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Abstract: In this paper, we develop an effective iterative algorithm to solve a generalized Sylvester
tensor equation over quaternions which includes several well-studied matrix/tensor equations as
special cases. We discuss the convergence of this algorithm within a finite number of iterations,
assuming negligible round-off errors for any initial tensor. Moreover, we demonstrate the unique
minimal Frobenius norm solution achievable by selecting specific types of initial tensors. Additionally,
numerical examples are presented to illustrate the practicality and validity of our proposed algorithm.
These examples include demonstrating the algorithm’s effectiveness in addressing three-dimensional
microscopic heat transport and color video restoration problems.

Keywords: quaternion tensor; sylvester tensor equation; iterative algorithm; color video restoration

1. Introduction

An order N tensor A = (a;,_;,) 1<i<I, (j=1,...,N) over a field F is a multidimensional array
with I1I; - - - Iy entries in IF, where N is a positive integer ([27,44]). The set of all such N tensors
is denoted by F/1**IN_ In the past decades, there have been active researches on tensors due to
various applications in many areas such as physics, computer vision, data mining, etc. (see, e.g.,
[9,11,15-17,21,25-27,29-33,35-37,41-43,54,56]).

In this paper, we investigate the solvability of some tensor equations over quaternions. This is
motivated by the recent researches on tensor equations as well as a long research history of solving
matrix equations, which are briefly outlined as follows. It is well-known that the following Sylvester
matrix equation

AX+YB=C (1)

and its generalized forms have been widely investigated and found numerous applications in
many areas.

During the past decades, many methods have been developed for solving Sylvester-type
matrix equation over the quaternion algebra. For example, Kyrchei [28] gave explicit determinantal
representation formulas of solutions to the Equation (1). Heyouni et al. [20] presented the SGI-CMRH
method and preconditioned framework of this method to solve matrix Equation (1) when X =Y.
Zhang [53] investigated the general system of generalized Sylvester quaternion matrix equations.
Ahmadi-Asl and Beik [1,2,7] presented effective iterative algorithms for solving different quaternion
matrix equations. Song [47] investigated the general solution to a system of quaternion matrix
equation by Cramer’s rule. Wang et al. [48] considered the solvability of a system of constrained
two-sided coupled generalized Sylvester quaternion matrix equations. Zhang et al. [52] obtained some
special least squares solutions of the quaternion matrix equation AXB + CXD = E. Huang et al. [22]
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considered the modified conjugate gradient method to solve the generalized coupled Sylvester
conjugate matrix equations.

Quaternions offer greater versatility and flexibility compared to real and complex numbers,
particularly in addressing multidimensional problems. This unique property has attracted growing
interest among scholars, leading to numerous valuable achievements in quaternion-related research
(see, e.g., [13,19,23,34,38,50,51]). The tensor equation is a natural extension of the matrix equation.

In this paper, we consider the following generalized Sylvester tensor equation over H:

X x 1AW + X x A0 4 Xy AN £ Y x  BO 4 Y ,BO .y yxy BN =¢, (2

where the tensors A", B(") ¢ HInxIn (n=1,2,...,N),C € HA>xIN gre given, and the tensors X,
Y € HIh % *IN are unknown. The n-mode product of a tensor X' € HI % %IN with a matrix A € HIn>In

is defined as
Iy

(XX 0 Ay iy i = D B Xireoin i i
in=1

Note that the n-mode product can also be expressed in terms of unfolded quaternion tensors:
y=X XnA <~ y[n] = AX[H],

where X[, is the mode-n unfolding of X' ([27]). We consider the following problems corresponding
to (2):

Problem 1.1: For given the tensor C € HhxLxxIN the matrices A, B ¢ HI"XI"(n =
1,2,...,N), find the tensors X,Y € HhxhxxIN gych that

N
X x A% 1+ Y« B® _¢cll = min
k:Z:l k k e

N
ZXxkA(k>+yka(k>—c'|.
k=1

Problem 1.2: Let the solution set of Problem 1.1 be denoted by Sxy. For a given tensor Xy, )y €
HhxLxxIN find the tensor X, Y € HI*2x >IN gych that

H?E'—X()H +

Y=ol = min X = |l + 1Y = Wl

It is worth emphasizing that the tensor equation (2) includes several well-studied matrix/tensor
equations as special cases. For example, if X and ) in (2) are order 2 tensors, i.e., matrices, then
Equation (2) can be reduced to the following extended Sylvester matrix equation

AVX + x(AHT + BDy 4+ y(BOH)T = .
In the case of B") =0 (n =1,2---,N), Equation (2) becomes the following equation
X3 AN 12 x AP 4 4 x iy AN = ¢, 3)

which has been studied extensively in recent years. For instance, Saberi et al. [45,46] investigated the
SGMRES-BTF method and SGCRO-BTF method to solve Equation (3) over R. Wang et al. [49] gave the
conjugate gradient least squares method to solve Equation (3) over H. Zhang and Wang [55] presented
the tensor forms of the bi-conjugate gradient (BiCG-BTF) and bi-conjugate residual (BiCR-BTF)
methods for solving tensor Equation (3) over real number field R. Chen and Lu [10] considered
a projection method with a Kronecker product preconditioner to solve Equation (3) over R. Karimi and
Dehghan [24] presented the tensor form of global least squares method for finding an approximate
solution of (3). Furthermore, Najafi-Kalyani et al. [39] derived some iterative algorithms on global
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Hessenberg process in their tensor forms to solve Equation (3). Considering Equation (3) over R and
N = 3, that is,
X x1 AV 4 x x,A@ + x x5 40 =¢. )

It has been shown that Equation (4) plays an important role in finite difference [3], thermal radiation
[29], information retrieval [33], finite elements [14], and microscopic heat transport problem [37].
Therefore, our study on Equation (2) will provide a unified treatment for these matrix/tensor equations.
The rest of this paper is organized as follows. In Section 2, we recall some definitions and notations,
and prove several lemmas for changing Equation (2). In Section 3, we develop the BiCG iterative
algorithm for solving the quaternion tensor Equation (2), and prove that our algorithm is correct. We
also show that the minimal Frobenious norm solution can be obtained by choosing special kinds of
initial tensors. Some numerical examples are presented in Section 4 for illustrating the efficiency and
applications of the proposed algorithm. Finally, we summarize our contributions in Section 5.

