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Abstract: In this paper, we investigate the following chemotaxis-haptotaxis model

up =V - (D(u)Vu) =V - (H(u)Vo) = V- (I(u) Vw) + u(a — puk=1 — A\w),
v =Av—v+u’, (%)

wy = —VwW

under homogenous Neumann boundary condition and for a bounded domain QO C R"(n > 2), with A, u,y > 0,
k>1,a€R,and D(u) > Kp(u+1)""1,0 < H(u) < xu(u+1)"%0 < I(u) < fu(u+1)"P for Kp,x,& >
0,m,a, B € R. It has been demonstrated that

(i) For0 < v < %, ifa >y—k+1land B > 1—k, problem (x) admits a classical solution (1, v, w) which is globally
bounded.

(11)For2 <y <1ifa>y—k+1 ;+land g > max{w k—|—1,(m721)1¢%)—k+1} ora >
y—k+1land B > max{w k+1, W —k + 1}, problem (*) admits a classical solution
(1, v, w) which is globally bounded.

Keywords: Boundedness; Chemotaxis-haptotaxis; Nonlinear diffusion; Signal production
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1. Introduction

In the present work, we consider the following chemotaxis-haptotaxis system with nonlinear
diffusion and signal production

up =V-(Du)Vu) =V - (Hu)Vo) = V- (I(u)Vw) + u(a — pu*=1 — Aw),x € Q,t > 0,

vy =Av—v+g(u), xeQ, t>0,

wy = —vw, xeQ, t>0, (1.1)
D(u)g—ﬁ—H(u)g—v—I(u)?,—w:g—”—O x €90, t >0,

u(x,0) = up(x), v(x,0) =uvg(x), xeQ,

where O C R"(n > 2) is a bounded domain with smooth boundary, the function u = u(x, t) denotes
the cancer cell density, v = v(x, t) represents the concentration of matrix degrading enzymes, and
w = w(x,t) represents the density of extracellular matrix. We assume that D, H, I € C%(]0, c0)) fulfill
foralls > 0,

D(s) > Kp(s+1)"1, (1.2)

0<H(s) <xs(s+1)™* and H(0) =0, (1.3)
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0<I(s) <&(s+1)"F and I(0) =0, (1.4)
with Kp, x, & > 0 and &, B, m € R. Moreover, we assume ¢ € C!([0,0)) such that
0 < g(s) < Kgs? foralls >0, (1.5)
where Kg,y > 0. To this end, we assume that the initial data satisfy
ug,vg € W(Q), ug >0, vp>0inQ, (16)
wy € C#*(Q) witha € (0,1),wg > 0in O, a(—% =0 on 9Q). ’

When w = 0, (1.1) is reduced to the Keller-Segel system which has been widely studied by
many authors during the past four decades (see[1-20]). When f(u) = a — uu* and D(u), H(u) satisfy
(1.2), (1.3), Zheng [5] proved that all solutions are global and uniformly bounded if 0 <2 —a —m <
max{k —m, %} or 2 — « = k and p is large enough. In the case of g(u) = u7, Tao et.al [6] considered
problem (1.1) , it is shown thatif 1+ —a < kor 1+ —a = k and yu is large enough, then the
solutions of (1.1) are globally bounded. When f =0and1—a —m+ ¢ < %, they also proved that
system (1.1) possesses a nonnegative classical solution (u, v) which is globally bounded. Later, Ding et.
al [7] provided a boundedness result under 1 —a —m + ¢ < % and proved the asymptotic stability
when damping effects of logistic source are strong enough. Nowadays, there are more and more
mathematical models used to describe complex natural phenomena, and the results are also very
impressive (see [21]-[31]).

In 2016, Chaplain and Lolas [32] presented the chemotaxis-haptotaxis model which can be
represented by the following equation

ur = Au—xV - (uVo) — &V - (uVw) 4+ u(a — pu*=1 — Aw),
vp=ANv—v+u, (1.7)
W = —ow.

When k = 2,a = A = y, Tao, Wang [33,34,35] proved the global solvability and uniform boundedness
for n =1, 2. For the case n = 3, the global existence and boundedness was proved for % is sufficiently
large (see [33,36]). Zheng and Ke [37] proved that model (1.7) possesses a global classical solution
which is bounded for k > 2 or k = 2, with p is sufficiently large. And they demonstrated that if y is

large enough, the corresponding solution of (1.7) exponentially decays to ((%)k%l , (%)k%l ,0).

