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Abstract: This work introduces the mathematical framework of the novel “First-Order Comprehensive Adjoint
Sensitivity Analysis Methodology for Neural Ordinary Differential Equations (1-CASAM-NODE)” which
yields exact expressions for the first-order sensitivities of NODE decoder-responses to the NODE parameters,
including encoder initial conditions, while enabling the most efficient computation of these sensitivities. The
application of the 1#-CASAM-NODE is illustrated by using the Nordheim-Fuchs reactor dynamics/safety
phenomenological model, which is representative of physical systems that would be modeled by NODE while
admitting exact analytical solutions for all quantities of interest (hidden states, decoder outputs, sensitivities
with respect to all parameters and initial conditions, etc.). This work also lays the foundation for the ongoing
work on conceiving the “Second-Order Comprehensive Adjoint Sensitivity Analysis Methodology for Neural
Ordinary Differential Equations (2"-CASAM-NODE)” which aims at yielding exact expressions for the second-
order sensitivities of NODE decoder-responses to the NODE parameters and initial conditions while enabling
the most efficient computation of these sensitivities

Keywords: neural ordinary differential equations (NODE); comprehensive adjoint sensitivity analysis
methodology for NODE (1#-CASAM-NODE); Nordheim-Fuchs reactor safety model; sensitivity analysis for
model features ((15-FASAM-N); exact sensitivities

1. Introduction

Concepts of dynamical systems theory had been frequently used to improve neural network
performance [1-3] but Neural Ordinary Differential Equations (NODE) appear to have been formally
introduced by Chen et al. [4]. NODE provide an explicit connection between deep feed-forward
neural networks and dynamical systems and are considered to provide a bridge between modern
deep learning and classical mathematical/numerical modelling. NODE provide a flexible trade-off
between efficiency, memory costs and accuracy. The approximation capabilities [5,6] of NODE are
particularly useful for time-series modelling [4,7,8], generative models for continuous normalizing
flows [4,9] and modeling/controlling physical environments [see, e.g., 10].

Neural ODEs are trained by minimizing a least-squares quadratic scalar-valued “loss function”
by computing its gradients with respect to the weights to be optimized using a first-order optimizer
such as “stochastic gradient descent” [11,12]). Since ODE solvers (e.g., Runge-Kutta solvers) perform
differentiable algebraic operations, the gradients of the loss function can be calculated by the so-called
“direct method” which directly backpropagates through the operations performed by the ODE
solver. However, when the dynamics are complex, the “direct method” can lead to an arbitrarily large
number of function evaluations for adaptive solvers while storing all of the intermediate activations
during the “solving” process, so the “direct method” becomes prohibitively memory intensive. A
NODE-training method which is less memory intensive is the so-called “adjoint method” [13-15],
which solves an ODE (related to the original NODE) backwards in time. The direct method is faster
but is more memory intensive than the adjoint method. The one-dimensional definite integrals, which
appear when computing gradients via the “adjoint method” are traditionally evaluated by solving
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them as differential equations, which considerably slows down the training process. Evaluating these
one-dimensional definite integrals by using Gauss-Legendre quadrature (rather than solving them
as ODEs) has been shown [16] to be faster than ODE-based methods while retaining memory
efficiency, thus speeding up the training of NODE.

The gradients of the loss function are often called “sensitivities” in the literature on neural nets
and aspects of the optimization/training procedure are occasionally called “sensitivity analysis.” But
the “loss function” is of interest only for the “training” phase of the NODE and the “sensitivities of
the loss function” are driven towards the ideal zero-values by the minimization process while
optimizing the NODE weights/parameters. Furthermore, after the NODE is optimized to reproduce
the underlying physical system as closely as possible, the responses of interest for the NODE-
modeled system is no longer a “loss function” but are various functions of the NODE’s “decoder”-
output. Since the physical system being modeled by the NODE comprises itself parameters that stem
from measurements or computations, they are not perfectly well-known, but are afflicted by
uncertainties that stem from the respective experiments and/or computations. Hence, it is important
to quantify the uncertainties induced in the NODE decoder-output by the uncertainties that afflict
the parameters/weights underlying the physical system modeled by the NODE. The quantification
of the uncertainties in the NODE-decoder and derived results (i.e., “NODE-responses”) of interest
require the computation of the sensitivities of the NODE-decoder with respect to the optimized
NODE-weights/parameters. However, a “NODE sensitivity analysis” methodology for computing
efficiently exact expressions of decoder-sensitivities with respect to the optimized
parameters/weights, including with respect to the initial conditions/encoder, does not seem to be
available in the literature.

The scope of this work is to present a novel methodology for computing all of the first-order
sensitivities, exactly and exhaustively, of the responses of the post-training optimized NODE-
decoder with respect to the optimized/trained weights involved in the NODE’s decoder, hidden
layers, and encoder. The general mathematical representation of the NODE-network considered in
this work is presented in Section 2. As a specific illustrative paradigm application, Section 3 presents
the NODE conceptual representation of the Nordheim-Fuchs phenomenological reactor
dynamics/safety model [17,18]. This paradigm illustrative model has been chosen because it is
representative of typical NODE-applications while admitting closed-form analytical solutions for the
quantities of interest, including the functions describing the hidden layers, encoder, decoder, and
sensitivities of decoder responses. Section 4 presents the Mathematical Framework of the novel
“First-Order Comprehensive Adjoint Sensitivity Analysis Methodology for Neural Ordinary
Differential Equations (1s-CASAM-NODE).” Section 5 illustrates the application of the 1-CASAM-
NODE methodology to compute all of the first-order sensitivities of Nordheim-Fuchs model
responses with respect to the underlying parameters. Specifically, Subsections 5.1 through 5.4,
respectively, illustrate the application of the 1s-CASAM-NODE methodology for computing the first-
order sensitivities with respect to the underlying model parameters and initial conditions of the
following responses: (i) the reactor’s flux; (ii) the reactor’s energy release; (iii) the reactor’s
temperature; and (iv) the reactor’s thermal conductivity. Using the “energy-released” response as a
paradigm, Subsection 5.5 illustrates an alternative path for computing first-order sensitivities by
applying the “First-Order Feature Adjoint Sensitivity Analysis Methodology for Nonlinear Systems
(1-FASAM-N)” [19], which is the most efficient procedure for computing first-order sensitivities, but
which may require the construction of a dedicated neural net for this purpose.

2. Neural Ordinary Differential Equations (NODE): Basic Properties and Uses

A general mathematical representation of a NODE-network is provided by the following system
of so-called “augmented” equations:

dhd—gt)zf[h(t);e;t], >0, 1)
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h(z))=h,(x,w), att=1,, (2)
l'(lf)zhd[h(ff);(P], attsz, (3)
where:
(i) The quantity ¢ is a time-like independent variable which parameterizes the dynamics of the

hidden/latent neuron units; the initial value is denoted as #, (which can be considered to be an initial
measurement time) while the stopping value is denoted as #, (which can be considered to be the

next measurement time).

(ii) The TH -dimensional vector-valued function h(t)2[ A (t),... 7, (t)]T represents the hidden/latent

neural networks. In this work, all vectors are considered to be column vectors and the dagger “{”
1 ' é ”

symbol will be used to denote “transposition.” The symbo
equivalently, “is by definition equal to.”

signifies “is defined as” or,

(iii) The TH -dimensional vector-valued nonlinear function f [h(t);(-);t} e [ S (0;851),.., fry (h;();t)}T
models the dynamics of the latent neurons with learnable scalar adjustable weights represented by
the components of the vector 0= [191,...,9TW]T , where TW denotes the total number of adjustable

weights in all of the latent neural nets.

