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Abstract: The fixed and random effects models are popular methods for identifying the causal effects of
treatment. First, I introduce the two-way fixed effects model and show a class of the estimators for the random
effects models. Misidentification may occur in these models due to the treatment effect heterogeneity. Then, I
propose the differential error component models to address such problems while the models exclude the fixed
effects of units and time periods and consider the random effects of units and time periods. Meanwhile, I
present a simulation of a staggered design and revisit the application in (De Chaisemartin and D'Haultfoeuille,
2020). The results demonstrate that one additional newspaper increases the 0.31% average effect of the
presidential turnout and the 1.05% average effect when the newspapers’ changes are non-negative, where the
proposed estimators are robust and efficient.

Keywords: causal effects; generalized least square; fixed effects; random effects; error component;
heterogeneity

1. Introduction

Identification of the treatment effects usually needs to exclude the fixed effects, the covariates
effects, and the disturbances. The treatments may be policies, programs, or activities. The Fixed
effects (FE) models and the random effects (RE) models are popular and efficient methods to identify
the treatment effects, which are used to exclude the effects of units or groups and time periods.
Additional information about samples is one way to obtain more precise treatment effects. The
alternative is to suggest more precise estimators for treatment effects.

The two-way fixed effects (TWFE) model is an identification method with the effects of units
and time periods are fixed. There has been abundant research on the TWFE model in recent years.
(Goodman-Bacon, 2021) shows the negative weighted problem because the treated time periods of
units in different groups are different in the TWFE model. He gives the Goodman-Bacon
decomposition theorem to address such problems. De Chaisemartin and D'Haultfoeuille (2020) show
an estimator to assess the robustness of the estimators for the TWFE model. They also propose an
estimator that is a weighted sum of the treatment effects to avoid the negative weighted problem. (de
Chaisemartin and D'Haultfoeuille, 2022) review the recent studies of the TWFE model with binary or
non-binary treatment, staggered or not staggered design, and continuous or discrete time periods.
The TWFE model is a popular method to identify the treatment effects of multiple time periods, and
its extensions are also growing.

The one-way or two-way random effects models are the identification methods in which the
effects of units or time periods are random. (Wallace and Hussain, 1969) and (Maddala, 1971) show
some generalized least square (GLS) estimators of the multivariate linear regression model with three
error components such as the Within estimator, the Between units estimator, and the time periods
estimator. They also give the consistency, the unbiasedness, and the asymptotic normality of the
estimators. (Swamy and Arora, 1972) show a class of estimators for the TWRE model, including two-
stage estimators. (Baltagi, 1981) compares estimators of the OLS, the LSDV, the GLS, and six other
two-stage estimators for the TWRE model by Monte-Carlo simulation. Baltagi also shows the
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advantages and disadvantages of these estimators in terms of both theoretical properties and
application.

The question is, which is the optimal model of the above models for our daily research? Many
papers have introduced the two-way effects models and their extensions. Baltagi, B. H. (2008)
specifically shows the two-way effects models and discusses when we choose the TWFE or the TWRE
model. (Hausman, 1978) proposes the tests for choosing the fixed e or the random effects model.
However, the test result may mislead researchers into choosing an inefficient model for some
applications. (Mundlak, 1978), (Chamberlain, 1984), (Hausman and Taylor, 1981), (Metcalf, 1996), and
other papers show that one should test the restrictions of the fixed or random effects models before
applying them to application. The RE models request that the effects of units or time periods are
independent of the treatment variable and the covariates, while the models have heteroscedasticity.
The FE models have endogeneity between the units, the time periods, the treatment variable, and the
covariates in regression. Moreover, the FE and the RE models both have treatment effect
heterogeneity. The differential models (DM) are one way to exclude heterogeneity, such as the first-
difference (FD) model and the second-difference (SD) model.

Based on the above analysis, I show how the treatment effect heterogeneity causes the
misidentification of the above models. Furthermore, I propose the differential error component (DRE)
models that exclude the fixed effects of units and time periods and consider the random effects of
units and time periods. Besides, I present a simulation of the staggered design with five groups and
five time periods and revisit the application of the effects of newspapers on presidential turnout to
test whether the proposed estimators are feasible and efficient.