In recent year, many authors have begun to studied the chemotaxis-haptotaxis model with non-
linear diffusion (see [38]-[46]). For problem (1.1) with ¢(u) = u,k = 2,a = A = u. Liu et. al. [44]
demanstrated the global boundedness of solutions for n = 2 if max{1 —«,1 — B} < m+ % —1or for
n > 3ifmax{l —a,1—p} < m+ 2 —1 with either m > 2 — 2 or m < 1. Subsequently, Xu et. al
[45] proved thatif m > 0,& > 0,8 > 0 for n = 3, problem (1.1) possesses a global bounded weak
solution, And they investigated the large time behavior of solutions and showed that when 0 < m <1,
for appropriately large p, (u,v,w) — (1,1,0) as t — co. Later, Jia et al [46] extends the boundedness
result of [45], which deals with the global boundedness of solutions with « > 0,8 > —%. This paper is
devoted to research the global existence and boundedness for (1.1) with nonlinear diffusion and signal
production in the case of n > 2.

Now, we present the primary result of this paper.

Theorem 1.1. Let O C R"(n > 2) be a bounded domain with smooth boundary and (ug, vg, wp)
satisfy (1.6). Suppose that D, H, I and g fulfill (1.2)-(1.5). Then
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(i) For0 < 9 < 2,ifa > y—k+1and B > 1—k, problem (1.1) possesses a classical solution
(u,v,w) which is globally bounded.

. 1
(i) For 2 < y < 1,ifa >y —k+1 +1andﬁ>max{w k—l—l,%—k—i—l}

ora >y—k+1landp > max{w k+1, =20l 413 problem (1.1) possesses
a classical solution (1, v, w) which is globally bounded.

The rest of this paper is organized as follows. In section 2, we present the local existence of classical
solutions to system (1.1) and recall some preliminaries. Finally, we establish the global existence and
boundedness of solutions to system (1.1) in section 3.

2. Preliminaries

We first prove the local existence of classical solutions, which proceeds along the idea of the
arguments of [38], [43].

Lemma 2.1. Let QO C R"(n > 2) be a bounded domain with smooth boundary. Suppose

that D, H, I and g fulfill (1.2)-(1.5). Then for any initial data (uo, vg, wp) fulfilling (1.6), there exists
Tmax € (0,00] and a local-in-time classical solution (u, v, w) satisfies

S 2.1
w € C*1(Q x [0, Tmax) (21)

{ u,v e Co(ﬁ X [0/ Tmax)) nczt (6 X [0/ Tmax)/
withu,v > 0in Q X (0, Tax) and 0 < w < ||w||Loo(Q). Moreovet, if Tmax < oo, then

lin‘ltﬁTmax sup ||u('/ t) ||L°°(Q) = o0.

Then, we will give a useful lemma referred to as a variation of maximal Sobolev regularity, as
obtained in [47, 48].

Lemma 2.2. Let s € W??(Q) and f € L?(0, T; LP(Q)). Then the following problem

st =A0As—s+f,
% =0, (2.2)

possesses a unique solution s € L} ((0,+00); W2#(Q))) and s¢ € L} ((0,+00); LP(QQ)), and if ty €
(0,T), then

ft Jq e |As|Pdxdt < C, ft Ja P! fIPdxdt + Cpls(., to)szp(Q) (2.3)
where C, is a constant independent of .
By [35], we have the following lemma.
Lemma 2.3. Assume (1, v, w) be the solution of model (1.1). Then
—Aw(x,t) < [[wollpo(qyo(x,t) + C for (x,t) € Q x (0, Tmax), (2.4)
where (ol
w, oo
C:= ||wO||Loo(Q) +4||V,/wo||2w(0) + w. (2.5)

The following lemma is important to prove the Theorem 1.1. The main ideas comes from [39].

doi:10.20944/preprints202407.1588.v1
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Lemma 2.4. Assume that D, H, I and g fulfill (1.2)-(1.5) with 0 < ¢ < 1, then we have
(i) There exists K > 0 such that for all f € (0, Tiax)
_ 1
(- )11y < Kp F1. (2.6)
(ii)For s € [1, ﬁ), there exists K5 > 0 such that for all # € (0, Tmax)
lo(, ) sy < Ks- (2.7)

where (ny —2)4 := max{ny —2,0}.

