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Abstract: In this study, we provide the Lie symmetries and a classification of plane symmetric static space-
times. Based on the invariance of the Lagrange equations of plane symmetries static space-time systems under
the transformation Lie group, we provide the Lie symmetry determination equation, Lie symmetry theorem,
and the conserved quantity of the systems; by utilizing the Lie symmetry method to solute the system, we give
complete classification of the plane symmetric static space-times systems. The research results indicate that
using the Lie symmetry method to study plane symmetric static spacetime can identify a series of conserved
quantities that exist in the system; Discovered 5 basic Lie symmetries in the system; When the metric
parameters of the system are appropriately selected, the plane symmetric static spacetime can have 6, 7, 8, 9,
11, and 17 Lie symmetric symmetries and conserved quantities.
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1. Introduction

It is generally known that space-time symmetries play a significant role in the motion of
particles, specifically in gravity theories. The classification of space-time symmetry has become a hot
topic in general relativity [1-7]. These classifications not only classify space-times according to such
space-time symmetries, but also provide new solutions to the Einstein field equations, which are
given in standard gravitational units c=G =1 as

1
e —E Rg,uv == kTyv
The classification of Einstein field equations (EFE) constitutes a significant part of general
relativity research. It is practically impossible to find general solutions for the EFE in a closed analytic

R

form. These are non-linear partial differential equations, and it is not easy to obtain the exact solutions
of these equations.

In 1974, Lie introduced infinitesimal transformations into differential equations and proposed a
symmetric solution for solving differential equations [8]. The symmetry method is a fundamental
method for solving differential equations [9-15]. By using the symmetry-solving method, we can
solve the dynamical equations, reduce the order of the differential equations, and linearize nonlinear
the dynamical equations. These methods are used to reduce the number of variables in partial
differential equations. There are two basic symmetry methods under the transformation of the Lie
group. One is based on the invariance of the Hamiltonian action of the dynamic system under the
transformation Lie group, which is called the Noether symmetry method [16]; Other is based on the
invariance of dynamical equations of system under the transformation Lie group, which is called the
Lie symmetry method [8,16].

Symmetries help to find solutions of the 4 dimensional space-time. Various approaches have
been used to classify space-times and to find solutions to Einstein field equations [17-23]. However,
in previous studies, the classification and exact solutions of four-dimensional space-time were mostly
based on the invariance of the Lagrange function describing the system under the transformation Lie
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group; that is, the Noether symmetry of a four-dimensional space-time system to give the
conservation of the system's existence and classify the system.

In recent years, the Lie symmetry method has been successfully applied to solve problems in
conservative and non conservative, holonomic and non holonomic constrained mechanical systems,
as well as in phase space constrained mechanical systems [24-38]. Scholars have applied the Lie
symmetry method to solve electromechanical coupled dynamic systems and flexible robot systems
[39-46].

In this study, the plane symmetric static space-times were classified using Lie symmetries. We
introduce the concepts of generalized coordinates and generalized momentum in four-dimensional
space-time, and provide the corresponding Lagrange equations. Based on the invariance of the
Lagrange equations in the transformation Lie group of the system, we derive the Lie symmetry
determination equation for the system, and further solve the transformation Lie group corresponding
to the plane symmetric static space-time. We also propose the Lie symmetry theorem and conserved
quantity (first integral) for plane symmetry static space-time. Lie symmetry theorem proved that for
every symmetry there is a conservation law (conserved quantity). Classification of the plane
symmetry space-times by Lie symmetries provides those symmetries of space-times corresponding
to which there are conserved quantities. Isometries and homotheties also correspond to conserved
quantities and they form subset(s) of the set of Lie symmetries. For the classification. examples of the
Lie symmetries are symmetry under spatial translations implies conservation of linear momentums,
the symmetry under time translation implies conservation of energy, and the symmetry under
rotation implies conservation of angular momentum.

