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Abstract: Functional partially linear regression model, contains a functional linear part and a non-parametric

part, in which testing the linear relationship between the response and the functional predictor is of fundamental

importance. When functional data cannot be approximated with a few principal components, based on a pseudo

estimate for the unknown non-parametric component, we develop a U-statistic of order-two in this paper. Under

some regularity conditions, we use the martingale central limit theorem to prove that the proposed test statistic

is asymptotically normal. The finite sample performance with simulation studies and real data application are

assessed to verify the proposed test procedure.

Keywords: asymptotic normality; functional partially linear regression model; Nadaraya-Watson estimate;

U-statistic

1. Introduction

In the past few decades, functional data analysis has been widely developed and applied in
various fields, such as medicine, biology, economics, environmetrics, chemistry (see [? ? ? ? ? ]). An
important model in functional data analysis is partial functional linear model, which includes the
parametric linear part and the functional linear part. To make the relationships between variables
more flexible, the parametric linear part is usually replaced by the non-parametric part. This model is
known as functional partially model, which has been studied in [? ? ? ]. The functional partially linear
regression model is defined as follows:

Y = g(u) +
∫ 1

0
α(s)X(s)ds + ε, (1)

where Y is response variable, X(·) is functional predictor with mean µ0(·) and covariance operator C.
The slope function α(·) is an unknown function. g(·) is a general continuous function defined on a
compact support Ω. ε is a random error with mean zero and finite variance σ2, and is independent of
the predictor X(·). When the g(·) is constant, the model (??) becomes a functional linear model. See [?
? ? ]. When g(·) is parametric linear part, the model (??) becomes a partially functional linear model,
which has been studied in [? ? ? ].

Hypothesis testing plays a critical role in statistical inference. For testing the linear relationship
between the response and the functional predictor in functional linear model, functional principal
component analysis (FPCA) of the functional predictor X(·) in the literature is a major idea to construct
test statistic. See [? ? ? ]. Taking into account the flexibility of non-parametric functions, [? ] introduced
the functional partially linear regression model. [? ? ] constructed the estimators of the slope functions
based on spline and FPCA respectively, and the estimate of non-parametric components in their
papers adopted B-spline. When the predictors are measured with additive error, [? ] studied the
estimators of slope function and non-parametric function by FPCA and kernel smoothing techniques.
[? ] established the estimators of slope function, non-parametric component and mean of response
variable when existing missing responses at random.
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However, testing the relationship between the response variable and the functional predictor
in functional partially linear regression model has been rarely considered so far. In this paper, the
following hypothesis testing for model (??) will be considered:

H0 : α(t) = α0(t) v.s. H1 : α(t) ̸= α0(t), (2)

where α0(t) is an assigned function. Without loss of generality, let α0(t) = 0. For testing (??) constructed
a chi-square test using FPCA when the functional data can be approximated with a few principal
components. In particular, when the functional data cannot be approximated with a few principal
components, only several researches have considerated this situation in functional data analysis. [?
] constructed a FLUTE test based on order-four U-statistic for the testing in functional linear model,
which can be computationally very costly. In order to save calculation time, [? ] developed a faster
test using a order-two U-statistic. Motivated by this, we propose a non-parametric U-statistic that
combines the functional data analysis with the classical kernel method for testing (??).

The paper is organized as follows. In Section 2, we construct a new test procedure for testing in
functional partially linear regression model. The theoretical properties of the proposed test statistic
under some regularity conditions will be considered in Section 3. Simulation study is conducted in
Section 4 to assess the finite sample performance of our proposed test procedure. Section 5 reports
the testing result for spectrometric data. All the proofs of main theoretical results are presented in
Appendix.

2. Test Statistic

Suppose that Y and U are real-valued random variables. {X(·)} is a stochastic process with
sample paths in L2[0, 1], which is the set of all square integrable functions defined on [0, 1]. Let ⟨·, ·⟩,
∥ · ∥ represent the inner product and norm in L2[0, 1], respectively. {(Yi, Xi(·), Ui), i = 1, 2, . . . , n} is a
random sample from model (??),

Yi =
∫ 1

0
α(s)Xi(s)ds + g(Ui) + εi, i = 1, 2, . . . , n. (3)

For any given α(t) ∈ L2[0, 1], we move α(t) to the left,

Yi − ⟨Xi, α⟩ = g(Ui) + εi, i = 1, 2, . . . , n, (4)

Then model (??) becomes classical non-parametric model. A pseudo kernel estimate of the non-
parametric function using Nadaraya-Watson regression method can be constructed as follows:

ĝ(Ui) =
n

∑
j ̸=i

Kh(Uj − Ui)(Yj − ⟨Xj, α⟩)
∑n

k ̸=i Kh(Uk − Ui)
, i = 1, 2, . . . , n, (5)

where Kh(·) = K(·/h)/h with K(·) being a preselected kernel function and h being the bandwidth
whose optimal value can be determined by some data-driven methods such as the cross-validation
methods. Here we estimate non-parametric g(Ui) without ith sample.

Let
W−i = (Wi1, . . . , Wi(i−1), Wi(i+1), . . . , Win)

T ,

⟨X−i, α⟩ = (⟨X1, α⟩, . . . , ⟨Xi−1, α⟩, ⟨Xi+1, α⟩, . . . , ⟨Xn, α⟩)T ,

Y−i = (Y1, . . . , Yi−1, Yi+1, . . . , Yn)
T , X−i = (X1, . . . , Xi−1, Xi+1, . . . , Xn)

T ,

where Wij = Kh(Uj − Ui)/ ∑k ̸=i Kh(Uk − Ui). So the pseudo estimate (??) of non-parametric function
can be rewritten in matrix as

ǧ(Ui) = WT
−i(Y−i − ⟨X−i, α⟩). (6)
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If we replace g(Ui) by ǧ(Ui) in the model (??), we have

Y̌i = ⟨X̌i, α⟩+ εi, (7)

where X̌i(t) = Xi(t)−WT
−iX−i(t), Y̌i = Yi −WT

−iY−i. If we denote µit ≜ µ(Ui, t) = E[X1(t)|Ui], where
“≜” stand for “defined as”. Then µ̂it = WT

−iX−i(t) can be estimator of the conditional expectation µit
for any t ∈ [0, 1].

For an arbitrary orthonormal basis {ϕj}∞
j=1 in L2[0, 1], the predictor X(·) and the slope function

α(·) have following expansions. Denote the number of truncated basis function by p,

Xi(t) =
p

∑
j=1

ξijϕj(t) +
∞

∑
j=p+1

ξijϕj(t), α(t) =
p

∑
j=1

β jϕj(t) +
∞

∑
j=p+1

β jϕj(t), (8)

where ξij = ⟨Xi, ϕj⟩, β j = ⟨α, ϕj⟩. Let ξ̌ij = ⟨X̌i, ϕj⟩, the model (??) can be rewritten as follows:

Y̌i =
∞

∑
j=1

ξ̌ijβ j + εi =
p

∑
j=1

ξ̌ijβ j +
∞

∑
j=p+1

ξ̌ijβ j + εi. (9)

Denote ξi = (ξi1, ξi2, . . . , ξip)
T , which has mean µ and covariance matrix Σ. Let

ξ−i = (ξ1, . . . , ξi−1, ξi+1, . . . , ξn)
T , ξ̌i = (ξ̌i1, ξ̌i2, . . . , ξ̌ip)

T ,

ξ̌−i = (ξ̌1, . . . , ξ̌i−1, ξ̌i+1, . . . , ξ̌n)
T , β = (β1, β2, . . . , βp)

T .

For model (??), we define the approximation error as

ei =
∫ 1

0
α(s)Xi(s)ds −

p

∑
k=1

ξikβk.

