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Abstract: Here, we consider a closed composite system consisting of a primary system where the
chemical reaction occurs and is located in a p, T reservoir. In the ideal isentropic case
(thermodynamic process), the change in the internal energy of the composite system (due to a
chemical reaction) is wholly converted into useful work - maximum useful work. Irreversibility - a
measure for the degradation of useful work - in a closed system generates entropy, i.e., the
thermodynamic process is no longer isentropic. Applying the principle of maximum entropy and
minimum internal energy to a part of the system’s total volume and applying the elements of the
system’s volume for which the law of local equilibrium applies useful work and irreversibility can
be defined. Suppose the primary system is viewed as a set of black box volume elements in which
a chemical reaction occurs. In that case, the criterion of an isentropic process or a process with
entropy generation becomes the Gibbs-Duham equation. It has been proven that De Donder’s
equation of entropy production of a chemical reaction is a particular form of Calen’s equation -TdSr
= dUr where dSr is the differential change of total entropy and dUr is the differential change of total
internal energy of the composite system.

Keywords: Gibbs free energy; isentropic process; maximum non-expansion work; De Donder’s
equation; local equilibrium; irreversibility

1. Introduction

When an isolated system (composite) undergoes a spontaneous, irreversible thermodynamic
process, the differential change in its total entropy (dSr > 0) is greater than zero. During this process,
the differential changes in Gibbs free energy (dG) and Helmholtz free energy (dA) are equal to the
negative product of the thermodynamic temperature (T) and the differential change in total entropy
(dSt), while the total internal energy (Ur) of the isolated composite system remains unchanged:
dG = —TdS¢|: Ur,T,p = constant and dA = —TdS;|: Uy, T,V = constant (p is pressure and V is
volume; constancy refers both to the primary system - where the chemical reaction takes place - and
to the corresponding reservoir of the composite system) [1-3].

In a quasi-static reversible (quasi-static isentropic) thermodynamic process [4-6] in a closed
composite system, dG and dA equal the differential change of the total internal energy (dUr < 0) - while
the total entropy is constant [7-9]: dG = dUr|:S7, T,p = constant and dA = dU;|: Sy, T,V = const.

For a system to be in equilibrium, whether it is closed or isolated, the values of dG and dA should
be equal to zero. For instance, if an isothermal expansion occurs in a closed system and the state of
equilibrium exists (meaning the piston in the cylinder does not move), there won’t be any change in
the internal energy. Consequently, there will be no differential pressure-volume work on the
environment, and neither G nor A will change.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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It is natural to wonder what happens when the total internal energy and the total entropy of a
composite system change simultaneously. This is a topic of significant importance in the field of
thermodynamics and chemical engineering. The goal was to achieve a quasi-static reversible
(isentropic) thermodynamic process in the primary system during a chemical reaction of an idealized
galvanic or fuel cell. However, some useful work (change in total internal energy) is lost if the
chemical reaction in the composite system does not correspond to a hypothetical isentropic process
or if the hypothetical chemical reaction in the composite system is isentropic but is coupling with the
secondary spontaneous irreversible processes, such as friction during piston movement in a cylinder
or resistance when current flows through a conductor. As a result, the composite system is still closed;
however, some of the internal energy changes of the quasi-static reversible (isentropic) process, due
to the secondary irreversible process, remain as thermal energy within the composite system [10-15].

The goal is to describe the thermodynamic process from which the useful work is obtained. This
work, in terms of absolute value, is smaller than the absolute value of the maximum useful work
obtained from the hypothetical isentropic thermodynamic process. We achieve this by applying the
principles of minimum total internal energy and maximum total entropy to the particular volume of
the observed system where a thermodynamic process (chemical reaction) takes place. In this context,
the system’s volume elements, a key aspect of the principle of local equilibrium, play a crucial role.
The discussion focuses on the changes in the Gibbs free energy, the most frequently applied
thermodynamic potential. It's important to note that the change in Gibbs free energy at p, T =constant
condition equals the maximum non-expansion work, providing a clear relationship between these
two concepts.

2. Discussion

2.1. Two Extremes: Differential Change of Total Internal Energy in a Closed System and Differential Change
of Total Entropy in an Isolated System— De Donder’s Equation

Applying the chain rule to the differential change of the total internal energy and the differential
change of the total entropy of the composite system (Figure 1) [7,9]:

<6UT(...xj )) ( x; > <65T(...xj )) - )
axj XSt aST('x] ) xpUT aUT(x] ) X

and using identity (3f/dx) = (1/0x/0f), the following expression is obtained (xj is an extensive
quantity of the state of the system that changes during the thermodynamic transformation and can
be the quantity of the state from any compartment of the composite system; in thermodynamic
potentials, it is the primary system, i.e., a system for which the thermodynamic parameters that define
a given thermodynamic potential apply — or a system in which a chemical reaction takes place):
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Figure 1. The total entropy (S7) of an isolated system (the total internal energy is constant) increases
to the equilibrium state and the total internal energy (Ur) in a closed system decreases until the
equilibrium state is established. If the change in the system’s state starts from the x; (i) initial value of
an extensive variable, regardless of whether an isolated composite system with the constant total
internal energy is observed (total entropy of the composite system increases to equilibrium) or an
isentropically closed composite system (the total internal energy of a composite system decreases to
the final equilibrium); the system is reached the same equilibrium state x; (e).