2. Preliminaries

We first recall some notations and definitions. For two complex matrices U = (u;;) € C"*",V =
(vjj) € CP*9, the symbol U ® V = (u;;V') € C"P*™ denotes the Kronecker product of U and V.
The operator vec(-) is defined as: for a matrix A and a tensor X,

T
vec(A) = (a;ug,...,a;f) , and  vec(X) = vec(Xyy)),

respectively, where 4y is the kth column of A and &/y) is the mode-1 unfolding of the tensor X'. The

inner product of two tensors X, ) € H1**IN is defined by

L DI In

(X,Y) = Z Z 2 Xiyig-inYigip--in-s

i1=li=1  iy=1

where ¥; ;,...;,, Tepresents the quaternion conjugate of y;j,...;y- If (X, V) = 0, then we say that tensors
X and Y are orthogonal. The Frobenius norm of tensor X is defined as | X'|| = \/(X, X).

For any X € H> <IN it is well-known that X’ can be uniquely expressed as X = X} + X»i +
Azj + Xk, where X; € RixxIN j =1,2,3 4. Next we define n-mode operators for &;.

Let A0 = A" 4 AMi+ A+ Al B0 = B 4 B + B™j 4 B{Yk € HI*l, where
A B ¢ Rlixhh j =12 3 4 For W € R *IN, we define

i i

L) =W 1A + W AP 4 s Wy AN, 121,234,

i

LnV) =W x 1B +Wxa B+ + Wy BN, i=1,234

i

Next, replacing W in above equations by X;’s, we define the following notations:

[, X, A5, &) = Ly (1) = £ 0 (X2) = £ (X3) = Ly (X3),
o[ Xy, &g, X3, Xa] = Ly (31) + Ly (X2) + £ 00 (X3) = £ 300 (Xa), 5
Tal Xy, X, Xy, Xa] = Ly (33) = Ly (X2) + L 00 (X) + L 00 (Xa),
Lal¥y, X, X3, X = Ly (30) + Ly (B2) = £ 00 (X) + L 30 (Xa),
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1[0, Xp, X3, ] = L (X1) = Ly (X2) = Ly (X3) = Lo (X)),
1 2 3 4
D[ X1, A, X3, Xy = L) (K1) + Ly (X2) + Ly (A3) = Ly (Xa),
2 1 4 3 (6)
D3[X1, Ay, A3, Xy = Lo (K1) = Ly (X2) + Ly (A3) + Lo (Xd),
3 4 1 2
Dy [ Xy, Xp, X, Xa] = L) (K1) + Lo (X2) = Ly (X3) + Lo (Xa),
4 3 2 1

The following lemma shows that the quaternion tensor Equation (2) is equivalent to a system of
four real tensor equations.

Lemma 1. In Equation (2), we assume that A(") = Agn) + A;n)i + Agn)j + Ain)k, B(M) = BYZ) + Bén)i +
Bj + Bk € Hlli,n = 1,2,...,N, and C = Cy + Coi + Caj + Csk, X = X, + Xyi + Xsj +
Xk, YV = Y+ Wi+ Vsj+ Wik € HL> >IN Then the quaternion Sylvester tensor Equation (2) is
equivalent to the following system of real tensor equations

1[0, Xp, X3, Xy + P11, Vo, V3, Va| = C4,
[o[X, X, A3, Xy] + @2[I1, 02, V3, V4] = Ca, )
T3[Xy, Ao, X3, Xy] + ©3[1, Vo, V3, Va] = C3,
T4[X1, Ao, Xz, Xy| + ©y[D1, Vo, V3, Va] = Cy,

where T;[ X1, X, X3, Xy), ©i[V1, Vo, V3, Va|(i = 1,2,3,4) are defined by (5) and (6). Furthermore, the system
of real tensor Equations (7) is equivalent to the following linear system

My, Mplz =, 8)
where
Kro EAY’) —Kro LAgn) — Kro EAgn) —Kro EAY’)
M Kro ﬁA;”) + Kro ,CAYI) + Kro EAY) — Kro [:Aén)
A — 7
Kro EA;H) — Kro LAin) + Kro £A§”) + Kro £A§”>
Kro EA:(;’) + Kro L:Agn) — Kro EA;") + Kro EAgn)
Kro [,Bgn) — Kro EBén) — Kro EBén) — Kro EBz(ln)
Kro | £ (n) +Kro( L (n) +Kro( L (n) —Kro | L (n)
Mp = B, By By By
B ,
Kro LB?) — Kro EBA(LH) + Kro EBYI) + Kro EBén)
Kro ACB‘(J,) + Kro ﬁBgn) — Kro £B£n) + Kro ‘CBY')
vec (A7)
vec (X2)
vec (A3) vec (C1)
L | vee (Xy) oo | vee (C2)
S ovec () |1 T | vec(Ga) |
vec (Jh) vec (Cy)
vec (V3)
vec (V1)
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N
Kro (EA@> =) 1IN @ ... g1 g Al(n) Ib-1)g...o1l) i=1234,

n=1

N
Kro <£B<")> =Y IN g...01W) g Bi(n) I g...o1M), i=1,23,4,

i n=1

and 1" stands for the identity matrix of order n.

Proof of Lemma 1. We apply the definition of n-mode product of the quaternion tensor for (2).

