K C (IV])VK, wehave JUK C (IV]) VK, thus
(JUK] C (IV])VK,ie, VK C (IV])VK. Moreover, | C (IV])VK,thus ITU(JVK) C
(IV])VK,consequently, (IU(JVK)]C(IV])VK,ie,IV(JVK)C (IV])VK.
We show likewise (IV ]J) VK C IV (J VK), therefore, IV (JVK) = (IV]) VK.
Absorptionlaws: IN(IV])=IN(IV])=LIV{IAN])=IU(IAN])] ==L
Bounds: Let {I;};cr a be non-empty family of elements of Z(A). For this family the infimum is given

by AL := N I; and the supremum \/ [; := (U [;].
- iel iel ieT iel

Proposition 22. (Z(A),A,V,—,{0}) is a Heyting algebra, where | — K := {a € A; ] A (a] C K}, for all
JLKeZ(A).

Proof.
e Let us show first that (Z(\A), A, V, A, —, {0}, A) is a residuated lattice.

For RL1, (Z(A),A,V,0,A) is a bounded lattice.
For RL2, (Z(A),N A) = (Z(A),N, A) is a commutative ordered monoid.
For RL3, letI,],Ke Z(A). Wewill provethat INJC K < I C ] =K.
* Assume that [ A ] C Kand leta € I.
Letx € JA(a],thenx € Jand x € (a] C I. Hence, x € I A ] C K. Therefore, J A (a] C K,

ie,a€ ] — K ThusI C ] — K.
* Assumethat C | — K.

Letx e IN],thenx € land x € J]. Thenx € | — K, since x € [ C ] — K. Hence,
xeJA(x] CK. ThusIAJ CK.

e Since (Z(A),A,V, A, —,0, A) is a residuated lattice and the product and the conjunction coincide,
it holds that (Z(.A), A, vV, —, {0}) is a Heyting algebra.
O

3. Conclusion and Future Work

In this paper, we aimed to introduce and examine the notion of ideals within triangle algebras.
We delved into the relations between ideals and filters, as well as the correlations between ideals and
congruences. Notably, we have rectified an existing error in the filter construction procedure proposed
by Zahiri et al. [22]; as a result, we give an alternative characterization of the filter generated by a
subset of a triangle algebra, and this leads to offer a more accurate framework for understanding the
relationship between ideals and filters. Particularly, we have proved that the operators given by Liu et
al.[7] and Tchoua et al. [13] in the case of residuated lattices are equal, moreover we have proved that
in the case of triangle algebras, this operator changes filters to an ideals but the converse is not true.
Furthermore, we used the characterization of the ideal generated by a subset to prove that the set of all
ideals of a triangle algebra is a Heyting algebra.

In our future work, we plan to study how to use the notion of ideal to develop a logic that formally
characterizes antitologies in triangle algebras; moreover, we plan to look about solving equations in
algebraic structures as done by [8,11].
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