Multiplied expression (3) by the infinitesimal change of the extensive parameter dx;jof the
primary system due to the infinitesimal progression of a thermodynamic process (chemical reaction)
towards the maximum entropy (equilibrium state) — example for an irreversible process in an isolated
composite system (Ur=const.); or progression of a quasi-static reversible process towards minimal
internal energy (final equilibrium state) — if the rate of change of extensive parameter is negligible
small, succession of states of internal equilibrium [4] — in a closed composite system (Sr=const.):

ax; 0x;
J T J vvT

du
dU; = —TdS; & _TT =dsS; (5)

If the change in the system’s state starts from the xj (i ) initial value of an extensive variable,
regardless of whether an isolated composite system with the constant total internal energy is
observed (total entropy of the composite system increases to equilibrium) or an isentropically closed
composite system (the total internal energy of a composite system decreases to the final equilibrium);
the system is reached the same equilibrium state x; (e) (Figure 1).

Equation (5) is actually a more general form of De Donder’s Equation (6) [1,16], which describes
the production of entropy in an isolated system during a chemical reaction:

ds = —%Zuidni = —%(Z ,uivi) d¢ =;d«f (6)
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where pi and vi represent respectively the chemical potential and stoichiometric coefficient of the i-th
particle in the observed reaction 0 = },v;i. In Equation (6) A is the De Donder affinity of the reaction
and d¢& corresponds to the infinitesimal extent of the chemical reaction [17]. As the chemical potential
is the partial molar Gibbs energy, it can then be expressed with the partial molar enthalpy (ki) and
entropy (si):

~TdS = ) pdng = ) (b = Tsdn; = ) (g = Ts)vdE = dHpiy = TdSi = G (7)

Ay _ A6y __dUr
T T T

In Equation (7), rxn means that the thermodynamic functions change during the progress of the
chemical reaction. In an isolated composite system, dH,,, /T represents the differential change of
entropy in the pressure-temperature reservoir, while dSm corresponds to the differential change of
entropy in the primary system where the chemical reaction takes place, which means that De
Donder’s differential change of entropy corresponds to the differential change of total entropy (dS7)
of the isolated composite system. According to Calen, the equality dG = dUr|:S;,p, T = constant
holds, from which Equation (8) follows. Equality TdS; = —dU; from De Donder’s equation can also
be proven under V = constant conditions when the system is without a reservoir of an intensive state
parameter, i.e., the system is not composite. Namely, as the chemical potential is, in addition to the
partial molar Gibbs energy, also the partial derivative of the internal energy by the amount of the i-
th component, it follows that the right-hand side of the equation in expression (7) is also the
differential change of the total internal energy (Figure 2):

TdS, = TZ (ani) dn,; = —Z (ani> dn; = —dU, ©)
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Figure 2. Meaning of De Donder’s equation: A1 isolated composite system (Sy = primary system and
R=T, preservoir), A2 closed composite system, B1 isolated system with constant volume and without
a reservoir of intensive thermodynamic parameter, B2 closed system with constant volume and
without a reservoir.

2.2. Irreversibility: as a Loss of Working Capacity of the System in Which the Chemical Reaction Takes Place

Let the observed system be divided into two parts (Figure 3). One part of the system is where
the quasi-static reversible (isentropic) process always occurs (at each point of the compartment, the
intensive quantities of the state have the same values). In contrast, the other part of the system is
where both the quasi-static reversible and irreversible processes can occur (if an irreversible process
also occurs, then the intensive state quantities have different values in the distinct places of the
compartment). As internal energy and entropy are additives over the elements of an system, where
the elements can be real compartments of the composite system or imaginary [7], therefore, at some
point in the thermodynamic process the total internal energy of the composite system can be
represented as the sum of:

Ur =VrewUr + VringT = YrewUr + (1 - Vrev)UT (10)

In Equation (10), ., represents the fraction of internal energy of the composite (real or
imaginary) system where a quasi-static reversible (isentropic process) process takes. Let it be
assumed that the fractions ¥,., and y,%, remain constant during the thermodynamic process (Vye,+
Y5, =1). Then the differential change of the total internal energy of the composite system due to the
infinitesimal progress of a quasi-static reversible thermodynamic process (without an irreversible
process in the y,%, part of CS - Figure 2 path a) is:

0> dUr = VrerdUr + VrindUT = YrevQUr + (1 = ¥yep)dUr (11)

Cs )
< —YrevdUr = =y dUy = v, TdS = 8q

— _— _— _— _— _— _— 1
|

|
|
I Ia or b] VrewdUr
I yrevUT i ) dUT <0
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I : a |vidur
I_ —_—— _— _— _— —_—— —_—— J

a b
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Figure 3. Composite system CS with two real or imaginary compartments, in the y,,, part of the CS,
a quasi-static reversible process always takes place, while in the /%, part of the CS, in addition to the
quasi-static reversible process, irreversible thermodynamic processes can also take place; in case of g,
a quasi-static reversible process takes place, while in case of b, in addition to a quasi-static reversible
thermodynamic process, an irreversible process also takes place.