2. Motion Equations of Plane Symmetry Static Space-Time System

In four-dimensional space, generally the line element of nth dimensional space-time takes the
form

2 1 1 - -
ds® =g;dx'dx’ i,j=12,--,n 1)
The Lagrangian L for the metric (1) is given by [23-26]
L=g;x'x". @)

The spherically symmetric space-time is an important exact solution of the Einstein field
equation. It is the conformally at solution of the Einstein-Maxwell field equations for a nonnull
electromagnetic field. We take the Lagrangian of general plane symmetric static space-time [7]

L= %[ev(x)fz — % —e“®(y7 + 22)] 3)

where s is the independent variable, x are the dependent variables on f, x, y, z and x' are their
derivatives with respect to curve s; and here the metric coefficients V ( X) and U ( X) are functions of

coordinate x.
The static space-time of the plane symmetries can be considered as a holonomic dynamical
system. We can prove that one satisfies Lagrange equations in the following form:

d oL oL

_—— = = S,t,X, ,Z .
dsoq, o d % astx.2) ?

The Lagrange equations (4) are different from the Lagrange equations in analytical mechanics,
as it is the Lagrange equations in four-dimensional space-time.

Substituting Eq. (3) into Eqs. (4), we obtain the Lagrange equations for the plane symmetries
static spacetime as follows

t=-xi=q, 5)
X
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2% ax| 2 dx(y )= ©
. du ..
. du ..
z:—d—f:xz:as. (8)

3. Lie Symmetries and Conserved Quantities of the Plane Symmetries Static Space-Time

In this section, we perform infinitesimal transformations on the independent and dependent
variables of the plane symmetries static space-time based on the invariance of the Lagrange equation
of the plane symmetries static space-time under infinitesimal transformations. We provide the Lie
symmetry determination equation, Lie symmetry theorem, and this system possesses the conserved
quantity (first integral).

3.1. Lie Symmetries and Its Determining Equations of the Plane Symmetries Static Space-Time

Introducing infinitesimal transformations on independent variable s and generalized
coordinates,

S =5+8£(5,00,0, 0 ), O =G +&7 (8,00, G G ) k=01 n (9

k
where ¢ is an infinitesimal parameter, ¢ and /] are infinitesimal generators, and n=4N-I .

Introducing the following infinitesimal generator vector,

Xl = ¢ + 10
P Zn 6qk (10)

and, one of its extensions,

X[l] X[O] +Z(n qu) 0 (11)
ot
and its secondary expansion,
ay . oz O
X = X143 (5" —2ak§—qk§)a—.. (12)
k=0 0

In this work, we take K=t, x, y, z.
The invariance of differential equation (5)-(8) under infinitesimal transformation (9) is reduced
to the following equations:

i’ + o v xtE —t& =—X [d—v xtj (13)
dx dx
dv. d . L
.. v(x) () Ol (. . .
ﬂl—(e &tz—e” &(y2+22)j§—X§

1 d ) dv (9
=_x1(—e”(x)—ﬂ(y2+z )——e tj
2 dx 2 dx

.. du ... .= du .
2p2-Lxyé-yE =X ==
n+ I Xy$ — Y& ( x XYJ, (15)
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ﬁ3+2z—i‘xz§—z§=—x1[‘3—;‘xzj, (16)

Equations (13)-(16) are called the Lie symmetry determination equations for the plane symmetry
static space-time in rectangular coordinate system.

By expanding Egs. (13)-(16), we obtain the four partial differential equations of the plane
symmetries static space-time as follows:
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3.2. Five Lie Symmetry Generators and Vector Fields of Plane Symmetry Static Space-Time

i
This system consists of nine unknowns ¢ and 7] (i=

0,1,23), v, u, A, and G. Solutions of

this system give the Lagrange equations along with the Lie symmetry corresponding to these
Lagrange equations. One can easily write plane symmetries space-time, which are the exact solutions

of the EFE. The Eqs.(17)-(20) yield the following solutions:

a.
E=1n"=n=n*=n"=0, Y,= P
S
770:162771:772:]73:0 X :2
] 1 0 atl
0
=1¢=n"=n =1"=0 =y
P =Lé=n’=n'=n’=0, X,=2;
1 H 3 azs
0 0
Syt =-2,E=n"=1"=0, X,=y—-71—.
=Y. g=n =1 I &

20

(22)

(23)

(24)

(25)

In other words, when the metric parameter v, u, A take any value, the plane symmetry static

space-times possess at least five basic Lie symmetries.
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3.3. Lie symmetry Theorem of Plane Symmetry Static Space-Time