(iv)  The TH -dimensional vector-valued function h,(x,w)2 {he(x W), iy (X,w)}T represents the
“encoder” which is characterized by “inputs” xé[xl,...,xn] and “learnable” scalar adjustable

weights w2 [w,..., Wy, ]T , where T7 denotes the total number of “inputs” and TEW denotes the

total number of “learnable encoder weights” that define the “encoder.”

(v) The TR -dimensional vector-valued function r(tf ) = {rl [h(t_,» );q)},..., Trg [h(tf );(p]}T =h, [h(tf );q)}
represents  the  vector of  “system  responses.”  The  vector-valued  function
h, |:h(tf);(|):| = {hl" [h(tf);(pJ,...,h;’R [h(tf);(pJ}T represents the “decoder” with learnable scalar

adjustable weights, which are represented by the components of the vector ¢ 2[g,,...¢,,]", where
TD denotes the total number of adjustable weights that characterize the “decoder.” Each component

7 [h(t r );q)} can be epresented in integral form as follows:

n

:J';f' h:,l [h(f),¢]5(t—t/)dt, n=1,..,TR. (4)

The weights of the NODE are adjusted/calibrated by “training” the NODE, using gradients of a
scalar loss functional, denoted as L [h (t);ﬂ;t] which is designed to represent the

deviations/discrepancies between the responses/outputs of the NODE and the “true” values obtained
from measurements (or by other means, independently of the NODE). There are several methods for
accomplishing this “training,” all of which require that the functions underlying the NODE, i.e., h(r)

, f [h(t);();t], he(x,w) and h, [h(t);(p] be differentiable with respect to their arguments. For
complex systems, involving many parameters, the so-called “adjoint method” [13-15] offers an
optimal compromise between memory requirements and computational intensity. This method
computes the required gradients of the loss function by evaluating the following integral:
aL t of |:h :|

-l BoT

20 o0 ©

fo
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where the so-called “adjoint function” a(t)£[a, (¢),....az, (t)]T satisfies the following “adjoint

equation” computed backwards in time:

da(t) + of[h(1):0:1] Bt]
— ~ O] — (6)
a(t)= aL[h((; ] att=t,. (7)

After the “training” of the NODE has been accomplished, the various “weights” will have been
assigned “optimal” values which will have minimized the chosen loss functional L [h(t);(-); t] . These

: : : : f
“optimal” values will be denoted using a superscript “zero” as follows: @’ é[&f,...,@ﬁw] and

i . .
w’ 2 [wlo,...,ngW] . These optimal values are used to compute the optimal values for the system

responses, which will be denoted as 7, [h(tf );q)] However, since the physical parameters and the

n

initial conditions underlying the actual physical system (which is represented by the optimized
NODE) are not known exactly (because they are actually subject to uncertainties), it follows that the
optimal values obtained for the weights are actually just nominal values that are used to compute the

nominal/optimal response-values 7! [h (t{ f);(p] The uncertainties in the various weights and initial

conditions will induce uncertainties in the system responses, which can be computed
deterministically by using the well-known “propagation of errors” methodology, originally
proposed by Tuckey [20] and subsequently extended to sixth-order by Cacuci [21].

3. Illustrative Paradigm Application: NODE Conceptual Modeling of the Nordheim-Fuchs
Phenomenological Reactor Dynamics/Safety Model

The Nordheim-Fuchs phenomenological model [17,18] describes a short-time self-limiting
power transient in a nuclear reactor system having a negative temperature coefficient in which a large
amount of reactivity is suddenly inserted, either intentionally or by accident. The response of such a
reactor system can be estimated by considering that the reactivity insertion is sufficiently large and
the time-span of the transient phenomena under consideration is of the order of the life-time of
prompt-neutrons. For such short times, the effects of delayed neutrons and the local spatial variations
of the neutron distribution in the reactor can be neglected, and the heat generated during the transient
remains within the reactor. Using the notation of Lamarsh [17], the Nordheim-Fuchs paradigm model
describing such a self-limiting power transient comprises the following balance equations:

1. The time-dependent neutron balance (point kinetics) equation for the neutron flux ¢(¢):

= p(1), t>0, (8)

9(0)=p,, t=0, )

where [, denotes the prompt-neutron lifetime, k() denotes the reactor’s multiplication factor, and

@, denotes the initial (i.e., extant flux) prior to initiating the transient at time ¢#=0.

2. The energy production equation:

E(t)zyil_,._[qo(x)dx, (10)
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. . A .
where y denotes the recoverable energy per fission; £, =0,N, denotes the reactor’s effective
macroscopic fission cross section, where o, denotes the reactor’s equivalent microscopic fission

cross section while N, denotes the reactor’s equivalent atomic number density.

3. The energy conservation equation:
e [T()-T]=E(), (11)

where E(t) denotes the total energy released (per cm?) at time ¢ in the reactor since the onset of

reactivity change; ¢, denotes the specific heat (per cm?) of the reactor.

4. The reactivity-temperature feedback equation: k(r)=k, —a,k,[T(t)-T,] , where k, 2k(0)>1
denotes the changed multiplication factor following the reactivity insertionat =0, o, denotes the
magnitude of the negative temperature coefficient, 7 () denotes the reactor’s temperature, and T,

denotes the reactor’s initial temperature at time ¢=0. For illustrating the application of the 1st-
FASAM methodology, it suffices to consider the special case of a “prompt critical transient”, when
the reactor becomes prompt critical after the reactivity insertion, i.e., when k,=1, so that the

reactivity-temperature feedback equation takes on the following particular form:

k(t)=1-a,[T(¢)-T,]. (12)
Equations (8)—(12) can be transformed into the following system of nonlinear differential
equations:

d(o—(t):— % E(t)p(1), t>0. ?(0)=gp,, t=0 (13)

dt le,

dE (t

U6, x,0(0). E(0)=0, (14)

dT(t) pyo,N,
_di ):—2 Lo(t); T(0)=1,. (15)

p

The Nordheim-Fuchs model described by Egs. (13)-(15) can be solved analytically to obtain
exact closed-form expression for the state functions ¢(7), E(t),and T(t), as follows:

(1) Eliminating the function ¢(7) from Egs. (13) and (14) yields a nonlinear differential
equation which can be integrated directly to obtain the following relation:
a 2
o)== v EWra (16)
2lpcp7 O-/'N A

(ii) Using Eq. (16) in Eq. (14) yields the following nonlinear equation for the released energy

E(t):

dE(l‘) a; )
=——_7T _F2(¢ N,, E(0)=0. 17
r 2, (t)+@yo,N,, E(0) 17)

The closed-form solution of Eq. (17) has the following form:
E(t)=K, (a)tanh[ K, (a)], (18)

where:
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20,0 ,N,1c, 1" N, 1"
K (o) 2| DI | g (a2 | SR (19)
o, 2l c,

(iii) Replacing Eq. (18) into Eq. (16) yields the following closed-form expression for ¢(r):
1) = @, {1-tanh>[ K, (0) ]} = — 22— 20
o (1) %{ n [ 2((‘)1} coshz[th (a)] (20)