Given Equality (5), Equation (11) is:
dUr = YrepdUr + yrégvdUT = —TdSy = =T (VyerdSr + VriZVdST) (12)

Generally, let’s consider a closed composite system (Cs) that becomes isolated. In this scenario,
the total internal energy change (11) due to the thermodynamic process remains in the system as
thermal energy increases the total entropy (12) - spontaneous, irreversible process.
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Now, let’s return to the closed (imaginary) composite system shown in Figure 3. For the part of
the composite system where the quasi-static reversible process always occurs, the relation:

YrevdUr < O A ¥y, TdSr =0 (13)

remains valid. Suppose in the part of the imaginary composite system where both the quasi-static
reversible and the irreversible process can occur, the quasi-static reversible process takes place. In
that case, it is (Figure 2):

VrigvdUT <0 /\VrigdeST =0 (14)

Presume that a spontaneous irreversible process occurs in y,%, part of the system CS. In that
case, part of the differential change in the total internal energy (y,5,dUy) of the hypothetical quasi-
static reversible process returns to the system as differential heat (dU; < 0 refers to a quasi-static
thermodynamic process with dS; = 0, i.e., formally, a quasi-static reversible process first happened
and then a spontaneous irreversible process, Figure 3 path b):

8q = —y/5,dUr = —y;;dUr > 0 (15)

8q = —yudUr = £,TdSy = v TdSy|: dUr < 0 A=yy-dUyp > 0 Ay, TdSy > 0 (16)

Since the system is further closed from the part where the quasi-static reversible process
exclusively takes place (y;.y), the differential change in internal energy (¥, dUr) leaves CS without
contributing to the differential entropy change of CS (13) (Figure 3). While from part y/5, = y; of
CS, where it now, in addition to a quasi-static reversible thermodynamic process (which first
happened), also takes place spontaneous irreversible process — part of the total internal energy change
dUr of a quasi-static reversible thermodynamic process - remains in the imaginary part of the
system generating entropy (T¥;5,dS > 0). Therefore, Equation (12) in the case of a system transition
from a quasi-static reversible regime to a system where, in addition to a quasi-static reversible
process, there is also a spontaneous irreversible process (the system is closed, Figure 3 path b):

dUr = YTevdUT + YTigvdUT = _YTedeST - y;.?e;deST = _yierST (17)
0

In Equation (17), dUy refers to the differential change of the total internal energy in CS if a quasi-
statically reversible thermodynamic process takes place in each real or imaginary compartment
(formally, which occurred before the irreversible process). The actual differential change in total
internal energy of CS is ¥,.,dUr and leaves the composite system in the form of useful differential
work (Figure 2 path b):

~YrevdUr—y;ydUr = 0 + y;, TdSy (18)
It follows from Equation (17):

dUr — ¥pepdUyr = yrigvdUT = _V;:VTdST = —y, TdSy (19)

and taking into account Equation (16):
—(dU; — VpepdUp) = —yi%,dUr = —y;,.dUy = 8q = %, TdSy = v, TdSy (20)
In the last expression (20), dUr corresponds to the useful differential work, which would be
obtained if the thermodynamic process in the composite system were entirely quasi-statically
reversible dUr = 6wy, (Figure 3 path a); y,.,dUr represents the real useful differential work that is
obtained if there is also a parallel irreversible process: ¥y, dUr = 6w (Figure 3 path b). So the
difference on the left side of Equation (20) is the differential part of the changes in the total internal

energy that is wasted in the form of thermal energy during an irreversible process (wasted work
potential — dissipated energy) and leads to the generation of entropy:

SWrey — 8w = le.;’vdUT =~y TdSy = -8l (21)
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81 = 8q = —yj%,dUr = —y;,dUr (22)

In Equation (21) are 8w, <0 and 6w < 0 since these are differential changes in the total
internal energy of the composite system that leaves the system in the form of useful work. However,
infinitesimal (differential) dissipated energy — differential irreversibility (8I) is 61 > 0 [18]. Namely,
irreversibility is part of the change in the total internal energy of the composite system (i.e., the useful
work of a quasi-static reversible process when the total entropy change would be zero), which
remains in the given composite system - i.e., formally, returns to the composite system during an
irreversible process as 8q (Figure 3 path b). If, at every moment of the thermodynamic process in the
composite system, there is an internal equilibrium (hypothetical limit case), then a quasi-static
reversible process takes place in the entire composite system. Hence, the irreversibility value is equal
to zero:

yliiTrEO(SWrev — 8w =y, dUr = =y, TdSy = —81) = Wy — SWrey = 0 (23)

Expression (21) for the final thermodynamic process is:

Wrey — W = VAU = =y, ASp = —1 (24)

2.3. Change of Gibbs Free Energy and Irreversibility of a Thermodynamic Process

In quasi-static reversible processes, when the temperature and pressure remain constant
(isothermal-isobaric conditions), the differential change in Gibbs free energy is equivalent to the
maximum differential non-expansion work [3,4,19-21]. Additionally, the differential change in the
total internal energy of the composite system is also equal to the differential change in Gibbs free
energy. This equality is represented by the Equation (25), which holds true when quasi-static
reversible (isentropic) processes occur (Figure 4) [7]:

dG = 8Wpqx = dUrp = dUsy, + dUR < 0 (25)

In Equation (25), dUs, represents the differential change of internal energy in the primary
system (where the main thermodynamic process occurs, for example, a chemical reaction), while dUx
represents the differential change of internal energy in the reservoir that provides isothermal-isobaric
conditions.