The remainder of the paper is structured as follows. Section 2 introduces the TWFE and shows
a class of estimators for the TWRE model. Section 3 proposes the DRE models. The section also shows
the advantages and disadvantages of the above models. Section 4 presents a simulation and an
application to compare the estimators mentioned in Section 2 and Section 3. Finally, Section 5
summarizes this paper.

2. Setups and the Misidentification in the FE and RE Models

2.1. Setups

Firstly, we show the TWFE regression model
Yi,t =Yt t .BfeDi,t + W;,tﬂw + Eits t e {1' ,T},i € {11 ""n} (21)

where y; is the time fixed effects and 7, is the unit fixed effects. f;, represents the treatment effect
coefficient. D;, is a multilevel treatment statue. W is the covariate matrix. B, is the coefficient
vector of W. ¢;, represents the random disturbance term. The TWFE model is a popular case of
linear regression models. In this TWFE regression model, the treatments in Equation (2.1) to units
may exit in some time periods. The units may be treated again in the next periods. Furthermore, we
should consider the heterogeneity of units and time periods in Equation (2.1) when we analyze
multiple time period data, such as panel data and repeated cross-section data. Wallace and Hussain
(1969) first proposed the Within estimator of the TWFE model. Liu and Sun (2019) and de
Chaisemartin and D'Haultfoeuille (2020) briefly introduce the Within method.

The one-way random effect (OWRE) model: The OWRE model is a simple case of the RE
models that take the units or the time period effects as the random effects. Here, I introduce the
OWRE model that takes the units' effects as random effects. Defining Iy is the N X N identify
matrix. 1y is a N X 1 vector that equals for all elements. Jyr equals to %1,\,1;\,. We have the

multiple linear regression model with two error components follows

Y =18y + DBowrsv + ¥ + Uy = XBowre + Uy (2.2)

Where Y= (Ylll seey YlT' ey YNl’ ey YNT)' D = (D11' ey DlT' ey DNl’ ""DNT)' ﬁOWREU iS the OWRE fOI‘
unit. X = (17, D, 1xy®I1) , Bowre = (Bo, Bowrew: Y1, ¥1) » u, = Uy®1r)n+e . (m,&) are
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independent with each other. E[n] = no,n, is a constant vector. Cov(n) =
oy Iy, oy is the variance of ;. E[g] = 0, Cov(g) = oIyr, 0f is the variance of ;.. It is easy to show that
the variance matrix of the disturbances u, is

Cov(uy) = (Tof + 02)(Py — Jur) + 6Z2(Iyr — Py) + (Toy + 02)Inr = 07Q, + 05 Q3 + 67 Q.
where Q1 =Py — Jyr, Qy = Iy — P1,Q4 = 1, Py = Iy®J .

Proposition 1 Let £~ N(0,02I) and (07,02) are given, we have the GLS estimators of

. —~ X0 X X QuX  xX'gux\ T (Xoy  X'Qu¥  X'Qx\ =
Equation (2.2) as  Bowreu) = ( Uzl + U; + 024 Uzl 6; a; yBowrsu2) =
1 3 1 1 3 1
-1 ’ ’ -1 ’
X'Qx | X'QuX X'Q.y | X'Quv\ X'Q X  x'Qux X'QuY | x'Q.¥\
( 2 + 65 2 + 03; fBOWREU(3) = US; + o2 03?3 + o2 :BOWREU(4-) =

XQX+XQ,X)"1(X'Q.Y +X'Q,X), And
BOWUbetween = (X'Q:X)"'(X'Q,Y), and BOWU_Within = (X'Q3’X)_1(X’Q3’Y)-

L L
Proposition 2 Let 7 — 11— N(0,021), € — &, > N(0,021), The two-stage estimators of Equation
(2.2) are

-1
X'Q X XQuX XQX\ (XQY XQyY XQ,Y
QX  X'QyX Q4> ( Q.Y X'0x¥ X0, )

51%5(1) 555(3’) SI%E(l)

BOWREU(l) = (

51%15(1) 51%5(3’) SI%E(I)

-1
_ X'Q.X XQuX\ '/XQY XQuY
Bowreu2) = ( 3 + : > < + ),

2 2 2
SRE(1)  SRE@ SRE(1)  SRE@3")

-1
_ X'QuX X'Q.X\ ' [(XQuY XQ,Y
Bowreuz) = ( 5 ==+ > < 4+ ,

2 2 2
SRe3")  SRE(1) SRE@")  SREQ1)