To analyze the effect of the approximation error, we impose following condition on functional
predictors and regression function.

(C1) Functional predictors {Xi, i = 1, . . . , n} and regression function α(t) satisfy:
(i) Functional predictors {Xi, i = 1, . . . , n} belongs to a Sobolev ellipsoid of order-two, then there

exists a universal constant C, such that ∑∞
j=1 ξ2

ij j
4 ≤ C2, for i = 1, . . . , n.

(ii) Regression function satisfies
∫

α2(t)dt ≤ K, where K is a constant.
Using Cauchy-Schwarz inequality, we have

e2
i =

(
∞

∑
j=p+1

ξijβ j

)2

≤
∞

∑
j=p+1

ξ2
ij j

4
∞

∑
j=p+1

j−4α2
j ≤

C2K
p4 .

Then the approximation error can be ignored as p → ∞. Model (??) becomes:

Y̌i =
p

∑
j=1

ξ̌ijβ j + εi, (10)

which is a high-dimensional partial linear model. Since

E∥(Xi − E[Xi|Ui])(Yi − E(Yi|Ui))∥2 (11)
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can be used as an effective measure of the distance between α(·) and 0 when testing (??). Motivated by
[? ], we construct following test statistic by estimating (??).

Tnp =

(
1 − 2

n

)−2(n
2

)−1 n

∑
i=2

i−1

∑
j=1

∆ij
(
X̌
)
∆ij
(
Y̌
)
, (12)

where

∆ij
(
X̌
)
=
〈

X̌i − ¯̌X, X̌j − ¯̌X
〉
+

⟨X̌i − X̌j, X̌i − X̌j⟩
2n

,

∆ij
(
Y̌
)
=
(

Y̌i − ¯̌Y
)(

Y̌j − ¯̌Y
)
+

(
Y̌i − Y̌j

)2

2n
,

where ¯̌X(t) and ¯̌Y are sample means of X̌i(t) and Y̌i. By some calculations, we can get E[∆ij(X̌)] = 0,
E[∆ij(Y̌)] = 0. The test statistic Tnp can served as a measurement of distance between α(·) and 0 under
null hypothesis. Large values of test statistic Tnp are in favor of alternative hypothesis and leads to
rejection of null hypothesis.

3. Asymptotic Theory

To achieve the asymptotic properties of the proposed test, we first suppose following conditions
based on [? ] and [? ]. Denote

µ(Ui) = (µ1(Ui), µ2(Ui), . . . , µp(Ui))
T ≜ E[ξ|Ui],

Σ∗(Ui) = E[ξiξ
T
i |Ui]− µ(Ui)µ

T(Ui), Σ∗ = Σ − E[µ(U1)µ
T(U1)].

A condition on the dimension of matrix Σ∗ is:
(C2) As n → ∞, p → ∞; Σ∗ > 0, tr(Σ4

∗) = o(tr2(Σ2
∗)).

(C3) There exists a m-dimensional random vector Zi = (Zi1, . . . , Zim)
T for a constant m ≥ p so

that ξi = E[ξi|Ui] + Γ(Ui)Zi. Here Zi satisfies E(Zi) = 0, var(Zi) = Im, and for any Ui, Γ(Ui) is a p × m
matrix such that Γ(Ui)Γ

T(Ui) = Σ∗(Ui). Each random vector {Zi, i = 1, . . . n} is assumed to have
finite 4th moments and E(Z4

ij) = 3 + ∆ for some constant ∆. Furthermore, we assume

E
(

Zl1
ij1

Zl2
ij2

· · · Zld
ijd

)
= E

(
Zl1

ij1

)
E
(

Zl2
ij2

)
· · · E

(
Zld

ijd

)
for ∑d

k=1 lk ≤ 4 and j1 ̸= j2 ̸= · · · ̸= jd, where d is a positive integer.
(C4) βTΣ∗β = o(h2), and βTΣ3

∗β = o(tr(Σ2
∗)/n).

(C5) The error term satisfies E[ε4] < +∞.
(C6) The random variable U has a compact support Ω, and its density function f (·) has continuous

second order derivative and bounded away from 0 on its support. The kernel function K(·) is a
symmetric probability density function with a compact support. Also, it is Lipschitz continuous.

(C7) E(ξ1|U1) and g(·) are Lipschitz continuous, and have continuous second order derivatives.
(C8) The sample size n and the smoothing parameter h are assumed to satisfy lim

n→∞
h = 0, lim

n→∞
nh =

∞, lim
n→∞

nh4 = 0.

(C9) The truncated number p and the sample size n are assumed to satisfy p = o(n2h2).
Condition (C2) has been adopted in many studies about high-dimensional data (see [? ? ? ]).

Condition (C3) resembles a factor model. To analyze the local power, we also impose the condition
(C4) on the coefficient vector β. In fact, (C4) can be served as the local alternatives as its distance
measurement between β and 0. This local alternative can be also found in [? ]. (C5) is the typical
assumptions for the error term ε. Conditions (C6-C8) are very common in non-parametric smoothing.
(C9) is a technical condition which is needed to derive the theorems.
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We will show the asymptotic theory of our proposed test statistic under the null hypothesis and
the local alternative (C4) in the following two theorems.

Theorem 1. Suppose that the conditions (C1), and (C3-C9) hold, then we have

(i) E(Tnp) = ∥C∗(α)∥2 + o
(√

tr(Σ2
∗)/n

)
;

(ii) Tnp − ∥C∗(α)∥2 =
1
(n

2)

n

∑
i=2

i−1

∑
j=1

⟨Xi − µit, Xj − µjt⟩εiε j + op

(√
tr(Σ2

∗)/n
)

,

where C∗(α) = E[⟨Xi − µit, α⟩(Xi − µit)], and it can be regarded as the covariance operator of random variable
Xi − µit.

Theorem 2. Suppose that the conditions (C1-C3) and (C5-C9) hold, then under the null hypothesis or the local
alternative (C4), we have

n(Tnp − ∥C∗(α)∥2)

σ2
√

2tr(Σ2
∗)

D−→ N(0, 1), as n → ∞,

where D−→ represents convergence in distribution.

Theorem 2 indicates that under the local alternative hypothesis (C4), the proposed test statistic
has the following asymptotic local power for the nominal level α,

Ψ(β) = Φ

−zα +
n∥C∗(α)∥2

σ2
√

2tr(Σ2
∗)

,

where Φ(·) is the cumulative distribution function of the standard normal distribution, and zα denotes

its upper α quantile. Let η(α) = C∗(α)/σ2
√

2tr(Σ2
∗), and this quantity can be viewed as a signal-to-

noise ratio. When the term η(α) = o(1/n), the power converges to α, then the power converge to 1 if it
has a high order of 1/n. This implies that the proposed test is consistent. Our proposed test statistic
also process the identical asymptotic local power. The performance of the power will be shown by
simulation in Section 4.

By Theorem 2, the proposed test statistic rejects H0 at a signification level α if

nTnp ≥
√

2σ̂2 t̂r(Σ2
∗)zα,

where σ̂2 and t̂r(Σ2
∗)zα are consistent estimators of σ2 and tr(Σ2

∗), respectively. We use the similar
method as in [? ] to estimate the trace. That is,

t̂r(Σ2
∗) = Y1n − 2Y2n + Y3n,

where Y1n = 1
A2

n
∑
i ̸=j

⟨X̌T
i , X̌j⟩2, Y2n = 1

A3
n

∑
i ̸=j ̸=k

⟨X̌T
i , X̌j⟩⟨X̌T

j , X̌k⟩, Y2n = 1
A4

n
∑

i ̸=j ̸=k ̸=l
⟨X̌T

i , X̌j⟩⟨X̌k, X̌l⟩ with

Am
n = n!/(n−m)!. And the simple estimator σ̂2 = (n− 1)−1 ∑n

i=1(Y̌i − ¯̌Y)2 is used, which is consistent
under the null hypothesis testing.