TdSSy = —TdSR
ro—— J —-— —I — dURWR = - dHSy + TdSSy = —dUT
I sy = _(dUSV + dUR)
dSs, > 0 | RT Sy cs =—-dG>0
o _ | T,p = const.
T,p = const. R
Composite system = CS —

Figure 4. The change in Gibbs free energy is equal to the change in the total internal energy of the
composite system (CS), in the case of a quasi-static reversible process the change in total entropy of
CSis equal to zero (Sy = primary system, R =T, p reservoir, RWR = reversible work (source) reservoir).
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Calen introduced the concept of a reversible work (source) reservoir (RWR), which formally
represents a hypothetical auxiliary system where the energy of the change in the total internal energy
of the composite system (CS) is "stored"”, i.e., maximum non-expansion work (in the case of quasi-
static reversible processes in the primary system) [7]. Maximum non-expansion work from the CS in
the RWR transforms into the potential energy (compression or stretching of the spring). RWR is a
fictitious system with a conservative force. In the view of the observer (O) from the RWR, the energy
of the change in the internal energy of the composite system, which is the maximum non-expansion
work, leaves the CS, resulting in dUr < 0 and Swy,,, < 0. However, the same energy enters the
RWR. Therefore, it is dUgyr > 0 (Figure 4):

_dG = _SWmax = _dUT = dURWR (26)

If a chemical reaction takes place in the primary system of the composite system CS with T, p
reservoir, then the differential change in the internal energy of the primary system Sy is [22]:

Differentiating Equation (27) by the chemical reaction extent at T, p = const., the following
equation is obtained:

ou aS. av.
(), (), (&),
pT pT pT
Multiplying Equation (28) by the infinitesimal change in the chemical reaction extent gives:

ou aS. av.
) dE=dUpn =T(—2) dE-p(52) —ad 29)

a¢ a¢ 9

p,T p.T p,T

AUpxn = TdSpxn — pdVisn — Adg (29a)
AUrxp + pAdVosy — TASrs = dHpyn — TdSppn = dGryy = _Ad€Sy|:p:T = const. (30)

The thermodynamic parameters of the primary system change due to the chemical reaction
(dUsy = dUpyp, dVsy =dV4, and dSs, = dS,.,). The change in the internal energy of the p, T
reservoir (R) of the composite system is possible due to volumetric work and thermal energy
exchange, so Equation (25) is:

dUr = dUs,, + TdSg — pdVg (31)

However, as the total volume of CS is constant, and the chemical reaction is reversible (quasi-
static isentropic process), i.e., the CS’s total entropy change is zero, therefore Equation (31) at T, p =
const. has the following form:

dUr = dUSy - TdSSy + pdVSy = dUpxpn — TdSpen + pdVisn = _AdESy = dGpxn (31a)

which proves that the change in total internal energy of the composite system is equal to the change
in Gibbs free energy resulting from the chemical reaction in the primary system (Figure 4).

If, in a closed composite system, the total entropy change is not zero (dUy < 0 and dSy # 0, i.e.,
dSr > 0), then a spontaneous irreversible process occurs during the thermodynamic process.
Therefore part of the maximum non-expansion work turns into thermal energy (into a dissipated
form of energy) — irreversibility. Considering Equation (21), the difference between the maximum
non-expansion work of a quasi-static reversible process and the real useful non-expansion work
whenever a spontaneous irreversible process occurs is (Figure 5):

dG — éw = 8wy, — OW = y;,.dUr = —y;,, TdSy = —6q = —61 (32)
The difference (32) represents part of the change in the total internal energy of CS (due to the

quasi-static reversible process) that is dissipated in the CS as heat (32) and increases the total entropy
of the composite system — entropy is generated in the CS due to an irreversible (secondary) process.
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The absolute value of the differential non-expansion work [dw| is smaller than the absolute value of
the maximum differential non-expansion work |8Wy,q,| (Figure 5).

No useful work!

'ﬁ' RWR 'ﬁ‘ RWR

|[dWiax| > [dw]

—dG = —8w, 0, = dUzwr =T—§w —dG/T = dS¢s
Cs Ccs
T, p = const. T, p = const.
A B C
irreversibility is increasi
1=0 il - > Imax

Figure 5. In a closed composite system (CS), with an increase in irreversibility (from A to C), a smaller
amount of useful work is obtained in absolute value (RWR = reversible work (source) reservoir).

The criteria for quasi-static reversible (isentropic process) and irreversible spontaneous process
in a closed system follow from the Equation (32) (Table 1):

dG — 8w < 0 or Swy,g —6W < 0 (33)

Table 1. Thermodynamic processes and differential changes of thermodynamic potentials G (Gibbs
free energy) and A (Helmholtz free energy) in closed and isolated systems.

Thermodynamic processes p,T = const. V,T = const.

_ — 0ot _ N
quasi-static reversible (QSR) or dG — 8Wnax = 0 dA — 8Wpay = 0

isentropic process in a closed system Sy = const. and dUy = dG = dA < 0

dG —éw <0 dA—-8éw<0
QSR a'md parallel 'spontaneous IAG| > |w] 1ALl > |wl
irreversible process in a closed
system dS; >0 and dU; = 8w < 0
spontaneous irreversible process in 4G —0<0 dA—0<0

an isolated system or a closed system
with Imax — no useful non-expansion

dS; = dSP** > 0 and U; = const.
work

equilibrium state in a closed and

dG =0 d4=0
isolated system - there is no
macroscopically thermodynamic dS. = 0 and dU. = 0
T = T =
process

!In the state p, T = const. dwma represents the differential maximum non-expansion work, also at V, T = const. dwmax

represents the differential maximum non-expansion work.
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Clausius’s inequality [23,24] is hidden in the above inequality. Namely, the difference
—(dG — 8w) = 8I represents part of the change in the total internal energy of the CS due to the
primary thermodynamic process (i.e., chemical reaction), which is dissipated in the form of thermal
energy in the CS, i.e., according to Clausius, it represents uncompensated entropy (i.e., entropy
production due to an irreversible process). Multiplying the inequality by —1/T yields Claussiu’s
equation in its most generalized form:

—(dG — dw) &I
T T

If a quasi-static reversible process occurs in CS, then 8w = 8wy, = dG so that the inequality
(33) becomes equality (Figure 5A and Table 1):