2

v (Q.r-0ux(x'0.x) x'Q. )y
Where SRE(3I) — ( 3/ 3/ ( 3/ ) 3’) .

m3:

The TWRE model: The TWRE model takes the effects of units and time periods as the random
effects into the disturbance terms in the regression. Maddala (1971), Wallace and Hussain (1969), and
Baltagi B. H. (2008) have introduced this linear model specifically. I will show a class of least square
estimators for the TWRE model. The multiple linear regression model with three error components
is

Y =18+ XBrwre + u (2.3)

Where Y= (Yll'""YIT'""YN].""'YNT)’X = (Dlll""DlT’ ...,DNl, ""DNT)'BTWRE repl‘esents the TWRE
vector. u= (Iy®1:)n+ (Ay®I;)y + €, € = (&14, ., €17 oo EN1y - Enr)- 1t is easy to show the
covariance matrix of the disturbances u is

COU(u) = TO-??(IN®]T) + NO_];(IN®IT) + O-é?INT

with E[n] = n,, Cov(n) = a,fIN.E[y] = Yo, ¥, is the constant vector. Cov(y) =
oylr, 0y is the variance of y;. (17,y,€) are independent with each other. For convenient of the
estimation, let

Cov(u) = (Taﬁ + Uez)(P1 —Jnr) + (Naf + 03)(1)2 —Jnr) + UeZ(INT + Jnr — P1 — P3)

+ (Ta,f + Naﬁ + af)]NT = 02Q, + 02Q, + 02Q5 + 62Q,.

where Q, = P, — Jyr, Q3 = Iyr + Jyr — Py — Py, Py = Jy®l .
Proposition 3 Let &€ ~ N(0,02I) and (a,f,o'}?,of) are given. We have the GLS estimators of
Equation (2.3) as
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E . (X’QlX n X'Q.x n X'QsXx n ){’()4)()_1 (X’Q1Y n X'Q,y n X'QsY n X'Q4Y)
TWRE —

a? a% a2 a2 a? a2 a2 a2 '
~ _ (X'Q1X | X'Q:X | X'Q:X -1 X'Q.Y . X'Q¥y  X'QsY ~ .
Brwre) = = + = + = p + p + 2 ) “, Brwre0) =

X'Q:X X' QuX\ L /X'Q:¥Y  X'Q.Y - , ~1(y ;
( s 18 ) ( %L+ 524 ) and Brwresi) = X'QX)'(X'QY). (i =1,2,3,4)

03 04 03 4

Proposition 3 shows all GLS estimators of Equation (2.3). The ellipses of the estimators are

similar to Theorem 1.
L L L

Proposition4 Let 7 — 1, —>N(0,621),y — ¥, > N(0,02I), € > N(0,021), the two-stage estimators

of Equation (2.3) are
-1
— X'Q,X XQ,X XQ;X XQ.X X'Q.Y XQ,Y XQsY
TWRE — + + + + +

2 2 2 2
SRE(1)  SRE(2) SRE(B)  SRE(4)

WX Q4Y>

2 2 2
SRe(1)  SRe(2)  SRE®)

2
SRE(4)
and
-1
> X'Q:X | X'Q:X | X'Q3X X'QY | X'Qy | X'Qs¥ >
Brwre) = ( >ttt 7tz 13 “ Brwreo) =
SRE(1)  SRE(2) SRE®) SRE(1)  SRE(@2) SRE®)
-1
X' QX . X'QuX X'QsY | X'QuY\ , .
(2—+2— > +2— .(l=1,2,"',10)
SRE(3) SRE(4) SRE3)  SRE(4)
where sZpy = Sip) + Sip@) — Sae) Sae() 1S the estimator of o7, (j = 1,2,3,4)

In the above, we show many estimators of the TWRE model, including Brwre, ETWRES(]-),
Brwrew, Brwre and Brwrew (i =1,2,+,10.j = 1,2,3,4). Firstly, I exclude the estimators when
of = 0f = 0f = af. These estimators are accurate only if their covariance matrix equals to the true
error covariance matrix of the data. Therefore, the estimators Bryrsz = (X’X)"'X'Y and ﬁTWRE(i)
(i=1,2,-+,10) are omitted here. Secondly, I exclude estimators of the combination of (Q;, @, Q,)
that contain insufficient information about units or time periods. BTWRES(J) and BTWRE(O (=
1,2,4.i =4,5,7,9) are omitted. As a result, we have BTWRES(3) , Brwre and ﬁTWRE(l) (i=
1,2,3,6,8,10) as ideal estimators for the TWRE model. These estimators are consistent in
distribution because the covariance matrix strongly relates to the true covariance matrix of the data.
Similarly, the above analysis is also adjusted to the differential error component models introduced
in the next sections.

