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Abstract: Porous hierarchical structure has been widely used in engineering for its high specific 
strength and stiffness, improved corrosion-resistance and multifunctionality. The design of multi-
scale topology optimization for such structures has been a hot topic during the past two decades. In 
this paper, a new hybrid MMC-density topology optimization method of cellular structures with 
quasi-periodic microstructures is proposed. The so-called ‘quasi-periodic’ means the 
microstructures in different macro points have similar topology but with different parameters. The 
key idea is to describe the microstructural topology using MMC and describe the micro layout using 
the variable density. Sensitivities of the structural compliance with respect to the two types of design 
variables are derived and gradient optimization method is applied to update the design variables. 
The presented numerical examples show that the quasi-periodic cellular structures have better 
performance than single-scale structures and periodic cellular structures. Numerical examples 
demonstrate the effectiveness of the proposed approach. 

Keywords: topology optimization; quasi-periodic cellular structure; moving morphable 
components method; asymptotic homogenization method 

 

1. Introduction 

Cellular structures are widely existing in natural biological structures (e.g. plant stems or animal 
bones), and have attracted great attention for their superior structural performances. Lots of 
biomimetic cellular structures are witnessed in many industry fields like aerospace, automobile, 
biomedical, etc. [1]. In recent years, with the rapid development of advanced manufacturing 
technologies, especially additive manufacturing, cellular structures with more complex geometry [2–
4] can be fabricated. Thus, how to systematic design cellular structures for satisfying the specific 
engineering demands, is a hot topic in design area. 

Topology optimization is an automatic design method which can provide new and even 
unanticipated design ideas by finding the optimum material layout for prescribed design objective 
and constraints. It has been successfully applied in many engineering structures [5,6]. Besides, by 
combining the topology optimization method with homogenization method, a large number of 
architected materials with desired elastic, thermal, and fluidic properties were obtained [7–10]. 
Interested readers can refer to the literatures [11–14] for comprehensive reviews. 

Compared to the single-scale structures, cellular structures have two or more coupled scales and 
this brings the difficulties to the topology optimization problem. One simple but computational-cost 
method is to discrete the design domain with fine mesh covering both macro and micro scales. Then 
the same procedure as the single-scale topology optimization can be used [15]. However, this method 
generally requires a mass of mesh which results a large amount of computation. 

The other method is to use the multiscale finite element method [16] or homogenization method 
[17,18] to separate the two scales for reduce the amount of computation. The representative works 
can refer to the researches by Rodrigues et al. [19] and Xia et al. [20,21] . In their works, the macro-
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scale material distribution as well as the corresponding local microstructures were optimized 
simultaneously. These optimized results have point-varied microstructures and show good 
structural performances. But since inverse-homogenization are required for all macro elements, these 
methods still need large computational cost and the optimized results lack of the connectivity 
between the neighboring microstructures. Besides, the optimization models and the solving 
processes are too complicated in multi-physics or multi-constrained problems [22]. For solve these 
problems, Yan and Cheng et al. [23,24] proposed a concurrent method to design the periodic cellular 
structures. This method has a simple topology optimization formulation and needs only small 
computational cost. So, it was extended to various types of topology optimization problems, e.g. the 
thermal-elastic problems [25–27], the dynamic problems [28–30], the uncertain problems [31,32], and 
the multi-functionality optimization problems [33]. However, since this type of structure has an 
identical microstructure, the material properties cannot vary within the macro-domain. This restricts 
the structural performance improvement. 