= dS;, >0 (34)

dG — 8Wp,e = 0anddS; = 0ASI =0 (35)

Within a closed system, a spontaneous irreversible process generates entropy alongside a quasi-
static reversible process (33). This entropy, in turn, resulting in less absolute value of negative work.
Conversely, a hypothetical quasi-static reversible process within the same system (CS) would result
in a higher absolute value of negative work. As such, the negative inequality value signifies that a
spontaneous irreversible process has occurred within a closed composite system (36), thereby
generating entropy (as depicted in Figure 5B and Table 1).

dG — 8w < 0anddS; #0AS8I #0 (36)

Suppose the value of 6w in Equation (33) equals zero. In that case, it signifies that the
spontaneous irreversible process in the composite system utilizes the complete alteration in the
internal energy of the quasi-static reversible process. As a result, the entire change in the Gibbs free
energy of the quasi-static process transforms into heat energy — dissipates into the environment (i.e.,
thermoreservoir). In a closed CS, the maximum irreversibility is attained, which is the highest value
of the produced entropy — the closed composite system behaves like an isolated CS, as depicted in
Figure 5C (37 and 38). It is crucial to note that no useful work can be extracted from the composite
system (CS) in this scenario (Table 1).

dG—0=dG <0anddS; = 0AS8I # 0 (37)

Sy = ST > O0AT = Ly, , AU =0 (38)

For CS in a natural equilibrium state (without a quasi-static reversible process), dG = 0 and
dw = 0 hold, so inequality (33) is the equality 0 =0.

Suppose CS is the real isolated system (constant total internal energy). In that case, the total
enthalpy change of the spontaneous irreversible thermodynamic process remains in the system (6w =
0) so that inequality (33) is the equality (37 and 38) or:

dG = —TdS; and AG = —TASP** (39)

Bearing in mind Equation (12) for an isolated system with a spontaneous irreversible process, it
follows that the coefficient y; = 1, i.e., for a specific change in the CS state the generated entropy
have a maximum value (39).

The change in Gibbs free energy (AG and dG) represents the thermodynamic potential for the
maximum non-expansion work of a quasi-static reversible process in a closed system (ASr =0 and
dSr=0) or the change in a thermodynamic quantity -G/T (i.e., -AG/T or -dG/T) is the thermodynamic
potential for the generated maximum total entropy of a spontaneous irreversible process in an
isolated system (AUr=0 and dUr = 0).
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2.4. Black Box Method Application in the Volume Element of the Primary System of CS: the Gibbs Free
Energy and the Irreversibility

Consider the primary system (Sy) - where the chemical reaction takes place intending to obtain
useful work - and which (i.e., Sy) is located in the T,p reservoir forming together a composite system
(Figure 4). If only a quasi-static chemical reaction takes place in the primary system, then maximum
work is obtained from the composite system (isentropic condition, dG = dwy,,y ); while in the
primary system, in addition to a quasi-static chemical reaction (isentropic conditions), a non-quasi-
static reaction also takes place (or a non-quasi-static thermodynamic process is coupled with a quasi-
static chemical reaction) then éw (|8wpq,| > |8w|) work is obtained from the composite system.
Based on the above, the ¥,%, parameter can be defined:

yrigv = (1 = Yrev) = (I8Wiax| = [8W]) /18Wpngxc| = 81/ |8Wina | (40)

As the internal energy of the primary system (Us,,) is an additive quantity over real or imaginary
elements, Equations (10) and (11) apply, i.e., Usy = VrepUsy + vir, Usy and dUsy = ¥yepdUsy, +
y;';,dusy. The internal energy ¥,e,Us, in the equilibrium state is a function of the first order:

Vrev U.S‘y = erevAVrev U.S‘y (A]/revSSy: Ayrev VSy ) = Ayrev U.S‘y (arevAyrevSSy' erevAVrevVSy ) (41)

Therefore, ¥,.,Us, can be represented as the product of the parameter 8,., and the element of
the primary system’s internal energy (where the reversible process always takes place)
AYrenUsy (AyrevSSy,Ayresty ) , for which the volume element Ay,,Vs, corresponds, where
YrevVsy = OrepAVrenVsy holds. The volume element Ay, Vs, corresponds to the volume for which the
law of local equilibrium is valid [1], i.e., that the internal energy and entropy densities are
independent of the system’s coordinates and time. Similarly, for the y%,Us, (part of the primary
system where, in addition to the reversible thermodynamic process, an irreversible process can also
take place), in the equilibrium state, it is valid that it is a homogeneous function of the first order.

Vrin USy = 0:.'1;17Ayri£v USy (AyrinSSy' AYrigv VSy ) = Ayrizv USy (gri]e'szyrigvSSyr 0£1;vAyri£vVSy ) (42)

However, Ay, Vs, # AypepVsy OF AV/LVs, = AYye,Vs, (which depends on the irreversible
process), i.e., the volume element Ayri;,VSy, can consist of several volume elements Ay, Vs,, between
which an irreversible thermodynamic process takes place. The volumes ¥,.¢,Vsy = 0y, A¥rer Vs, and
YitoVsy = 05, A%, Vs, do not have to be compact, but their elements Ay,,,Vs, and Ay%,Vs, are
randomly distributed over the volume of the primary system (Figure 6).

