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1. Introduction

The theory of dynamic equations has many interesting applications in control theory, mathematical
economics, mathematical biology, engineering and technology. In some cases, there exists uncertainty,
ambiguity or vague factors in such problems, and fuzzy theory and interval analysis are powerful
tools for modeling these equations on time scales.

In this paper, we introduce the Adomian decomposition method for the following class of first
order fuzzy dynamic equations

Suy = f(y), te (to,T], 1)
y(to) = Yo, (2)

where

(A1) f € C([to, T] x F(R)), f : F(R) — F(R), to, T € T, T is an arbitrary time scale with forward
jump operator and delta differentiation operator o and A, respectively.

Here F(IR) denotes the set of all real fuzzy numbers, 0 denotes the zero fuzzy number and §;; denotes
the first type fuzzy delta derivative on T.

To the best of our knowledge, there is a gap in the references for investigations of the Adomian
decomposition method for fuzzy dynamic equations on time scales. Here, in this paper we try to fill
out this gap.

This paper is organized as follows. In the next section, we give some basic definitions and
facts of fuzzy dynamic calculus on time scales. In Section 3, we give an exposition of the Adomian
decomposition method on time scales. In Section 4 we introduce the Adomian decomposition method
for the problem (1), (2). In Section 5, we give a numerical example.

2. Fuzzy Dynamic Calculus Essentials

In this section, we will give some basic definitions and fact of fuzzy dynamic calculus on time
scales. For detailed study of fuzzy dynamic calculus on time scales we refer the reader to the book [2].
Suppose that T is a time scale with forward jump operator and delta differentiation operator o
and A, respectively. With F(IR) we will denote the space of the real fuzzy numbers and with D(-, )
we will denote the Hausdorff distance between the real fuzzy numbers. For more details for fuzzy
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numbers and Hausdorff distance between the real fuzzy numbers we refer the reader to the appendix
of the book [2].

Definition 1. ([2]) Assume that f : T — F(IR) is a fuzzy function and t € T*. Then f is said to be first type
right fuzzy delta differentiable at t, shortly right Sy-differentiable at t, if there exists an element 54 f (t) € F(R)
with the property that, for any given € > 0, there exists a neighbourhood U of t, i.e., Ur = (t —6,t +6) T
for some 6 > 0, such that for all t + h € Uy the H-difference f(t +h) ©g f(o(t)) exists and

D(f(t+h)on f(o(t)), 8 f(£)(h = u(t)) < elh— p(t)]

with 0 < h < 8. In this case, 5}, f (t) is said to be first type right fuzzy delta derivative of f at t, shortly right
dp-derivative of f at t.

Definition 2. ([2]) Assume that f : T — F(IR) is a fuzzy function and t € T*. Then f is said to be first type
left fuzzy delta differentiable at t, shortly left Sy-differentiable at t, if there exists an element 5y f (t) € F(R)
with the property that, for any given € > 0, there exists a neighbourhood Uy of t, i.e., U = (t —6,t + )T
for some & > 0, such that for all t — h € Uy the H-difference f(o(t)) ©y f(t — h) exists and

D(f(e(t)) &n f(t=h),opf(t)(h+ p(t)) < e(h+ p(t))

with0 < h < 4.

Definition 3. ([2]) Let f : T — F(R) be a fuzzy function and t € T. Then f is said to be first type fuzzy
delta differentiable at t, shortly éy-differentiable at t, if f is both first type left and right fuzzy delta differentiable
at t € T and 5, f(t) = 671 f(t), and we will denote it by Sy f (t). We call Sy f () the first type fuzzy delta
derivative of f at t, shortly dp-derivative of f at t. We say that f is first type fuzzy delta differentiable at t, shortly
Oy-differentiable at t, if its dy-derivative exists at t. We say that f is first type fuzzy delta differentiable on T,
shortly Sy-differentiable on T*, if its 6y-derivative exists at each t € T*. The fuzzy function 6y f : T* — F(RR)
is then called first type fuzzy delta derivative, shortly dy-derivative of f on T*.

The defined Jp-derivative has the following properties.