Quasi-periodic cellular structure is a special type of multi-scale structures. The ‘quasi-periodic’ 
means the microstructures share the similar topology while one or more parameters in the 
microstructures, can be varied. In this paper, these parameters are named as alterable parameters. By 
optimizing these alterable parameters, microstructures can have different densities and mechanical 
properties in different macro points, thus quasi-periodic cellular structures have larger design space 
than periodic cellular structures. Besides, the neighboring microstructures are connectable naturally 
since they share the similar microstructural topology. Zhang et.al. [34] chosen the radii of the circular 
holes in the cellular as the design variables and a nearly 35% stiffness increment was obtained 
compared to the uniform hexagonal cellular structure. Similarly, a nearly 40% natural frequency 
enhancement can be seen by optimizing the sizes of the hexagonal holes in the square microstructures 
[35]. Cheng et.al [36] introduced an anisotropic yield criterion of the lattice structure for the design 
of the quasi-periodic cellular structures with stress constraints. Wu et.al [37] proposed an 
approximation of reduced substructure with penalization model to optimize the quasi-periodic 
lattice structures for considering the scaling effects. Nevertheless, the microstructural topology used 
in these works are prescribed and not optimized. 

Wang et al. [38,39] proposed to describe a family of quasi-periodic microstructures by cutting 
the signed distance function in different locations. Then, both the spatially varying microstructural 
topology and their macroscopic distribution are optimized in a sequential processing. On this basis, 
Zong et.al. [40] presents a variable cutting function by interpolating with a set of height variables 
located in nodes for guaranteeing the perfect geometric connections between adjacent cells. By these 
ways, concurrent optimization of the microstructural topology and the distribution of alterable 
parameters was realized in level-set topology optimization framework. 

Recently, Guo et al. [41–43] proposed a novel topology optimization approach based on the 
concept of MMC. Unlike traditional topology optimization methods using element/node variables, 
the methods using the geometric parameters of the components as design variables. Since the MMC 
method uses the explicit parameters to describe a component, so it is convenient to define an alterable 
parameter. Therefore, the number of design variables can be reduced considerably. Furthermore, 
using the geometric parameters to describe the geometries of the components allows us to establish 
a direct link with computer-aided-design systems. Then, the topology of the base unit cell and the 
distribution of these quasi-periodic microstructures in macro scale are optimized simultaneously. 
Compliance minimum problem with volume constraint is considered in this paper and the method 
of Moving Asymptotes (MMA) [44] is used to solve the optimization models based on the derived 
sensitivity formulations. 

The organization of the rest of this paper is as follows. The new topological description method 
of the quasi-periodic structures is given in Section 2. Then Section 3 presents the optimization model 
formulation and deals with the structural sensitivity analysis required for numerical optimization 
algorithms. An optimization procedure in terms of the pseudo code is presented in Section 4. Section 
5 outlines three numerical examples to validate the effectiveness of the proposed method. Finally, a 
conclusion closes the paper. 
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2. Problem Formulation 

This section presents a new topological description method of quasi-periodic cellular structures 
in the MMC framework. Firstly, a brief description of the MMC method is given for render the paper 
self-contained. Then, the design variables used to describe the quasi-periodic cellular structures are 
defined. Topology optimization formulation is listed in the end. 

2.1. Moving Morphable Component (MMC) Method 

Differ from conventional density-based framework or level-set method, the moving morphable 
component (MMC) approach uses a series of structural components to describe a structural topology. 
It defines that the region occupied by structural components is filled with solid material and the 
others are void, which means:  

  (1) 

where D represents a design domain and  denotes a subset of D occupied by components. 
Here,  can be computed by: 

  (2) 

where  denoting the topology description function (TDF) of the region occupied 

by the i-th component (i.e. ,), as shown in Figure  1. 

 

Figure 1. The representation of structural topology through the level set functions of each component. 

Many functions have been used to describe the components, such as Super-ellipses, Closed B-
Splines (CBS) and so on [43,45,46]. In the present paper, the following TDF proposed by Guo etc. [47] 
is used owing to its simplicity: 
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   (3) 

with 

   (4) 

where  is a function depicts the shapes of the components along the x’ direction. p is a 

relatively large integer number (p=6 is used in the present study), (x0i, y0i) denotes the coordinate of 
the center of the component, Li denotes the half length of the component and θi is the inclined angle 
of the component. By using these parameters, the boundary and geometry features of a component 
can be described explicitly. In this paper, the quadratically varying thicknesses function is used (as 
shown in Figure 2): 

  (5) 

where ,  and  denote the thickness of a component, L is the length of a component. 