0.1 .2 .3 e .
Theorem: for the generators f 11451 471 1] of infinitesimal transformation for plane

symmetry static space-time that satisfies determining equations (13)-(16), if there is a gauge function

G (S,t, XY, Z), satisfies the following equation:

3
LECXD L) +3Q (7 -0+ =0, @)
k=0
then the plane static space time possesses the conserved quantity:
ok
I =LE+) — (1" -4,&)+G =const, 27)
koo OC
where the Q« are non-potential generalized forces in a plane symmetry static space-time. In this study,
we take Q=0.
Proof:
a .. . &dal,, S oL ;. N
—mLetle+ ) ————(n —4s)+ 2 ——(7 ~Gs5-04s)+C,
ds gds 8qk( ) éaqk( )

Using Eq.(25) in this equation and making further simplification, we obtain

dl &y . .fdLaL oL
- = — == 7= =0.
o kZ_l:(é qkéo(ds ) QKJ

Equation (26) is called the structural equation of Lie symmetries of a plane symmetry static space-

time.

3.4. Conserved Quantities of the Plane Symmetry Static Space-Time

The set Eqgs.(20) —(24) of Lie symmetries for plane symmetry static space-time with a constant
value of the gauge function. This is the minimal set of Lie symmetries for plane symmetric static
space-times. If the metric parameters v, 4, A of this system are obtain in the following form:

@ v(o=in( 2] at0=(2)
© v(x-(
@ v(x-(
@ v(x-|

(e) v(x)=Incosh’ (%) 1(X) =(§]2;
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®) v(x):lncoshz(%), ﬂ(x):(ﬁ}
(h) v(x)zlncosz(g} ﬂ(x):(f):

@ v'(X)#0,v(x)=u(x), w(x)=Incosh? (5) In cos? (zj;

a a

G) ,u(x):Incoshz[fj,lncosz(gj, v(x)# u(x),u'(x)=0;

a

®) v'(x) =0, y(x)zalng;
=2] X " 0 | X
o v(x)= n(g} p(X)#0,u(x)=a n—

(m) v(x)#= u(x),v'(x)=0, y"(x)io,y(x)ialng;

(n) v"(x);to,v(x);talng, v(x)# u(x), 1'(x)=0.

By using Lie's theorem, we can provide conserved quantities for the existence of a plane
symmetry static space-time and provide an accurate solution for the system.

By substituting generators (21)-(25) into (26) and (27) respectively, we obtain that the plane
symmetry static space-time possesses conserved quantities in the following forms:

X,: 1, =—e"™=const;

X,: |,=e"™y=const;

X,: l,=e"™z=const (28)
Xy: 1, =e“%(zy—yz)=const;

Yy o 1, =eMi?—x* e (y? + 2%) = const.

It has been shown that in these Lie symmetries X0, X1, X2, and X3 are isometries and
correspond to the on servation of energy, linear momentum in y-direction, linear momentum in z-
direction, and angular momentum ,and YO0 is the symmetry corresponding to the Lagrange equation.
It is important to note that all the isometries are independent of parameter s.

4. Lie Symmetry Classification of a Plane Symmetry Static Space-Time

4.1. The Plane Symmetry Static Space-Time With Six Lie Symmetries

From the five basic Lie symmetry groups of a plane symmetry static space-time, it can be
observed that the metric parameters .(x)andu(x) can take any value; therefore, there may be

infinitely many classes for five Lie symmetries. It can be seen that a plane symmetry static space-time
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consists of an infinite number of classifications. However, we provide some examples of metrics with
six Lie symmetries of a plane symmetry static space-time in section.
For the v (x)andu(x) of the plane symmetry static space-time with six Lie symmetries, we can give

the following six forms:

a. If the metric parameters v (x) = ;,,U (x)= %; a=b, five symmetries X0, X1, X2, X3, and YO are the

same as given by Eqs.(21)-(25), and we take sixth symmetry as

0 t 2 y 3

z
=——, :1, = -, =—, =0,X = + .
M= = =g = e =0 T A T ox by 2béz
The sixth conserved quantity corresponding to this system is written as