(iv) Replacing Eq. (18) into Eq. (11) yields the following closed-form expression for 7T(¢):

K

T(t)=T, +ﬂtanh[ﬂ<2 (a)]. (21)

S

The typical results of interest (called “model response”) for the Nordheim-Fuchs model are as
follows:
i) The neutron flux (p(r) in the reactor at a “final time” instance denoted as ¢ =7, after the

initiation at =0 of the prompt-critical power transient, which can be defined
mathematically as follows:

o(7)=| o(t)o(1—7)dt, (22)
(ii) The total energy per cm3, E(7), released at a user-chosen “final time” instance denoted as

t=1, after the initiation at =0 of the prompt-critical power transient, which can be
defined mathematically as follows:

E(r)=| E(t)s(t-7)dt, (23)
where §(t—7) denotes the Dirac-delta functional.
(iii) The reactor’s temperature 7T(z) at a “final time” instance denoted as r=7 after the
initiation at ¢=0 of the prompt-critical power transient, which can be defined
mathematically as follows:

T(z)=|T(t)5(t—7)dt, (24)

Comparing the structure of the Nordheim-Fuchs model, cf. Eqs. (13)—(15), to the generic
structure of a NODE, cf. Egs. (1) and (2), indicates the following correspondences:

B(O) 2 [ (), (0] 2[0(0) E(),T(0)]' s TH =3; (25)

02[0,...0,, ] 2(r.1,.c,.7.0,.N, )T; x2[x,x5] 2(0.T) ; TW =6,TI=2. (26)
A (50:) 2= 5 B p(0) = n (1 () @)

/> (0;6:2) 2 yo N, ()= 0,00,k (1) ; (28)

N
f3 (h;ﬁ;t) A 70—/ S (p(t) A 940506
c o,

P

h(1). (29)
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The actual values of the components of the vectors 8 and x are unknown even after having
trained the NODE, since the actual values of the parameters underlying the Nordheim-Fuchs model
are experimentally-measured and are thus subject to uncertainties. However, the nominal values of
these parameters are considered to be known, and are considered to be exactly reproducible by the
“trained” NODE; these nominal values will be denoted using a superscript “zero,” as follows:

00 2[00,...00 | 2(ad. 0%yt N ) s X 2[00 x| g0 ] . 30)

Consequently, the exact values of the functions h(¢)2 [ (¢),h, (¢).h, (t)]T 2{o(1).E(1).T(1)]
are unknown but their nominal values h°(r)2 [h,o (¢),h5 (¢),hy (t)T = [¢° (¢).E°(¢),T° (t)T are
known after having solved Eqgs. (13)—(15) at the nominal values ((—)0, xo) .

The NODE-representations, cf. Eq. (4), of the responses considered in Egs. (23)—(24)have the
following expressions, respectively:

0= (0501 )=o) o
r(h)= :’lohz(f)‘s(t_tf)dt:E(’f)" (32)
ry(h)= ::th (t)o(t-1,)dt=T(z,). (33)

To illustrate the efficient computation of responses involving decoders having their own
parameters/weights, the thermal conductivity of the conceptual material of the Nordheim-Fuchs
reactor model will be considered to be a “decoder” response having the following expression:

r, (h0) = L;” K [h(1):9]8(t—1,)dr;
h [h(t):@ |2 k(T) =g + @l (1) + 17 (1) = + @, T (1) + 0,77 (1) .

(34)

4. First-Order Comprehensive Adjoint Sensitivity Analysis Methodology for Neural Ordinary
Differential Equations (1s-CASAM-NODE): Mathematical Framework
At the optimal/nominal parameter values, the optimal/nominal solution h’(¢) will satisfy the
following forms of Egs. (1) and (2):
dn’ (1)
dt

=f[h"(1);0%¢], >0, (35)

W (1,)=h,(x",W°), at t=t,. (36)

Furthermore, the vector of optimal/nominal response will have components that are obtained
by using the nominal values for the respective functions and parameters, i.e.:

' (h’:9")= j[’f [0 (£):9° [6(e =1, )dt; n=1,...TR. (37)

The known nominal values x’ of the initial conditions will differ from the true but unknown
values x of the initial conditions by variations denoted as 6x =x—x". Furthermore, the known
nominal values w’ of the weights characterizing the encoder will differ from the true but unknown
values w of the respective weights by variations denoted as Sw = w—w". Similarly, the nominal
values 0° and ¢’, respectively, will differ by variations §020-8° and 5¢ = ¢—-¢°, respectively,

from the corresponding true but unknown values 6 and ¢ . Since the forward state functions h(r)
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are related to the weights and initial conditions through Egs. (1) and (2), it follows that the variations
in these weights and initial conditions will induce corresponding variations

OE (80, (¢),..., 8y, (t)]T around the nominal solution h°(¢). In turn, the variations S¢ and
v (t) will induce variations or, (ho;(po;v(l);&p) in the system’s response.

The 1-CASAM-NODE methodology for computing the first-order sensitivities of the response
with respect to the model’s weights and initial conditions will be established by following the same
principles as those underlying the 1s-CASAM-N methodology [22], which commence by noting that
Cacuci [23] has shown that the most general definition of the sensitivity of an operator-valued model
response R(e) with respect to variations de in the model parameters and state functions in a

neighborhood around the nominal functions and parameter values e’, is given by the 1s-order
Gateaux- (G-) variation, which will be denoted as SR(eO;Se) and is defined as follows:

SR(eO;Se) 2 {%{R(eo + sSe)]} 2 lim R(e hl 86:> _ R(e ) , (38)

for a scalar ¢ and for all (i.e., arbitrary) vectors de in a neighborhood (eo + séie) around e’.
The G-variation 6R<e0;5e) is an operator defined on the same domain as R(e) and has the same
range  as R(e) . The  G-variation SR (eo ; Se) satisfies ~ the  relation:

0 0\ __ 0. . . _ _ . g 0.
R(e +88e>—R(e )— 6R(e ,8e>—|—A(8e), with lslira[A(sBe)]/s =0 . When the G-variation BR(e ,6e>
is linear in the variation &e, it can be written in the form SR(eO ; 8e> = {O0R/de} , 3¢, where {0R/8e} ,

denotes the first-order G-derivative of R(e) with respectto e evaluated at e’.
Applying the definition provided in Eq. (38) to Eq. (4) yields the following expression for the
first-order G-variation &7, (ho;(po;v(l);éq)) of the response r, (h;¢):

or, (ho;(po;v(l);§(p> = {%L;’ h [ho (1)+ evl! (1);9° +£5(p}§(t —t/.)dt; }

e (39)
:{5;’" (ho;(po;é'(p)}d. +{5rn (ho;(po;v(l))}_d; n=1,.,TR.
where v(')é[vl(l)(t),...,vg), (t)T and:
d :
{5;;, (ho;(po;c?(P)}d” 2 j;’(s(z—z_,.){W} S¢ dt, (40)
t )
{5r (h°~q>°~v“>)} éj’f‘g(t_t_){M} VO (1)t . (1)
' ind 710 ! oh (t) (ho ')

