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Abstract: Breakthrough Sparsity Theorem, derived independently by Donoho and Elad [Proc. Natl. Acad. Sci.
USA, 2003], Gribonval and Nielsen [IEEE Trans. Inform. Theory, 2003] and Fuchs [IEEE Trans. Inform. Theory, 2004]
says that unique sparse solution to NP-Hard ¢p-minimization problem can be obtained using unique solution of
P-Type ¢1-minimization problem. In this paper, we derive noncommutative version of their result using frames
for Hilbert C*-modules.
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1. Introduction

Let #H be a finite dimensional Hilbert space over K (C or R). A finite collection {”q};‘zl in ‘H is
said to be a frame (also known as dictionary) [1,2] for H if there are a,b > 0 such that

n
allbl? < Y1, ) 2 < BRI, Vi € Ao
j=1

A frame {7; ;7:1 for # is said to be normalized if || 7| = 1 forall 1 < j < n. Note that any frame can be
normalized by dividing each element by its norm. Given a frame {Tj}]’.‘zl for H, we define the analysis
operator

Oc:H S h— bch = ((h,7))j, € K"

Adjoint of the analysis operator is known as the synthesis operator whose expression is

n
07 K" 3 (a;)iy — 07 (a;)iy = Y ajt € H.
j=1

Givend € K", let ||d||o be the number of nonzero entries in d. Following ¢y-minimization problem
appears in many of electronic devices.

Problem 1. Let {7; ]V-‘:l be a normalized frame for H. Given h € ‘H, solve
minimize {||d||o :d € K"}  subject to  67d = h.

Recall that ¢ € K" is said to be a unique solution to Problem 1 if it satisfies following two
conditions.
(i) 03c =h.
(i) If d € K" satisfies 7d = h, then

ldllo > llello-
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In 1995, Natarajan showed that Problem 1 is NP-Hard [3,4]. As the operator 05 is surjective, for a given
h € H, thereis ad € K" such that 05d = h. Thus the central problem is to say when the solution to
Problem 1 is unique. It is well-known that [5-7] following problem is the closest convex relaxation
problem to Problem 1.

Problem 2. Let {Tj}?:l be a normalized frame for H. Given h € H, solve
minimize {||d||; : d € K"}  subjectto 607d = h.

There are several linear programmings available to obtain solution of Problem 2 and it is a P-
problem [8-10].
Most important result which shows that by solving Problem 2 we also get a solution to Problem 1 is
obtained independently by Donoho and Elad [11], Gribonval and Nielsen [12] and Fuchs [13,14] is the
following.

Theorem 3. [11-16] (Donoho-Elad-Gribonval-Nielsen-Fuchs Sparsity Theorem) Let {T; ;7:1 be a nor-
malized frame for H. If h € H can be written as h = 0 for some ¢ € K" satisfying

1 1
lello < S {1+ ,
2 max (1, 70|

1<j,k<n,j#k

then c is the unique solution to Problem 2 and Problem 1.

Our fundamental motivation comes from the following question: What is the noncommutative
analogue of Theorem 3? This is then naturally connected with the notion of Hilbert C*-modules which
are first introduced by Kaplansky [17] for modules over commutative C*-algebras and later developed
for modules over arbitrary C*-algebras by Paschke [18] and Rieffel [19]. We end the introduction by
recalling the definition of Hilbert C*-modules.

Definition 4. [17-19] Let A be a unital C*-algebra. A left module £ over A is said to be a (left) Hilbert
C*-module if there exists a map (-,-) : € x & — A such that the following hold.

(i) (x,x) >0,Vx €& Ifx € & satisfies (x,x) =0, then x = 0.
(i) (x+y,z)=(x,z)+ (y,z), Vx,y,z € E.
(iii) {ax,y) =a(x,y), Vx,y € £, Va € A

(iv) (x,y) = (y,x)*, Vx,y € £.

(v) & is complete w.r.t. the norm ||x|| == /|| {x, x)]|, Vx € &.