2.2. The Misidentification in the FE and RE Models

Misidentification may occur in FE and RE models due to the treatment effect heterogeneity. I
introduce the negative weighted problem before showing heterogeneous treatment effects in these
models. The negative weighted problem comes from the treatment effect heterogeneity between units
or time periods. Goodman-Bacon (2021) demonstrates the negative weighted problem by a staggered
design with three groups and three time periods. He shows the Goodman-Bacon decomposition
theorem that considers the treatment effect heterogeneity over time periods. Figure 1 demonstrates
that the negative weighted problem is caused by Case 4, which is a two-by-two DID with Group 1
and Group 2. This is the other view of the treatment effect heterogeneity compared to the one in
Goodman-Bacon (2021). The heterogeneity of this 2x2 DID come from the difference in the treatment
effects over time periods in the early treated Group 2. De Chaisemartin and D'Haultfoeuille (2020)
show the negative weighted problem in the TWFE model. They proposed an estimator of a weighted
sum of the treatment effects when the treatment status changes. The estimator is used to avoid the
treatment effect heterogeneity over time periods.
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O| _ o — = — T O| _ = —

| I I

: | | |

The early period The late period The early period The late period
The group 1 —®— The group 3 | ‘ —— The group 1 —®— The group 2

Fig.1. Four cases of the decomposition theorem

Figure 1. Four cases of the decomposition theorem.

The RE models take the heterogeneity of treatment effects as part of the error components. These
are misleading to the estimation of the treatment effects because the distribution of the treatment
effect heterogeneity is not given or pre-estimated as normality. Therefore, the estimates of the TWRE
are not consistent but may be more robust than the TWFE model. The OWRE model that takes the
time period effects as fixed and the unit effects as random is even worse than the TWFE or TWRE
models. Accordingly, the estimation results of the OWRE in Section 4 are overestimated or negative.

3. The Differential Error Component Model

The OWRE or the TWRE models take unit effects or time period effects as random effects in
Section 2. It is reasonable that the disturbances of a large panel have asymptotic normality in these
models. Meanwhile, the regression models need intercept terms to avoid fixed effects on the
treatment effect heterogeneity. However, it is hard to find such fitted terms because of the differences
in fixed effects between units or time periods. Here, I introduce the differential models that exclude
the fixed effects in regression. The FD model gives the trends of change in the treatment effects. The
SD model, also called FD of FD’s, gives the characteristic of change in treatment effects. The FD is
similar to speed in Physics, while the SD is similar to acceleration. Next, I take the RE models into
estimation to avoid random effects to the treatment effects. This three-stage estimation excludes the
fixed effects in the first step and the random effects in the last two steps. The differential error
component models that combine the differential models and the error component models are also
called as the differential random effects (DRE) model.

3.1. The First Differential Random Effects (FDRE) Models
Firstly, we have the FD model
Yeo1 —Ye = X1 = X)Brpre +u. (t=1,2,-+,T—2) 3.1)

with E[u] = 0. The covariance matrix of the disturbances u does not discussed here if we combine
Equation (2.1) and Equation (3.1) as the FD model. I show no assumptions about the disturbances in
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Equation (2.1). Without loss of generality, I assume the disturbances in Equation (3.1) satisfy the
following assumption.

Assumption 3.1 The disturbances in Equation (3.1) have the error components as (n,y’, €').