This, the quantity {6hf [h(t);q)] /8(p}(h0 0 in Eq. (40) denotes the partial G-derivatives of the
-0

response / [h(¢);¢ | withrespect to the decoder weights ¢ £[g,.....pp, |, evaluated at the nominal

values (h’;¢°). The quantity {57 (h’;¢";5¢ is called the “direct-effect term” because it arises
) q Y 9%

dir

directly from parameter variations d¢ and can be computed directly using the nominal values

(ho;(po) . The quantity {5;’” (ho;(p0;5h;5(p)} . is called the “indirect-effect term” because it arises

indirectly, through the variations v (t) inthe hidden state functions h(¢). The indirect-effect term
can be quantified only after having determined the variations v (t), which are caused by the

variations 0x, 6w and 00.
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The first-order relationships between the variations v (1), 6x, 5w and 60 are obtained by

computing the first-order G-variation of Eqgs. (1) and (2), which are obtained, by definition, as

follows:
i[i(h" +evl) )} = {if [hO +evl; 0" + gse;t]} ) (42)
del| dt de

&=0 =0

{%[h“ (z,)+ v (1, )J} = {di[he (x“ +&eox,w’ +8§W):|} . (43)

£=0 & =0

Carrying out the operations indicated in Eqs. (42) and (43) yields the following system of

equations:

" (1) [ af (n;0) VO (1)< ] AW g (44)

dt ah (ho,eo) 69 (ho’ﬂo) 7
VO (1,) ={@} 5"*{@} o -
X (xo,wo) W (XO’WU)
where:
a] 6 . al ahm
ore) [ DI S (46)
oh ,

6fTH /6111 * afTH /ahTH THxTH

of /6‘91 « 0 /aHTW
. . . , (47)

afTH/aal * afTH/agTW THXTW

of (h;0) ,
e

ot Jox, «  Ohf oxy,
. . . , (48)
Ohzy / Ox; + Ohyy / Oxyy THXTI

oh, (x,w) N
[5)¢ a

Ohy / ow . Ol / Wy
. . . . (49)
Ohyyy [ow, + Ohyy, /aWTEW P —

ch, (x,w)

11>

The system comprising Eqs. (44) and (45) is called the “1s-Level Variational Sensitivity System”
(1s-LVSS), and its solution, v (t) , is called the “1st-level variational sensitivity function.” Note that

the 13-LVSS would need to be solved anew for each component of the variations dx, dw and 90,
which would be prohibitively expensive computationally.

The need for solving the 1#-LVSS can be avoided if the indirect-effect term defined in Eq. (41)
could be expressed in terms of a “right-hand side” that does not involve the function v (t). This
goal can be achieved by expressing the right-side of Eq. (41) in terms of the solutions of the “1st-Level
Adjoint Sensitivity System (1-LASS),” the construction of which requires the introduction of adjoint
operators. Adjoint operators can be defined in Banach spaces but are most useful in Hilbert spaces.
For the NODE considered in this work, the appropriate Hilbert space is defined on the domain

Q, é[to,t/] and will be denoted as H | (Q,), so that v/ (r)eH,(Q,).In H,(Q,), the inner product
of two vectors in u'”(f)eH (Q,) and u”(r)eH ,(Q,) will be denoted as <u("),u(b)>1 , and is

defined as follows:
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u“,u® é{ " (r)ou® (2 dt} , 50

< >1 ‘/;o () (> (xn;eo;wo;q‘o) ( )

where the “dot” indicates the “scalar product of two vectors” defined as follows:
(0 (0) 2 [u 0] 0 () 2 35 (0 ()= o (0] w ).

The next step is to form the inner product of Eq. (44) with a vector

a (1) 2

following relationship:

al" (¢),....al (1 )} €H ,(Q,), where the superscript “(1)” indicates “1s-Level”, to obtain the

av?V (t)
dt

of (h;0)
Jh

of (h;0)
00

a® (X), v (t) —[a® (X),

1

50 ). (51)

oy o

1
Using the definition of the adjoint operator in H | (Q,), the left-side of Eq. (51) is transformed

as follows, after integrating by parts over the independent variable ¢:

f’f ™ ( d f’f o ( 3f he) V(l)(t)dt:am(tf),v(l) (tf)
o oh (ho’eo)
(52)
LS O Rl R U UL T
—a ol — — a .
) dt oh (hoyeo)

The last term on the right-side of Eq. (52) is now required to represent the “indirect-effect” term
defined in Eq. (41), which is achieved by requiring that the 1s-level adjoint function a" (r) satisfy

a0 -0)] 1 on! | h(t
‘ dt(t){afgllne)}(hw)a()(t) { (Eh(t) (p]}(ho;w)g(t_tf)‘ -

the following relation:

The definition of the 1s-level adjoint sensitivity function a"(¢) is now completed by requiring

it to satisfy (adjoint) “boundary conditions at the final time” 7=¢, so as to eliminate the term
containing the unknown values v (t‘, ) in Eq. (52). This aim is achieved by requiring that

a®(1,)=0. (54)

The system of equations comprising Eqs. (53) and (54) constitute the “1st-Level Adjoint
Sensitivity System (1s-LASS)” for the 1s-level adjoint function a’(¢). Evidently, the 1s-LASS is
independent of parameter variations and needs to be solved just once to obtain the 1s-level adjoint
function a® (r).Notably, the 1-LASS has the same form as the “adjoint equations” used for training
the NODE, cf. Egs. (6) and (7), but with the “response” 0k’ [h(t);q)] /8h(t)§ (t—tf) being the
“source” for the 1s-LASS, whereas the “source” in the “training” of the NODE was the “loss
functional” L[h(¢):8;¢|/ohs(¢~1, ). Evidently, the Is-level adjoint sensitivity function a () is the
counterpart of the “adjoint function” a(r) in the “training” of the NODE.

Using the results represented by Eqs. (53), (54), (51), and (41) in Eq. (52) yields the following
alternative expression for the “indirect-effect” term, which does not involve the 1s-level variational

sensitivity function v (t) butinvolves the 1s-level adjoint function a" (r):

o, (050" v ")) = (e (x), {w}(ho,m% +a (1, )v (1,). (55)

1
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Using in Eq. (55) the expression provided for v (t,) in Eq. (45) yields the following
expression for the “indirect-effect” term:

of (h;08)

5r,(h;9%; 0 _ [ a® ’{ } S
for (w'se"s )| =(a" (x) B Jwow) 91

oh, (x,w) oh, (x,w)

+a‘“(fo)‘{ ox }(0 o)gHa(l)(%)'{ ow }(0 0)5W

Replacing the expression obtained in Eq. (55) for the “indirect-effect term” together with the
expression of the direct-effect term provided by Eq. (40) into Eq. (39) yields the following expression
)

(56)

for the first-order G-variation o7, (ho ;0% v

oh’ [h(tf);(pJ oh, (x,w)
i T P
h™;e

o)

;5q)) of the response r, (h;¢):

(57)

h t f (h;
rat (1, )] BelXW) sx+["a® (1) o Y
[5) ¢ (xo,wo) ‘o 00 (ho,eo)

As indicated by the right-side of Eq. (57), the (partial) sensitivities of the response 7, (h;(p) are

provided by the following expressions, all of which are to be evaluated at the nominal values of all
functions and parameters/weights:

o, _ on’ [h(t/);(p]