1=z

(Xx AM Ly, B ))

3
Il
—_

I
1=

(X + i + Asj + Xak) i (A] + A1+ AL+ A(7K)

3
Il
-

+ (V1 + Vai+ Vs + Vuk) i (B + BY"i + BY"j + B{"x) )

HMZ x

(Xl Xn A — X Xy Aé") — A3 Xy Agn) — Xy ani”)
1 % B = D ¢ BYY = V3 5 BYY = Yy x B )

al (n) (n) (n) (n)
+ 30 (H xn ALY+ X AP+ X i ALY = Xy i AL
n=1

+Y1 Xn Bgn) + V2 Xy Bﬁ”) + 3 Xy Bzin) — Va4 Xy Bén)> i

N
+ 3 (0 AL — 2 xn ALY+ X 5 ALY + Xy X A

n=1

#0150 BYY = Vi BYY 03 5 B + Vg BYY )

N
+ 3 (% xn ALY + 2 Ag"> — X5 xu AP 4 Xy xp A

n=1
#2150 By D ¢ BY — W3 5 BY + Wy B ) K
=C1 + Coi + C3j + Cyk.

By the definitions of I'; and ®;, the Equations (7) hold. To show (8), we make use of operator “vec” to
rl [Xlr XZ/ X3r X4] and q)l [ylr yZI y3/ y4]/ that iS,

vec (Tq[X, Xy, A3, Ay])
) ()= £ (85) = £ ()
EA ) ) —vec <£A§"> (2\,’2)> —vec <£A§"> (Xg)) —vec <£A§n> (X4)>

=Kro <£A () > vec(X7) — Kro (ﬁA(,,)> vec(X,) — Kro (ﬁA(")) vec(A3) — Kro <£A(">> vec(Xy),
4

2 3

||
/\/—\
oY
>
:
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vec (P1[V1, V2, V3, V4l)
=vecC (EBY[) (yl) — ﬁBén) (372) - EBgn) (yB) - £B£n) (y4)>

— vec (53@ (y1)> — vec (£3§"> (yz)> — vec (CB:(;[) (373)> — vec (‘CB‘(}") (y4)>

=Kro (ﬁB(")> vec(Y) — Kro (EBW) vec()s) — Kro (£B<")> vec(Ys) — Kro <£B<")> vec(Vy).
4

1 2 3

Similarly, we have the following results for the rest of I';’s and ®;’s:
vec (1"2[)(1, Xz, X3, X4])

=Kro (CA(’”) vec(A7) + Kro (['A(”)> vec(X,) 4+ Kro (EA(”)) vec(A3) — Kro (EAM) vec(Xy),
1

2 4 3

vec (@2[)71,)72/)73/3)4])

) 5"

vec ([3[Xy, Ao, X3, Xy))

=Kro (EA(,,)> vec(Ap) — Kro (EA(")> vec(AX,) + Kro EA%")

3

vec (P3[V1, V2, V3, Val)
=Kro <£B§”)> vec(Y1) — Kro (EB

vec (Ty[Xy, Xy, X3, Xy])

=Kro <[’A(”)> vec(X1) + Kro <E

4 Ay

vec (P4[V1, Y2, V3, Va])
=Kro (EB(,,)> vec()1) + Kro <£B(")> vec()s) — Kro

4 3
By writing up above equations, we obtain the system (8). O

Lemma 2. [21,40] Suppose that A € R™*",b € R™ and the linear matrix equation Ax = b has a solution
X € R (AT"), then, % is the unique minimum norm solution of Ax = b.

From Lemma 1 and 2, it is easy to see that the uniqueness of the solution of equation (2) can be
described as follows:

Theorem 1. The tensor Equation (2) has the unigue minimal Frobenius norm solution if and only if the matrix
Equation (8) has a solution 2 € R ([Ma, Mp]"), then, £ is the unique minimum norm solution of matrix
Equation (8).

Given fixed matrices A" € Rlv*In = 1,2,..., N, we define the following linear operators
LX) =& x 1AW 4+ X x,A®) 4. 4 X xy AN, forany & € RIxlxxIn,

Using the property <X, Y x, AW > = <X X (AT, y> in [26], it is easy to prove the following
lemma.
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Lemma3. Let AW e RIvxIn y =1,2,... N, X, Y € RlixkxxIN Tpen

(Lan (), ) = (X, L3 (),

where

Ej\(n)(y) =Y X1 (A(l))T+y X (A(z))T_|_ E VXN (A(N)>T

Clearly, £, defined above is a linear mapping. The following lemma provides the uniqueness
of the dual mapping for these kinds of linear mappings.

Lemma 4. ([49]) Let N be a linear mapping from tensor space R <IN to tensor space RI"**IN_ For
any tensors X € R >IN gnd Y € RIVXIN | there exists a unique linear mapping M from tensor space
RJ1%%IN to tensor space RL <IN such that

N(X), ) = (X, M()).

Finally, we use linear operators £ and L£* to describe the inner products involving I'; and ®;,
which we will use in next sections.

Lemma 5. Let T;[21, 2, 23, 24], ®i[21, 22, 23, 24] (i = 1,2,3,4) be defined by (5) and (6), W; €
RIxIN (7 =1,2,3,4). Then

4
<ri[Z1/ ZZ/ Z3/ 24]/ Wl> = Z<Zl/rf [Wl/ WZ/ W3/ W4]>/

e

Il
_

1

. o 9)
z <(I)l [er ZZ/ Z3/ 24]/ W1> - Z<Zi/ (I):( [er WZ/ W3/ W4]>/
i=1 i=1
where
I‘T [Zl/ ZZ/ 23/ Z4] = ’qu(n) (Zl) + ‘C*A(n) (Z2) + ’CZ(W) (23) + ‘C*A(n) (24) ’
1 2 3 4
T3(21, 22,23, 24) = —=L" () (Z1) + L7 () (22) = L () (Z3) + L () (Z4),
A A Ay A (10)
[3(21, 22, 23, 24) = _EZ(n) (21) + L:Z(n) (22) + EZ(n) (23) — L:Z(n) (24),
3 4 1 2
Ti[21, 22, 23, 24) = —ﬁz(,,) (21) - ‘CZ(n) (22) + ﬁ;(n) (23) + ‘CZ(n) (24),
4 3 2 1
D21, 2), 23, Z4) = ﬁ;w) (Z1)+ E;(n) (22) + E;(n) (Z3) + ﬁ;@) (Z24),
1 2 3 4
cI>§ [ZLZZ/ Z3, 24] = —52(@ (Z1) + ﬁZ(n) (22) - ‘C;(n) (Z3) + E;(m (Z4),
2 1 4 3 (11)