4. Simulation Study

In this section, to evaluate the finite sample performance of the proposed test, some simulation
studies are conducted. We generate 1,000 Monte Carlo samples in each simulation. For basis expansion
and FPCA, we use the implementation in the R package fda.
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Here we compare the proposed test Tnp with the chi-square test Tn constructed by [? ]. The
cumulative percentage of total variance (CPV) method is used to estimate the number of principal
components in Tn. Define CPV explained by the first m empirical functional principal components as

CPV =
∑m

i=1 λ̂i

∑
p
i=1 λ̂i

,

where {λ̂i}
p
i=1 is the estimate of the eigenvalue of covariance operator. The minimal m for which

CPV(m) exceeds a desired level, 95% is chosen in this section. We denote p as the number of basis
functions used to fit curves. The simulated data is generated from the following model:

Yi =
∫ 1

0
α(s)Xi(s)ds + g(Ui) + εi, i = 1, 2, . . . , n. (13)

where g(Ui) = 2Ui or g(Ui) = 2 + sin(2πUi), and {Ui, i = 1, 2, . . . , n} is independently generated
from the uniform distribution U(0, 1). To analyze the impact of different error distributions,the
following four distributions will be selected: (1) εi ∼ N(0, 1), (2) εi ∼ t(3)/

√
3, (3) εi ∼ Γ(1, 1)− 1,

(4) εi ∼ (lnorm(0, 1)−
√

e)/
√

e(e − 1). All results about g(Ui) = 2Ui are presented in supplementary
materials.

We next report the simulation results for two data structures of the predictor X(t). Because fitting
curves with several basis functions are not reasonable for functional data that cannot be approximated
by a few principal components, the performance of Tn and Tnp will be compared based on the change
in the number of basis functions used in the fitting curves, and the performance of the proposed test
Tnp when the number of basis functions used to fit curves is large enough (at this point, the value of Tn

cannot be calculated) will be presented.
1. The predictor X(t) = ∑50

j=1 ξ jϕj(t), where ξ j follows a normal distribution with mean zero

and variance λj = 10((j − 0.5)π)−2, ϕj(t) =
√

2(j − 0.5)πt for j = 1, 2, . . . , 50. The slope function
α(t) = c(

√
2sin(πt/2) + 3

√
2sin(3πt/2)) with c varying from 0 to 0.2. c = 0 corresponds to the

null hypothesis. The number of basis functions used to fit curves and the sample size are taken as:
p = 11, 49, n = 50, 100. Under different error distributions, Tables 1 and 2 evaluate the empirical size
and power of both tests for different non-parametric functions when the nominal level α is 0.05.

Table 1. Empirical size and power when g(u) = 2u for two tests.

(n, p) c N(0,1) t(3) Γ(1, 1) lnorm(0,1)

Tn Tnp Tn Tnp Tn Tnp Tn Tnp

(50,11)

0 0.069 0.060 0.074 0.077 0.071 0.071 0.084 0.053
0.05 0.097 0.101 0.133 0.102 0.135 0.107 0.148 0.111
0.1 0.250 0.211 0.292 0.244 0.269 0.225 0.337 0.283

0.15 0.474 0.383 0.555 0.448 0.494 0.415 0.576 0.470
0.2 0.713 0.584 0.761 0.631 0.738 0.602 0.755 0.656

(100,11)

0 0.049 0.052 0.055 0.052 0.058 0.059 0.049 0.052
0.05 0.233 0.195 0.275 0.225 0.217 0.195 0.312 0.268
0.1 0.689 0.603 0.746 0.660 0.715 0.618 0.743 0.652

0.15 0.961 0.877 0.956 0.913 0.963 0.899 0.931 0.884
0.2 0.998 0.984 0.986 0.975 0.995 0.975 0.978 0.965

(100,49)

0 0.057 0.060 0.050 0.061 0.051 0.049 0.055 0.047
0.05 0.224 0.203 0.282 0.255 0.236 0.225 0.305 0.288
0.1 0.741 0.607 0.757 0.665 0.718 0.615 0.747 0.659

0.15 0.962 0.900 0.947 0.871 0.950 0.884 0.938 0.886
0.2 0.998 0.981 0.987 0.977 0.997 0.978 0.988 0.969

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 18 July 2024                   doi:10.20944/preprints202407.1547.v1

https://doi.org/10.20944/preprints202407.1547.v1


7 of ??

Table 2. Empirical size and power when g(u) = 2 + sin(2πu) for two tests.

(n, p) c N(0,1) t(3) Γ(1, 1) lnorm(0,1)

Tn Tnp Tn Tnp Tn Tnp Tn Tnp

(50,11)

0 0.062 0.064 0.072 0.069 0.071 0.072 0.060 0.054
0.05 0.087 0.091 0.109 0.096 0.112 0.103 0.117 0.106
0.1 0.235 0.197 0.250 0.219 0.241 0.208 0.293 0.249

0.15 0.420 0.359 0.502 0.419 0.449 0.389 0.506 0.449
0.2 0.658 0.545 0.724 0.605 0.694 0.573 0.735 0.638

(100,11)

0 0.062 0.062 0.050 0.046 0.063 0.060 0.054 0.060
0.05 0.217 0.205 0.239 0.219 0.235 0.208 0.255 0.240
0.1 0.668 0.568 0.714 0.617 0.696 0.605 0.748 0.644

0.15 0.946 0.874 0.947 0.883 0.946 0.852 0.927 0.873
0.2 0.996 0.980 0.993 0.972 1.000 0.979 0.987 0.964

(100,49)

0 0.050 0.062 0.056 0.063 0.047 0.067 0.060 0.056
0.05 0.226 0.216 0.249 0.202 0.209 0.199 0.277 0.256
0.1 0.674 0.562 0.734 0.611 0.692 0.582 0.733 0.639

0.15 0.943 0.873 0.943 0.890 0.941 0.855 0.925 0.889
0.2 0.997 0.976 0.994 0.981 0.998 0.980 0.982 0.955

From Tables 1 and 2, it can be seen that, (i) For different error distributions and different non-
parametric functions, the performance of both tests is stable; (ii) Due to the asymptotic distribution of
Tnp is for functional data that cannot be approximated by a few principal components, the power of
proposed test is slightly lower than that of Tn. (iii) As the sample size n increases, the power increases,
while the power does not increase or decrease significantly as the value of p increases. In fact, for this
data structure of the predictor, no matter how many basis functions are selected to fit the function
curves, the number of principal components we finally select is very small.

2. The functional predictor is generated based on the expansion (??), where ϕk’s are Fourier basis
functions on [0,1] defined as ϕ1(t) = 1, ϕ2(t) =

√
2sin(2πt), ϕ3(t) =

√
2cos(2πt), ϕ4(t) =

√
2sin(4πt),

ϕ4(t) =
√

2cos(4πt), . . .. The first p of these basis functions will be used to generate the prediction
function and slope function. Let Xi(t) = ∑

p
j=1 ξijϕj(t), α(t) = ∑

p
j=1 β jϕj(t), where p = 11, 49, 201, 365,

n = 50, 100, 200, the coefficient of slope function {βi = |β|/√p, i = 1, . . . , p} with |β|2 = c ∗ 10−2 and
c varying from 0 to 1. c = 0 corresponds to the case in which H0 is true. The coefficients of predictor
ξij follow the moving average model:

ξij = ρ1Zij + ρ2Zi(j+2) + . . . + ρTZi(p+T−1),

where the constant T controls the range of dependence between the components of predictor X(t).
{Zij, Zi(j+1), . . . , Zi(p+T−1)} are independently generated from the normal distribution N(0, Ip+T−1)

with T = 10. The element at (j, k) position of the covariance matrix Σ for coefficient vector ξi

is ∑
T−|j−k|
l=1 ρlρl+|j−k| I{|j − k| < T}, where {ρk, k = 1, . . . , T} is independently generated from the

uniform distribution on [0,1].
The Epanechnikov kernel is adopted in estimating non-parametric part g(·). we select the

bandwidth with cross validation (CV). When the significant level α is 0.05, Tables 3 and 4 show the
empirical size and power of both tests for different non-parametric functions with different error
distributions.
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Table 3. Empirical size and power when g(u) = 2u for two tests.