" % ;i=1,..,TD; n=1,..,TR; (58)
2_:;:3“)(%).%:?”; i=1,..,TEW; n=1,.,TR; (59)
Z_Z:a<'> (;0).%:’@; i=1,.,TI; n=1,..TR; (60)
2_22 ;/a(l)(t)-%l;jﬂ) di; i=1,.,TW; n=1,...,TR. (61)

5. Illustrative Application of the 1-CASAM-NODE Methodology to Compute First-Order
Sensitivities of Nordheim-Fuchs Model Responses with respect to the Underlying Parameters

The application of the 1s-CASAM-NODE methodology to compute the first-order sensitivities
of the responses 7 (h), r,(h), r(h) and r,(h) with respect to the Nordheim-Fuchs model’s

parameters and initial conditions will be presented below in Subsections 5.1 through 5.4, respectively.
Using the “energy-released” response r, (h)= E(z f) as a paradigm, Subsection 5.5 will illustrate an

alternative path for computing first-order sensitivities by applying the “First-Order Feature Adjoint
Sensitivity Analysis Methodology for Nonlinear Systems (1-FASAM-N)” [24], which is the most
efficient procedure for computing sensitivities, but which may require the construction of a dedicated
neural net for this purpose.

5.1. First-Order Sensitivities of the Flux Response r, (h) = (/)(t/)

The first-order sensitivity of the response rl(h):¢(tf) is provided by the first-order G-

differential of the expression in Eq. (31), which is, by definition, obtained as follows:
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5}’1(h;5h):{%[J';/[¢0(t)_hg&gp(t)]d(t—tf)dt}} :J';/&g(t)é'(t—tf)dl. (62)

£=0

The variation J¢(¢) is the solution of the “First-Level Variational Sensitivity System (1:-LVSS)
which is obtained by G-differentiating Eqs. (13)-(15), which yields the following expressions:

dld,, _]d ay +&da, 0 0
(]2 (o om)]} - {dg[(zg%zp)(cgw&,,)(E resee ”‘”’)” -

=0

= {di[(;/o +8§;/)(0';), +&d0, )(N? +55N (0 + £6¢ ,(64)
&

I8
{i:%(rugar)]}gf{i{(y oo oo A+ 0N, ) 4 ]} (63)

de L ae () +adc,)
Lo -e0)] | | Lfotoom)) ()
[Lp wreoe)] | o, ©
oL}t

Performing the operations involving the scalar & in Eqs. (63)-(68) yields the following
expression for the 1s-LVSS:

0

Z&p( )+ B (1)30 (1) + 550" (1) OE (1)
o o (69)
Sa al al
= r 4 r 5l + r__se |E° ()" (2),
[ ENTEN; ] e
%51“7( )-7"o}NySp(t) = |:(O';Nj0r)57/+(7/0]\7j9)56f+(}/00';)5Nf:|(po(t), (70)
%5T(l)—7o-’; 7 Sp (1)
v 000 0 (71)
=I:(02N?)57+(70N2)5O'f+(}/OO'2)5Nf—7/ O;{;Nf 5cp}¢c£t),
[50(1)],_, =5, 72)
[6E(1)]_, =0, (73)
[6T(1)] ., =T, (74)

The 1:+-LVSS comprising Eqs. (69)-(74) represents the specific form taken on by the general
NODE-representation of the 1s-LVSS provided by Eqs. (44) and (45) for the Nordheim-Fuchs model.
Comparing Eqgs. (69)—(74) to Eqs. (44) and (45) indicates the following correspondences:
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B’ (1) _arg’ (1)
T 0.0 T 00 0
of (h;0) e W Ay
. PN 0 V(1) 2| 6E(r) | (75)
e O'fNO 5T(t)
/ 0 0
CP
Lo A AP o
06, 00, 06, Jl,
: 5
G P T A N 76)
o0 06, 06, 00, Sy
o o U Y %,
06, 06, 00, o6, SN,
s B0, 9 LB ()0'(0), o 2 @B ()0"(1),
26, Ie) 7 06, (12) L) 12(02)2 ’
af‘Z A 070 0 afz A 0xA70 0 ajfz 0_0_ 0
=o.N, t), —= N t), ——= 77
A LA Ol R A O @7
Ay o V'ONPU(1) of, 4 opNiO (1) 0 A ¥'NGRU(1) 3fy s 7 oye" (1)
o0, (62)2 " 06, ¢ o6 & o6, o
100 50, 000
h h
Méolo;&éo;wéooo_ (78)
ox ow
00 1 5T, 000

It is evident that the lst—LVSS would need to be solved repeatedly in order to compute the 1st-
level variational function v!' )&[00(t),0E(t),5T (t)]T for every possible variations 0 in the

model parameters and variations ox in the initial conditions (‘encoder”). This computationally
expensive path can be avoided by applying the concepts of the 1s- CASAM-NODE previously
outlined in Subsection 4.1, as follows:

1. Consider that the 1s-level variational function v [é(p SE(t),6T (t)}T eH (Q,), is an
element in a Hilbert space denoted as H (Q,), Q= (O,t ), Comprising elements of the form
u (1) & [uf® (6)” (), ()], w® () [l (1), (¢),u? (1)), and being endowed with the
inner product <u(“),u(b) >1 introduced in Eq. (50), which takes on the following particular form

for the Nordheim-Fuchs model:

@ y®\ & [ () Aeu® (£)dt = [ @ (Nu® (£)dt 79
(uu®) 2 [T (o (e =37 [ ul (1) (1) (79)

i=1
2. Use Eq. (79) to form the inner product of Egs. (69)-(71) with a yet undefined function
a ()2 [a{l) (t),a" (1),a" (¢ )]T €H ,(8,), to obtain the following relation, which is the particular

form taken on by Eq. (51) for the Nordheim-Fuchs model:
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[ a ()| L (t)+a—TOE°(t)§ (t)+ i °(t)SE(t) |dt
o N @ P g T ?
o ()] 0B ()0 00(0)
. 0 ONO
o alh (t){%éT(t)— 4 ‘Zg ! Mr)}u
P
(80)
' oa a 0
=J) @ ()] g+ S Ol s de, | B (1)0° (1) dt
per (lﬁ) € lp(cp)
+[7a (1) [(aﬁN;’ (¥°NY)oo, + (y°a§.)5N] ¢’ (t)at
oNY 0
[ a (1) {(JN) o (0o, (o, -7 e }"65’)%
P P

3. Integrating by parts the terms on the left-side of Eq. (80) yields the following relation

J/ a0 { 000+ o ()3p(0)

0

o’ (t)é'E(t)} dt

pp

o as><f>[gfsE<t>-waaszo}m

+f) aé”(r{%ﬁ(r)—yoiwé <>}df‘ af" (t,)p(1,)-al" (0)5p(0) (D)

P

+a (1) (1) - af” (0)0E (0) +a” (1,)5T (1, )~ (0)5T (0)
+J~O/ W ([)’{A(l) (h;0)a" (,)}(ho;eo) dt,

where:

dt ch

AD (h:0)a® (1) £ - da® (1) _{M (h;g)}f o0 o
o)

with

L (arfes) rem rams

f (h;

() I A S
(n.0%) 0 0 0

The relation obtained in Eq. (81) is the particular form taken on by Eq. (52) for the Nordheim-
Fuchs model.

