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Abstract: Let S be a Fermat surface of degree 5 and let k be an algebraically closed field of characteristic
p = 2. We give a fibration f: S — P} and investigate the geometric properties of fiber of f.
Furthermore, we investigate the fibration-preserving automorphisms group Autpi (S) of f. We

obtain that Autp}( (S) is a p-group of order 256.
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1. Introduction

Let k be an algebraically closed field and let S be the hypersurface in P} defined by the equation

5 5 5 5
where zy, 21, 23, z3 are the homogeneous coordinates.
The morphism f: S — P} is defined as follows:

z%/zg, if zg = z1 and z, = z3,

f:(ZoZthzQZZ?,)P—){ (2)

(zo — z1)/ (22 — z3), otherwise.

When k is the complex numbers C, f is a fibration. It is well-known that the general fiber of f is a
smooth curve. (see [1], Chapter III, Corollary 10.7). In [2-4], they investigate the fibration f: S — ]P’}C.
For example, the general fiber of f is a smooth curve of genus 3. On the other hand, let S) denote the
fiber over a point A € IP(,, they obtain that S, is a singular fiber if and only if A belongs to the following

set
E:={A|A% = ~1/4,1,0r —4} U{0,00}. @)

However, when k is an algebraically closed field of positive characteristic, the situation will be
different. The general fiber of a fibration may be singular (see [5]).

In this paper, k will be an algebraically closed field of characteristic 2. Although f remains a
fibration, the general fiber of f is no longer smooth. In Section 2, we recall some necessary preliminaries.
In Section 3, we investigate the geometric properties of fiber of f. We obtain that the following theorem.

Theorem 1. (see Proposition 1, Proposition 2). Let k be an algebraically closed field of characteristic 2 and
let S be a Fermat surface of degree 5 defined by the equation (1). Let f: S — P{ be a fibration defined by (2).
We obtain that

(i) for any A € k, the fiber S has arithmetic genus 3.

(ii) the fiber S, is reducible if and only if

Ae{c|c?® =1} U{0,0}. (4)

(i) if A & {c|c'® =1} U {0, 00}, then the fiber S is a rational curve with a unique singular point (1: 1 : AT
1
A1),

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202407.2180.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 July 2024 d0i:10.20944/preprints202407.2180.v1

2 0f 10

In Section 4, we investigate the fibration-preserving automorphisms group of f. More specifically,
let
G := {0 € Auty(S) | 3¢ € Auty(P}) such that foo = ¢o f} (5)

and Aut,1 (S) ;= {oc € G| f -0 = f}. We have the following theorem.
P} &

Theorem 2. (see Theorem 5, Theorem 6). Let H be the Sylow p-group of Autp (S). We have
(i) for any o € H, there are some elements a, b, c and d in k such that

a 1+4+a b b

| 1+a a b b

o c c d 144 |’ ©)
c c 1+d d

a* =a,c=b* = c'®and d* = d. Conversely, if o is of the form as in (6), then o € H.
(ii) the order of H is 256.
(iii) AutP}((S) = H.
2. Preliminaries
In this section, let k be an algebraically closed field. Let S be a smooth projective surface, and C a
smooth projective curve over k.
2.1. Fibration
We say f: S — Cis a fibration if f is a surjective morphism and f,Og = Oc.

Definition 1. Let f: S — C be a fibration and let ¢ € C be a point. Let k(c) be the residue field of c. Then the
fiber of f over the point c is defined to be the fiber product S, := S X ¢ Speck(c).

It is a fact that the topological space of S, is homeomorphic to f~!(c) with the induced topology.
(see [1], Chapter II, exercise 3.10)

2.2. Automorphism group of P}

Let GL; (k) be the group of invertible 2 x 2 matrices with entries in k, and PGL; (k) := GLy (k) /k*.
It is known that PGL, (k) = Auty(P}).