2. Noncommutative Donoho-Elad-Gribonval-Nielsen-Fuchs Sparsity Theorem

Observe that the notion of frames is needed for Theorem 3. Thus we want noncommutative
frames. These are introduced in 2002 by Frank and Larson in their seminal paper [20]. We begin by
recalling the definition of noncommutative frames for Hilbert C*-modules. This notion is already
well-developed in parallel with Hilbert space frame theory [21-23]. In the paper, we consider only
finite rank modules.

Definition 5. [20] Let £ be a Hilbert C*-module over a unital C*-algebra A. A collection {17}721 in & is said
to be a (modular) frame for & if there are real a, b > 0 such that

a(x, x) < i(x,’g)(q,x) <b(x,x), Vxek&.
j=
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A collection {7; ;’:1 in a Hilbert C*-module £ over unital C*-algebra A with identity 1 is said to
have unit inner product if

<T]‘,Tj>:1, V1<j<n.

Let A be a unital C*-algebra. For n € N, let A" be the standard left Hilbert C*-module over A with
inner product

((aj)i_y, (bj)i1) = ;”jbf/ V(aj)i_y, (bj)iy € A”.
]:

Hence norm on A" is

1
n 2

Z a;a}

j=1

||(“j)?:1||2 = , V(aj);?:l e A"

We define
n
Nyl =Y llagl, V)i, € A",
j=1

A frame {7; ;.1:1 for £ gives the modular analysis morphism

O EDx+— Ox = ((xﬂ'j>);‘1:1 c A"

and the modular synthesis morphism

n
07 A" 2 (a))iq = 07(a))j = Y a4 €E.
=1

With these notions, we generalize Problems 1 and 2. In the entire paper, £ denotes a finite rank Hilbert
C*-module over a unital C*-algebra A.

Problem 6. Let {T; ?:1 be a unit inner product frame for €. Given x € &, solve
minimize {||d|[o : d € A"} subjectto 0;d = x.
Problem 7. Let {T]-};?:l be a unit inner product frame for £. Given x € &, solve
minimize {||d||; :d € A"} subjectto 0;d = x.

A very powerful property used to show Theorem 3 is the notion of null space property (see

[15,24]). We now define the same property for Hilbert C*-modules. We use following notations. Let
{ej j—1 be the canonical basis for A" GivenM C {1,...,n} and d = (dj);-“zl e A", define

dM = Z d]fZ]
jeEM

Definition 8. A unit inner product frame {; ;-1:1 for & is said to have the (modular) null space property (we
write NSP) of order k € {1,...,n} if for every M C {1,...,n} with o(M) < k, we have

1 *
ldmllh < 5ldllr,  vd € ker(67),d # 0.
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We first relate NSP with Problem 7.

Theorem 9. Let {7; ;7:1 be a unit inner product frame for € and let 1 < k < n. The following are equivalent.

(i) If x € € can be written as x = 0c for some ¢ € A" satisfying ||c||o < k, then c is the unique solution to
Problem 7.
(ii) {Tj};l:l satisfies the NSP of order k.

Proof. (i) — (ii)LetM C {1,...,n} witho(M) < kand letd € ker(63),d # 0. Then we have
0 =067d = 07(dm + dme) = 0z (dm) + 07 (dme)
which gives
07 (dm) = 07 (—dpre).
Define ¢ := dy; € A" and x = 0%(d)). Then we have ||c||o < o(M) < k and
x = 0ic =07 (—dppe).
By assumption (i), we then have
lelly = lldmlls < I = dmelly = [ldarellr-
Rewriting previous inequality gives
ldmlly < lldlly = ldmlls = lldmllr < %Hdlh-

Hence {Tj};;l satisfies the NSP of order k.
1. = (i) Let x € & can be written as x = 6ic for some ¢ € A" satisfying ||c|lo < k. Define
M = supp(c). Then o(M) = ||c||o < k. By assumption (ii), we then have

1 *
ldmllr < §||d||1/ Vd € ker(0;),d # 0. 1)