(iii) Assume that p > max{%}, v} and ||u(-, ) |zr(q) < K. Then there exists K, > 0 such that for

all t € (0, Tonax)
[o(, )l (0) < Kp- (2.8)
(iv) Assume that g > nrand [lu(-, )19y < K. Then there exists a positive constant K, such that

forall t € (0, Tmax)
V0 (., )l < Ky- (29)

3. Proof of Theorem 1.1

In this section, we deal with global existence and boundedness, we firstly give the following
lemma, which is important to prove the main theorem. For convenience, we denote T = Tinax.

Lemma 3.1. Assume that D, H, I and g fulfill (1.2)-(1.5) with § > 1 — k. Then

(i) Let o > ’y—k+%—|—1andp > max{l,ﬁ,%+1—k,’y—k+%+1}. If there exists Ky > 0
fulfills forall t € (0, T)

-t _ < Ky,
GOy <Ko 1)
then
||1/l(', t)”LP(Q) S K fort e (Or T)r (32)

where K > 0 depends on K, p.

(i) Leta > v —k+1and p > max{1,«, B}. If there exists Ky > 0 fulfills for all t € (0, T)

ot L <K,
ORI (33)
then
||Ll(', t)”Lp(Q) S K fort c (O, T), (34)

where K > 0 depends on Ky, .

Proof. Multiplying the first equation in (1.1) with p(1 + u)?~!, and integrating by parts yields
that

4 [ (u+1)Pdx
< —p(p = DKp [o(u+1)" P3| VuPdx + p(p = 1) [ (u+1)P2H(u)Vu - Vodx (3.5)
+p(p—1) [o(u+1)P2I(u)Vu - Vwdx + p [ (u+1)P"tu(a — pu*~1 — Aw)dx.
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Since (u + 1)F < 251 (uk 4+ 1), we have

p o+ 1)Ptu(a— yu = Aw)dx
< |a|p5f0(u+1)”dx e lfn (u+ 1)1y 4 up Jou+1)P~ Ldx (3.6)
< -k Jo(1+u)Pttdx + C,

where C; ia a positive constant. It follows from (3.5) and (3.6) that

& [ (u+1)Pdx
<p(p—1) Jqu+1)P2H(u)Vu - Vodx + p(p — 1) [o(u+1)P21(u)Vu - Vwdx (3.7)
—62% Jo(L+u)P1dx + C.

Define
¢(s):= [y (1+0)P~2H(0)do fors > 0.
We infer from (1.3) that
0<g(s) < x fo(1+0)P* ldo.
This implies
Teal” or p<a
¢(s) < ¢ xIn(1+5s), for p=ua (3.8)

A (1+s)P7%,  for p>a
for z > 0. Integrating by parts, we obtain that
p(p—1) Jo(1+u)P~2H(u)Vu - Vodx

=plp—-1) fQ Vo(u) - Vodx (3.9)
<p(p—1) Jq p(u)|Av|dx.

Case (i). Combining (3.8) with (3.9) yields that, for v — k + % +1<p<waandn > 2, wehave

p(p—1) [o(1+u)P~2H(u)Vu - Vodx < % Jo |Av|dx

2xp(p—1)
N P fQ | Ao|2dx + Gy,

(3.10)

where C; is a positive constant. For p > «, we obtain

p(p—1) [o(1 4 u)P72H(u)Vu - Vodx

D) (14 u)P | Avldy, (3.11)
k-1

< % [T+ w14 G [y | A9l Frat,

IN

where C3 is a positive constant. For p = «, we get

p(p—1) [(1+u)P"2H(u)Vu - Vodx
p(p—Dx [oIn(1+u)|Av|dx,
1
p(p—Dx [o(1+u)e|Av|dx, .
e(p+
kag(l‘i‘u p+k 1+C4f |Av|e P+k -

(3.12)

where C4 is a positive constant.
Denote (s fo (1+0)P~21(c)do for all s > 0. We infer from (1.4) and p > B that