Theorem 3. ([6], Lemma 3.2 ). Let s € PGL; (k) be nontrivial and of finite order. Then s = id if and
only if s has a unique fixed point in P}.

Corollary 1. Let H be a finite subgroup of PGLy (k). If H fixes at least two points of P}, then H is a cyclic
group with order prime to p.

Proof. For any s € H, if H fixes at least two points of ]P’,lc, then s fixes at least two points of ]P’,%. By
Theorem 3, the order of s is prime to p. This implies that the order of H is prime to p. Furthermore, H
is a cyclic group (refer to [6], Proposition 4.5). O

Theorem 4. ([6], Proposition 4.7 ). If D is a finite subgroup of PGL;(k), then D fixes a unique point of
P} if and only if D = H x M, where H C D is a nontrivial Sylow p-group and M C D is a cyclic group
with order prime to p.
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2.3. Automorphism group of Fermat surface of degree 5

Let k be an algebraically closed field of characteristic p = 2 and g := p?. Let S be the Fermat
surface defined by the equation (1). Then

Auty(S) = PU(4,q) := {(a;j) € GL(4,Iqu)|(aij)t(a?j) = I}/{scalars} (7)

(see [7], page 100, Theorem). Furthermore, one obtains that the order of PU (4, q) is 4° - (42 — 1)(43 +
1)(4* — 1) (see [8], page 8, Table 1).

3. The fiber of f

In this section, let k be an algebraically closed field of characteristic p = 2 and let S be the Fermat
surface defined by the equation (1). Note that the characteristic of k is 2, so a + b = a — b for any
a,b ek

3.1. Reducible fiber
Proposition 1. Forany A € P}, the fiber S, is reducible if and only if

Ae{c|c®=1}U{0,00}. ()

Proof. When A € {0, 00}, we obtain that S, is a union of four projective lines meeting in a point (see
3.1.1).
Now, let us suppose A ¢ {0,00}. Let

1
A3

S

)\4)(20 +Zl)4 +/\(2821 +Z%Z% +ZoZ%). 9)

F(z0,21,22) == 25+ —= (20 +21)% - 20+ (A +

By definition, (zo : z1 : 2 : 23) € f~1(A) if and only if

F(zg,2z1,220) =0,
( 0s 41 2) (10)
z0+21 = )L(Zz + Zg)
Therefore, if (zo : z1 : 22 : 23) € f~1(A), then F(zg,21,22) = 0.
If F(zg,21,22) is reducible, then either
F(zo,21,22) = (a9 + a1z0 + az3 + zg) (bo + z2) (11)
for some ag, a1, a2, by € k|zg, z1], or
P(Zo, Z],Zz) = (0(0 + w129 + Z%)(‘BO -+ ﬁlzz + Z%) (12)

for some «g, 1, ‘Bo, ﬁl € k[Zo, Zl].

In 3.1.2 and 3.1.3, we obtain that the necessary condition for S, to be reducible is that AP =1.In
3.1.4, we obtain that S, is still a union of four projective lines meeting in a point if A5 =1,

In summary, the proof is complete. [J

3.1.1. Case A € {0, 0}

LetE:={(zo:21:2p0:23) € S|zp =21,20 # 23}.

By definition, f~1(0) = EU{(1:1:0:0)}. More specifically, if (zo : z : zo : z3) € E, then
z3+ 23 = z3+ 25 = 0. Hence 0 = 25 + 23 = (2o + 23) (25 + 2323 + 2523 + 2223 + z;). Combining this
with the inequation that z, # z3, we obtain z% + z%za + z%z% + zzzg + zg = 0. Hence