(n, p) c N(0,1) t(3) Γ(1, 1) lnorm(0,1)

Tn Tnp Tn Tnp Tn Tnp Tn Tnp

(50,11)

0 0.097 0.066 0.088 0.076 0.096 0.074 0.104 0.059
0.25 0.378 0.454 0.442 0.518 0.389 0.443 0.487 0.572
0.5 0.589 0.695 0.669 0.749 0.610 0.702 0.725 0.783

0.75 0.765 0.832 0.811 0.861 0.769 0.847 0.832 0.882
1 0.865 0.917 0.883 0.925 0.867 0.912 0.889 0.922

(100,11)

0 0.060 0.067 0.086 0.064 0.072 0.058 0.062 0.049
0.25 0.511 0.711 0.582 0.738 0.569 0.739 0.618 0.760
0.5 0.820 0.932 0.857 0.932 0.846 0.922 0.841 0.924

0.75 0.949 0.984 0.943 0.975 0.935 0.973 0.917 0.967
1 0.982 0.998 0.971 0.986 0.971 0.989 0.958 0.984

(100,49)

0 0.245 0.064 0.224 0.058 0.236 0.058 0.202 0.048
0.25 0.541 0.498 0.570 0.543 0.534 0.501 0.563 0.564
0.5 0.754 0.771 0.804 0.807 0.767 0.776 0.769 0.798

0.75 0.884 0.910 0.899 0.936 0.899 0.904 0.879 0.887
1 0.957 0.966 0.949 0.968 0.956 0.964 0.928 0.934

Table 4. Empirical size and power when g(u) = 2 + sin(2πu) for two tests.

(n, p) c N(0,1) t(3) Γ(1, 1) lnorm(0,1)

Tn Tnp Tn Tnp Tn Tnp Tn Tnp

(50,11)

0 0.099 0.069 0.087 0.075 0.086 0.063 0.101 0.064
0.25 0.353 0.420 0.423 0.484 0.383 0.434 0.482 0.538
0.5 0.574 0.661 0.640 0.714 0.602 0.677 0.695 0.758

0.75 0.751 0.806 0.783 0.849 0.750 0.814 0.804 0.860
1 0.841 0.893 0.869 0.913 0.842 0.897 0.874 0.913

(100,11)

0 0.067 0.058 0.060 0.054 0.065 0.055 0.072 0.059
0.25 0.486 0.662 0.545 0.713 0.537 0.697 0.591 0.742
0.5 0.783 0.901 0.819 0.906 0.814 0.907 0.832 0.916

0.75 0.930 0.983 0.918 0.966 0.930 0.980 0.915 0.955
1 0.976 0.996 0.959 0.983 0.977 0.994 0.954 0.972

(100,49)

0 0.236 0.066 0.212 0.066 0.218 0.061 0.243 0.065
0.25 0.543 0.475 0.540 0.506 0.526 0.480 0.658 0.612
0.5 0.744 0.745 0.781 0.791 0.747 0.750 0.835 0.815

0.75 0.885 0.892 0.890 0.911 0.875 0.891 0.913 0.913
1 0.948 0.964 0.937 0.956 0.938 0.955 0.947 0.956

From Tables 3 and 4, the number of basis functions used for fitting functions has a very important
impact on the test. Specifically, (i) Under different error distributions, with the increase of p, the
empirical size of test Tn is much greater than the nominal level, while our proposed test Tnp has a stable
performance; (ii) As the sample size n increases, the power increases, while the power decreases as the
value of p increase. In fact, for this data structure of the predictor, the number of selected principal
components is too large to make the test statistics based on FPCA perform well. Instead, the proposed
test has great advantages(see bold numbers in Tables 3-4).

Furthermore, to verify the asymptotic theory of our proposed test, when (n, p) = (200, 365),
Figures 1 and 2 draw the null distributions and the q-q plots of Tnp for g(u) = 2u and g(u) =

2 + sin(2πu), respectively. The null distributions are represented by the dashed lines, while the
solid lines are density function curves of standard normal distributions. For different n, p, Figures
3 and 4 respectively show the empirical power functions of the proposed test statistics under four
different error distribution functions when the non-parametric function is a linear function and a
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trigonometric function. When (n, p) = (200, 201), (100, 201), (200, 365), the empirical power functions
of the proposed test are represented by solid lines, dashed lines and dotted lines respectively. It can
be seen that from Figures 3 and 4, the power increases rapidly as long as c increases slightly. As the
sample size n increases, the power increases, while the power decreases as p increases. The proposed
test is stable under different error distributions. These are consistent with the conclusions in Tables 3
and 4(i.e.p < n).
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Figure 1. The null distributions and the q-q plots of our proposed test when g(u) = 2u.
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Figure 2. The null distributions and the q-q plots of our proposed test when g(u) = 2 + sin(2πu).
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Figure 3. Empirical power functions of our proposed test when g(u) = 2u.
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Figure 4. Empirical power functions of our proposed test when g(u) = 2 + sin(2πu).

5. Application

This section applies the proposed test to the spectral data, which has been described and
analyzed in the literature (see [? ? ]). This dataset can be obtained on the following platforms:
http://lib.stat.cmu.edu/datasets/tecator. There are 215 meat samples. Each sample contains chopped
pure meat, which contains different absorption spectra and fat, protein and water contents. The
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observations of the spectral measurement are some curves, denoted by Xi(·), which corresponds to
the absorbance measured on the grid with 100 wavelengths ranging from 850nm to 1050nm in step.
Fat, protein and water content (in percentage) are measured by chemical analysis method. Denote the
fat contents as response variable Yi, the protein contents as Zi, and the moisture content as Ui. Similar
to [? ], the following two models will be used to assume the relationship between them:

Yi =
∫ 1050

850
α(t)Xi(t)dt + g(Zi) + εi, (14)

Yi =
∫ 1050

850
α(t)Xi(t)dt + g(Ui) + εi. (15)

Here we mainly study the test in models (??) and (??): α(t) = 0. The number of basis functions
used for fitting function curves p is selected as 129. Figure 5 shows the estimation of slope function
α(t) in models (??) and (??).

Figure 5. (a) The estimator of the slope function in model (??); (b) The estimator of the slope function
in model (??)

The calculation results are as follows: (i) For model (??), the value of statistic is Tnp = 31.186;
p-value is 0. (ii) For model (??), the value of statistic is Tnp = −0.867; p-values are 0.386.

From this we can seen that the conclusions. The test on model (??) is significant, while the test
on model (??) is not significant. This result can also be reflected from Figure 5. It is obvious that the
estimated value of α(t) on the right side of Figure 5 is much smaller than that on the left side.