4. The definition of the function a'’(¢) is now completed by requiring that: (i) the integral term on
the right-side of Eq.(81) represent the G-differential &7 (h;6h) defined in Eq. (62), and (ii) the
appearance of the unknown values of the components of v (t f) be eliminated from appearing
in Eq. (81). These requirements will be satisfied if the function
al (1) % [a{” (t),a" (t),a" (t)r €H,(Q,) is the solution of the following “1s-Level Adjoint
Sensitivity System (1-LASS)":

A" (ms0)a" (s >é—dam(t)‘[af(h;0)T 2 () =[8(e=1,).0.0] ;69
o)

dt ch
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a® (1) 2[a® (1, ).a” (1, ).t (1,)] =[0.0,0]". (85)

It is important to note that if the vector-valued function f(h;0) islinearin h(z) (in which case the
NODE would be linear), then the 1st-level adjoint sensitivity function a" (r) would not depend on
h(z), so the “forward solution path” would not need to be stored in order to compute a" (7).

Otherwise, however, the “forward solution path” h(z) would need to be stored in order to compute
a® (7).

5. Using Egs. (84), (85), (80), (62), (72), (73) and (74) in Eq. (81) yields the following expression
for the first G-differential &r (h;5h) of the response under consideration:

oo al ol
57 (h;oh) =dp(t, ) = If O { IOQ (ZO)ZT 05JP+ZO(T0 25cp}Eo(t)go0(t) dt
PP Sp »\Cp

+-[f (1) |:(O'fN0)5}/+(}/ No)é‘af ( O'O)é'Nf] O(t)dt (86)
+.[/ O |:(O'/N0)57+(70N?»)56f+(}/OO'?»)5N/, 7O'gN05 }googt)dt
. CI’ CI’

+a (0)8p, +a (0)5T,

It follows from Eq. (86) that the first-order sensitivities of the response gp(t f) with respect to

the parameters and initial conditions underlying the Nordheim-Fuchs model have the following
expressions, all of which are to be evaluated at the nominal values of the respective parameters and
functions (but the superscript “zero” is omitted to simplify the notation):

8(0( ) i (1)
o j (1) dt; (87)
8(/7(tf) __ % j‘;f a® (t)E(t)¢7(l) dt (88)

al, (]p )2 c,

a¢(tf' ) ar o Vo Nf o
= a E(t)p(t) dt————|" a3 (t)p(t)dt; 89
e, lp(cp)zfo (1) E(t)o(t) dt ) J, " () o(r)de (89)
a(p(t/

U)o { “>(r>+cia;”<r)}o<r>dr; (0

P

8(/7(1/) J‘ l: D(t (1)(t):|¢(t) 91)

oo,
oplt . 1

a]gf;)—wff { > (1) + c, "5)(”}’(0&; ©2)
6§0<tf) _ al(]) (0)’ agD(ZLf) =0, a¢)(l‘f) =a® (0) . (93)
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5.2. First-Order Sensitivities of the Energy Released Response r, (h)=E (tf)

The first-order G-differential of the response r, (h)=E (tf) defined in Eq. (32) is obtained as

follows:

51, (h;Sh) = {j [jof [E°(t)+&0E(t)]5(t -1, )dt}}

- 0 :jo’f SE(1)5(t—1t,)dt, (94)

where the variation §E(r) is the solution of the “First-Level Variational Sensitivity System (1¢--
LVSS) defined by Egs. (69)—(74).

The sensitivities of the response r, (h)=E (tf) are determined by following the same procedure
as has been outlined in Section 52, wusing an adjoint function denoted as
x" (t)é[xgl) ()5 (). x5 (t)]T €H ,(Q,). Following the same steps as in Section 5.2 (which are
omitted here to avoid undue repetition) leads to the following 1+-LASS for the 1s-level adjoint
sensitivity function " (¢):

a2 2{ECAL i) foatos)a] s oo

2D (tf) a [Xgl) (tf )’X;n (tf ),X<31> (,/_ )]T _ [0, 0, OF- (96)

The sensitivities of £ (t f) with respect to the model parameters and initial conditions have the
same formal expressions as shown in Egs. (87)—(93), but with the components of the 1st-level adjoint

sensitivity function " (¢) replacing the components of a'(¢)2 [ail) (1),a" (1),a" (t)r.

5.3. First-Order Sensitivities of the Temperature Response r;(h)=T (tf)

The first-order G-differential of the response 7 (h)= T(t f) defined in Eq. (33) is obtained as
follows:
[7]1° (e)+eoT (1) |6 (e 1, )dt}}

St (h;5h):{di[ = [ 6T ()5 (¢~1,)dr, (97)

where the variation 67(¢) is the solution of the “First-Level Variational Sensitivity System (1s-
LVSS) defined by Egs. (69)—-(74).

The sensitivities of the response 7, (h)=T7 (t_/. ) are determined by following the same procedure
as has been outlined in Section 5.1, wusing an adjoint function denoted as
g (t)é[ggl) (1),69 (), &5 (t)r €H ,(Q,). Following the same steps as in Section 5.1 (which are
omitted here to avoid undue repetition) leads to the following 1-LASS for the 1s-level adjoint

sensitivity function & (¢):

1 o)1
AW (h;ﬂ)g(l) (t) a _dg;;(f) _|:afglll,9):|( | g0 (t) _ [0,0,5(t—tf )]T . (98)

g (t,)2 [‘:51) ()& (e )& (1 )F =[0,0,0]". (99)
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The sensitivities of T (z f) with respect to the model parameters and initial conditions have the
same formal expressions as shown in Egs. (87)—(93), but with the components of the 1s-level adjoint

sensitivity ~ function gl (1) 2 [éﬁl) (1),6 (1), &5 (t)]T replacing  the  components  of
a® (t) A [a{l) (t),a;l) (t),aél) (t)r~
5.4. First-Order Sensitivities of the Thermal Conductivity Response r, (h;(p) =k(T;;0)

The first-order G-differential of the response 7, (h;¢)=4(7,;¢) defined in Eq. (34) is obtained

as follows:

51, (h;@;6h;69) = 5k(T; ;6T 5¢) = {digj.;/ [golo +&6p, ]5(t—tf)dt}

£=0

+{%J‘;f [(gog + &0, )(TO + 5§T)+(gof +3§¢3)(T0 + 55T)2}5<t—tf)dt}g_o (100)

={0k(T;9:59)},, +{5k(T;9:5T)},,,

where the direct-effect and the indirect-effect terms, respectively, are defined as follows:

{Ok(T;9:50)},, 200, +50, [ T (1)5(1=1, )+ 8, [/ T(1) P8 (¢=1,);  (101)

{ok(T:g:m)},, 2 [ [ 08 +200T° (1) ]8T (1) (¢ ~1, )at. (102)

The direct-effect term yields the following sensitivities which can be evaluated immediately:
ok(T,) ok(T,) ok(T,) 2
Lty —L=1"(1,); ! :[TO (tf)] . (103)
op, op, 0,

The indirect-effect term can be evaluated only after determining the variational function &7 (¢)

, which is the solution of the 15-LVSS defined by Eqs. (69)—-(74). The need for solving (repeatedly) the
15-LVSS can be circumvented by applying the principles of the 1-CASAM-NODE, as previously
outlined. Thus, following the same procedure as detailed in Section 5.1 leads to the following 1s-
LASS for the 1st-level adjoint sensitivity function, denoted as

y (t)é[\ygl) ()95 (1), s (t)reH (Q,), for computing the sensitivities stemming from the
indirect-effect term {Sk(T;9;6T)},