E={(z0:20:22:23) € Pi|z§ +Z%Z3 +z§z% +zzz§ +z§ =0 and zp # z3}. (13)

d0i:10.20944/preprints202407.2180.v1
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Let E' := {(z0 : z0 : 20 : 23) € P?| 2] + 2323 + 2523 + 2025 + 23 = 0}. Note that E' = EU{(1: 1
0:0)},s0 f~1(0) = E'. Let {01, 65,05,04} be the solution set of the equation z* + z% + 22 + z = 1. We
have Z% + Z%Zg + Z%Z% + Zzzg + Zg = (Zz + 9123)(Z2 + 9223)(22 + 9323) (Zz + 9423). Hence

4
f_l(O) = U{(ZO 1292 Zg) S Pi’ | Zp + 0;z3 = 0} (14)
i=1

Therefore, f ~1(0) is reducible and it has a unique singular point (1:1: 0 : 0). See the figure below.

Similarly,
4

f_l(OO) = U{(Zo 121122 222) €P£|Zo+9izl :0}. (15)
i=1

It is reducible and it has a unique singular point (0: 0:1:1).

3.1.2. Case F(zp,z1,22) = (ag + a1z2 + 4223 + 23) (bo + 22)
Suppose A ¢ {0, 00}. Note that

F(z0,21,22) = (a0 + 122 + @225 + 23) (bo + 22)

(16)
= 22 + (bo + a2)22 (boaz + 111)22 + (b0a1 + 110)22 ~+ boay.
Combining this with (9), we obtain
ay = by,
a1 = boay = b,
(17)

1
ag = boay + ﬁ(

1
aoby = (A + 73)(20 +21) + A(zo71 + 2521 + 2071)-

z0+21) = b3+ = (Zo+21)3,

Hence agby = by - [b3 + %(zo +2z1)3] = b5+ %bo (zo + z1)3. We may assume by = cozg + ¢12z1, where
co,¢1 € k. Thus

b
aobo = bé + )Tg(Z() + 21)3

18
4 (g e G0t a s 2.2 3 (18)
= (o + )\3)20 + (e + ,\3)21 + 3 (zpz1 + zpz1 + 2027)-
Combining this with (17), we obtain
(A + A4)(.2‘5 +28) + A(Z21 + B + 2023) "
19
cot+c
(CO + )Zo + (cl + A3>Zl + OA ! (zgzl + z%z% +zoz%),
Therefore,
1
C0+)\3 1+/\3_)\+F,
(20)

1
ﬁ(CO"r‘Cl) = A
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This implies that co + ¢; = A*, hence 0 = CO + %+ C1 + fé = A6 £ ). Therefore, A1> = 1.
3.1.3. Case F(zo,21,22) = (a0 + 122 + 23)(Bo + B122 + 23)
Suppose A ¢ {0, 0}. Note that
F(z0,21,22) = (0 + 0122 +23) (Bo + 122 + 23) 1)
= Z% + (o + 131)23 + (ap + Bo + 0(1[51)2% + (apB1 + a1B0)z2 + aoPo-
Combining this with (9), we obtain
xp = ,Bl/
o = a1B1 + Bo = BT + Bo.
(22)

oB1+ a1Bo = (BT + o)1 + Pop1 = B} = (204-21),

1
%m=ﬁw%w%4A+ﬁx%+aﬂw@m+%ﬁ+mﬁl

By (22), B3 = e L(z0 + 21) . Therefore, we may assume B1 = §(zo +2z1), where 0 € {z € k|z® = 1}.
We may assume Sy = cozO + 12021 + czz%, where cg, 1,2 € k. Thus

oBo = PoPT + Bj

2
2 2, 0
= (cozfy + 12021 + €227) -

AZ

) | 0 16 5 3
)z +(C2+/\ )1"’ vl (zpz1 +2027) + |

(20 +21)% + (coz3 + c12021 + €223)? (23)

C09
)\2

(co + c2)6?
/\2

21,22

= (c§ + + cf)z527.