 
Figure 2. Geometry description of a structural component. 

2.2. Topological Description of Quasi-Periodic Cellular Structures 

To describe a quasi-periodic cellular structure, two procedures are contained. One is describing 
the topology of the base unit cell (BUC), and the other one is choosing an alterable parameter to obtain 
a family of quasi-microstructures from a BUC. As shown in last section, the MMC method has explicit 
parameters to describe the components, which gives a more convenient way to define the alterable 
parameter than other methods. Thus, the MMC method is applied to describe the topology of the 
BUC in this work. The topology of the BUC can be determined by a design vector :  

   (6) 

where  is the parameter vector of the i-th component,  is the number 

of components. In order to get a series of quasi-periodic microstructures with a simple alterable 
parameter from the BUC, we define a parameter R which can scale the thickness of all components 
in the base unit cell, as shown in Figure  3, this means: 

   (7) 

where subscript Q and B represents the quasi-periodic microstructures and base unit cell (BUC), 
respectively. Obviously, R<1 means the thickness of the components will be thinned and the 
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microstructures with smaller volume fraction can be obtained. While for R>1, the thickness of the 
components will be thickened and this results some microstructures with larger volume fraction. If 
we increase the R form a small value (for example 0.1) with small steps until the cell is full filled solid 
materials, we can obtain a family of quasi-periodic microstructures. The volume fraction of each 
quasi-periodic microstructures can be computed by: 

   (8) 

where D denotes the micro domain and V represents the volume of the micro domain. H=H(x) is the 
Heaviside function: 

  (9) 

After obtain a family of quasi-periodic microstructures, the next step is determine the optimal 
distribution of these microstructures in the macro-domain. The most direct way is to set the vector 

 as the design variables. Thus by optimizing the R for desired objective and constraint functions, 
the optimal quasi-periodic cellular structure can be obtained. But unfortunately, in this way, the 
bounds of R are difficult to be determined. For solving this problem, element density  is 

defined as design variable instead of R in the macro design.  and  represent the void 

and solid, respectively. For , the corresponding microstructure with the same volume 
fraction is placed in the macro domain. Here, subscript e represents the index of the design variable. 

. 

Figure 3. Illustration of the two types of design variables. 

In conclusion, two types of design variables are introduced in this paper for describe the 
topology of a quasi-periodic cellular structure.  is used to optimized the topology of the base 

unit cell (BUC) and  is used to optimized the distribution of the quasi-periodic microstructures. 
Here, the superscript mi and ma represent that the design variable is defined in macro and micro 
domain, respectively. 

It should be noted that, only the TDF shown as Eq. (5) is considered in this paper for the limited 
space. But for some other TDFs, it is also very easy to choose alterable parameters.  
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2.3. Optimization Formulation 

In this paper, the optimization of minimum structural compliance with volume constraint is 
considered, wherein the mathematical formulation can be given as: 

   (10) 

where  and  are design variables, 

 represents the number of elements within the macro design domain. H=H(x) is the Heaviside 

function.  and  are the upper bounds of the volume fractions of solid materials in micro and 

macro scales, respectively.  is the total material can be used in the design domain and  is 

the material used for describe the topology of the BUC. Generally, should not be too large and 

 is used in this paper. Large numerical examples show that this can give an stable 
convergence for most examples. The symbol  is the admissible set that  belongs to, and it is 
usually determined by the upper and lower bounds of the components in each , i=1,…,Nmi. c is the 
objective function representing the structural compliance that can be written in the element form as: 

   (11) 

where ,  and  are the global stiffness matrix, the displacement vector and the external load 

vector, respectively.  denotes the element displacement vector and is the element stiffness 
matrix which can be expressed as: 

   (12) 

where  denotes the element domain, B is the strain-displacement matrix, and  is 

the elastic matrix of element e in macro-domain. 