D321, 22, 23, 24] = _52(@ (Z1) + LZ(n) (22) + L"Z,(n) (Z3) — ['Z,(n) (Z4),
3 4 1 2

Dy(21,22,23,24) = —L7 ) (Z21) = Ly (22) + L7 ) (23) + L7 (Z4),
B B B B

4 3

£ (%) = X x 1 (AT + X 0 (AP 4+ ey (AT, i=1,2,3,4,

L20)(X) = X x T BT+ 2 %y BT+ + X xy BT, i=1,2,3,4
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Proof of Lemma 5. For the first part of the equalities, we divide Z;-L:l (Ti[21, 22, Z3, 24], W;) into 4
parts by i, and then apply Lemma 3 to each part, that is,

(T1[21, 22, 23, Z4], Wh)
= (ﬁAgn) (Z21) W) — <£A§"> (22), W) = (L, (Z3) W) — <£Af;” (Z4) 1)

3

= (21,7 ) (W) = (B2, £, (W) = (B3, £, (W) = (24, L) W),
1 2 3 4

<r2[21122/ Z3/ 24]/ W2>
= (L, (21) W2) + (L, (22) , W) + (L 00 (Z3) , W2) = (L ) (Z24) , W2)
2 1 4 3

= <Zb£2<n) (WM2)) + (22, EZ@) (W1)) + (23, 52(;1) (Wa)) — (24, EZ(n) (W2)),
2 1 3 4

(T3[21, 22, 23, Z4], W3)
(L, (21) W3) = (L (22),Ws) + (L o) (Z3) , W3) + (L ) (Z4) , W3)
3 4 1 2

=(21, L oy W3)) — (22, E;(n) W3)) + (23, EZY;) (W2)) + (24, £Z§n) (W3)),

*
AS 4

(T4[21, 22, 23, Z4], Wi)
= (L o0 (21) , Wa) + (L ) (Z22) , Wa) = (L ) (Z3) , Wa) + (L, ) (Z4) , Wa)
4 3 1

2

= <21’£2(n) (Wy)) + (22, EZ(n) (Wy)) — (25, EZ(;«) (W) + (24, E;(n) (Wy)).
4 3 2 1
By adding up the above four parts, we have

4 4
Z <Fi[er ZZ/ Z?)r 24]/ Wl> - Z<Zir r:( [Wll WZ/ W?)/ W4]>l
i=1 i=1

where I'f Wy, Wh, W3, Wy]’s are defined by (10). Using a similar process, we can get the second
equality
4
<q)i [le ZZ/ Z3/ 24]/ Wl> = E<Zi/ q);k [Wll WZ/ W3/ W4]>/
1 i=1

where @7 [W;, W), W3, Wj]'s are defined by (11). O

M-

3. An Iterative Algorithm For Solving The Problem 1.1 And 1.2

The purpose of this section is to propose an iterative algorithm for obtaining the solution
of Sylvester tensor Equation (2). As well known that the classical bi-conjugate gradient (BiCG)
methods for solving nonsymmetric linear system of equations are feasible and efficient, one may refer
to [5,6,12,18,55]. We extend the BiCG method based on tensor format (BTF) for solving Equation (2)
and discuss its convergence. Clearly, the tensor Equation (2) and (8) have the same solution from
Lemma 1. However, the size of [M 4, Mp] in Equation (8) is usually too large to save computation
time and memory space. Beik et al. [8] showed that the algorithms based on tensor format are more
efficient than their classical forms in general. Inspired by these issues, we develop the following least
squares algorithm based on tensor format for solving tensor Equation (2):
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Algorithm 1. BiCG-BTF method for solving equation (2).
Input: A", B € Rln<l, ¢, € RN, n = 1,2, N;i =1,2,3,4.
Output: The norm Y+ ||R;(+)|| and the solutions X;(- ) Yi(+),i=1,2,3,4.
Initialization: X;(1), V;(1) € Riv>xIN i =1,2,3 4;

(i) Compute

Ri(1) = C — Ti[A1(1), Xa(1), A3(1), Ay (1)] — @:[V1(1), Y2(1), Y3(1), Vu(1)], i =
1,2,3,4;
Set R7(1) :=R;(1); Pi(1) := R (1); P}(1) := Pi(1);
Compute the norm: Rnorm := 2?:1 IR;(1)],i=1,23,4;
Setk:=1;
(ii)  If Rnorm = 0, then stop;
(iii) Otherwise, compute
Qix(k) :=Ti[P1(k), Pa(k), P3(k), Pa(k)], i = 1,2,3,4;
Qjy(k) := @;[P1(k), Pa(k), P3(k), Pa(k)], i = 1,2,3,4;
a(k) = (T (Rilk), R; (0))) / (Thoy (P (k). Qin (k) + Qiy (K));
Xi(k+1):= Xi(k) + ()73,()1—1234
Vilk +1) := Yi(k) + a(k)Pi(k), i =1,2,3,4;
Ri(k+1) :=Ri(k) — a(k)(Qix(k )+Qm( ), i=1234
Qi (k) =T} [Py (k), P; (k), P5(k), Pi(k)|, i = 1,2,3,4
Q;, (k) := @7 [Py (k), P35 (k), Pi(k), Py (k)], i = 1,2,3,4

RE(k-+ 1) = R () - a(8) Q3 (k) + Q4 (0), 1 = 1,234

B(k) = (T (Ri(k+1), Ry (k+ 1)) ) / (£ (Ri(k), R} (0)) )
Pilk+1):=Ri(k+1)+ B(k)Pi(k), i =1,2,3,4;
Prk+1):=Rf(k+1)+Bk)P}(k), i =1,2,3,4
Rnorm = i 1 [Ri(k),i=1,2,3,4;

(iv) Setk :=k+1, go to (ii);

Note that I';, ®; and I'}, @ are defined by (5), (6) and (10), (11), respectively. Next, we discuss
some bi-orthogonality properties of Algorithm 1.