If the reaction ) v;i = 0 (isothermal-isobaric conditions) takes place in the volume element
AYyeyVsy —black box [25] then after time ¢ from the beginning of the reaction as well as at time t =0,

the internal energy of the observed volume element of the primary system is:

c (o
U= Z nu; = AyrevVSy Z Ciu; (43)
i=1 i=1

Where n; corresponds to the amount of the i-th reactive component at time ¢, C; corresponds
to the concentration of the i-th component in the volume element Ay,.,Vs, at time f, and w;
represents the partial molar internal energy of component i at time ¢. Let there be the same state
(concentrations, p, T = const.) in each element of the volume (Ay., Vs,) of the primary system at time ¢
=0, and if the reaction ), v;i = 0 proceeds infinitely slowly. So that the concentrations of the reactive
components are equal in each Ay, Vs, element, then each element of the volume can be viewed as a
closed reactive system, i.e., there is no diffusion between volume elements. This means that in each
volume element (Ay,,Vsy), the amount of the i-th component changes solely due to the reaction:

n; =nf +v;é (44)

n? is the amount of the i-th component (reactant or product) at t =0, and v; is the stoichiometric

coefficient of component i in the reaction ), v;i = 0. The differential change of internal energy in the
volume element Ay, Vs, for the dt time interval is:
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au o dG o dw)  dg | dw
ar = Mredlsy (Z Yige T Z G E) ata (45)
i=1 i=1
As the volume element Ay, Vs, corresponds to a closed system, it follows that the differential
change in internal energy in dt time corresponds to the differential amount of heat exchange (dq) and
the differential useful work (dw). During the differential change of time (dt) based on Equation (44),
the change in the amount (concentrate) of the i-th reactive component is:

dn; dé¢
— 1. = 46
ac Ve (46)
dac; 1 d
P ¢ = vr 47)

At Ay Vs, dt

Where r represents the chemical reaction velocity (r = (1/V)(d¢/dt) [26], V corresponds to the
volume where the reaction takes place). Inserting Equation (47) into Equation (45) yields:

W v ZC: +chul _ba, 0w 48
dt Yrev Sy r u;v; ldt dt dt ( )

i=1 i=

c c
du = <Z uivi> dé + 2 n;du; = 8q + dw (49)

i=1 i=1

The Gibbs-Duham equation also appears in equation (49) [25,27]:

(dU) dT (dU) d +ZC: du; = 0 (50)
—_ —_— f— —_— n u-:
T/, dp/y T £,

Since the reaction Y v;i =0 in the volume element Ay,,Vs, takes place at p,T = const.
conditions, the Gibbs-Duham equation is:

C

Z ndu; = 0 (51)

i=1

By introducing the Gibbs-Duham Equation (51) into Equation (49), we get:

C
U = (Z uivl) dE = 8q + bw (52)

i=1
If the reaction takes place in a liquid aggregate state, then there is u; = h; (h = partial molar
enthalpy) [25], therefore Equation (52) is:

(o
U=() hv,; |dE = 8q + 6w (53)
(%)

The entropy change in the volume element Ay, Vs, due to the reaction Y v;i = 0 is (s = partial
molar entropy and the volume elements Ay,.,Vs, of the primary system are isentropic):

C
s =0= (Z sivi> dg — 8?" (54)

i=1

C
T (Z sivi> d¢ = 8q (55)

i=1

By introducing Equality (55) into Equation (53), we get:
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4 4
hiv; |d¢ = T( sivi> d¢ + 6w (56)
(2o =r(2

i=1

Cc c C C
hiv; |d§ — T( Sivi> dé = ( (h; — Tsi)vi> dé = UiV d§ = dGryn = SWpngy  (57)
(et =r(Qyem)ar=(3 2

i=
Since the volume v, Vs, contains the 6,,., number of the element of the volume Ay,,,Vs, and
since Equation (57) holds for each element of the volume, it follows that the useful (non-expansion)
WOTK 0,.0,dGrypn = Ore,OWyq, is Obtained from the volume 60,..,dG, .y, = 6,0;,0Wig-
Let a quasi-static isentropic process (chemical reaction) take place formally in the volume
element AyrinVsy, and then an irreversible thermodynamic process, i.e., Equation (49) is valid with

u; = hil
C c
U = (Z hivi> de + Z nidu; = 8q + 5w (58)
i=1 i=1

In the quasi-static isentropic phase of the thermodynamic process, equality (55) applies, so

Equation (58) is:
c C
U = (Z(hi - Tsi)vl-) dé + Z ndu; = Sw (59)
i=1 i=1

However, after an isentropic chemical reaction, an irreversible process formally follows (in
reality, both thermodynamic processes occur in parallel), for example due to the friction of a piston,
parts of the volume element Ayr"gvVSy are heated, i.e., useful work is converted into thermal energy
of friction (C,dT = 81 = 6q), which is in agreement with Lucia’s statement according to which: "at the
beginning of the process, the system could be able to use all the energy, while during the process the
irreversibility generates a loss of energy" [28]. Therefore, the Gibbs-Duham Equation (50) at constant
pressure is:

du -
&) dr=c,dr = znidu- 60
(dT)p,C p - i ( )

By introducing the Gibbs-Duham Equation (60) and dG,,, = (X{-;(h; — Ts)v)dé = Y&, wv; d€
into Equation (59), we get:

dGyrxp + CpdT = dGpyp, + 81 = SW (61)
When defining the volume element of the primary system Ayri;,VSy, it was assumed that with
these volume elements, useful work is completely dissipated in an irreversible process, i.e., the

equation dUr = —TdSy is valid for each volume element Ay/},Vs, — volume element Ay}, Vs, for
the useful work formally becomes an isolated system:

dGryxpn + CodT = dGpyn + 81 =0 (62)
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Irreversible process: diffusion

ﬂ'r:-'reu V.S'yz Zﬂ]’..eu V.S'y

&Y rev V.S'y

=

*51’--91; V.S'y

rew V.S'yz I'ﬂ‘ﬂ"l'ev V.S'y

Ay

cylinder

Irreversible process: piston friction - heat dissipation
Figure 6. Black box method application in the volume element of the primary system of CS.