6. Conclusions

In this paper, we constructed a U-statistic of order-two for testing linearity between the functional
predictor and the response variable in functional partially linear regression model. The proposed
test procedure didn’t depend on the estimate of covariance operator of predictor function. The
asymptotic distribution of proposed test statistic is normal under a null hypothesis and a local
alternative assumption. Furthermore, numerical simulations show that our proposed test performs
well when functional data cannot be approximated by a few principal components. Finally, the real
data has applied to our proposed test to verify its feasibility.
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Appendix A

We present some lemmas in order to complete the proofs of Theorem 1 and Theorem 2. With-
out loss of generality, we assume that and µ0(t) = 0 and E[g(U)] = 0 in the sequel. Let Cn =√

log(1/h)/(nh) + h2. With reference to the asymptotic theory of non-parametric estimation, the
pseudo estimation of non-parametric function satisfies sup

u∈Ω
∥ǧ(u)− g(u)∥ = Op(Cn). Denote Dg(Ui) =

g(Ui)− ǧ(Ui), Dµit = µit − µ̂it, for i = 1, 2, . . . , n. Similarly as the lemmas in [? ], it is easy to derive
the following lemmas.

Lemma A1. If (C1), (C3) and (C4) hold, for any square matrix M,it can be shown that

(i) E
[

Z1ZT
1 MZ1ZT

1

]
= M + MT + tr(M)Ip + ∆diag(M);

(ii) E
[

Z1ZT
2 MZ2ZT

1

]
= tr(M)Ip;

(iii) E
[
(⟨X1 − µ1t, α⟩⟨X1 − µ1t, X2 − µ2t⟩⟨X2 − µ2t, α⟩)2

]
= o(tr(Σ2

∗)).

Lemma A2. If (C1-C3) and (C5-C9) hold, then we have

(i) E
[
⟨X̌1, X̌2⟩4

]
= o(ntr2(Σ2

∗));

(ii) E
[
⟨C∗(X̌1), X̌1⟩2

]
= o(ntr2(Σ2

∗)).

Lemma A3. If (C1-C9) hold, we can get

(i) E
[
⟨X̌1, X̌1⟩

]
= O(tr(Σ∗));

(ii) E
[
Y̌2

1

]
= O(1);

(iii) E
[
⟨ ¯̌X12, ¯̌X12⟩

]
= O(tr(Σ∗)/n);

(iv) E
[

¯̌Y2
12

]
= O

(
C2

n

)
;

(v) E
[
⟨ ¯̌X12, ¯̌X12⟩ ¯̌Y2

12

]
= O

(
tr(Σ∗)/n2

)
,

where ¯̌Xij(t),
¯̌Yij represent the sample means of X̌(t) and Y̌ without ith and jth samples, for i, j = 1, 2, . . . , n.

That is
¯̌Xij(t) =

1
n − 2 ∑

k ̸=i,j
X̌k(t),

¯̌Yij =
1

n − 2 ∑
k ̸=i,j

Y̌k.

Proof. Proof of Theorem 1. Write

n
n − 2

∆ij
(
X̌
)
≜ P(1)

ij + P(2)
ij + P(3)

ij + P(4)
ij ,

n
n − 2

∆ij
(
Y̌
)
≜ L(1)

ij + L(2)
ij + L(3)

ij + L(4)
ij ,
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where

P(1)
ij =

(
1 − 1

n

)
⟨X̌i, X̌j⟩, P(2)

ij = − 1
2n
(
⟨X̌i, X̌i⟩+ ⟨X̌j, X̌j⟩ − 2E

[
⟨X̌1, X̌1⟩

])
,

P(3)
ij = −

(
1 − 2

n

)
⟨X̌i + X̌j,

¯̌Xij⟩, P(4)
ij =

(
1 − 2

n

)(
⟨ ¯̌Xij,

¯̌Xij⟩ −
E[⟨X̌1, X̌1⟩]

n − 2

)
,

L(1)
ij =

(
1 − 1

n

)
Y̌iY̌j, L(2)

ij = − 1
2n

(
Y̌2

i + Y̌2
j − 2E

[
Y̌2

1

])
,

L(3)
ij = −

(
1 − 2

n

)(
Y̌i + Y̌j

) ¯̌Yij, L(4)
ij =

(
1 − 2

n

)(
¯̌Y2
ij −

E
(
Y̌2

1
)

n − 2

)
,

then the expectation of test statistic Tnp is:

E[Tnp] = ∑
j<i

4

∑
l,k=1

E
[

P(l)
ij L(k)

ij

]
.

To prove the conclusion (i) in Theorem 1, it needs to be calculated one by one for (l, k), l, k =

1, 2, 3, 4. Because of the similarity of calculation in different cases of (l, k), here we mainly consider the
case where (l, k) = (1, 1),

E
[

P(1)
ij L(1)

ij

]
≜ G(1,1)

1 + G(1,1)
2 + G(1,1)

3 + G(1,1)
4 + G(1,1)

5 + G(1,1)
6 , (A1)

where

G(1,1)
1 =

(n − 1)2

n2 E[⟨X1 − µ̂1t, X2 − µ̂2t⟩Dg(U1)Dg(U2)],

G(1,1)
2 =

(n − 1)2

n2 E[⟨X1 − µ̂1t, α⟩⟨X1 − µ̂1t, X2 − µ̂2t⟩⟨X2 − µ̂2t, α⟩],

G(1,1)
3 =

(n − 1)2

n2 E[⟨X1 − µ̂1t, X2 − µ̂2t⟩ε1ε2],

G(1,1)
4 =

2(n − 1)2

n2 E[⟨X1 − µ̂1t, X2 − µ̂2t⟩⟨X2 − µ̂2t, α⟩Dg(U1)],

G(1,1)
5 =

2(n − 1)2

n2 E[⟨X1 − µ̂1t, X2 − µ̂2t⟩Dg(U1)ε2],

G(1,1)
6 =

2(n − 1)2

n2 E[⟨X1 − µ̂1t, X2 − µ̂2t⟩⟨X1 − µ̂1t, α⟩ε2].

For the above six items, we will analyze them one by one. Firstly, we consider the first term. Since

E[⟨X1 − µ̂1t, X2 − µ̂2t⟩Dg(U1)Dg(U2)]

= 2E[⟨Dµ1t, X2 − µ2t⟩Dg(U1)Dg(U2)] + E[⟨Dµ1t, Dµ2t⟩Dg(U1)Dg(U2)]

= O
(

W12W21

(
ξT

2 ξ2 − µT(U2)ξ2

)
g2(U1)

)
= O

(
tr(Σ∗)/n2h

)
,
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then G(1,1)
1 = o

(√
tr(Σ2

∗)/n
)

holds. For the second term, we have

E[⟨X1 − µ̂1t, α⟩⟨X1 − µ̂1t, X2 − µ̂2t⟩⟨X2 − µ̂2t, α⟩]
= E[⟨X1 − µ1t, α⟩⟨X1 − µ1t, X2 − µ2t⟩⟨X2 − µ2t, α⟩]
+ 2E[⟨Dµ1t, α⟩⟨Dµ1t, Dµ2t⟩⟨Dµ2t, α⟩]
+ 2E[⟨X1 − µ1t, α⟩⟨Dµ1t, Dµ2t⟩⟨Dµ2t, α⟩]
+ 2E[⟨X1 − µ1t, α⟩⟨X2 − µ2t, Dµ1t⟩⟨Dµ2t, α⟩]
+ 2E[⟨X1 − µ1t, α⟩⟨X1 − µ1t, Dµ2t⟩⟨Dµ2t, α⟩]
+ 2E[⟨Dµ1t, α⟩⟨X1 − µ1t, Dµ2t⟩⟨Dµ2t, α⟩]
+ 2E[⟨X1 − µ1t, α⟩⟨Dµ1t, Dµ2t⟩⟨X2 − µ2t, α⟩]

= ∥C∗(α)∥2 + O
(

2βΣ2
∗β/nh + βTΣ∗βtr(Σ∗)/n2

)
.