X x/b
|6:gea_2x_%(yy—zz'):const (30)

b. If the metric parameters v (x) =0, u(x)=21n cosh’ 2, a#0; The symmetries X0, X1, X2, X3, and Y0

of the system are the same as given in Eqs.(21)-(25) ,and the sixth symmetry along with the gauge
function are

770=0,§=,71=772=773=0;Yl=3§_ (31)

This system possesses the sixth conserved quantity as

|, =2(t—st)=const 32)

c. If the metric parameters v (x) =0, 4(x)=21n cos” ;, a#0; The symmetries X0, X1, X2, X3, and YO of

the system are the same as given in Eqgs.(21)-(25) and the sixth symmetry along with the gauge

function and the sixth conserved quantity also are Eqs.(30) and (31)

d. If the metric parameters , (x) = 21n [5}2 u(x)=2mn [gja . = 0a =2, and we take the sixth symmetry
a

as
X 2—«a 2—a
E=spt=2 =Ly = 2,7° =0;
2 4 4 )
& X0 2-a 0 2-a 0
Y,=S—+——+——y—+—F7—.
s 20x 4 ‘oy 4 oz

This system possesses the sixth conserved quantity

2 a a
(XY e w2 (XY a2 2 . 2—af X S
=S5 [_) 2 —x —[Ej (y +1 ) —I—XX—I—T(BJ (yy+zz)=const 34y e If

a

the metric parameters ,(x)-2mn [g]a L u(x)=21n [5)2, « =0 =2, the metric admits minimal set of Lie
a

symmetries and following symmetry (homothety)
V=5l 422 0 X9 (35)
S

The plane symmetry static space-time possesses the sixth conserved quantity
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X\ X\ 2-a(x)
lg=s|| = | F=X*—| =] (y°+2 +x>'<+;(—j tf = const 36
=s| (2] s3] () [ 22 X 0
f. If the metric parameters .,(X):2|n(§f‘,,(x)=2|n[§}a, 2a=p =2, which it admits a scaling
symmetry (homothety)
2-p 0 X0 2-a 8 2-a i
Y—S— —t—t——t——y—+—7—, (37)
o5 4 ot 20x 4 oy 4 &

In addition to the five symmetries given in Eqs.(20)-(24). This system possesses the sixth
conserved quantity

B a p a
X\ o . X\ (.2 . -p . 2—of X
| =s|| =] f2-x*-| = 24 7° +xx+— 2 tt+=—=| = | =const
: (a) [b] (v:+2) 2 (aJ 2 (bJ 9

4.2. The Plane Symmetry Static Space-Time with Seven Lie Symmetries

In this section, the classes for seven Lie symmetries are given. There are two classes of the plane
symmetry static space-time that admit seven Lie symmetries

Class 1if v(x)=2In cosh? X , ,u( x)=2In cosh? X , the Lagrange equations of plane symmetry
a’'

static space-time are driven as

g4 1 (l—cosh2 ij Xt = o,
a

a cosh 2
a
. 4 X 2 X :2 4 X 2 X .2 -2
% ==cosh=| 1-cosh® = |t* = =cosh =| 1-cosh® = |(y* +2*) = a, (39)
a a a a a a
y:-f 1 X(l—coshzi)xy:az,'z':—— L X(l—coshziji(z‘:a?,.
a cosh > a cosh — a

a a
Equations (39) admits seven Lie symmetries, four of which are given in Egs.(21)-(25) and the
Eqs.(17)~(20) which also possess two additional Lie symmetries in the following forms:

:y§+tﬁ,x6:z§ tﬁ (40)
ot oy ot oz

Conserved quantities corresponding to these symmetries are given as

. = 2Incosh® g(ty— yt) = const, I = 2In cosh? g(tz' —zt) = const. (41)

Class 2if v(x)=2Incos® X , 14(X) =2Incos? 5, the Lagrange equations of plane symmetry static
a a

space-time are driven as

L 4 X o 2 2.y 2 . 2X[., .
t=—tan =X =, X =—-=sin =" + Zsin ==(y* + 2°) = o,
a a a a a a

(42)
4 X . 4 X,

y=—tan=xy=a,,Z=—tan—xZ = a,

a a a a

Equations (42) admits seven Lie symmetries, four of which are given in Eqs.(21)-(25) and the