0 <(s) < 555(145)77F, (3.13)
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for s > 0. This together with Lemma 2.3 and § > 1 — k entail that
p(p—1) [o(1+u)P~21(u)Vu - Vwdx
=—pp—-1) [ ¢(u)  Awdx
< p(p = Dllwollo(q) o vp(w)dx + p(p —1)C [ p(u)dx (3.14)
-1 _ Mp(p—1 _
< Do | () Joy (14 1)P ﬁvdxjf P [ (14 u)r~Pdx
Pk
< 527 Jo(l+u)P ™ ldx + Cs [, vFFTdx + Ce,
where Cs, Cg are positive constants.
For v —k+ 1 +1 < p < &, we infer from (3.1), (3.7), (3.10) and (3.14) that
4 [o+u)P < =L [o(1+u)ptFldx + 2’((; ”M” [o|20|3dx + Gy, (3.15)
Since
5 oL+ upPdx < o [ (14 u)P T 1dx + Cg, (3.16)
Combining (3.15) with (3.16), we get
& Jo(U+upPdx + 5 [ (1+u)Pdx (317)

2 +e—1 xp(p—1) 3
< —ﬁf0(1+u)l" dx + = Jo | 80| 2dx + Co,
where Cy is a positive constant. This together with the variation-of-constants formula shows that

Jo(1 +u)Pdx

_n(p_ _ 2 1) -4
< —ﬁ ft; Jae 29 (1 4 u)PHe—Ldxds + Xll;r?a' ffo Jae (t=5)| Aw| 2 dxds
+em 30700 [ (1 u(e bo))Pdx + Co [ e 2(79)ds

b mp _ 2 1) o
< -3 Ji Jae 2(29) (1 + u)PHk—Tdxds + m;pal fto Joe 2| Aol 2 dxds + Cio.

(3.18)

Since p > £ + 1 — k, we have from Lemma 2.2 and (1.5) that

ZXP p—1) —4(t-
e fto G )| Av|Zdxds

2 1)Cy 2, 1)Cy
"”ﬁf’—odfmf e 80-9F dxds 1 22D o ., 1)

< zkft Jae 29 (u+ 1)PH1dxds + Cyy,

IN

(3.19)

2,

g [SH]
o=

(@)

where C; is a positive constant. The combination of (3.18)-(3.19), we conclude that
fQ(u + 1)F’dx < Cqa, (3.20)

where Cy; is a positive constant.
For p > «, we infer from (3.1), (3.7), (3.11) and (3.14) that

& Jo(U+u)Pdx < —f [o(1+u)Pldx + G5 [, | Ao| T dx + Gy, (3.21)

Define

we known from (3.21) that

d
”Tfy (1 +u)Pdx+m [(1+u)Pdx (322)
T3aF

Jo(L+u)P1dx + C5 [ |Av|™dx + Cis,
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where Cy3 is a positive constant. Recalling Lemma 2.2, it can be obtained from (3.22) that
fQ (1+ u)”dx
< -3 fto Jae ™ (4w 1dXdS+C3ft Joe =9 Av|"dxds
emt=to) [ (1+u( to))de+C13f e~m(t=s) g (3.23)

< -3 fto Jae ™ (4w 1dXdS+C3Cmft Jo e ™) (1 4 u)™dxds
+C3Cm||v( t())” Z/m(0)+cl4/

where Cy4 is a positive constant. Since &« > r — k + % + 1, then my < p+ k — 1, we have from Young's
inequality that
C3Cm ftt Jo e ™= (1 4 u)™ dxds
< 32k fto fQ m(t=s) 1 +M)p+k 1dde +C15,

where Ci5 is a positive constant. Inserting (3.24) into (3.23), we have

(3.24)

Jo(u+1)Pdx < Cyg, (3.25)

where Cy; is a positive constant.
For p = «, we infer from (3.1), (3.7), (3.12) and (3.14) that

+k—

1)
& [o(U+updx < — L [o(1+ )P ldx 4+ Cy [, |Av]? TR dx 4 Cyy. (3.26)

Define
~  e(p+k-1)
M= pr—n-1’

Similar to (3.23), we have

fQ (1 +u)de
< =gl Jo Ja e ™I (14 u)P R ldxds 4 CaCy [y [y e ™) (1+ 1) dxds (3.27)

+C4C ||U( to)”wZ/m(Q)—’—ClS/

where Cy3 is a positive constant.
Sincew = p > r —k+ 1 +1, then iy < p +k — 1, we have from Young's inequality that