Combined with (C1),(C3) and (C9), G(1,1)
2 = ∥C∗(α)∥2 + o

(√
tr(Σ2

∗)/n
)

holds. The error term εi with

mean zero is independent of the predictor, hence it is easy to see that both the third term G(1,1)
3 and the

sixth term G(1,1)
6 are zero. For the other two cross terms G(1,1)

4 and G(1,1)
5 ,we need to prove that they

are high-order infinitesimals of
√

tr(Σ2
∗)/n. In fact,

E[⟨X1 − µ̂1t, X2 − µ̂2t⟩⟨X2 − µ̂2t, α⟩Dg(U1)]

= E[⟨X1 − µ1t, α⟩⟨X1 − µ1t, Dµ2t⟩Dg(U2)]

+ E[⟨Dµ1t, α⟩⟨Dµ1t, X2 − µ2t⟩Dg(U2)]

+ E[⟨Dµ1t, α⟩⟨X1 − µ1t, Dµ2t⟩Dg(U2)]

+ E[⟨X1 − µ1t, α⟩⟨Dµ1t, Dµ2t⟩Dg(U2)]

+ E[⟨Dµ1t, α⟩⟨Dµ1t, Dµ2t⟩Dg(U2)]

= O
(

nE[W2
23βT(ξ1ξT

1 − ξ1µT(U1))ξ3g(U3)]
)

= O
(

E[βTΣ∗(U1)µ(U2)g(U2) f−1(U2)]/nh
)

= o
(√

tr(Σ2
∗)/n

)
.

Finally, for G(1,1)
5 , we have

E[⟨X1 − µ̂1t, X2 − µ̂2t⟩Dg(U1)ε2]

= E[⟨X1 − µ1t + Dµ1t, X2 − µ2t + Dµ2t⟩(−W12ε2
2)]

= E[(ξ1 − µ(U1))
Tξ1W21W12σ2] + E[W2

12ξT
2 (ξ2 − µ(U1))σ

2]

= O
(

tr(Σ∗)/n2h
)

.

Using (C3) and the following fact tr2(Σ∗) ≤ ptr(Σ2
∗), we obtained tr(Σ∗)/

√
tr(Σ2

∗) = o(nh), i.e.

A(1,1)
5 = o

(√
tr(Σ2

∗)/n
)

. Then, it can be seen that

E
[

P(1)
ij L(1)

ij

]
= ∥C∗(α)∥2 + o

(√
tr(Σ2

∗)/n
)

. (A2)
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For the rest, refer to calculation of the above mean E
[

P(1)
ij L(1)

ij

]
and the proof of Theorem 1 in [? ]. The

proof of the conclusion (i) in Theorem 1 is completed. The conclusion (ii) of Theorem 1 can be found in
the proof of Theorem 2, here we omit it.

Proof. Proof of Theorem 2
By the Throrem 1, we have the fact

n(E(Tnp)− ∥C∗(α)∥2)

σ2
√

2tr(Σ2
∗)

= o(1),

then we only need to prove that

n(Tnp − ETnp)

σ2
√

2tr(Σ2
∗)

D−→ N(0, 1). (A3)

Denote T(k,l)
np = n(n

2)
−1 ∑

i>j

(
P(k)

ij L(l)
ij − E

(
P(k)

ij L(l)
ij

))
, where k, l = 1, 2, 3, 4. Then we have

n(Tnp − ETnp) =
4

∑
k=1

4

∑
l=1

T(k,l)
np .

In order to obtain the asymptotic properties of above equation, we will find the asymptotic order of
all terms T(k,l)

np . These items are divided into the following two groups according to the treatment
methods.

• Group 1: (k, l) = (1, 1), (1, 2), (1, 3), (1, 4), (2, 1), (2, 3), (3, 1), (3, 3), (4, 1), (4, 3).
• Group 2: (k, l) = (2, 2), (2, 4), (3, 2), (3, 4), (4, 2), (4, 4).

Since the methods are similar, the cases of (k, l) = (1, 1) and (k, l) = (2, 2) will be considered
respectively in detail in each group. Firstly, for T(1,1)

np , we can rewrite

T(1,1)
np ≜ T(1,1)

np,1 + T(1,1)
np,2 + T(1,1)

np,3 + T(1,1)
np,4 + T(1,1)

np,5 + T(1,1)
np,6 + T(1,1)

np,7 + T(1,1)
np,8 + T(1,1)

np,9 , (A4)
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where

T(1,1)
np,1 =

2(n − 1)
n2 ∑

j<i

{
⟨Xi − µ̂it, Xj − µ̂jt⟩Dg(Ui)Dg(Uj)− E[⟨Xi − µ̂it, Xj − µ̂jt⟩

Dg(Ui)Dg(Uj)]

}
,

T(1,1)
np,2 =

2(n − 1)
n2 ∑

j<i

{
⟨Xi − µ̂it, Xj − µ̂jt⟩⟨Xj − µ̂jt, α⟩Dg(Ui)− E[⟨Xi − µ̂it, Xj

− µ̂jt⟩]⟨Xj − µ̂jt, α⟩Dg(Ui)

}
,

T(1,1)
np,3 =

2(n − 1)
n2 ∑

j<i

{
⟨Xi − µ̂it, Xj − µ̂jt⟩⟨Xi − µ̂it, α⟩Dg(Uj)− E[⟨Xi − µ̂it, Xj

− µ̂jt⟩]⟨Xi − µ̂it, α⟩Dg(Uj)

}
,

T(1,1)
np,4 =

2(n − 1)
n2 ∑

j<i

{
⟨Xi − µ̂it, Xj − µ̂jt⟩Dg(Ui)ε j − E[⟨Xi − µ̂it, Xj

− µ̂jt⟩Dg(Ui)ε j]

}
,

T(1,1)
np,5 =

2(n − 1)
n2 ∑

j<i

{
⟨Xi − µ̂it, Xj − µ̂jt⟩Dg(Uj)εi − E[⟨Xi − µ̂it, Xj

− µ̂jt⟩Dg(Uj)εi]

}
,

T(1,1)
np,6 =

2(n − 1)
n2 ∑

j<i

{
⟨Xi − µ̂it, Xj − µ̂jt⟩⟨Xj − µ̂jt, α⟩εi

}
,

T(1,1)
np,7 =

2(n − 1)
n2 ∑

j<i

{
⟨Xi − µ̂it, Xj − µ̂jt⟩⟨Xi − µ̂it, α⟩ε j

}
,

T(1,1)
np,8 =

2(n − 1)
n2 ∑

j<i

{
⟨Xi − µ̂it, α⟩⟨Xi − µ̂it, Xj − µ̂jt⟩⟨Xj − µ̂jt, α⟩ − E[⟨Xi

− µ̂it, α⟩⟨Xi − µ̂it, Xj − µ̂jt⟩⟨Xj − µ̂jt, α⟩]
}

,

T(1,1)
np,9 =

2(n − 1)
n2 ∑

j<i
⟨Xi − µ̂it, Xj − µ̂jt⟩εiε j.

To prove (??), We shall prove

T(1,1)
np − ET(1,1)

np

σ2
√

2tr(Σ2
∗)

=
T(1,1)

np,91

σ2
√

2tr(Σ2
∗)

+ op(1), (A5)

where T(1,1)
np,91 = 2(n−1)

n2 ∑
j<i

⟨Xi − µit, Xj − µjt⟩εiε j.

It is easy to see that the means of 9 items in the right equation of (??) are all zero. Then in order to
calculate their asymptotic order, it is necessary to prove their second moment. Due to the similarity of
calculation of the first 8 items, we use the first item T(1,1)

np,1 as an example to consider.