Theorem 1. ([2]) If the dy-derivative of f at t € T* exists, then it is unique. Hence, éy-derivative is
well-defined.

Theorem 2. ([2]) Assume that f : T — F(R) is a continuous function at t; € T* and t, is right-scattered.
Then f is oy-differentiable at t1 and

flo(t)) ©n f(t1)
p(t1)

Theorem 3. ([2]) Assume that f : T — F(R) is dy-differentiable at t € T*. Then f is continuous at t.

duf(t) =

Theorem 4. ([2]) Let f : T — F(R) be a fuzzy function and let t € T* be right-dense. Then f is dy-
differentiable at t if and only if the limits

LR ORA® L f S )
h—0+ h h—0+ h

)
exist and satisfy the relations

po SEAM O f() | F(0) O flt )
h—0-+ h h—0+ h

= ouf(t).
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Theorem 5. ([2]) Let f : T — F(R) is dy-differentiable at t € T*. Then

flo(t) = f(t) + p(t) - ouf(t)

or

f(8) = fle(®)) + (=1) - (u(t) - Suf(t))-

Theorem 6. ([2]) Let f,¢ : T — F(R) be éy-differentiable at t € T*. Then f+g : T — F(R) is
Op-differentiable at t € T* and

Ou(f +8)(t) = ouf(t) +oug(t).

Theorem 7. ([2]) Let f : T — F(R) be dy-differentiable at t € T*. Then for any A € R the function
A« f: T — F(R) is 6y-differentiable at t € T* and

Su(A-f)(t) = A-Suf(h).

Theorem 8. ([2]) Lett € T%, f : T — F(R) and f,(t) = [f(t)]*, « € [0,1]. If f is 6y-differentiable at t,
then fy is 6y-differentiable at t and

Sulf(H)]* = dnfa(t), a«<l0,1].

Theorem 9. ([2]) Lett € T, f : T — F(R) is 6y-differentiable at t. Let also,
FOF = [0, F 0], «cll.

Then f* and ?X are A-differentiable at t and

ouf (O] = [f2®. 7 1), «elol.

Now, we introduce the conception for the first type fuzzy delta integration on time scales. Let
ICT.

Definition 4. ([2]) A function f : T — R is called a sector of the fuzzy function F : I — F(R) if f(t) € F(t)
forall t € 1. The set of all rd-continuous sectors of F on I is denoted by Sy (I).

Theorem 10. ([2]) Let tg, T € T, tog < T, F,G : [ty, T] — F(R) be éy-integrable. Then F + G : [ty, T] —
F(R) is dy-integrable and

T

T T
(F(s) + G(s))oys = [ F(s)ous+ | G(s)dys. (4)
/ e e et

to

Theorem 11. ([2]) Let to, T € T, to < T, F : [to, T] — F(R) be éy-integrable. Then A - F : [to, T] — F(R)
is 0y-integrable and

T T
/A-F(s)éHs :/\-/F(s)éHs

fo fo

forany A € R.
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Theorem 12. ([2]) Letty, T € T, tg < T, and F : [to, T| — F(R) be 6y-integrable. Then

T t T
/F(s)éHs = /P(s)5H5+/F(s)5Hs

forany t € [ty, T].

Theorem 13. ([2]) Letty, T € T, tg < T, F : [ty, T] — F(R) is rd-continuous. If Xy € F(R) and

t
£(£) = Xo + / F(s)dus, t € [to, T),

to

then f is éy-differentiable and
ouf(t) =F(t), telty,T].

Theorem 14. ([2]) If f : [a,b] — F(IR) is Sy-differentiable on [a, b], then

b
[ éuf(®) = 0 S fla).

Theorem 15. ([2]) Let f : [a,b] — F(R) be éy-integrable. Then

b

[ f®out = (=1 [ fyout
b

a

Theorem 16 (Integration by Parts). ([2]) Let f, g : [a,b] — F(R) be éy-differentiable and f o ¢ is also
dy-differentiable on [a,b]. If

iy <o, 1%, (<o, 14

s s (1) <0, telabf, 5

ouf.g\/ =

then
b

J f(o(t)) 0 ong(t)out = (f(b)og(b)) Sn (f(a)og(a))

a

@Hfb5Hf(i‘) Og(i‘)(sHt.