AY (0:0)y (1) =[[ 0! +2007° ()] 5(~1,).0.0] ; (104)

W (1) 2w (1, )ow (1, )ow ()] =[0.0.0]'. (105)

It is important to note that all of the following 1s-Level Adjoint Sensitivity Systems, enumerated
in items (i) through (iv), below:

(1) the 1s-LASS defined by Egs. (84) and (85), which are solved for obtaining the corresponding
1s-level adjoint sensitivity function needed for computing the sensitivities of the component
h(t)2¢(t) of the state function h(r);

(ii) the 1s-LASS defined by Egs. (95) and (96), which are solved for obtaining the corresponding
1st-level adjoint sensitivity function needed for computing the sensitivities of the component
h,(t)2 E(1) of the state function h()];
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(iii) the 1s-LASS defined by Egs. (98) and (99), which are solved for obtaining the corresponding
1st-level adjoint sensitivity function needed for computing the sensitivities of the component
hy(t)2T(t) of the state function h(r), and

(iv) the 1s-LASS defined by Eqgs. (104) and (105), which are solved for obtaining the
corresponding 1s-level adjoint sensitivity function needed for computing the sensitivities
stemming from the indirect-effect term {S5k(T;;67T)}. ;

...have the same structures/operators on their left sides, and the respective adjoint sensitivity function

all satisfy the same final-time conditions; only the source terms on the right-sides of the respective

1s-LASS differ from each other. Consequently, the same numerical procedures and/or neural nets can
be used for computing the respective 1s-level adjoint sensitivity functions.

Since the NODE is a first-order ODE, the corresponding 1t-LASS is solved “backwards” in time,
starting at the final time-step t=¢,, as indicated by the general 1-CASAM-NODE methodology

presented in Section 4. If the NODE is linear in the state function (dependent variable) h(t), then the
1s-LASS will be independent of h(t), so the “forward solution path” would not need to be stored in

order to compute the 1s-level adjoint sensitivity functions. In contradistinction, if the NODE is
nonlinear in the state function (dependent variable) h(z), then the 1s-LASS will depend on h(z), so

the “forward solution path” would need to be stored in order to compute the respective 1s-level
adjoint sensitivity functions.

Furthermore, the same formal expressions are obtained for the sensitivities of the responses
considered. Thus, the respective 1st-level adjoint sensitivity functions differ from each other according
to the response considered, but the quadrature-schemes needed to evaluate the integrals defining the
respective sensitivities are the same. Therefore, the same numerical procedures and/or neural nets
can be used for computing the respective integrals that define the 1st-order sensitivities, while using
the appropriate/corresponding 1s-level adjoint sensitivity functions. If the decoder-response depends
on parameters/weights, additional sensitivities arise from the respective non-vanishing “direct-effect
term.”

If simple relations can be obtained among the responses of interest, such as Egs. (11) and (16)
for the illustrative paradigm example, then the sensitivities of the various responses can be obtained
by using these relationships, but this is seldom the case in practice.

5.5. Most Efficient Computation of First-Order Sensitivities: Application of the 1-FASAM-N

In most, if not all, practical situations, the equations modeling the physical system under
consideration can be recast to suit the computation of the response under consideration and,
consequently, the computation of the response sensitivities with respect to the underlying model
parameters. For example, the response r, (h)=E(z,) involves just the function E(r); hence, this

response would be ideally computed, together with its sensitivities to parameters, by using an
equation containing as few as possible dependent variables other than the ones [e.g., E(f)] needed
for computing the response. Such an equation was obtained in Eq. (17), which contains just the
dependent variable E(t), so it would be more advantageous to us it for the sensitivity analysis of
n(h)=E (tf) rather than use the entire system of equations underlying the Nordheim-Fuchs model,

as was done, for illustrative purposes, in Section 5.1. Furthermore, the form of Eq. (17) indicates that
the “features” (i.e., functions) of model parameters characterizing this balance equation can be chosen
as follows:

FD)252 B 0) 2oy, N F)2[EGLAR)] . (06

where the vector of primary model parameters is defined as follows:
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p2[poars] 2lan e, 00N, 0 | (107)

Note that the vector p includes the initial condition ¢, .
In terms of the “feature function” F(p)= [Fl (p).F, (p)]T, Eq. (17) can alternatively be written

as follows:

——F (p) E*(1)+ . (p). £(0)=0. (108)

In terms of the feature function F(p)é[F1 (p),Fz(p)T , the solution of Eq. (108) has the

following form:

12
E(t):{?g))} wnh[1G(p)]: G(p)2 F (p)F (p). (109)

Of course, a specific NODE would need to be constructed to model Eq. (108).

The form of Eq. (108) is suitable for applying the “n™-Order Features Adjoint Sensitivity
Analysis Methodology for Nonlinear Systems (n"-FASAM-N)” [24], which is the most efficient
methodology for computing sensitivities, particularly for sensitivities of second- and higher-order.
This methodology considers the specific “features” of model parameters, such as the function

F(p)= [Fl (p).F, (p)]T, to compute sensitivities with respect to model parameters more efficiently
than by considering directly the respective primary parameters.

For the computation of 1st-order sensitivities, the 1#-FASAM-N commences by constructing the
1s-Level Variational Sensitivity System (1s-LVSS) for the variational function §E(¢) by applying the

definition of the first-order G-differential to Eq. (108), which yields:

d {d[EO(t)+g5E(t)] 2

de dt +[F +0R | £° +eE ] [Ff”(%)]} =0, (110)

=0

i{[EO(t)+gé'E(t)l:0} =0. (111)

de =0

Performing the operations indicated in Eqgs. (110) and (111) yields the following expression for
the 1s-LVSS satisfied by the variational function SE(7):

AR (1)|0B ()= -0RE (1) +0R, 10, a12)

SE(0)=0, 1=0. (113)

The 1-LVSS represented by Eq. (112) is to be solved at the nominal values for the parameters
and the state function E(7) but the superscript “0” (which indicates “nominal values”) has been
omitted to simplify the notation.

Numerically, the 1s-LVSS would need to be solved anew for the various variations &F,, JF,,
in the components of the feature function F(p). This need for repeatedly solving the 1s-LVSS can be
avoided by constructing the corresponding 1st-Level Adjoint Sensitivity System (13-LASS). The

Hilbert space appropriate for the construction of the 15-LASS corresponding to Eq. (112) is endowed
with the following particular form of Eq. (79):

(@ () (@), 2 [ () (1) (114)
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Using Eq. (114) to form the inner product of Eq. (112) with a yet undefined function o' (¢)

yields the following relation:

[/ o (1)[%+ ZEE(t)}é‘E(t)dt =—(6F) [ @ (¢)E* (1)dt +(5F,) [ & (t)de . (115)

Integrating by parts the left side of Eq. (115) yields the following relation:

[ “)(t)[ +2FE(t)}5E( )dt = @V (v)SE(r)- " (0)SE(0)
(116)

+f, 6E(t){_@+ 2RE(t) 0" (t):l dt.