E
[
(T(1,1)

np,1 )
2
]
=

n2

(n
2)

2

n

∑
i=2

E
[

Q(1,1)
i,1 Q(1,1)

i,1

]
+

n2

(n
2)

2

n

∑
i=2

∑
j ̸=i

E
[

Q(1,1)
i,1 Q(1,1)

j,1

]
+ o(tr(Σ2

∗)),
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where

Q(1,1)
i,1 =

i−1

∑
j=1

⟨Xi − µ̂it, Xj − µ̂jt⟩Dg(Ui)Dg(Uj).

Let’s calculate E
[

Q(1,1)
i,1 Q(1,1)

i,1

]
and E

[
Q(1,1)

i,1 Q(1,1)
j,1

]
(i ̸= j).

E
[

Q(1,1)
i,1 Q(1,1)

i,1

]
= (i − 1)E

[
⟨X1 − µ̂1t, X2 − µ̂2t⟩⟨X1 − µ̂1t, X2 − µ̂2t⟩Dg(U1)

2Dg(U2)
2
]

+ (i − 1)(i − 2)E
[
⟨X1 − µ̂1t, X2 − µ̂2t⟩⟨X1 − µ̂1t, X3 − µ̂3t⟩Dg(U1)

2Dg(U2)Dg(U3)
]

≜ (i − 1)B(1,1)
11 + (i − 1)(i − 2)B(1,1)

12 ,

E
[

Q(1,1)
i,1 Q(1,1)

j,1

]
= Ξ1E

[
⟨X1 − µ̂1t, X2 − µ̂2t⟩⟨X1 − µ̂1t, X3 − µ̂3t⟩Dg(U1)

2Dg(U2)Dg(U3)
]

+ Ξ2E
[
⟨X1 − µ̂1t, X2 − µ̂2t⟩⟨X3 − µ̂3t, X4 − µ̂4t⟩Dg(U1)Dg(U2)Dg(U3)Dg(U4)

]
≜ Ξ1B(1,1)

12 + Ξ2B(1,1)
13 ,

where Ξ1 = (i − 1) ∧ (j − 1), Ξ2 = (i − 1)(j − 1)− (i − 1) ∧ (j − 1).
Using the Cauchy-Schwarz inequality and Lemma A.2, we can get

B(1,1)
11 = O(C4

n
√

ntr(Σ2
∗)).

For B(1,1)
12 and B(1,1)

13 ,

B(1,1)
12 = E

[
⟨X1 − µ̂1t, X2 − µ̂2t⟩⟨X1 − µ̂1t, X3 − µ̂3t⟩Dg(U1)

2Dg(U2)Dg(U3)
]

= O
(

E
[
W23tr(Σ∗(U1)Σ∗(U3))Dg(U1)

2Dg(U2)Dg(U3)
]

+ E
[
W13W21tr(Σ∗(U1)Σ∗(U3))Dg(U1)

2Dg(U2)Dg(U3)
]

+ E
[
W12W13tr(Σ∗(U1))tr(Σ∗(U3))Dg(U1)

2Dg(U2)Dg(U3)
]

+ E
[
µT(U1)µ(U2)µ

T(U3)µ(U1)Dg(U1)
2Dg(U2)Dg(U3)

])
= O

(
E
[
tr(Σ∗(U1)Σ∗(U2))g2(U1)g(U2)]/n2 + E2[tr(Σ∗(U1))g2(U1)]/n3

+ E[µT(U2)µ(U1)µ
T(U1)µ(U2)g(U1)/n2]

+ E[µT(U2)µ(U1)µ
T(U1)µ(U2)g2(U1)g2(U2)/n2]),

B(1,1)
13 = O

(
E[DµT(U1)Dµ(U2)(µ(U3)− µ̂(U3))

T(µ(U4)− µ̂(U4))

Dg(U1)Dg(U2)Dg(U3)Dg(U4)]
)

= O
(

µT(U1)µ(U2)µ
T(U3)µ(U4)g(U1)g(U2)g(U3)g(U4)/n2

)
.
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So we can have T(1,1)
np,1 = op

(√
tr(Σ2

∗)

)
. Apply similar methods to the T(1,1)

np,1 , the terms {T(1,1)
np,k , k =

2, . . . , 7} are all equal to op(
√

tr(Σ2
∗)). For T(1,1)

np,9 , rewrite

T(1,1)
np,9 ≜ T(1,1)

np,91 + T(1,1)
np,92 + T(1,1)

np,93 + T(1,1)
np,94,

where

T(1,1)
np,91 =

2(n − 1)
n2

n

∑
i=2

i−1

∑
j=1

{
⟨Xi − µit, Xj − µjt⟩εiε j

}
,

T(1,1)
np,92 =

2(n − 1)
n2

n

∑
i=2

i−1

∑
j=1

{
⟨Xi − µit, Dµjt⟩εiε j

}
,

T(1,1)
np,93 =

2(n − 1)
n2

n

∑
i=2

i−1

∑
j=1

{
⟨Xj − µjt, Dµit⟩εiε j

}
,

T(1,1)
np,94 =

2(n − 1)
n2

n

∑
i=2

i−1

∑
j=1

{
⟨Dµit, Dµjt⟩εiε j

}
.

Since the means of above four formulas are zero, in order to prove that (??) is true, it is necessary to
verify the second moments of T(1,1)

np,9k, k = 2, 3, 4 are the high-order infinitesimal of quantity tr(Σ2
∗). In

fact,

E[T(1,1)
np,92]

2 = E[T(1,1)
np,93]

2 =
4(n − 1)2σ4

n4

n

∑
i=2

{
(i − 1)E

[
⟨X1 − µ1t, Dµ2t⟩

]2}
= O

(
E[⟨X1 − µ1t, Dµ2t⟩⟨X1 − µ1t, Dµ2t⟩]

)
= O

(
nE[W2

23ξT
3 Σ∗(U1)ξ3]

)
= o(tr(Σ2

∗)),

E[T(1,1)
np,94]

2 = O
(
E[⟨Dµit, Dµjt⟩⟨Dµit, Dµjt⟩]

)
= O

(
E[tr(Σ∗(U3)µ(U1)µ

T(U1) f−1(U3))]/nh
)
+ O

(
tr2(Σ∗)/n2h

)
= o(tr(Σ2

∗)).

Then the equation (??) holds. Similarly, for Group 2, that is, when (k, l) = (2, 2), (2, 4), (3, 2), (3, 4),
(4, 2), (4, 4), there is a similar proof process for the asymptotic behavior of each item in the group, here
we only consider T(2,2)

np . By careful calculation,

E[(⟨X̌1, X̌1⟩+ ⟨X̌2, X̌2⟩ − 2E(⟨X̌1, X̌1⟩))2]

= O(E[⟨X1 − µ1t, X1 − µ1t⟩2] + E2[⟨X1 − µ1t, X1 − µ1t⟩]
+ E[⟨X1 − µ1t, X1 − µ1t⟩⟨X2 − µ2t, X2 − µ2t⟩])

= O(E[(ξ1 − µ(U1))
T(ξ1 − µ(U1))(ξ1 − µ(U1))

T(ξ1 − µ(U1))]

+ E[(ξ1 − µ(U1))
T(ξ1 − µ(U1))(ξ2 − µ(U2))

T(ξ2 − µ(U2))]

+ E2[(ξ1 − µ(U1))
T(ξ1 − µ(U1))])

= O(E[2tr(Σ2
∗(U1)) + tr2(Σ∗) + ∆tr(diag(ΓT(U1)Γ(U1))Γ

T(U1)Γ(U1))]).
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Using the fact E[tr(diag(ΓT(U1)Γ(U1))Γ
T(U1)Γ(U1))] = E[tr(Σ2

∗(U1))] = O(tr(Σ2
∗)), we have

E[(⟨X̌1, X̌1⟩+ ⟨X̌2, X̌2⟩ − 2E(⟨X̌1, X̌1⟩))2] = O(tr2(Σ∗) + tr(Σ2
∗)). (A6)

In addition, by a simple calculation,

E[(Y̌2
1 + Y̌2

2 − 2E[Y̌2
1 ])

2] = 2E[(Y̌2
1 )

2] + 2E[Y̌2
1 Y̌2

2 ]− 4E2[Y̌2
1 ] = O(1). (A7)

Combined (??), (??) with Cauchy-Schwarz inequality, we have

E|T(2,2)
np | ≤ 1

4n

√
E[(⟨X̌1, X̌1⟩+ ⟨X̌2, X̌2⟩ − 2E(⟨X̌1, X̌1⟩))2]

√
E[Y̌2

1 + Y̌2
2 − 2E(Y̌2

1 )]
2

= o
(√

tr(Σ2
∗)

)
.