Egs.(17)-(20) which also possess two additional Lie symmetries in the following forms:
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o 8 o 0
X.=ylitZ x 22949
T a Ty T a a (*3)

Conserved quantities corresponding to these symmetries are given as

X . X/, e
|, = 2Incos” =(ty — yt) =const, I = 2Incos” =(tz — zt ) = const. (44)
a a

X o
Class3if v(x)=0,x(x)=2In (BJ , 2 # a # 0, the Lagrange equations of plane symmetry static

space-time are driven as

. o 2a( X\, o 20, . 2a
t=0=a0,x=—?(6j (y2+22)=al,y=—7xy=a2,z=—7xz=a3. (45)

Equations (45) admits seven Lie symmetries in clouding five basic Lie symmetries which are given

in Egs.(21)-(25) and two additional Lie symmetries are given as

Y1:S§+£§+5£+2__“y£+2__“zgy2:SQ,GZ=2t. (46)
0s 20t 20x 4 "oy 4 o2 0S

Conserved quantities corresponding to two symmetries are given as

XY e e (XY ez e e 2—a(x\
IS_SKb] t —x (b) (y +7 )}+xx tt + 5 (b) (yy+zz)_const,(47)

|, =t—st=const.

Class 4 if V(X) is arbitrary, and v(X);taln%,aio,v"(x)¢O,,u(X)=0, the Lagrange

equations of plane symmetry static space-time are driven as
.. . 1 x

fo— B g, 5= Lewd”

dx 2 dx

Equations (48) admits the five basic Lie symmetries which are given in Egs.(21)-(25) and two

t’=a,y=0=0,,Z7=0=q,, (48)

additional Lie symmetries are given as

0 0
lesa,Glz—Zy,Yz:351Gz=—22- (49)

Conserved quantities corresponding to two additional Lie symmetries are

|, =sy-y=const, | =sZ-z=const. (50)

4.3. The Plane Symmetry Static Space-Time with Eight Lie Symmetries

In this section, the classes of the eight Lie symmetries presented. There are three classes of plane
symmetry static space-time that admit eight Lie symmetries

a

x\* X
Class 1 If the metric parameters V(X) =2In (Bj ) ,u(X) =2In (Ej , the Lagrange equations of

plane symmetry static space-time are driven as
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. 20, C 20X\, 2a(X\ T

(51)
. 2a . " 2a ..
Y=——"XY=0,, l=——XL=qs.

X X

This system possess eight Lie symmetries which including five basic forms of Lie symmetries are

given by Egs.(21)-(25) and three additional Lie symmetries are

X5=y2+ti,xezzg+t£,
ot oy ot oz (52)
0 2-a,0 X0 2-a 0 2-a_0

Y, =s—+ t———+—y—+—2

+=-—+ y —.
0s 4 ot 20x 4 oy 4 oz
The plane symmetries static space-time possess the three additional conserved quantities

I, = ZGT (yt—yt)=const, I = 2(8“ (2t —zt)=const,

u:{(%) fZ_XZ_(%j (y2+22)}_2—7“(§j tf + XX (53)

+2_T“(%) (yy+122) = const.

2
Class 2 If the metric parameters V(X) =0, ,u(X) =2In (zj , the Lagrange equations of plane
a

symmetry static space-time are driven as

s o 4 . N 4. ., 4.
t:O:oco,x:—¥><(y2+z2):051,y=—;xy:ozz,z=—;xz:0:3 (54)

This system possess eight Lie symmetries which including five basic forms of Lie symmetries are
given by Egs.(21)-(25) and three additional Lie symmetries are given as
Q,YZ=si+£é+§2,Y3=322+3t2+sx£. (55)

ot os 20t 20x os ot OX

The plane symmetry static space-time possesses the three additional conserved quantities as

Y, =s

a

IS:Z(gj (yt—yt)=const, I6:2(§) (2t—zt)=const,

| = {(gj fz—xz—[%j (y%zﬂ}%(%) f + XX (56)