Let b € A" be such that x = 6;band b # c. Definea :== b —c € A". Then 054 = 05b — 0ic =
x —x = 0 and hence a € ker(65),a # 0. Using Inequality (1), we get

1 1
lanmll < Sllallh == llamlls < 5 Clanlls + llawe )
= llamlly < llamelh- 2)
Using Inequality (2) and the information that c is supported on M, we get
161l = llellr = loalla + [oaell1 = llenllr = flease(s
= [lbmllr + 1oarell = llemll = 1omlla + 10 = €)arelln = llemlls

= lbmllr + llamelly = llemlls > [1bamll + llamll = lleamlls
> [|bmll + 116 = e)alls = llemlls = [[barlls = [[barlls + llemlls = llemlly = 0.

Hence c is the unique solution to Problem 7.
O

Using Theorem 9 we obtain modular version of Theorem 3.
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Theorem 10. Let {7; ] 1 be a unit inner product frame for €. If x € £ can be written as x = 6;c for some

c € A" satisfying

1 1
cllo < = 1+ ’ (3)
Il <2\ M e w1
1<j,k<n,j#k
then c is the unique solution to Problem 7.
Proof. We show that {7, }” | satisfies the NSP of order k := ||c||o. Then Theorem 9 says that c is the

unique solution to Problem 7. Let x € & can be written as x = 0c for some ¢ € A" satisfying ||c|lop < k.
Let M C {1,...,n} witho(M) < kand letd = (dj);?:1 € ker(0%),d # 0. Then we have

0.:02d = 0.
For each fixed 1 < k < n, above equation gives

0 = (Beb; (), ) = (05, Oir)

= (0:(d))iy w) = ) di{T, )

j=1
n n
dk<Tk1Tk>+ Z d]<T]‘,Tk> =d; + 2 d]<T],Tk>
j=Lj#k j=1j#k
Therefore
n
dy = — Z d]<1’j,Tk>, Vi<k<mn
j=Lj#k
By taking norm,
n n
ldell = || Y. di < Y lldi{T, ol
j=1j#k J:Lj#k
Y. Y.
< wnnnnn<< max [mwl) L 1)
j=Ljk ] sjksmik B

:< max (7, )|

1<j,k<n,j#k

)X
:( max_ [|(g;, 7 >||>(||d||1—||dk||) Vi<ks<n

1<j,k<n,j#k

By rewriting above inequality we get

1

max Ti, T
max ()]

1+ ldill < lldll., V1<k<n. (4)
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Summing Inequality (4) over M leads to

1 1
1+ ldmllr = {1+ Y k]
ma T, T ma Ti, T
a5l e Tl | &,
< |dllx Y 1= [|d[lo(M).
keM
Finally using Inequality (3)
-1
1
d <|1 d M
|| MHl = + max ||<T],Tk>|| ” ||1O( )
1< k<n,j#k
-1
1
< {1+ ldll1k
max (7, ) |
1<j,k<n,j#k
-1
1
=1+ d||1][c[lo
max_ ||<T],Tk>|| ” Hl” H
1<j,k<n,j#k
1
=|ld||1-
< 3l

Hence {7;} 1 satisfies the NSP of order k. O

Theorem 11. (Noncommutative Donoho-Elad-Gribonval-Nielsen-Fuchs Sparsity Theorem) Let {17}7:1
be a unit inner product frame for €. If x € £ can be written as x = 7c for some ¢ € A" satisfying

1 1
lello < 5 { 1+ ,
_max_ {5, 5)]
<jk<n,j#k

then c is the unique solution to Problem 6.

Proof. Theorem 10 says that ¢ is the unique solution to Problem 7. Let d € A" be such that x = 63d.
We claim that ||d||o > ||c||o. If this fails, we must have ||d||o < ||c||o. We then have

1 1
ldllo < 5 {1+ ,
_max_[[{5, )]

<jk<n,j#k

Theorem 10 again says that d is also the unique solution to Problem 7. Therefore we must have
llelli < ||d]|1 and ||c||1 > ||d||; which is a contradiction. So claim holds and we have ||d||p > |c[lo. O
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