Theorem 2. Assume that iterative sequences {R;(k)}, {R;(k)}, {Pi(k)}, {P;(k)} {Qix(k)} and
{Qiy(k)} (i = 1,2,3,4) are generated by Algorithm ?2. Then we have

4
Y (Ri(1), Rj(m)) =0, [#m, (12)
i=1

4

Z: le(l + Qly( ) (m)> =0, I 7& m, (13)
i(Ri(Z),PE‘(m» =0, I>m. (14)
i=1

Proof of Theorem 2. We apply mathematics induction on k. Let’s consider 1 < m < [ < k first.
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When k = 2. The conclusion holds as the following calculations show:

4
; (Ri(2), Ri (1))
4
= ; (Ri(1) — a1 (Qin(1) + Qiy(1)) , R} (1))
ey D (ROARIA) |
- 1221 <Rl(1)'Rl (1)> 2;1:1 <P1*(1)/ le(l) + Qly(1)> 1221<P1 (1)/ le(1> + Ql]/(l)>
=0,
and
4
;<Q1x( ) + Qiy(z)’Pi*(1)>
4 4
=) (Ti[P1(2), P2(2), P3(2), P4(2)], P} (1 ))+Zl<¢i[7’1(2),7’2(2),7’3(2),7’4(2)],7%-*(1))
i=1 i=
4 4
= ; (Pi(2), Ti[Pr (1), P2 (1), P3 (1), Py (1)]) + ; (Pi(2), @7 [P (1), P (1), P5(1), P£(1)])
4 4
= ; [(Ri(2), Qi (1)) + B(1)(Pi(1), Qi (1))] + ; [(Ri(2), Q;,(1)) + BO)(Pi(1), Q5 (1))]
4 . L (Ri(2), R (1) —a(1)(Q5 (1) + Q4 (1)) .
= l; l(’Ri(Z), Qi (1)) + TR, RE) (Pi(1), Qix(1)>]
< . Y (Ri(2), R (1) — a(1)(Q5 (1) + Qf, (1)) )
+ ) | (Ri(2),03(1) + TR T RO Qiyu)ﬂ

Y (Ri(2), Q;,(1) + (1)
Z;L l< ( ) sz(1)+sz(1)>
(1

L (Ri(2),Q4(1) + Q4 (1) *
2? TP, Q) + Q) ) Ql‘y“”]
L (Ri(2), Q1) + Q5 (1) 4

4
LR GG o ), 0um gy & D T D)

(Pi(1), Q5 (1 ))]

(Ri(2), Q}y(1)) -

It has been found Y ; (R;(2), P (1)) = 0 clearly. Now, assume that (12) and (13) hold for 1 < m <
I <k (k> 2). Then

4 4
Y (Rilko+2), Py () = YL (Ri(h) — (k) (Qux(k) + Quy (k) P ()
4
= ; [(Ri(k), P (m)) — a(k)(Qix (k) + Qiy (k), P (m))]

|
L
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and

(Ri(k+1), P} (k)

R
I
el
3
=

Il
—_
Il
—_

- Dl(k) (Qix(k) + Qiy(k)) ',Pi>|< (k)>

I
i g LN

[(Ri(k), Pi (k) — a(k)(Qix (k) + Qiy (k), P} (K))]

Il
—

I
hglS

[Ri(k), R; (k) + Bk = 1)(Ri(k), Pi’ (k= 1))]

B Y (Ri(k), R (k) i<
Y (Pr(k), Qix(k) + Qi (k) =

I
—

Pi* (k)/ Qix (k) + Qiy(k)>

=0.
The equality (14) holds for all / > m. Next, we will prove that the equalities (12) and (13) hold for all
I>m.
4 4
; i(k+1),Ri(m)) = ;(Ri(k+ 1), Pi(m) — p(m —1)P; (m —1))
4
=) [(Rilk+1), P} (m)) — B(m — 1)(R;(k+1), P (m —1))]
i=1
=0,
4 4
Y (Ri(k+1),Ri(k)) =} (Ri(k+1), P (m) — p(m — )P (m —1))
i=1 i=1

4
=) [(Ri(k+1),P; (m)) — p(m —1)(R;(k +1), P} (m —1))]

and
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=

2 (Qix(k+1) + Qi (k+1), P} (m))

N
Il
-

|
agls

4
(Qix(k+1),P;(m)) + Y _(Qiy(k+1),P; (m))
i=1

Il
_

I
1=

[(Ri(k + 1), T7[P1 (m), Py (m), P35 (m), Py (m)])

N
+ I
—

k) (Pi(k), T; [Py (m), Py (m), P3 (m), Py (m)])]
[(Ri(k +1), D [Py (m), Py (m), P3 (m), Py (m)])
)(Pi(k), @7 [Py (m), Py (m), P3 (m), Py (m)])]

[(Ri(k+1), Qi (m)) + B(k)(Pi(k), Qi (m))

+
.Mu;

-

=

~ |
= =

i

Ri(k +1), Q (m)) + p(k) (P (),Q?y(m)ﬂ

M»;

<Rl (k4 1), =y (REn +1) = R, (m))>
#4069 (P00, -

i<Qix(k +1) + Qi (k+1), P/ (k)

Il
—_

Ri(m+1)-R; (m))>]

Il
_

4
(Qix(k+1), P/ (k) + ;<Qiy(k +1), P (k)
[(Ri(k + 1), T7[P1 (k), P2 (k), P5 (k), Py (k)])
k) (Pi(k), T7 [Py (k), P3 (k), P5 (k), Py (K)])]

[(Ri(k +1), DF[Pr(k), Py (k), P3 (k), Py (k)])

I
- »:rm» M 1

_I_
'Myb

Il
9 =
N

+B(k)(Pi(k), ; [Py (k), P3 (k), P5 (k), Ps (K)])]

Y [(Rilk+1), Q4 (0) + B0 (Pi(k), Q5 (K)) + (Rylk+1), @5, (K) + B(K) (Pi(k), Q4 (K) |

I
[\1»

Il
—

I
™

I
—

KRZ'(" +1), Qi (k) + Q;;(k)>

T (Rik+1), Q4 (0) + Q5 (k)

Ty (Pik), Qg (k) + Q5 (K))
=0.