The first differential two-way random effects (FDTW) model: The TWRE model mentioned in
Section 2 under Assumption 3.1 follows

Yt+1 - Yt = (Xt+1 - Xt)BFDTW + UrpTw (32)

where Upprw = (IN®1r_ )N + (Ay®Ir_)y' + € , Y =W ¥r-1), € =
(511, ey Sl(T_l), ey SN].’ ey SN(T—].))'
The covariance matrix of uppry in Equation (3.2) is

Cov(uppry) = (T — Doy (Iy®Jr-1) + NG]E' Un®Ir_y) + 0'3!’N(T—1)-

with  E[n] = 1o, Cov(n) = o7ly,E[y'] = v5, Cov(y') = 0,/ 17_1,E[€'] = 0,Cov(e) = oIy
(m,v', &) are independent with each other. Furthermore, we have

— 2 2 2 2
Cov(upprw) = 01 Q1 + 05 Q; + 05Q3 + 05 Q4.

where of = (T — 1)o; +a£2,, o? =NO';/ +a£2,, 0?2 = cfj,, of = (T - 1o} +Na;, +a£2,, , =P, —
Ina-1, Q2=Py—=Ine-1, @3 =Ing-1) tInag-1) = P1 =Pz, Qu=Ina-1), P1=Iy®J(r-1), P2 =
In®Ir_;.

Lemma 1 P, P, Q4,Q,,Q;and Q, are symmetric and idempotent. Q;,Q,,Q; and Q, are
orthogonal with each other. And P,Jy; = PyJyr = P1P, = Jyr.

Lemma 2 The rank of P,,P,,Q:,Q,,Q;andQ, are N,T,N—1,T—-1,(N—-1)(T—1) and 1.
And rk(X) = rk(Q,X) = rk(Q,X) = rk(QsX) = k.

Theorem 1 Let & ~ N(O, 082,1) and (a,f,azl,aezf) are given, we have the GLS estimators of

Y

Equation (3.2) as
~ _ (X'Q1X | X'Q:X | X'Q3X X’Q4X)_1 (X’QlY X'Q¥y  X'Qsy X'Q4Y)
Brorw _( a? T o2 + a2 + a2 o? T o2 o2 o2 !
> _ (XX | X'QuX | X'QsX\ TN (X'QiY | X'Qp¥ | X'QsY > _ (X'0:X
BFDTW(D_( a? + a2 + a2 ) ( a? + a2 + a2 )'M'BFDTW(lO)_(o-_g-l_
X'Q.X\ L (X' Qs . X'QuY

024 ) ( Qz3 + 024 )’ and

Oy 03 Oy

Brorwsi = X'QX)7'(X'Q;Y). (i =1,2,3,4)
Corollary 1 E[EFDTW] = E[EFDTW(L’)] = E[BFDTWS(j)] = Brorw, (1 =1,2,---,10.j =

1,2,3,4).Var(Brpmw) = (% flzlx

x'Qsx\ 7! -
0_323) s Var(Beorwaoy) = (
1,2,3,4).
L 2 1 7 L 2 1] L 2 D

Corollary 2 Let n—n,-N(0,62I),y —y;—-N (0, Uyrl) ,& 5> N(0,65I), then Brprw
Brorwa (i = 1,-++,10), and EFDTWS(j) (j=1,2,3,4) are asymptotic normal with the expectation
Brprw and the variance matrix corresponding to Corollary 1.

In fact, we cannot get the true oZ, cr}f, and 0'82, while Theorem 1 assumes the variance matrix of

XX | X'QsX | X'@ux\ ! B
+ Uzz + 023 + 024 ) 'Var(ﬁFDTW(l)) - (
2 3 4

’ ’ -1 e _
X QX + )(3_4;)() (i = 1, 2, "',10).Var(ﬁFDTws(j)) = (X’Q]X) 1(] =

2
o3

X'Q:X . X'Q.X
_2 +

2
o7

the disturbances are given. On the one hand, we can give these variances by empirical method. One
simple way is to let of = 07 = 0f = 0. We have o7 =0 or g, =0 for the most estimators in
Theorem 1 though the estimators are unbiased and asymptotic normal. These estimators are
simplified as Brprw = (X'X)'X'Y and Brprwq (i = 1,2,-+,10) with 6f = 07 = 6# = 6Z. On the
other hand, we can estimate these variances by methods like the two-stage estimation, see also
Baltagi, B. H. (2008). We have the following estimators of the disturbances for Equation (3.2)
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Qi = Q;(Y - XB) = (Q: — QX(X'Q:X)'X'Q)Y = Q'Y,i=1,2,3.
Defining the estimator of J}%E(i) (i=1,2,3) as