For the part of the volume of the primary system (y,5,Vs,) in which, in addition to the quasi-
static reaction (with isentropic conditions in the composite system), an irreversible process also takes
place, ¥%,Vsy = 05, A%, Vs, applies. In the case of the dissipation of useful work into thermal
energy, the equality between the volume elements can be taken (Ay,fgsty = AYyepVsy ) so that
Yir, Vsy = o Ay,., Vsy (Figure 6). In this way, the maximum useful non-expansion)work (dwgs*) that
is obtained from the composite system (CS) when a quasi-static chemical reaction (with isentropic
conditions) flows in each volume element Ay,.,Vs, of the primary system is:

SWg:Lgax = dern(erev + 0:‘"217) = SWmax(erev + 0;‘217) (63)

Where dG,,,, = 8Wy,q, corresponds to the differential change of Gibbs free energy per volume
element Ay %,Vs, = AyepVsy, while 6, + 0%, is the total number of volume elements Ay/5,Vs, =
AYreVsy. If in the 8, number of the volume element Ay, Vs, = Ay, Vs, an irreversible process
also flows, i.e., Equation (62) applies, then the differential useful non-expansion work from the
composite system is:

dwes = dern(erev + 0%1}) + 810%1}
= dernerev ] ] )
+ dGrxn07er + 61075, = dGryy0rep + AGryn 076y, — dGrin 07y, = SW(T{LS‘ax
— 8107, = dGrypnOrey

(64)
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In Equation (64) &I represents irreversibility, i.e., dissipated useful work per volume element of
the primary system (dG,,, < 0; 6] > 0; dws < 0). If the elements of the volume are not equal
AvienVsy # AVrenVsy, the equality Ay g, Vs, = zAY,., Vs, applies, ie., ViepVsy = 0,20y, Vs, (Figure
6), then Equation (63) is:

Swis™ = dGryp (Orer + Ze%v) = Wiax (Orey + ZG?;,,) (65)
that is, Equation (64) is:

8wes = dGryn(0rey + 205-1;31;) + 8123%1,
= dernergv ) . .
+ dGyyn 205, + 61205, = dG,yy0rer + 4Gy 2035, — Gy 205,
= Squax - 6120%1} = dernerev

(66)

Exergy is the maximum useful energy obtained from a system that reaches equilibrium with the
environment during a hypothetical reversible (quasi-static isentropic) thermodynamic process. In the
case of a chemical reaction (for example, in galvanic cells), the equilibrium of chemical potentials with
the environment can be replaced by a zero value of De Donder’s affinity (A = 0, Equation (6)).
Therefore, Equations (63) and (65) correspond to the maximum non-expansion useful work (Swgg*¥),
i.e, exergy that can be obtained from the composite system. Gouy (1889) and Stodola (1905)
independently confirmed that the loss of exergy (maximum useful work) is proportional to the
generated entropy [29], which follows Equations (64) and (66).

Equation (62) can be generalized, namely since irreversibility is the dissipated useful work then
itis: 81 = —dG,.,,, i.e.,:

dGryxp — dGryp = 0 (67)
Considering De Donder’s Equations (6) and (8), expression (67) is:
dGryn + TdSt = dGpyn + TdSpe ponger = 0 (68)

Where dS; = dSpe ponger = dS; represents the differential production of entropy in an
irreversible process per volume element Ayr"gvVSy (dSy = dS,xp — (dH,x,/T), where dS,,, is the
direct entropy change in the volume element Ayri;,VSy due to the chemical reaction and —(dH,,/T)
represents the entropy change in the volume element Ayrig,,VSy due to reaction heat). The differential
entropy change in an irreversible thermodynamic process can be represented as the product of the
thermodynamic force (Fr) — proportional to the gradient of some intensive quantity — and an extensive
physical quantity (corresponding to the intensive quantity) that is transported during the dt time
interval (dS; = ), F,dX,,) [1,30]:

Gy + TZ FodX, = 0 (69)

Alternatively, taking into account the flux of the extensive variable (J, = dX,/dt), i.e., entropy
generation per unit of time (o = Y, FpJx) [30]:

%+TZF,JR=%(K+TZF,J,(=O (70)

In this case, Equations (69) and (70) shed light on the volume element Ayﬁgsty of the primary
system of the composite system, revealing its dynamic nature. For instance, when the volume
elements of the primary system experience fluctuations in the chemical reaction velocity, the system’s
behavior becomes more complex. In some elements of the volume, the reaction runs faster compared
to the hypothetical infinitesimally slow chemical reaction, leading to a deviation from the state with
uniform velocities for each element of the volume (Figure 6). This dynamic behavior results in the
concentrations of reactive components becoming non-uniform across the volume elements of the
primary system. In addition to the thermodynamic force of the chemical reaction A/T (i.e., dG,,,, =
—Ad¢, Equation (70)), the dynamic system also gives rise to the thermodynamic force of diffusion of
reactive components (diffusion between the volume elements of the primary system). (dn -
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differential amount of the k-th reactive component that diffuses in the df time interval and Ay, is the
difference of the k-th component chemical potential between two points of the volume element
Ay, Vsy; for example, if Ay/L, Vs, = 20¥,6,Vsy, e, z = 2 then the difference Ay, is between the two
volume elements Ay, Vs, ):

The emergence of the thermodynamic force of diffusion can reduce the chemical potential of a
reactive component in some volume element of the primary system. This, in turn, significantly
influences the De Donder affinity (A) of the chemical reaction. The result is the absence of dG,,, in
some volume elements of the primary system, leading to the absence of useful non-expansion work.
However, the most significant impact is the generation of entropy due to the irreversible diffusion
process (Equation (71)), a crucial aspect of the system’s behavior.