+ <731'(k)’ Qi (k) + Q?y(k)>

Similarly, the equalities (12) and (13) also hold for the case 1 < m < I < k. Therefore, the facts illustrate
that (12) and (13) are satisfied for ! = m. O

d0i:10.20944/preprints202408.0929.v1
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Corollary 1. Assume the conditions in Theorem 2 are satisfied. Then
4
Y (Ri(k), Pi (k) = ) (Ri(k), R (K)), (15)
i=1 i=1
4 4
Z (Qix(k) + Qiy(k), Ry (k)) = ) _(Qix(k) + Qiy (), P (K)). (16)

i=1

Proof of Corollary 1. From Algorithm 1 and Theorem 2, we have

3 (R0 P ) = Y (Ri6) R; 06+ k= )Py (k1)
- 1 (R0, R7 1),
and . ]
(00 (8) + 036 R () = 1 (@) + 0yl P (4) k= )7 5 1)
= 3 (Qulh) + @y 1), 7 1),
O

Theorem 3. Let tensor sequences { X;(k)}, {Vi(k)} (i = 1,2,3,4) be generated by Algorithm ??. If Algorithm
1 does not break down, then the tensor sequences

{[X (), V()] | X(k) = X1 (k) + Xa(k)i+ A3 (k)j + Xa(k)k,
V() = YV1(k) + Yo (k)i+ V3(k)j + Va(k)k k =1,2,...}

converge to the solution of Equation (2) within a finite iteration steps in the absence of round-off errors.

Proof of Theorem 3. We will prove that there exists a k < 4Sy such that R;(k) = 0. By contradiction,
assume that R;(k) # 0,i = 1,2,3,4, for all k < 4Sy;, and thus we can compute R;(4Sy + 1). Suppose
that R;(1), R;(2),...,Ri(4Sn) is a dependent sequence, then there exist real numbers A; 1, ..., A;4s,,
not all zero, such that

AiiRi(1) + -+ AjasyRi(4Sn) =0,

fori =1,2,3,4. Then

4 4
Y (Ri(1),0) =Y (Ri(1), AiaRi(1) 4 - - + Ajas Ri(4SN))
izl i-1
4
=Y A ((Ri(D), (Ri(D))

which implies Y% ((R;(1), (R;(1)) = 0. This is a contradiction since we can not calculate R;(4Sy + 1)
in this case. Therefore, there must exists a k < 4Sy such that R;(k) = 0, that is, the exact solution of
tensor Equation (2) can be computed by Algorithm 1 within a finite iteration steps in the absence of
round-off errors. [

In the following theorem, we show that if we choose special kinds of initial tensor, then Algorithm
1 can yield the unique minimal Frobenius norm solution of the tensor Equation (2).
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Theorem 4. If we choose the initial tensors as
(1) =T [H1 (1), Ha(1), Hs(1), Ha(1)], V(1) = @F[H1 (1), Ha(1), Ha(1), Ha(1)], (17)

where F;‘,CID;-‘(j =1,2,3,4) are defined by (10) and (11), H;(1) € Rlv*xxIN (i =1,2,3,4) are arbitrary

tensors (in particular, we take )(](1) =0, yj(1) =0,j=1,2, 3,4), then the solution group )?,]’37](] =
1,2,3,4) given by Algorithm 1 is the unique minimal Frobenius norm solution of the tensor Equations (2).

Proof of Theorem 4. If we choose the initial tensors as (17), it is not difficult to verify that ?j, 5);( j=
1,2,3,4) obtained by Algorithm 1 have the following form

X; =T (M1, Mo, Ha, Hal, IV = ©F (M, o, Ha, Hal,

where tensors H; € Ri*2xxIN(ji = 1,2,3,4). Now, we show that X = 171 + ;\\,’;i + ?73] + ?’Z;k,
Y = Y1 + Woi+ Vaj + Vak is the unique minimal Frobenius norm solution of tensor Equation (2). Let

Kro <£T(n>) +Kro (ETW> + Kro (C
A A
1 2
vec (A7 —Kro (ﬁ
vec [ Xy

(n
3
4
1

n

vec | X3
vec (X, —Kro (E ()

vec (W

)
("))
( ))
) ke

vec (V3
=~ T
vec (V4 —Kro EB(@

I3\
I
I
~
=
]
/N
o
=
2
N—
N— N — N— N N
+
~
5
]
N N N N N N N
(Y
e
=
S~ N NN NN
+
~
=
]
/\/_\/_\/l;\/\/_\
s ]
“3
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vec ”;[1
vec ’;f[/z
X — ’
vec | H3
vec 71;
Kro ,CAS,,) — Kro (,CA;,1)> — Kro <£Aé")) — Kro [,AY)
B Kro EAQ” Kro (‘CAg”) Kro EA‘(},,) — Kro EAgn)
Kro EAgn) — Kro (ﬁAT)) Kro ﬁAgn) Kro ﬁAgn)
Kro ﬁAf[‘) Kro <£A§")) — Kro (Qﬁ”’) Kro EAY‘)
T
Kro | L . —Kro | L —Kro( £ —Kro( L __
e e B V) A
Kro £B§n> Kro <£B§n)) Kro EBYO — Kro [’Bén) y vec 7,_{12
Kro ,C (n) — Kro (ﬁ (,,)) Kro ,C (n) Kro ,C (n) vec H3
& % ) & vec (H,y
4
Kro £B§n> Kro (/:Bén)) — Kro <£B§W)> Kro EBgn)
vec 7’-{;
T vec 772 T
= [My, Mp]" x __ € R([Ma, Mz]").
vec | Hs
vec ’;E;

According to Theorem 1, we can conclude that X = ;Vvl + /"A(;i + ?73] + ?/ak, y = :/)J\I + JZi +
Vsj + Vik generated by Algorithm 1 is the unique minimal Frobenius norm solution of the tensor
Equations (2). O