+2_Ta(%j (yy+zz)=const.
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X a
Class 3 If the metric parameters v ( X) =2In (Bj 7] ( X) =0, theLagrange equations of the plane

symmetry static space-time are driven as

a-1
- 2a . s 2a(X . . 5
t=- )?Xt:“o’x: ;[Bj t*=,y=0=a,,7=0=04., (57)
This system possesses eight Lie symmetries including five basic forms, which are given by Egs.(21)-

(25) and the three additional Lie symmetries are

Y= 0 2720 X0 ¥0 .20y _ 0 5 _ 9yG --22Y,-52.08
0s 4 ot 20X 20y 20z oy oz
The plane symmetries static space-time possesses the three additional conserved quantities

respectively as

XY o2 2 (w2 s , 2—a(x\ .. oo,
I5=s|:£5] t2_x2_<y2+22)}+xx—T(BJ tt+(yy+zz):const,

|, =y—sy=const, |, =z-sz=const.

. (58)

4.4. The Plane Symmetry Static Space-Time with Nine Lie Symmetries

In this section, the classes for nine Lie symmetries are given. There are five classes of the plane
symmetry static space-time that admit nine Lie symmetries

X
Class 1 If the metric parameters V(X)ZO, ,u(X)z—, the Lagrange equations of plane
a

symmetry static space-time are driven as
- " 12 , " 1., " 1.,
t=0=q,X=-=e" (Y’ +2*)=a,y=—=XW=a,, I =—=X =a,, (59)
a a a
This system possesses nine Lie symmetries which including five basic forms of Lie symmetries are
given by Egs.(21)-(25) and four additional Lie symmetries are written as

o y o 190 0 y> z° 210 yz 0
T ——————— Xo=y—+|—-—+—+ae ? | ————,
OX 2ao0y 2acz OX 4a 4da oy 2aoz

2 2 X
X8=z£— Y _Z g E—EE,YﬁSi,GﬁZt-
0z 2aoy oy

The plane symmetries static space-time possesses the four additional conserved quantities

(60)

respectively as

x/a
I, = 2x_e7(yy— 22) = const;
x/a
l, = 2>'<y+z[y(z2 —y*+4a% ") - yZZ'} = const; (61)

x/a

_-e_-_2 2 20-xa\ _ o | — ]t of —
I7_2xz+Za [z( 2’ +y’ +4a’e ") yzy]_const,IS_t st = const.
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X
Class 2 If the metric parameters v(X) =—, ,u(X) =0, the Lagrange equations of plane symmetry
a

static space-time are driven as

- 1. o L1 g N 5

t=—"X=q,Xx=-e"=q,y=0=a,,Z7=0=a,. (62)
a a

which admits the following four symmetries, in which Xs and Xeare isometries, along with the

minimal set

2
0 L0y —tf [t +aex/6‘}a

*Tox 2a0t’* ox |4a o’
(63)

0 0

Y, =s—,G =-2y,Y,=s—,G, =-21z.
oy 0z

This plane symmetry static space-time possesses the four additional conserved quantities are
tie¥® . . t
I, = —2X = const; I, = 2xt +(t%"" +4a” ) _— = const;
a 2a (64)

|, =sy—y=const; |, =sZ—z = const.

X
Class 3 If the metric parameters v(X)=2In cosh® =, u (x)=0, the Lagrange equations of plane
a

symmetry static space-time are driven as

t= —itanhéxf =, X= E(1+ 2cosh? 5}'2 =a;
a

a a a (65)

y=0=0,;7=0=q,.
For this metric the plane symmetry static space-time possesses the four additional symmetries are
given by
t o t o

X . t X t .
XS:—tanh—sm—g+cos——;X6:tanh—cos—+sm——;
a adot a ox a a a ox

Y, :SQ,Gl =-2Y,Y, =s£,G2 =-21.
oy 0z

(66)
This plane symmetry static space-time possesses the four additional conserved quantities are given
respectively as
D G X .t ,
I, =tsinh —sin—cosh —+ X cos— = const; |, = sy — y = const;
a a a a 67)

c L X t X oot .
= —tsinh —cos—cosh —+ xsin — = const; |, = sz — z = const.