3. The Adomian Decomposition Method on Time Scales

In this section, we will describe the Adomian decomposition method on arbitrary time scale T
with forward jump operator and delta differentiation operator o and A, respectively. The exposition in
this section, follows the exposition in [3].

Denote the set consisting of all possible strings of length n, containing exactly k times o and n — k

(n)

times A operators by S, . Then we have

m+n A
ha(t,$)h(t,s) = ) Yo hy'(s,s) |t s)

= 1
I=m Al,m 6551)
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for every t,s € T. Fors € T, [,m,n € Ny, set
Ap
Almns = Z hy, b (s,s)
Al,n165$)
and for any m,n € Ny, we have
m—+n
hn(t,s)hm(t,s) = 2 Al,m,n,shl(tls)' )
I=m
Forn € Ny, t,s € T, define the polynomials
H(t,s) = (hi(t,s))", tseT.
Note that
H(t,s)HL(t,s) = H . (ts), tseT.
Note also that
Hi(t,s) = hyi(t,s), ®)
and
H%(t,s) = Al,l,l,SH% (t,S) —+ A2,1,l,sh2(t/ S),
whereupon
A 1
ho(t,s) = — 1S g1 ) 4 Hi(t,s),
Ax11s A 11,s
and so on. Below we denote by Bf.' ,1,j € N, the constants for which
H}(t,s) = Blhy(t,s) + Bihy(t,s) + - + Bl'hy(t,s), t,s€T. 9)

Suppose that u : T — R is a given function which has a convergent series expansion of the form

U= Z u;j. (10)
j=0
Suppose also that f : R — R is a given analytic function such that
f(u) = Z A?’l(u(]/ Uy, enny u}’l)/ (11)
n=0
where A;, n € Ny, are given by
Ao = f(uo)

Ay = Y clu,n)fY(u), neN.
=1

<
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Here the functions c(v,7) denote the sum of products of v components u; of u given in (10), whose
subscripts sum up to 1, divided by the factorial of the number of repeated subscripts, i.e.,

Ao = f(uo),
A = ¢(1,1)f (uo)
= uf'(uo),

Ay = ¢(1,2)f (uo) +c(2,2)f"(uo)

uz
= uyf'(uo) + 2—}f"(uo)/

Az = c(1,3)f (uo) +c(2,3)f" (uo) +c(3,3) " (uo)

3
u
= ”3f’(uo)+u1u2f"(“0)+3—} " (ug),

Ay = c(1,4)f (up) +c(2,4)f" (uo) +¢(3,4) f" (o)

+c(4,4) F® (up)

uZ 2
= “4f’(u0) + <u1u3 + f)f”(uo) + %f”/(uo)

1 )
+If (1)

and so on. Suppose now that u is given by the convergent series

u= Y cnHL(x, x0). (12)
n=0

We wish to find the respected transformed series for f(u). From (10), we have

[ee) o0
u=Y u, =Y cyHi(x,x0),
n=0 n=0

and hence,
Up = ani(x, x0), 1 € Np.
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Thus,
f(l/l) = An(”Ozul;--~r”n)
n=0
= f(Z cnH(x, x0)>
n=0
= ZA"(co,c1,...,cn)H,ll(x,xo).
n=0
Hence,

An(uo,uq, ..., uy) = A”(co,cl,...,cn)H,ll(x,xO).

For n = 0, we have

Uy = coHé(x,xo).
= (9.
Thus,
Ao(uo) = A°(co)Hy(x,x0)
= A%co).
Forn =1, we find
Aq(ug,ur) = uif'(ug)
= Al(co,c1)Hi (x, x0)
or
e Hi(x,x0) f' (ug) = Al(co,c1)Hi (x, x0),
whereupon
Al(co,c1) = c1f'(up)
= c1f'(co)
= Ai(co, 1)

For n = 2, we have
Ay (ug, u1,up) = A*(co, c1,c2)Hy (x, x0)
or

2

u
us f' (ug) + %f”(”o) = A%(co, c1,¢2)HA (%, x0).