3. Numerical Implementations 

In this section, for using the gradient based optimization method to solve the above optimization 
formulation. The interpolation schemes between the material properties and the design variables are 
given firstly. Then the sensitivity analysis of the objective function with respect to (w.r.t.) the two 
types of design variables are derived. 

3.1. Interpolation Scheme 

In this paper, the equivalent material elastic matrices of microstructures are computed by 
asymptotic homogenization (AH) method [48]: 
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   (13) 

where y denotes the position coordinate in local coordinate system and  is the elastic matrix in 
y location. As in most topology optimization approaches, structured four node bi-linear elements are 
used to discretize the design domain uniformly. Since the boundaries of the components can be 
described accurately and explicitly in the MMC solution framework, finite element method (FEM) 
analysis with high accuracy can be achieved by resorting to the X-FEM approaches or body-fitted 
adaptive mesh techniques. In the present work, however, in order to enhance the computational 
efficiency, the ersatz material model is adopted for FEM analysis. With use of the ersatz material 
model, once the values of TDF at four nodes of a element are known, the Young’s modulus of this 
element can be interpolated as 

   (14) 

according to (8). In (9), H=H(x) is the Heaviside function and  are the values of the TDF 
function of the whole structure (i.e., ϕs(x)) at four nodes of element e. For numerical implementation 
purpose, as a common practice in the literature, H(x) is often replaced by its regularized version Hϵ(x). 
In the present work, the form of Hϵ(x) is taken as 

   (15) 

where  is a parameter that controls magnitude of regularization and  is a small positive 
number to ensure the nonsingular of the global stiffness matrix. In addition, in the present study, we 
take q=2.  For the ith element, the modified SIMP (Solid Isotropic Material with Penalty) method [49] 
is applied to interpolate  and  : 

   (16) 

where  is the elastic material matrix of the base solid material, subscript i represents the ith 

element in unit cell. 
 
is the lower bound to avoid a singular matrix,  is the upper bound. 

The power,  which is termed the penalization power, is introduced to yield distinctive “0–1” 

designs.  represents the strain calculator.  denotes the characteristic 

displacements matrix which is obtained by solving the following equation with periodic boundary 
conditions: 

   (17) 

where  denotes the function space of periodic functions defined 

in unit cell Y and  represents the virtual displacement field. 
Limited by the computational cost, it is difficult to calculate the effective elastic matrices  of 

all microstructures obtained by the erode-dilate process, so only some samples are chosen to compute 
the  and then cubic B-spline is used as the base function to obtain an explicit formulation by least 
square method: 
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   (18) 

denotes the fitting curves of D11, D12, D22 and D33 with the variation of  in example 1. The red 
points are the samples points and the black lines are the fitting curves.  is an explicit 

function whose values and derivative with  can be computed very easily.  
For avoiding the microstructures with small volume fraction, which are difficult for 

manufacture, appear in the optimized results, a penalization scheme is applied: 

   (19) 

where q is the penalization power. The following values of q are suggested: 

   (20) 

3.2. Sensitivity Analysis 

In order to use the gradient-based optimization method, the sensitivities of the objective function 
with respect to (w.r.t.) the design variables are derived in this section. Since the sensitivities of the 
volume constraint functions w.r.t. the design variables are trivial and therefore are not given in this 
paper. The sensitivity of the structural compliance w.r.t  (= ) can be obtained based on 
adjoint method: 

   (21) 

Note that, for different design variables ( ), the main difference is the derivation of elastic 

matrix  to the design variables. Therefore, the sensitivities of the objective function with respect 

to  and  will be given respectively. 

(1) Sensitivities w.r.t.  

Differentiating Eq. to  yields: 
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where subscript . 

(2) Sensitivities w.r.t.  