Combining this with (22), we obtain

C09 629 1
0+ )\2 2+ /\2 _/\_’_ﬁ, (24)
10 (co+)0* o, A
T 2 +c1 = A

Hence 0 = ¢3 + COG +c3+ CZG = (co+c2)(co+ 2+ i—i) This implies that either ¢y 4+ c; = 0 or
o+t =0

If oo +cp = 0, then A = 9% — (0t | 2 — 2 by (24). Tt follows that A3 = ¢16% and A = 2.
Note that 8% = 1, s0 A® = c2¢* = 7. Hence AP =03 =1.

Ifco—i—cz—l—i—i =0, then A = C}L—gz = M—i—cl ‘;—I—C%— 92+c%by(24) In other words,
€107 A®

we have A = =7 = % + c%. This implies that ¢; = 92 , hence c1 =g = A . Substituting this into
A = £ + 2, we obtain A1 +- A5 + 6% = 0. Note that 0 = % +1 = (9+1)(92+9+1). Ifo =1,
then A0 + A5 +1 =0, and hence A'® + 1 = (A% +1)(A1 + A% + 1) = 0. Otherwise 6> + 6 +1 =0, as
A0+ 250 4+ 92 = 0, we obtain that either A> = 1 or A> = 1 + 6. Therefore, A1® = 1.

6192

3.1.4.Case AP =1

Note that A’ +1 = (A5 +1)(A10 4+ A5 +1). If ATS + 1 = 0, then we obtain that either A’ +1 = 0
or A+ A5 +1=0.

(i) Suppose A% +1 = 0. Let {6y, 61} be the solution set of the equation z? 4+ z + 1 = 0. Then we
have

F(z0,21,22) = (22 + A*20) (20 + Atz1) (22 + A*0020 + A*0121) (22 + A*0120 + A%6pz1). (25)

d0i:10.20944/preprints202407.2180.v1
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Hence
4

f_l()\) = U{(ZO 121129 23) S ]P)i ‘ FF=0and zyg+z; = /\(Zz —I—Z3)}, (26)
i=1
where F; := 2z, + }\420, F =2+ /\421,1:3 = zy + )L49()ZO + )\49121, and Fy := zp + /\49120 + )\49021.
Therefore, f ~1(A) is reducible and it has a unique singular point (1:1: A% : A4).
(ii) Suppose A0 + A% +1 = 0. Let {4y, 61 } be the solution set of the equation z2 + A%z + A13 = 0.
Let F; == zp + (So(ZO + Z]) + A4 z1, P = 20 + 51(20 + Z]) + /\ Zl,Fg = Zp + (50(20 +Zl) + /\420, and

Fy := 25 + 61 (20 + z1) + A*zp. Then we have F(zg,21,22) = [T:=1 F;. Hence
4
F'N) =UJ{(zo:z1:20:23) € P} | F;=0and zg +z1 = A(zp +23) }. (27)

i=1
Therefore, f~1(A) is reducible and it has a unique singular point (1: 1 : A% : A%).

3.2. Irreducible fiber
By Proposition 1,if A ¢ {c|c!® = 1} U {0, o0}, then the fiber S is irreducible. S, is defined by

zo + 21 = AMza +23)
3 1 (28)
Z2+ )\3 (ZO+Zl) +(A+ﬂ)(zo+zl)+/\(202] +Zozl+2021) 0
Hence S, is isomorphic to the curve C, in IP)%, where C, is defined by the equation
1
=gzl +a) + (L + 2)(20 +21) + Az + 2521 + 202]) = 0. (29)

Proposition 2. (i) IfA & {c|c'® =1} U {0, 0}, then the fiber S, is a rational curve with a unique singular
point (1:1: AT A%).
(ii) For any A, the arithmetic genus p,(S,) is equal to 3.

Proof. (i) Let us consider the curve C, in IP’,Z(. We have

oh 1

87;\ = ﬁ(zo +2)°

oh 1

aizil (/\3 2o + Azp) (2o + 21)? (30)
oh 1

azA (/\3 22+ Az1) (20 +21)°

By Jacobian criterion, (1:1: /\%) is the unique singular point of C,. In other words, (1:1: Al A%) is
the unique singular point of S,.