Denote Ťnp1 ≜ (n
2)

−1/2 n
∑

i=2

i−1
∑

j=1
⟨Xi − µit, Xj − µjt⟩εiε j, by condition (C1), we only need to consider Ťnp =

(n
2)

−1/2 n
∑

i=2

i−1
∑

j=1
(ξi − µ(Ui))

T(ξ j − µ(Uj))εiε j. Then, by Slutsky’s theorem, if the following conclusion

can be obtained, Theorem 2 will be proved.

Ťnp√
var(Ťnp)

D−→ N(0, 1).

By some simple calculations, we have var(Ťnp) = σ4tr(Σ2
∗). Let Zni = ∑i−1

j=1⟨Xi − µit, Xj −

µjt⟩εiε j/
√
(n

2), vni = E[Z2
ni|Fi−1], Xui = (ξi, Ui, εi)

T , where Fi = {Xu1, . . . , Xui} is a σ-algebra

produced by {Xui, k = 1, . . . , i}, Vn = ∑n
i=2 vni. It is easy to check E[Zni|Fi] = 0, and {∑

j
i=2 Zni,Fj :

2 ≤ j ≤ n} is a martingale with mean 0. The martingale central limit theorem follows if we can check

Vn

var(Ťnp)

P−→ 1, as n → ∞; (A8)

n

∑
i=2

σ−4tr−1(Σ2
∗)E{Z2

ni I(|Zni| > ησ2
√

tr(Σ2
∗))|Fi−1}

P−→ 0 for ∀ η > 0. (A9)

Note that

vni =
σ2

(n
2)

i−1

∑
j=1

{
ε2

j (ξ j − µ(Uj))
TΣ∗(ξ j − µ(Uj)) + 2 ∑

k<l<i
εkε l(ξk − µ(Uk))

TΣ∗(ξl − µ(Ul))
}

.

Then we define
Vn

var(T̃np)
≜ Cn1 + Cn2,

where

Cn1 =
1

(n
2)σ

2tr(Σ2
∗)

∑
j<i

ε2
j (ξ j − µ(Uj))

TΣ∗(ξ j − µ(Uj)),

Cn2 =
2

(n
2)σ

2tr(Σ2
∗)

∑
k<l<i

εkε l(ξk − µ(Uk))
TΣ∗(ξl − µ(Ul)).
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It is easy to check E[Cn1] = 1, and

var(Cn1) = E[C2
n1]− 1

=
1

n4(σ4Σ2
∗)2

n

∑
i=2

(
(i − 1)E

[
(ξ1 − µ(U1))

TΣ∗(ξ1 − µ(U1))(ξ1 − µ(U1))
TΣ∗(ξ1

− µ(U1))σ
4ε4

1

]
+ (i − 1)(i − 2)E

[
(ξ1 − µ(U1))

TΣ∗(ξ1 − µ(U1))(ξ2

− µ(U2))
TΣ∗(ξ2 − µ(U2))σ

4ε2
1ε2

2

])
+

1
n4(σ4Σ2

∗)2

n

∑
i=2

∑
j ̸=i

(
(i − 1) ∧ (j − 1)E[(ξ1 − µ(U1))

TΣ∗(ξ1 − µ(U1))(ξ1

− µ(U1))
TΣ∗(ξ1 − µ(U1))σ

4ε4
1] + ((i − 1)(j − 1)− (i − 1) ∧ (j − 1))E[(ξ1

− µ(U1))
TΣ∗(ξ1 − µ(U1))(ξ2 − µ(U2))

TΣ∗(ξ2 − µ(U2))σ
4ε2

1ε2
2]
)
− 1

=
E[ε4

1]

nσ4tr2(Σ2
∗)

O(E[(ξ1 − µ(U1))
TΣ∗(ξ1 − µ(U1))(ξ1 − µ(U1))

TΣ∗(ξ1 − µ(U1))])

=
E[ε4

1]

nσ4tr2(Σ2
∗)

O(E[tr(Σ∗(U1)Σ∗Σ∗(U1)Σ∗)] + tr2(Σ∗(U1)Σ∗)

+ ∆tr(diag(ΓT(U1)Σ∗Γ(U1))Γ
T(U1)Σ∗Γ(U1)))

=
E[ε4

1]

nσ4tr2(Σ2
∗)

O(tr(Σ4
∗) + tr2(Σ2

∗)),

By (C2), we have Cn1
P−→ 1. Similarly, we can obtain E[Cn2] = 0, and

var(Cn2) = E[C2
n2]

= O
( 2

(n
2)

2tr2(Σ2
∗)

n

∑
i=2

((i − 1)(i − 2)E[(ξ1 − µ(U1))
TΣ∗(ξ2 − µ(U2))(X2

− µ(U2))
TΣ∗(ξ1 − µ(U1))] +

n

∑
i=2

∑
j ̸=i

(i − 1) ∧ (j − 1)((i − 1) ∧ (j − 1)− 1)

E[(ξ1 − µ(U1))
TΣ∗(ξ2 − µ(U2))(ξ2 − µ(U2))

TΣ∗(ξ1 − µ(U1))])
)

= O

(
tr(Σ4

∗)

tr2(Σ2
∗)

)
.

Combined with tr(Σ4
∗) = o(tr2(Σ2

∗)), then we have Cn2
P−→ 0. Thus, equation (??) holds. Finally,

we only need to prove (??). Therefore, using the law of large numbers, and the fact E[Z2
ni I(|Zni| >
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ησ2tr(Σ2
∗))] ≤ E(Z4

ni|Fi−1)/(η2σ4tr(Σ2
∗)), we only need to show that ∑2≤i≤n E(Z4

ni) = o(tr2(Σ2
∗)). By

simple calculation, we can get

n

∑
i=2

E[Z4
ni]

=
1

(n
2)

2 ∑
j<i

E[((ξi − µ(Ui))
T(ξ j − µ(Uj)))

4ε4
i ε4

j ] +
n

∑
i=2

E[Z4
ni]

=
1

(n
2)

2 ∑
j<i

∑
k ̸=j

E[((ξi − µ(Ui))
T(ξ j − µ(Uj)))

2((ξi − µ(Ui))
T(ξk − µ(Uk)))

2ε4
i ε2

j ε2
k]

=
E2(ε4

1)

(n
2)

2

n

∑
i=2

(i − 1)E[(ξ1 − µ(U1))
T(ξ2 − µ(U2))]

4 +
3σ4E(ε4

1)

(n
2)

2

n

∑
i=2

(i − 1)(i − 2)

E
[
((ξ1 − µ(U1))

T(ξ2 − µ(U2)))
2((ξ1 − µ(U1))

T(ξ3 − µ(U3))
2)
]

= O
(

E[(ξ1 − µ(U1))
T(ξ2 − µ(U2))]

4

n2

)
+ O

(
E[(ξ1 − µ(U1))

TΣ∗(ξ1 − µ(U1))]
2

n

)
Combined (C2) and Lemma 2, equation (??) holds. Thus, the proof of Theorem 2 completed.
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