According to Eq., the sensitivity of the objective function w.r.t  can be written as: 

   (24) 

Note that  is a summation of the elements in the macro-domain: 

      (25) 

4. Numerical Examples 

In this section, the proposed method is applied to the design of layer-wised beam problem, 
cantilever beam problem and MBB problem. The detail descriptions of the examples will be given in 
the subsections, respectively. For all examples, fixed mesh of 4-node bilinear square elements is used 
to discrete the macro design domain and micro design domain. Unless otherwise noted, the micro-
design domain is discretized by 50*50 square elements. The material is isotropic with Young’s 
modulus E=206 MPa and Poisson’s ratio . Initial values of the design variables  and  

are set to be equal to the volume fractions  and , respectively. It should be noted that, the 

volume fraction of the base unit cell  is chosen as 0.2 in this paper. For the design variables  

defined in macro-domain, the density filtering technique with filtering radius  is applied 
to avoid the check-board phenomena. All the optimization problems are solved using the gradient 
driven MMA algorithm. The convergence criterion is chosen as:  and the 

maximum iteration number is 300. 

4.1. Short Cantilever Beam Problem 

As the first test case, the problem of minimum compliance for a cantilever beam is considered. 
The design domain (shown in Figure  4) is a rectangle of dimension 20 by 15 and the left side of the 
domain is fixed. 20*15 square elements are used to discretize the it and a vertical point load F=1KN 
at the right bottom corner is added. The volume fractions of the total material chosen as 0.4.  

 
Figure 4. Illustration of the design model. 
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(a) Microstructural topology (b) Macrostructural layout (c) Quasi-periodic cellular 

Figure 5. The final optimized structure obtained by the proposed method: c=21.73. 

The final optimized quasi-periodic cellular structure is shown in Figure  5, whose compliance 
is 27.73.Classical single-scale SIMP method [50] and periodic cellular structural topology 
optimization [23] are also used to solve this problem, and the results are shown in Figure  6(a) and 
(b), respectively. Here, the volume fraction of the periodic microstructure is set as 0.6. The structural 
compliances of these two results are 27.85 and 52.81, respectively. They are all larger than the 
compliance of the result obtained by the proposed method.  

  
(a) (b) 

Figure 6. The optimized results: a) single-scale structure: c=27.85, b) uniform microstructure: c=52.81. 

4.2. Long Cantilever Beam Problem 

As the second test case, the problem of minimum compliance for a cantilever beam is considered. 
The design domain (shown in Figure 7) is a rectangle of dimension 120 by 30 and the left side of the 
domain is fixed. 120*30 square elements are used to discretize the it and a vertical point load F=1KN 
at the right bottom corner is added. The volume fractions of the total material chosen as 0.4.  

 
Figure 7. Illustration of the design model. 

Figure 8 denotes the iteration process of the proposed method, including the topology of the 
base unit cell and density distribution in the macro domain. The slight oscillations in the iteration 
curve are caused by the changes of parameters. The final optimized quasi-periodic cellular structure 
is shown in Figure 9, whose compliance is 269.73. 
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Figure 8. Iteration process. 

. 

Figure 9. The final optimized structure obtained by the proposed method: c=269.73. 

5. Conclusions 

This paper proposes a new topology optimization method for the design of quasi-periodic 
cellular structures using a hybrid MMC-density approach. The quasi-periodic microstructures are 
described by MMC method with different thickness of bars. Then the microstructural topology of the 
base unit cell and the distribution the quasi-microstructures are optimized simultaneously.  
Interpolation functions between element elastic matrix and the two types of design variables are 
established and the sensitives of the objective function with respect to the two types of the design 
variables can be derived for using the gradient-based optimization method to solve the optimization 
model. Numerical examples show that the quasi-periodic structures have a great performance 
improvement compared to the periodic structures, while only finite extra computational cost is 
needed. The added computational cost is caused by computing the equivalent material elastic 
matrices of the quasi-microstructures. Furthermore, even for the minimum compliance problem, the 
quasi-periodic structures have lower objectives than solid structures, which is difficult to be achieved 
by periodic structures. 
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