Note that the arithmetic genus p,(C,) = w =3,and (1:1: A%) is a triple singular point
of C,. Hence the normalization of C, is a rational curve. Since S, is isomorphic to C,, we obtain that
S, is a rational curve with a unique singular point (1:1 : AT Ad ).

(ii) According to chapter III, corollary 9.10 in [1], the arithmetic genus of S, are all independent of
A O

4. Subgroups of Auty(S)

In this section, let k be an algebraically closed field of characteristic p = 2 and g := p?. Let
S be the Fermat surface defined by the equation (1). Note that Aut;(S) = PU(4,4%). Denoting
G := {0 € Aut;(S)| 3 ¢ € Auty(P}) such that foo = ¢o f} and Autp}f(S) ={ceG|foo=f}.
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For any ¢ = (a;) € AutPllc(S), as o preserves the fiber of f, we have o(f~1(0)) = f~1(0). In
particular, ¢ fixes the unique singular point (1:1:0: 0) of f~!(0). Hence

a1 412 413 414
a1 dpp A3 a4

O O = =
S O = =

= (31)
a31 4a3zx 4aszz asz4
a41 Ad4p 043 Q44
We obtain that
apn+ap =1
a» +axy =1
21+ ax (32)
az1 +az =0
ag +agp =0
Similarly, o fixes the unique singular point (0:0:1: 1) of f~!(c0). Hence
a1 Ay 413 414 0 0
ar1 axp a3 Ay U I (33)
az1 A4z 4asz a4z 1 1
ag1 Q40 43 044 1 1
We obtain that
a3 +as =0
a3 +ay, =0
23+ a4 (34)
asz+az, =1
ag3+ag =1
Combining (32) and (34), we have
an 1+an a3 a13
1
o= + ax a» a3 a3 (35)
a3 as1 a3z 1+az;
ag ay 1+ay au

4.1. Sylow p-group of Autp}( (S)

Let H be the Sylow p-group of Autp}f (S). Let F be a general fiber of f. We have the following
exact sequences:
1— Autpi(S) — Auty(F). (36)

By Proposition 2, F is a rational curve with a unique singular point. Hence Auty(F) C Autk(]P’}{) =
PGL(2, k). By (36), we may regard Autpi (S) as a subgroup of Auty(F) (hence of Auty(P})). By Theorem

3 and Corollary 1, we obtain that 0> = id for any ¢ € H.
Let o = (a;;) € H. As ¢ = id, we obtain that (a;j)(a;;) = I, and hence (a;j)!(a;;)" = I. On the
other hand, o € H, hence o € Aut(S) = PU(4,4%). This implies that (aij)t(a?j) = I. Therefore, we
4

have (”ij) = (a;j)". In other words, we obtain that

I 4 _ 16 . . .
ajj = aj; = a;;, ifi #7j, o7
ajj = a;

G otherwise.

d0i:10.20944/preprints202407.2180.v1
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Note that ¢ is also an element of AutIPi (S), so o has the form of (35). We obtain that (1 + aj1)* =

1+ ay and a‘lll = aq1. This implies that a;; = a‘lll = apy. Similarly, we have a33 = a44, 413 = a3 and
as1 = a41. Therefore, we may assume

a 1+a b b
1+a a b b
= 38
c c d 1+d (38)
c c 1+d d
wherea* =4, ¢c = b* = c1® and d* = d.
Conversely, as
Z0 a(Zo+Z1)—|—b(Zz+Zg) + 21
S T a(zo+21) +b(za+23) + 20 , (39)
Z7 C(Zo+21)+d(22+23)+23
Z3 C(Zo+21)+d(22+Z3)+Zz

we obtain that o preserves the fiber of f. Hence any element of the p-group of Aut]P; (S) is of the form
as in (38). We have proved the following theorem.