I6
a a a a

X
Class 4 If the metric parameters V(X) =2Incos® =, y(X) =0, the Lagrange equations of plane
a

symmetry static space-time are driven as
- X S 2 . 2X. - 5
t=4tan=xt=q,, X=—=sin—t’=q,,y=0=0,,Z2=0=q,. (68)
a a a
For this metric the plane symmetry static space-time possesses the four additional symmetries are

given by
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X :—tanhésinlémoslg; Xe :tanhﬁcoslgﬂinli;
a adt a ox a adot a ox

0

P (69)
Y, :55,61 =-2Y,Y, :SE,G2 =-21.

This plane symmetry static space-time possesses the four additional conserved quantities are

..o X .t X . t .
I, =tsin—sin —cos—+ X cos— = const; |, = sy — y = const;
a a a a 70)

.. X t x ..t .
= —tsin —cos—cos—+ Xsin— = const; | = sZ — z = const.

I6
a a a  a

2 2
Class 5 If the metric parameters v ( X) =2In (ij ) ,u(X) =2In (%j , the Lagrange equations of
a

plane symmetry static space-time are driven as

.4 . 4 ., 4 22 a2\ o 4. . 4.
f=— X=X = —gx(y +2 )_al,y_—;xy_az,z_—;x2—a3.(71)
The symmetries X0, X1, X2, X3, and YO of (71) are the same as given in Egs.(21)-(25) and the four

additional symmetries are given by

X, = yg+ti;x6 = zé+t£;
ot oy ot 72)
Y, :s£+5£;Y2 :322+sxi,G2 =-2x°.
0s 20X 0.

This plane symmetry static space-time possesses the four additional conserved quantities are written

as

I, = 2(%) (yt—yt)=const; ;= 2[%) (2t —zt) = const;

2 2

| = K%) fZ_XZ_(%j (y2+22)}+x>'<:const; (73)
xY XY

gfe-e-gorn

4.5. The Plane Symmetry Static Space-Time with Eleven Lie Symmetries

} 25XX — 2X°> = const.

In this section, the classes for eleven Lie symmetries are given.
X X

If the metric parameters V(X) =—, ,u(X) = —, the Lagrange equations of plane symmetry
a a

static space-time are driven by
R oL 2o 1 S, R R
t=—=xi=q,x==et"-Ze(y’ +2*)=a,y=-S¥ =, ==X =a, (74
a a a a a
The symmetries X0, X1, X2, X3, and YO of (74) are the same as given in Eqs.(21)-(25) and the six

additional symmetries are given by
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5=_Lg+£_li_iﬁt;x6—224_1:2;)(7— 24_1:2,
2aot Ox 2aody 2ad ot oz ot oy
2 2 2 X
XB_yQ_EQ_EQ_ t_ y__z__a a 2’
OX 2acot 2ac0z |4a 4a 4a oy
(75)
2 2 2 X
ngzg_z_tg_ﬁé_ t__y_ Z__aea ﬁ’
Ox 2aot 2a0z (4a 4a 4a 0z
2 2 2 X
Xloztg_t_yi_t_zﬁ_ t_+y_+z__|_ae a 2
OXx 2ao0y 2ao0z \4a 4da 4a t
The six additional conserved quantities of the system are
x/a X
|y = 2X+——(tf— yy—z2) = const; I, = 2e* (tz — zf) = const;
|, =2e (ty — yt) = const;
x/a_ X
I, = 2%y + 5 2ytt'—2yzz'+(22—y2—t2+4a2ea jy}:const; (76)
a
x/a_ . X
|9:2>'<z+2 2zt —2yzy +| 2° —y* —t* +4a’e@ |7 |=const;
a

x/a

.. € . , =),
l,, = 2%t + {—Zyyt—Zzztj{z2 +y*+t° +4a%? ]t} = const;
a

4.6. The Plane Symmetry Static Space-Time with Seventeen Lie Symmetries

If the metric parameters V(X) =0, y(X) =0, the plane symmetry static space-time is a

Minkowski space-time, the Lagrange equations of the system are driven by
t=0=¢,,X=0=,Yy=0=0,,Z7=0=q,. (77)

The symmetries X0, X1, X2, X3, and YO of Egs. (77) are the same as those given in Eqgs.(21)-(25)
and the 12 additional symmetries are written in the following forms:

