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Abstract: We introduce the notion of functional equiangular lines in finite rank modules over subrings of R. We

show that van Lint-Seidel relative and Gerzon universal bounds hold for this most general lines.
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1. Introduction

Letd € Nand 7 € [0,1]. Recall that a collection {7;}7_; of unit vectors in R? is said to be
y-equiangular lines [1,2] if

(G w)l =7 Vi<jk<nj#k
A fundamental problem associated with equiangular lines is the following.

Problem 1.1. Given d € N and y € [0,1], what is the upper bound on n such that there exists a collection
{7j}i1 of y-equiangular lines in R4?

Two answers to Problem (1.1) which are driving forces in the study of equiangular lines is the
following relative bound of van Lint and Seidel [2,3] and universal bound of Gerzon [4].

Theorem 1.2. [2,3] (van Lint-Seidel Relative Bound) Let {Tj};’:l be y-equiangular lines in RY. Then
n(1—dy*) <d(1-77).

In particular, if

oL
i 7
then
A2
4 <207
— 1—dy?

Theorem 1.3. [4] (Gerzon Universal Bound) Let {777};721 be y-equiangular lines in RY. Then

n < M
-2
The notion of functional equiangular lines is hinted in [5]. In this paper, we define it in most

general form and derive functional forms of Theorems 1.2 and 1.3.
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2. Functional Equiangular Lines

In the paper, R denotes a subring of R and M is a rank d module over R. By M* we mean
the module of all homomorphisms from M to R. Module of all homomorphisms from M to M is
denoted by Mor(M).

Definition 2.1. Let {7;}__; be a collection in a module M of rank d over R and { f; ;?:1 be a collection in M*.
Let oy > 0. The pair ({f;}7_, {7j}]_) is said to be functional y-equiangular if following conditions hold.

(i) fi(tj)) =1forall1 <j<n.

(i) |fi(w) fe(T)| = Y2 forall1 < j,k<mn,j#k.
(iii) The operator

SfriM3xm= ) filx)T€ M
=1

is similar (through invertible operator) to a diagonal operator.

Theorem 2.2. (Functional van Lint-Seidel Relative Bound) If ({ f; =1 {'L'j};-“:l) is functional -y-equiangular
for rank d module M, then

n(1—dy?) <d(1-+7).

In particular, if

1
< ey
Y i
then
d(1-%)
<
=TT d~?

Proof. Define
n
SfriM3xm Spoxi=) fi(x)€ M.
j=1

Since Sy - is diagonalizable,

n 2 d 2
n = (;f;-(v)) = (Tra(Sy.))* = (Z /\k>
=

k=1
d n n
<dy A =dTra(s},)=d} ) fi(u)fu(y)
k=1 j=1k=1
—dY f(mPrd Y ffdn) =did+d Y fiu)f(n)
=i jh=Tjtk ik=Tjtk

n
<dn®+d Y |fj(w) fi(T)| = dn® +d(n® —n).
jk=Tj#k

Therefore

n<dn+d(n-—1)y.
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We are unable to derive Gerzon bound for functional equiangular lines. However, we derive
following Gerzon bound for functionals.

Theorem 2.3. (Functional Gerzon Universal Bound) Let {T;}" i 1 be a collection in a module M of rank d
over R and {f; }* = be a collection in M*. Assume the following.

(i) fi(tj)) =1forall1 <j<n.
(ii) Thereis ay # 1 such that f;(t) fi(7;) = Y2 forall1 < j,k<mn,j#k.

Then
n < d>.
Proof. For1 < j <, define
TRfiM3x= (50 f) = fi(x); € M

We show that the collection {7; ® f]} ' | in Mor (M) is linearly independent over R. Letcy,...,c, € R
be such that

Y 65 @ f) =0

j=1
Let 1 < k < n be fixed. Then previous equation gives
n
Z (1 ® fi)(taug ® fr) =0
j=1
By taking trace we get

n

0= Y ¢ Toa(5 @ ) (1 ) = Y61 (w0 ()

i =
n n 2
Yo cifi(w)fi(t) +afi(m) =Y, i+
j=1,j#k j=1,j#k

n n
=2 <Z cj— ck> +o =9 (Z C]'> + (1 =9k
j=1 =1

Therefore

Now

0= Tra(Zc ®f]>—Tra<Zc ®f]>
—ZcTra i ® f;) = Zcf]( T;) = cn.
j=

Hence ¢ = 0. Therefore {7; ® f]} '_, is linearly independent. Since the rank of Mor(M) is d*> we must
haven < d?2. O
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