Theorem 5. Let H be the Sylow p-group of Aut]p}( (S). We have
(i) for any o € H, there are some elements a, b, c and d in k such that

a 1+a b b
| 14a a b b
B c c d 1+d |’ 40)
c c 1+d d
a* =a,c=b* = c'®and d* = d. Conversely, if o be of the form as in (40), then o € H.
(ii) the order of H is 256.
Remark 1. In particular,
0100
1 0 0O
41
0 001 @
0 010

is a nontrivial element of H.

Remark 2. Let F be a general fiber of f and let P be the unique singular point of F. By (36), we may regard
Autlp]% (S) as a subgroup of Auty(F). By Corollary 1 and the fact that H is nontrivial, we obtain that AutP}C (S)

fixes a unique point P of F. By Theorem 4, we have Au’fﬂ)i (S) = H x M, where M is a cyclic group with order
prime to p.

4.2. Subgroups of Autp}f (S) with order prime to p
By Remark 4, we have AutP]% (S) = H x M, where M is a cyclic group with order prime to p.
Theorem 6. Let M as above. We obtain that

(i) M is trivial.
(ii) AutP]% (S) is a p-group of order 256.
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Proof. (i) We may assume the order of M is r. Suppose r # 1. Let ¢ := (a;;) be a generator of M. Note
that " = (a;;)" = I and (aij)t(a;}].) = 1,50 (a;)" ' = (a;*j)t. As ¢ is an element of Autp}((S), we may
assume ¥ has the form of (35). Therefore,

t
4 4 4 4
‘1114 1 "’4‘111 ”4113 “i3
gl = I+ 4“22 “iz “i3 ”234 (42)
51 "5 <) 1 +4”33
a4 ag  l4ay  ay
On the other hand, by Lemma 5, we may assume
e 14+ o3 13
gl = 1+cn o €23 €23 (43)
31 31 3 1+4cs3
C41 cs1 T4cy  cu

Combining (42) and (43), we obtain that a‘fl =cppand 1+ agz =1+ cq1. This implies that a‘lll =c11 =
a%z, hence a11 = apy. Similarly, we have as3 = a4, 213 = a23, and a3; = a4;. Therefore, we may assume

a 1+a b b
1+a a b b

y= c c d 1+d (44)
c c 1+d d

where a,b,c,d € k, so 1/12 = I. Hence the order of M is 2, which is a contradiction.

Therefore, r = 1 and M is trivial.

(ii) As M is trivial, we obtain that Autp}( (S) = H is a p-group. By Theorem 5, the order of AutP}( (S)
is256. O

Lemma 1. Let

an 1+4+ap a3 113
A= 1+ay» ap a3 a3 (45)
as1 as1 a3 1+az;
ag ag 1+ay ay
and
by 1+b11 b3 b1
B 14+byn by b3 b3 (46)
b3 b31 bz 1+bs33
b41 b41 1+ b44 b44
Then
ci1 I4+en e 13
AB — 1+cn o €23 €23 47)
c31 c31 ez 1+cs3

C41 Cq1 14+cas  cug
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where
c11 = anbi + (14 a11) (1 + ba2) + a3 (ba1 + baa),
c13 = a11b13 + b3 (1 +a11) +a3(1 + baz + bag),
22 = anbxn + (14 a22) (1 + bi1) + axs(bs1 + ba),
C23 = Axboz + b13(1 +ax) + axs(1 + bsz + byy), (48)

c33 = a33baz + (14 a33) (1 + baa) + as1(b13 + b23),
c31 = a3abs1 + b (1 + as3) + az1 (1 + byy + ba),
cag = asabag + (14 a44) (1 + b33) + ag1(b13 + ba3),
cq1 = Aggbyr + 31 (1 + agg) + ag (1 + byy + ).

Remark 3. By Theorem 6, for any nontrivial element o € Auty(S) with order prime to p, we obtain that
does preserve the fiber of f.
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