Then o 5
c5(Hy (x, x
ea ) (x,30) o) + TELTOL 1(c) — A2y 1, e0) H (3, 30),

7 of 18
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or
! C% 1" 1 2 1
caf'(co) + > f (co) | Ha(x,x9) = A*(co, c1,¢2)Hy (x, x0),
whereupon
AZ _ ! i 1"
(co,c1,c2) = caf'(co) + 2f (co)
= Az(co,c1,02).
For n = 3, we find
! 1" u% 1" _
M3f (Mo) + uluz.f (MO) + ; (MO) - A3(u0/ Uy, up, M3)
= A%(co, c1,¢2,03)Hi (x, x0)
or
3
c
csH3 (x,x0) f' (co) + c1c2H3 (x, x0) f (x0) + 3*1,f’"(co)H§ (x,x0) = A3(co, €1, c2, c3) H3 (%, x0),
whereupon
3
c
caf'(co) +crcaf”(co) + = f"(co) = A3(co,c1,02,03)

3!

= A3(C0/ C1,C2, C3)/
and so on. We get the following result.

Theorem 17 ([3]). Let u : T — R be a function with a convergent expansion given in (12). Let f : R — R be
an analytic function having the form (11). Then

[e9)

fu) :f<ioan},(x,x0)) = Z An(co,c1, ..., cn)HY (%, x0).

n=0

4. The Adomian Decomposition Method for the Problem (1), (2)

In this section, we will introduce the Adomian decomposition method for the problem (1), (2).
Firstly, note that the problem (1), (2) can be rewritten in the form

a5 = [FoF W] te ),

vt 7 ()] =[] aelo.

Consider the problem
y’m =f"(y), t>to, y(to) =0, (13)

where f* : R — R is an analytic function. We propose a solution of the IVP (13), in the form
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Like in the general case, we suppose that
ZA (Core- -0 (t ty), t>to.
We have '
o ] .
“(t) =co+ Y. Y ¢iBih(t to), t>to. (14)
j=1k=1
and
0 J
) = Agleo) + ) Y Ajlc,---,¢)B; hk(t to), t>to. (15)
j=1k=1
Let

Then we have
L(y () (z) = 2Y(2) — ¥ (to) = 2Y(2),

Taking the Laplace transform of both sides of the dynamic equation (13) we obtain

zY(z) = (A() co) + i ]Z CO, .. B hk(i’ to))( )

j=1k=1
1 & i1
= Ay(e) E—’_ZZ co,.., sz+1
j=1k=1
Then we obtain
1 & 1
Y(z) _AO(Q));Z+§1<Z:1A](% <) ]W
j=1k=

o ]
Z“(t) Ap(co)hi(t, to) + 2 ZA Cos---sC B hk+1(t fp).

Employing (18), we have

8

j

co+ Z Zc Bl (t,to) = Ag(co)h (£ to) + Z Z (co, -+, ¢))B] I (£ o).

j=1k=1 j=1

In order to equate the coefficients of the time scale monomials /i (t, tp) on both sides, we reorder the
sums as follows.
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This results in the following nonlinear system for determining the constants ¢;, j = 0,1,
¢y = 0,

VB = Aule) =0

ciB; = Co) =

€iby AplLo
&5 - (16)

(9] . 00 .

j=k j=k—1

Notice that the system is infinite and nonlinear in its unknowns. However, the nonlinearity is of
polynomial type. This is a results of the nonlinear structure of the function f*.
Now, consider the problem

vA=F(y), t>t, y(to)=0, (17)

where ?‘ : R — R is an analytic function. We will search a solution of the IVP (17), in the form
Z ¢;H; Lt tg), t>t.

Assume that

7w = g Ai(G. )H (b k), t= 1ty
We have '
TH(t) = 8 + i i SBU(tto), 1> to. (18)
j=1k=1
and
ly) = m%+§;A%.@ﬂmmyty@ (19)
]

As above, we get the following system for the constants ¢;, j = 0,1,.. ..