Now, we solve Problem 1.2. If the tensor Equation (2) is consistent, the solution pair set Sxy of
Problem 1.1 is non-empty, for given tensors X', ) € H1*2**IN e have

min

N
Yo X x AW 4y <, BR CH
X, YeH xIpx - xIy

k=1

= min
X,yEHll xIpx--XIn

N
Y (X = &) x, AW 4 (¥ = D) x, BW
k=1

N

. (c_ 3 & x Alb _ykam)H.
k=1

Let X =X-X,Y=Y-Y,andC = C — Z,I:]:l X x; AW — P x; B®), then the tensor nearness

Problem 1.2 is equivalent to first finding the minimal Frobenius norm sulution of tensor equation

N ~ ~
Y X x AW 1Y %, BW = . (18)
k=1

By using Algorithm ??, and letting the initial tensors be X = Xj + Xpi + A3j + Ak, V = Vi +
Vai + Vsj + Vak, where Xj(1) = T7[Hi1(1), H2(1), H3(1), Ha(1)], V(1) = @F[H1(1), H2(1), Ha(1),
H4(1)](j = 1,2,3,4), where H;(1) € Rh*l2xxIN(j = 1,2,3,4) are arbitrary tensors (in particular, we
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take A;(1) = 0,Y;(1) = 0,j =1,2,3, 4), we can obtain the unique minimal Frobenius norm solution
X*,Y* of Equation (18). Once the above tensor X*,Y* are achieved, the unique solution X, of
Problem 1.2 can be computed. In this case, X, can be expressed as X=X"4+X,V=)"+.

4. Numerical Examples

In this section, we will give some numerical examples to support the efficiency and applications
of Algorithm 1. The codes in our computation are written in Matlab R2018a with 2.3 GHz central
processing unit (Intel(R) Core(TM) i5), 8GB memory. Moreover, we implemented all the operations
based on tensor toolbox (version 3.2.1) proposed by Bader and Kolda [27]. For all of the examples,
the iterations begin with the initial values &; = ); =0, i = 1,2, 3,4 in Algorithm 1, and the stopping
criteria is Res < 10> or the number of iteration steps exceeding 2000. We describe some notations that
appear in the following examples in Table 1.

Table 1. Some denotations in numerical examples

IT The number of iteration steps
CPU time The Elapsed CPU time in seconds
Res Y4 IRi(K)||, Ri(k) is the residual at kth iteration.

tenrand(n,n,n) | The order three tensor with pseudo-random values drawn from a uniform

distribution on the unit interval

triu(hilb(n)) The upper triangular portion of Hilbert matrix

triu(ones(n,n)) | The upper triangular portion of matrix with all 1

eye(n) Identity matrix

zeros(n) Zero matrix

tridiag(a,b,c,n) | The tridiagonal matrix with a, b, c
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24+4i+4j+5k 1—it+j+2k —2i-2j+k
AW = —2+j 342i+5j+k 1-2j+k ,

242i4+j  1-2i+2j—k 3+4i+4j+k

3+4j —14j —1-2j 2i+3j i 1+j
AP = | 24§ 4+43f  —j A® = | —2i—j 5i+3 —i

—j 1 2+4j 2i—j —i—j b5i+4

343i 240 -2 3i + 5§ 2i 2i+2j
B =| —24i 4+4i —2-2i B = 0 2i + 3j j

242 2 6+4i —2i+2j —2i—2j 6i+6j

1+43i+3k —1-2i i+2k
B®) = —i 24+4i+2k  242i ,

24+i+2k 2+i-2k 5+4i+6k

3-11i+31j+19k 6—8i+j+28k  2—6i+20j+ 24k
C(::1) = 4+36j+8k  743i+27j+17k 3+5i+25+13k |,

24 —2i +52j + 22k 27 +i+43j+31k 23+ 3i+ 41j + 27k

11 —13i +31j + 13k 14 — 10i +22j +22k 10 — 8i + 20 + 18k
C(52)=| 12-2i+36j+2k 15+i+27j+11k 11+3i+25+7k |,

32— 4i452j +16k  35—i+43j+25k  31+4i+41j+21k

9 —9i +45j +25k 12 —6i +36j + 34k 8 — 4i + 34j + 30k
C(::3) = | 10+2i+50j+14k 13+5i +41j+23k 9+ 7i + 39j + 19k

30 + 66j + 28k 33+3i+57j+3k 29+ 5i+55j 433k

Applying for Algorithm 1, the IT is 46, the costed CPU time is 3.9496s and the Res is 1.2885e-06. Besides
that, the Figure 1 reported here illustrates Algorithm 1 is feasible.

Fionre 1. Converoence hictorv of Fxamnle 1

Example 2 (Test matrices from [1]). In this example, we consider the quaternion tensor Equation (2)
such that

A = Apy + Apoi + Apsj + Apak, B = By + Bygi + Bysj + Buak, m=1,2,3,
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where

Aqy = triu(hilb(n)), A1p = triu(ones(n,n)), A1z = eye(n), A4 = ones(n),
Apy = zeros(n), Apy = zeros(n), Aps = tridiag(—1,2,—1,n), Ay = zeros(n),
Az = zeros(n), Asp = tridiag(0.5,6, —0.5,n), Asz = eye(n), Azq = zeros(n),

B11 = eye(n), Bip = ones(n), Bys = zeros(n), B1y = zeros(n),
By = zeros(n), Byy = tridiag(0.5,6, —0.5,1), Bys = eye(n), Byy = zeros(n),
B3 = tridiag(0.5,6, —0.5, 1), B3y = eye(n), Bss = zeros(n), Bsy = ones(n).

C = tenrand(n,n,n) + tenrand(n, n,n)i + tenrand(n, n,n)j + tenrand(n,n, n)k.

Choosing the initial tensor X = ) = 0, we depict the convergence curves of Algorithm 1 for different
n in Figure 2. For n = 20, n = 40 and n = 60, we list the costed CPU time, residual norms after finite

steps and the relative errors of approximate solutions by Algorithm 1 in Table 2.