X5:y2+t£;xﬁ:zﬁ+t£;x7=x§+ti;xszxi—yi;
ot oy ot oz ot ox oy ~ox
0 0 0 0
Xg=X——-2—; X, =—:Y, =5—,G, =t
R A S SR S
Y2:23§+t§+x§+y%+z§ﬂ3:—s%,GS:y;n:—sag,G4:z; (78)
X z z
Y5:522+st§+sxg+sy£+szg,65:tz—xz—yz—zz;
0os OX 0z
0
Y, =—S—,G, =X,
6 8X 6

where, X5, X6, X7, X8, X9, and X10 are isometries and Y2 is homothety. The twelve additional

conserved quantities of the system are given as
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I, =ty — yt =const; |, =tz — zf = const; |, = tx — xt = const;
I, = Xy — Xy = const; |, = Xz — Xz = const;l,, = X = const; |,, =t — st = const;

l,, =s(f = X* —y* = 2% ) —tf + XX+ yy + 22 = const;

. . 79)
I, =sy+y=const;l, =sZ-zy=-const;
I, =s° (t'z—)'(z—yz—z'z)+25(—tt'+ XX+ Yy +22)+t? = x* — y? — 2% = const;

l,¢ = SX+ X = const.

5. Conclusion

This article uses the method of analytical mechanics to study the gravitational field problem in
four-dimensional space-time, and provides several important results: firstly, by introducing four-
dimensional space-time coordinates as generalized coordinates and taking curve coordinates as
independent variables, the Lagrangian equations of the plan symmetry static space-time are
established; the secondly is to introduce transformation of the Lie groups and corresponding vector
fields related to curve coordinates and four-dimensional space-time; thirdly, based on the invariance
of the Lagrangian equations of the static space-time of plane symmetry under the transformation of
the Lie group, the Lie symmetry determination equations (13) - (16) and a series of symmetry killing
equations (17)-(20) for the four-dimensional static space-time are given; fourthly proposed and
proved the Lie symmetry theorem for the plane symmetry static space-yime, and provided the
structural equation (26) for the existence of the gravitational fields and the form of conserved
quantities (27).

We have classified four-dimensional plane symmetry static space-time using the Lagrange
equations and Lie symmetry theorem of the plane symmetric gravitational field, and obtained some
useful conclusions; 1. There are five basic Lie symmetries (21) - (25) and conserved quantities in (27)
static four-dimensional space-time of the planar symmetry; 2. When the metric coefficients take six
different forms, the static four-dimensional space-time of the planar symmetry has five basic Lie
symmetries and an additional symmetry and conservation quantity; 3. When there are four different
forms of metric coefficient regions, the planar symmetric four-dimensional space-time has five basic
symmetries and two additional Lie symmetries and conserved quantities; 4. When the metric
coefficients take three different forms, a plane symmetric gravitational field not only has five basic
Lie symmetries, but also three additional Lie symmetries and conserved quantities; 5. When the
metric coefficients take five different forms, the plane symmetric gravitational field has nine Lie
symmetries and conserved quantities, including five basic Lie symmetries and four additional Lie
symmetries and conserved quantities; 6. There is only one case where a static space-time of the plane
symmetry has 11 Lie symmetries and conserved quantities, including 6 additional Lie symmetries
and conserved quantities; 7. If the metric coefficients are all set to zero, a planar symmetric static
space-time has 12 additional Lie symmetries and conserved quantities, as well as 5 basic Lie
symmetries and conserved quantities in (28).

It should be noted that there are two basic methods to solve the Lie symmetry of differential
equations. Firstly, the characteristic equation is given using the Lie symmetry of the equation, and
then the first integral of the system is obtained by integration, as shown in reference [27]. The second
is to solve the generator from the Killing equation of Lie symmetry, and use the Lie symmetry
theorem provide the conserved quantity of the system's existence. The first method can provide non
Noether conservation quantities and Noether form conservation quantities for the existence of the
system; the second method provides the Noether form conservation for the existence of the system.
This article adopts the second method to study the Lie symmetry properties of plane symmetric static
spacetime, and uses the Lie symmetry theorem to find the Noether type conserved quantity that exists
in the system. The system is classified using the Lie symmetry method and a series of results are
obtained. The conclusion presented in this article is consistent with existing findings.
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