¢ = 0,
Y. gB = Ay(c) =F(0) 20
j=1
ZEJE{( = Z ZJ(EO"“'Ef)E;(—l' k> 2.
= j=k—1

5. A Numerical Example

Consider the initial value problem associated with the first order nonlinear fuzzy dynamic
equation of the form

[yaA(t),yaA(t)} _ [eay(t),e%cy(t)}’ t>0, y(to) — [0’ 0], (21)

€ [0,1]. Consider the IVP
y () = e, g (0) =0.

Assume that the solution has the series representation

= X%]ch}(t, 0), t>0,
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where ¢, j € Ny are the coefficients to be determined.
f(y) = e‘xy(t) = ;)A]‘(Co, .- ,C])H]l(t,O), t>0,
]:
where
Ao = flco)
— etXCO
A1 = «af'(c)
= acpeto
2
Ay = oof'(co) + 3 f"(co)
— (ac + (“Cl)z)elxcl)
11 1 111 (22)
Az = af'(o) +eaeaf(co) + 35" (co)
= (ocC3 +a%cicp + (Ml ) €0
4
Ay = caf'(co) + (ClcS + 22> Clzczf/"(co) + 3/ (eo)
3.2
= (uw4 + a2 c163 + (ac ) + = 62162 + (“Z})4>eﬂ‘cﬂ
The infinite nonlinear system for this example has the form
co = 0,
ClB% +C2B%+C3B%+ oo =1
czB§+C3B§+C4B§+--- = ucclBl—l—(zxc —I—( 1 )B2—|— .- (23)
csB§+C4B‘31+c5Bg—I— e = <1xc + (“Cl) )B2+~-

Solving this nonlinear system one can approximately obtain ¢;, i € N, and hence, the approximate
solution of the initial value problem which is

y*(t) = c1H{ (t,0) + c2Hy (,0) + c3Hy (£,0) + - - - (24)
As above,
7 (t) = Hj (£,0) + 02 Hj (t,0) + C3H3 (£,0) + - - - (25)
where
o = 0
OBl + B+ B+ = 1
OB+ B 4Bl = 2046131+(20¢c + 2B 26)

B3 + 4Bt + B + - - (2020 + 255 VB3 +-

Let T = 2% and ty = 1. Then o'(t) = 2t,t € T, and

hy (tr tO) = I (t,l)
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Next,
M(bt) = b —t42, teT
2\, 00) — 3 3/ .
Really,
t
W) — ZHEE
3
2+t
= =1
3
= t—1
= hl(t,to), teT
Moreover,

B2 2 8
hy(tt)) = — — — +=t——, teT.
slbto) =5y =3 +3t—5p t€

Indeed,
)2 +to(t) +12  o(t) +t
e (tty) = (o -
3 (4 to) 21 3
)P +tenE 2t+t 2
a 21 3 3
4P 428482 3t 2
o 21 3 3
B 7t2_t+2
21 3
1, 2
3 *3
= h2(i’,t0), teT.
Note that
Hl(t,tg) = (t—1tg)"
= (t-1" teT.
Then
Hi(tty) = (t—1)°
= 2-2t+1,
Hi(tty) = (t—1)°

= £P_324+3t—1, teT.

2

3

doi:10.20944/preprints202407.2182.v1
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Forn =1, we get

Hi(t, to) = Bimy(t,tg), teT,

whereupon

t—1=Bi(t—1), teT.

Therefore B% = 1. Forn = 2, we find

13 0f 18

teT,

Hi(t,to) = B2hy(t,to) + Baha(t, o), tET,
or
2_ 2P 2
or
2 2 w2 Bia o 200
B3 2
= 22+ (B} - B3)t+ B3 — B3,
3 3

whereupon we get the system

BZ

22— 1

3

B} -B3 = -2
2
535 -B2 = 1,
whose solutions are
B} = 1
B} = 3
Next,
Hi(t, to) = B3hy(t,tg) + B3ha(t, to) + B3hs(t, o),

or

N3 p3, s( 2 (P
(t—1)° = B3t —1) + B t+)+B3 +

3 3 21 3
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teT,or
3 a2 3 3 Bo s 203
B? B3 2 8
3.3 3.2 3 3
3 32 L ZBt— —B
o R T
21 3 3
3 3 203
2 8
3 3 3
+<—B1+§B2—5B3>, teT,
whereupon we get the system
3
B
21
B B _
3 3
B _Bl+2B} — 3
1 2 3 3 -
2 8
_p3,.cp3_%p3 _
B+ 3B — 51 B3 1,
whose solutions are
B} =1
B = 12
B = 21