CoCii fto Jo e ™ (14 u)™rdxds < by ft Jo e ™9 (1 4 u)PT1dxds + Cyo, (3.28)
where Cyg is a positive constant. Inserting (3.28) into (3.27), we have
fﬂ(u + 1)Pdx < Cy, (3.29)

where Cy is a positive constant.
Case (ii). For p > e and &« > v — k + 1, define

we have from (3.23) that

fQ 1+ u)l”dx
< 32k ffo Joe M=) (1 4 u)Prh= 1dxds+C3Cmft Jo e ™= (1 4 u)™dxds (3.30)
+C3Cm||7’( to) [}y wem(q) T Cat-

doi:10.20944/preprints202407.1588.v1
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Since & > r —k + 1, then my < p + k — 1. We infer from Young's inequality and (3.30) that
Jou+1)Pdx < Cp, (3.31)

where Cy; is a positive constant. This complete the proof of Lemma 3.1. [0
Lemma 3.2. Assume that D, H, I and g fulfill (1.2)-(1.5). Then

(i) For0 < v < %, ifa > y—k+1and g > 1 —k, there exists a constant C > 0 such that
||U('/ t)le,w(Q) S C.

— 1
(i)For 2 <y <1ifa > —k+1+landp > max{ 2200422 (g (0-D0rke) ey 3
ora >7v—k+1landp > max{w k+1, (”72),(17’”1{1) — k + 1}, there exists a constant

C > Osuch that [[v(-, £)[|y1e () < C.

Proof. Case (i) Since 0 < ¢ < %, we have
ny—2<0. (3.32)

Lemma 2.4(ii) yields that
[0, )l Ls() < Cas forallt € (0,T), (3.33)

for any s > 1. Taking p; > max{’},1, &, B}, this implies }51:]:( 11 > 1, and so we get

[oC, DIl pyer1 < Cou forallt e (0,7), (3.34)
L PFT () '

which, along with Lemma 3.1 (ii), we have forall t € (0, T)
[uC )l q) < Cos. (3.35)
Since p; > %, we infer from Lemma 2.4(iii) that
[0(-, )|l Lo() < Co6 forallt € (0,T). (3.36)
By Lemma 3.1 (ii) again and let p, > max{n+y,1,a, B}, one can find
(-, )l[rr2(q) < Co7 forallt € (0,T). (3.37)

This together with Lemma 2.4(iv), we obtain

[Vo(-,t)lp=(q) < Cas forallt € (0,T). (3.38)
This complete the proof of Case (i).
1
Case(ii)For% < v < 1. Since § > w —k+1land g > W—Zzlﬂ —k+1, wehave
F<IsBHk—1)+1—k,
y—k+1 +1<M s(B+k—1)+1—k, (3.39)

B<t5(B+k—-1)+1—k

Taking max{ "5(B+k—1)+1—k then

k—1
f;jjkfl € (1, 75). (3.40)
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By Lemma 2.4(ii), we get
Hv(.,t)||L%§(Q) < Cy forallte (0,7), (3.41)
which, along with Lemma 3.1 (i), we have
(-, £)l[zrs(q)y < Cao forallt € (0,T). (3.42)
Since p3 > 5!, applying Lemma 2.4(iii), we obtain
[0(-, )|l L) < Ca1 forallt € (0,T). (3.43)
By Lemma 3.1(i) again and let py > max{ny, v —k+ % +1, 8}, one can find
(-, )l[rpa(qy < Ca2 forallt € (0,T). (3.44)
This together with Lemma 2.4(iv), we obtain for all t € (0, T)
Vo, t)[lL=q) < Css. (3.45)

Similarly, we infer from f > max{ %}W —k+1, ("772),(17“7‘71) — k+ 1} that there exists

a positive constant ps such that

max{%,lx,ﬂ} <ps < 5B+ k—1)+1—k, (3.46)

thus p5_:-]i<_—11 € (1, ;753 ). Combining Lemma 2.4(jii) and Lemma 3.1(ii), we have [|u(-,)|[1rs ()
< Cagand [|o(+, t)[|r=(q) < Cs5. Using Lemma 3.1(ii) and Lemma 2.4(iv), we deduce that [| Vo (-, t)[| 1= () <

C36. This complete the proof of Case (ii). [

The proof of Theorem 1.1. From Lemma 3.2 and the well-known Moser-Alikakos iteration [39,
40, 45], we obtain the boundedness of ||u||;~(q). The proof of Theorem 1.1 is complete by Lemma 2.1.
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