Identifying the integral on the right-side of Eq. (116) with the G-differential SE(7) of the
response E(7) obtained in Eq. (32) and eliminating the unknown value §E(z) from the right-side
of Eq. (116) by setting ©" (r)=0 yields the following 1s-Level Adjoint Sensitivity System (15-LASS)

for the 1¢-level adjoint sensitivity function " (1):

|:—%+2F1E(t):|a)(l) (t)=58(t-t,), t>0, (117)

o (t,)=0, t=t,. (118)

The 1s-LASS represented by Eqgs. (117) and (118) is independent of variations in the feature
functions (and/or parameters) so it would need to be solved only once, numerically. In the present
case, the 1s-LASS can be solved analytically to obtain the following closed-form expression for the

1s-level adjoint sensitivity function o (1):

oV (t):H(,/ _,){M} , (119)

cosh[th(p)J

where H (t —t f) denotes the Heaviside functional.

Using Egs. (116)—-(118) in Eq. (115) yields the following expression for the first-order total G-
differential SF (z‘ p ) of the response E (t, /.) in terms of the 1s-level ad]01nt function " (r):

SE(t,)==(5F,) [ & (1)E* (t)dt +(5F,) [/ & (r)at (120)

It follows from Eqs. (120), (119) and (109) that the two sensitivities of the response E (tf) with
respect to the two components of the feature function F £ (F,,F, )T have the following expressions:

O (1) _ [ " (¢)E* (1) ar l{Fz(P):IM{ b _tanh[t"G(p)J};(lﬂ)

oF, 0 2 F(p)] |cosh’[£,G(p)] G(p)

i . (122)

aE(tf) (Y a)(l) _
_‘[ (t)dt N 2cosh’ [th(p)}

oF,

mtanh[th(p)]Jr

The above expressions are to be evaluated at the nominal parameter values but the superscript
“zero” has been omitted, for simplicity. The expressions obtained in Eqs. (121) and (122) can be
verified by differentiating the expression provided in Eq. (109), evaluated at a user-chosen time
t=t, within the interval 0<z, <.

d0i:10.20944/preprints202407.2613.v1
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The sensitivities of the response E (tf) with respect to the model parameters and initial

condition are obtained by using the following “chain-rule” relationship:

OE(t/:F:F) (1) aF (p) OE(t/)oF(p) . _,
op; OF, op, oF, p; ’

pen T (123)

The explicit expressions for the specific sensitivities of the response E(t f) with respect to the

parameters underlying the feature functions are obtained using Eq. (123) in conjunction with Egs.
(121) and (122) while recalling the definitions of the feature functions £ (p) and F,(p) defined in

Eq. (106). The detailed expressions of these sensitivities are as follows:
oE(t,) _ OE(t,) oF, N 0E(t,) o, o oE(t,)

; (124)
oa, OF, oOa; OF, Oa, 2l,, OF
aE(tf) _ aE(tf)%_‘_ aE(tf) oF, ___ % aE(tf) . (125)
al, OF, o, OF, dl, ol )z ¢, OF, ;
OE(t,) _ aE(zf.)%+aE(tf)a£:_ o, OE(1) (126)
éc, OF &, OF, &, ()1, OF '
aEa(tf) _Ely)er + E() oF, _ P0 N, o) ; (127)
v OF 9y OF, oy oF,
6?(@):%(0) oF,  OE(,) oF, _ o, o (1) 128)
o, oF, oo, OF, 0o, OF,
az;*(tf) _ OE(t,) oF +6E(tf) oF, oo, OE(t,) 129)
N, oF 0N, OF, oN, OF,
aE(tf) _ aE(tf)ai_i_ aE(tf)ai: N aE(tf) . (130)
dp,  OF 0@, OF, op, " om

Notably, the application of the 1#-FASAM-N requires one “large-scale” computation to solve the
1:-LASS, cf. Eq. (117) and (118), which is a single ODE, to obtain the 1-level adjoint function o (¢)

, which is a scalar-valued function. However, solving the forward model, cf. Eq. (17), and the
corresponding 1-LASS, comprising Eq. (117) and (118), would require the construction of a separate

(albeit simpler) NODE. The 1¢-level adjoint function @ (¢)is subsequently used in performing two

integrals (quadrature) for obtaining the two sensitivities of the response E(tf) with respect to the

two components F(p) and F,(p) of the feature function F(p)2 (F,,F,) . Subsequently, all of the

response sensitivities with respect to the model’s primary parameters are obtained analytically by
using the chain-rule to differentiate the components of the feature function with respect to the
underlying model parameters and initial conditions.

In contradistinction, if one wishes to compute directly the sensitivities of the response with
respect to the model parameters and initial conditions, it has been shown in Subsections 5.1-5.4 that
the original NODE can be used to solve (backward in time) the 15-LASS, which comprises a system
of three coupled ODEs (rather than a single ODE if the 1-FASAM is used) for obtaining the 1st-level
adjoint function, which is a vector-valued function comprising three components, cf.
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21 (1)=& [xgl) ()28 (£). 15" (t)r for the response E (tf) . The respective vector-valued 1s-level adjoint

function is subsequently used in computing six (rather than two, if the 1s-FASAM is used) integrals
(quadrature) for obtaining the six sensitivities of the respective response with respect to the six model
parameters.

Equations similar to Eq. (17) can be derived for the reactor-flux and reactor temperature
responses, so the 1-FASAM can be applied in a similar fashion to compute the first-order sensitivities
of these responses. Using the sensitivities with respect to the reactor temperature response would
readily provide the first-order sensitivities of the reactor thermal conductivity response. However,
corresponding to each of these responses, a specific NODE would need to be constructed. Of course,
any of these specific NODE would have much simpler structures than the NODE for solving
simultaneously the system of coupled ODEs presented in Subsections 5.1 through 5.4.

6. Discussion and Conclusions

This work has introduced the mathematical framework of the novel “First-Order
Comprehensive Adjoint Sensitivity Analysis Methodology for Neural Ordinary Differential
Equations (1-CASAM-NODE)” which yields exact expressions for the first-order sensitivities of
NODE decoder-responses to the NODE parameters, including encoder initial conditions, while
enabling the most efficient computation of these sensitivities. The application of the 1-CASAM-
NODE has been illustrated by using the Nordheim-Fuchs reactor dynamics/safety phenomenological
model, which is representative of physical systems that would be modeled by NODE while admitting
exact analytical solutions for all quantities of interest (hidden states, decoder outputs, sensitivities
with respect to all parameters and initial conditions, etc.). It has also been shown that if the equations
underlying the physical model can be re-arranged so as to group the parameters/weights into
functional “features” of several parameters, then the “First-Order Feature Adjoint Sensitivity
Analysis Methodology for Nonlinear Systems (1-FASAM-N)” can be advantageously applied to
compute the response sensitivities with respect to the feature functions (which are by definition fewer
than the number of parameters). The response sensitivities with respect to the primary parameters
are subsequently obtained analytically by using the chain-rule to differentiate the components of the
feature function with respect to the underlying model parameters and initial conditions. Applying
the 1s-FASAM-N, however, would require the construction of a specific NODE for this purpose.

This work has also laid the foundation for the ongoing work on conceiving the “Second-Order
Comprehensive Adjoint Sensitivity Analysis Methodology for Neural Ordinary Differential
Equations (2d-CASAM-NODE)” which aims at yielding exact expressions for the second-order
sensitivities of NODE decoder-responses to the NODE parameters and initial conditions while
enabling the most efficient computation of these sensitivities.
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