Now, we consider the first four equations of (23) with the following approximations

cp = 0
(1Bl + B + 3B} = 1
2
uc
c2B§ + 03Bg = uclB% + (acz + %) B%

Qc 2
ot = (s )
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or

o

c1+cx+c3

3¢y +12c¢3

21C3

whereupon we get

15 0f 18

zxzc%

acy + mcz+T
3| ac +ﬁ

2 5 |

a% 4+ 120 +21 £ /(a2 + 12a + 21)2 — 4a2(5a + 21)

(c1)12

202 !

(52)1,2 W

202

2
1 2 a2 + 120 + 21 + /(a2 + 120 + 21)2 — 4a2(5a + 21)
)

202

2 2 2 _ 2
_14<a + 120 +21 + /(a2 + 12a + 21)2 — 4 (5a+21)>+14>

(03)1,2 20a+7

202

2
1 2 a? + 120 + 21 + /(a2 + 12a + 21)2 — 4a2(5a + 21)
)

202

2 + 2 2 _ 442
_2a<vc + 120 +21 + \/(a? + 120 + 21)% — 4 (5a+21)>+2“).

Replacing « with 2«, we find

402 + 24 + 21 & /(422 + 24 + 21)2 — 16a2(10a + 21)

(c1)12

8a2 !

(Cz)l,z W

2
1 a2 4o® + 24 + 21 4 /(4a? + 24 + 21)2 — 1642 (10a + 21)
) 8a2

82

402 4+ 24p + 21 + /(402 + 240 + 21)2 — 16a2(1 21
14<(x+ o+ /(402 + 240 +21)2 — 1642 (10a + )>+14>

(53)1,2 m

2
1 (4 2<4vc2+24a+21j:\/(4¢x2+240c+21)2—16a2(100c+21)>
Sa2

8a2

2 2 2 _ 2
_4a<4zx + 240 + 21 + /(40 + 240 + 21)2 — 16u (100c+21)> +21x>
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Therefore approximative solutions are

vy (t) = co+eH{(t1) +Hy(t,1) + c3H3(t,1)

0?2 +120+21++/ (a2 +120+21)2 —4a2 (50+21) (t
2472

-1),

2
41 ) 02 4+120+21+4/ (a2 +12a+21)2—4a2 (5a+21)
a7y | X 22

1 (oc2+120<+21:i:\/(a2+121x+21)2—4a2(50¢+21)) n 14> (t—1)2

202

2
L1 o [ a?+12a+21+ /(a2 +120+21)2 —4a2 (5a+21)
27\ 222

2a2

oy (a2+12a+2li\/(a2+120¢+21)2—4a2(5a+21)> n 2a) (t—1y3

and
y*(t) = co+ciHi(t1) +aH(t1) +c3HA(t 1)

4024+ 240+21+ /(402 + 240+ 21)2— 1622 (10a+21) (t
8a2

_1)

1
37

2
4024240 +21++/ (402 +240+21)2 —16a2 (100421
— 407 >
8w

8a2

_14<4txz+24tx+21i\/(4a2+241x+21)2—161x2(101x+21)) n 14> (t— 172

2
L1 402 402 +240+21++/ (402 +24a+21)2— 1602 (10a+21)
20047 \ % 82

2 2 2_ 2
_4a<4a 2404214/ (4a gz;;&m) Toa (101x+21)) F 2w ) (F— 1),
In figures below are shown the solutions for a = %, « = }and a = }, respectively, at t =

1,2,4,8,16,32, 64.
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