2.5. Change of the Gibbs Free Energy whiout Non-Expansion Work

Suppose non-expansion work is not obtained from the closed CS, i.e., in that case, no chemical
reaction takes place in the primary system Sy, but a quasi-static reversible expansion of the Sy’s
volume, during which the Sy’s pressure also changes while T = const. (Figure 7). The change in Gibbs
free energy for the isothermal quasi-static reversible process, i.e., an ideal gas’s expansion (no friction
between cylinder and piston), is (T = const.|: pV = const.—» pdV + Vdp =0 - —dV/V = dp/p):

dG = dU; = Vdp = nRT(dp/p) = —nRT(dV/V) = —nRTdInV (72)
During the isothermal volume expansion process (pressure-volume work) of an ideal gas in the

primary system of CS, the change in internal energy is zero (dUs, = 0). Hence, Equation (72) has the
following form:

dG = dUy = dUs, + dUy = —nRTdInV
0

(73)

Let isothermal pressure-volume work first occur (for example, expansion of the primary system
from CS), whereby a differential change in the volume of the primary system also means a differential
change in the total volume of CS. The transfer of heat from the reservoir toward the primary system
follow the expansion of the primary system — the primary system is located in the thermoreservoir,
according to which the wall of the primary system is fixed, the wall of the primary system changes
according to the RWR (Figure 7). As dSsy = -dSr is valid, Equation (73) is the quasi-static reversible
(maximum) differential pressure-volume work:
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dG =dUy =
TdSg = dUy
= —nRTdInV;
=Wl <0
dVeg =dlVr >0
Sy
dUs, =0
dSp = —dS5, <0
T = const.
R

Composite system = CS

Figure 7. Composite system CS, which consists of a thermoreservoir (R) and a primary system (Sy),
during isothermal quasi-static reversible pressure-volume work, the ball’s (m) potential energy
increases in the RWR (reversible work (source) reservoir).

During expansion, the system performs work on RWR, so that in terms of CS, the maximum
differential pressure-volume work has a negative value:

dG = 8wyei* < 0and dSy = dSs, +dSg =0 (75)

It follows from Equations (73) and (74) that the maximum differential pressure-volume work
(expansion) comes from the change in the internal energy of the reservoir. A similar result is obtained
starting from the Helmholtz free energy. If friction occurs during the movement of the piston —
spontaneous dissipation of pressure-volume work into thermal energy, then a smaller absolute value
of the pressure-volume work is obtained, i.e., Equation (32) applies:

dG — dwy, < 0and dG — dwyy; = i dUr = =y, TdSy = =61 (76)

Of course, even in this case, it is valid that at maximum irreversibility, the pressure-volume work
of expansion of the primary system is zero, i.e., the change in Gibbs free energy is dissipated as
thermal energy in CS (76). In the state of thermal and mechanical equilibrium of the primary system,
i.e., without quasi-static pressure-volume work, dG = 0.

However, it should be emphasized that during the isothermal expansion of the primary system
Sy (Figure 7), at every moment of the infinitely slow thermodynamic process, the primary Sy is in
mechanical equilibrium with the environment, i.e., in this case with RWR, so the quasi-static process
is reversible with a total entropy change that is zero. However, suppose a chemical reaction occurs in
the primary system where De Donder’s affinity is not zero (4 = —dG,,,,/d¢ # 0). In that case, the
chemical reaction (and, therefore, the primary system) is not in equilibrium — therefore, it is not a
reversible process. According to Calen, if every infinitesimal step of a chemical reaction is described
with an expression that refers to a quasi-static process: dG = }, p;dn;=), v;u;dé (p, T = const.) and, at
the same time, the process is isentropic (i.e., the total entropy does not change in the composite
system) [7]. This hypothetical reaction in obtaining the maximum non-expansion work is identical to
a reversible thermodynamic process.

2.6. Analogy between the Gibbs Free Energy and the Helmholtz Free Energy

If the volume of the primary system (and the thermoreservoir) does not change during the
thermodynamic process, then Equation (25) is:
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dUr = dUsy, + TdSg = dUs,, — TdSs, = d(Usy, — TSs,) = dA 77)

From the Equation (77) follows the relations of the differential change of the Helmholtz free
energy for a closed and isolated system at V, T = const. — criteria for a quasi-static reversible (isentropic)
and spontaneous irreversible process, or an equilibrium state — a system without a thermodynamic
process (Table 1) — analogous to the criteria at p, T = const. — differential change of Gibbs free energy
(33)-(36) and (39).

3. Conclusions

De Donder’s equation of entropy generation in an irreversible thermodynamic process follows
from the equation —-TdSr = dUr. Irreversibility can be defined as a measure of the lost working capacity
of a chemical reaction by partial (per system volume) application of the equation — TdSr = dUTr. If the
primary system of a composite system is viewed as a sum of black box volume elements, then in each
of these volume elements, the criterion for an isentropic process and a process (irreversible process)
with entropy generation is in the Gibbs-Duham equation.
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