Fionre 2 Converoence hictarv of Fxamnle 7

108 T T T T
—%—n=20
—©—n=40
n=60

L L
200 250 300

Table 2. Numerical results for Example 2

IT  CPU time Res

n=20 82 8.3272 7.7182e-06

n=40 156 24.8187 5.1233e-06

n=60 288 91.4387 7.6898e-06

Example 3. We consider the solution of the following convection-diffusion equation over the

quaternion algebra [4]

—vAu+c'Vu=f inT=]0,1] x [0,1] x [0,1]
u=0 ondl.
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Based on a standard finite difference discretization on a uniform grid for the diffusion term and
a second-order convergent scheme (Fromm’s scheme) for the convection term with the mesh-size

1
h= PERY we solve the quaternion tensor Equation (3) with

AW = AP+ ali+ AP+ APk, n=1,23,

where

Az(n): 1 _|_ ! 1 P 121,2,3,4

pxp pxp

The right hand side tensor C is contructed such that the exact solution of Equation (3) is X* =
X+ X1+ Xfj + X[k = tenones(p, p, p) + tenones(p, p, p)i + tenones(p, p, p)j + tenones(p, p, p)k.
We consider two cases in order to compare Algorithm 1 with the CGLS algorithm in [49]. In case

(n) (m)

I, we choose different v; * and c;

to obtain the results. In Table 3, we set

oM =1,V =10 =1, P =208 =1, =3,i=1,2,3,4 (19)

i

to get A" (n = 1,2,3) with same real part and imaginary part. In Table 4, we set

vfl) =1, cgl) =1, cél) =-1, cél) =0, cil) =1
vi(z) =0.1, ng) =1, ng) =1, cgz) =1, cf) =0; (20)
o =001, ¥ =1, =1, =0,V =0,i=1,2,3,4

to get A" (n = 1,2,3) with different real parts and imaginary parts.

Table 3. CPU time (IT) for Example 3 with parameter setup in (19)

p=10 p=25 p=30

Algorithm 1 25.6884(320)  140.8233(1270)  202.7709(1580)

CGLS [49]  15.5685(219) 144.3166(1266)  230.7340(1832)

Table 4. CPU time (IT) for Example 3 with parameter setup in (20)

Algorithm 22 45.4157(576)  104.4370(1095)  163.6110(1700)

CGLS[49]  44.0701(579) 118.2419(1296) 230.7978(2298)
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m ! @ _ 5, (@
CGLS algorithm in [49] with v/} = 1e —03,1,100, i = 1,2,3,4, j = 1,2,3 for grid 10 x 10 x 10. The
corresponding relative errors of approximate solution Y:=1 || X; (k) — X*||/]| X || computed by these
methods are presented in Table 5.

In case II, we set ¢ c = 3,i = 1,2,3,4, we apply Algorithm 1 and the

Table 5. The relative errors of the solution (IT) for Example 3

vl(l) =1e—03 v; 7 =1 053) =100

Algorithm ??  5.6210e-09(248)  6.0527e-09(188)  4.1925e-09(248)

CGLS[49]  9.9300e-09(106)  9.7035e-09(178)  8.9552¢-09(167)

The previous results show that Algorithm 1 has faster convergent rates than the CGLS algorithm
in [49] as p increases.

Example 4. In this example, we employ Algorithm 1 to compare its performance with the CGLS
algorithm in restoring a color video comprised of a sequence of RGB images (slices). The video, named
‘rhinos’, is sourced from Matlab and stored in AVI format. Each frontal slice of this color video is
depicted by a pure quaternion matrix measuring 240 x 320 pixels. For C = C + N = X x1 A, we
consider X to represent the orginal colour video, A as the blurred matrix, and N as a noise tensor.
When N = 0, C is referred to as the blurred and noise-free color video. In this scenario, we select a

blurred matrix A = A; @ Ay € R20x320 where A; = (al(]-l) and A; = (a(z)

i are
1<i,j<16 1 /1<i<15,1<j<20

Toeplitz matrices with entries defined as:

i—i)2 .. ..
a(;)_{ mep (GE). limjl<r a(;)_{ o =il <s,

K 1, otherwise. g 0, otherwise.

We denote Xiegtored as the resulting restored color video. The algorithm’s performance is assessed
using the peak signal-to-noise ratio (PSNR) measured in decibels (dB):

I d?
PSNR(X') = 10log;, (HX gy N ,
— “lrestore

where d represents the maximum possible pixel value of the image. RE(X') represents the relative

_ ”X - Xrestored”
1]

Here, we set d = 255 and the variance ¢ = 1. The peak signal-to-noise ratio (PSNR) and the relative
error (RE) of Algorithm 1 and the CGLS algorithm with different parameters are presented in Table 6.
As indicated, the PSNR and the relative error of our algorithms are significantly superior to those
of CGLS. For the case where r = 6 and s = 6 with slice No. 7 of the color video, we illustrate the
original image, blurred image, and the restored image by CGLS and Algorithm 1 in Figure 3. This
figure demonstrates that our algorithm can effectively restore blurred and noise-free color video with

error defined as
RE(X)

high quality.
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Table 6. The numerical results for Example 4

Algorithm([r,s])  Algorithm ??(PSNR/RE) CGLS(PSNR/RE)

[3,3] 38.6181(0.0235) 13.8404(0.3769)

[6,6] 37.3721(0.0300) 14.0529(0.3694)

[8,8] 33.8073(0.0338) 14.7958(0.3551)
Original slice Bulrred and noisy-free slice

CGLS Algorithm 3.1

Figure 3. The restored colour video for the case r = 6,5 = 6 with slice No. 7

5. Conclusions

The main goal of this paper is to solve the generalized quaternion tensor Equation (2). We herewith
develop a BiCG iterative algorithm based on the tensor format to solve Equation (2) efficiently, and we
also prove the convergence of our proposed method. Moreover, we demonstrate that the solution with
minimal Frobenius norm can be achieved by initializing specific types of tensors. We present several
examples to effectively demonstrate the efficiency of our algorithm. Furthermore, our algorithm is
successfully applied to the restoration of color videos. This contribution significantly advances the
current understanding of quaternion tensor equations by introducing a practical iterative approach.
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