aa_ (v-xp)e.(r-xp) vQv
m; m; omy

2
SRE() =

where m; = rk(Q;) — rk(Q;X), Q' is symmetric and idempotent.
Corollary 3 51%5(1‘) (i =1,2,3) are unbiased. And let conditions in Corollary 2 hold, we have
2
M;Sppp) L
— RO S 1= 1,2,3.
%%
Corollary 4 Let conditions in Corollary 2 hold, we have Brprwsi) (i =1,2,3) are independent
with §12?E(1') (j=1,2,3),and §}22E(j) (j = 1,2,3) are independent with each other.
Therefore, under Corollaries 3-4, we can estimate a,f, af, and 082, for the estimators with the
unknown true variances of the error components in Theorem 1.
L L L
Theorem 2 Let n—ny— N(O, J,fl),y’ —Yo—N (0, 0}31) ,E - N(O, 08211) , the two-stage

estimators of Equation (3.2) are

-1
X'Q,X XQ,X X0Q;X XQ.X X'Q,Y XQ,Y XQsY
Ql+QZ+Q3+Q4><Ql+Q2+QB

51%15(1) SI%E(Z) 555(3)

EFDTW = <

SI%E(l) SI%E(Z) SI%E(3) 51%15(4)

N X Q4Y>

2
SRE(4)

and

X'0uX | X'QuX X’03X)_1 (X’QlY X'Q,Y | X'Qa¥

EFDTW(l) = ( >' "'ﬂBFDTW(lO) =

51235(1) 51235(2) 51215(3) 5;225(1) 51225(2) 51225(3)

(";‘3—3X+X;Q—4X)_l<$+w>.(i =1,2,,10)
SRE(3) SRE(4) SRE3)  SRE(4)
where Sz = Sgp) + Ske@) — Ske)-

These estimators, characterized by units or time periods, focus on different information in
estimation as estimators in Theorem 1 do. The unbiasedness of the above estimators follows

Corollary 5 Let conditions in Corollary 2 hold, then Brprw and BFDTW(O (i=1,2,---,10) are
unbiased estimators of Brpry -

The first differential one-way random effects (FDOW) model

Assumption 3.2 The disturbances in Equation (3.1) have the error components as (7, €').

The OWRE model mentioned in Section 2 under Assumption 3.2 follows

Y1 =Y = Xey1 — X Brpowu + Urpowy (3.3)

where Uppowy = Uy®1r_)n+ €. The covariance matrix of uUppowy in Equation 3.3) is
CO‘U(U.FDOWU) = (T - 1)0-7?(IN®]T—1) + O_SZ’IN(T—l)- Defining 0-12 = (T - 1)0’1? + 0-52 ’ 0-3? = 0-82, ’ Ql =
P, _]N(T—1),Q3’ = Iy — Py, Q. =JIna-1)- We have

Cov(Uppowy) = 0£Q1 + 02Q4 + 0£Q,.

Theorem 2 Let conditions hold in Proposition 3 and Assumption 3.2, the estimators and their
asymptotic properties of the FDOW model in Equation (3.3) are similar to Propositions 1-2 and
Corollaries 1-5.

3.2. The Second Differential Random Effects (SDRE) Models
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The SD model gives the characteristic of change in treatment effects. It also excludes the fixed
effects of units and time periods. We have the SD model as follows.

AYiyy =AY, = (AX1y — AX)Brwre +w. (6 =1,2,-+,T = 2) (3.4)

where AY, =Y, —-Y,_;,AX, = X; — X;_,, A&, = & — &;_;, and with E[u] = 0. The covariance matrix
of the disturbances u does not discuss here if we combine Equation (2.1) and Equation (3.4) as the
SD model. Without loss of generality, I assume the disturbances in Equation (3.4) satisfy the following
assumption.
Assumption 3.3 The disturbances in Equation (3.4) have the error components as (n,y", €").
The second differential two-way random effects (SDTW) model: The TWRE model mentioned
in Section 2 under Assumption 3.3 follows

AY, =AY, = (AX; — AX;_1)Bsprw + Usprw (3.5)

where Usprw = Un®172)n + (@I _,)y" + &” , V' =W ¥r2) €' =
(511, voe s EL(T=2)s +vr s ENLs oo EN(T—z))- The covariance matrix of ugpry, in Equation (3.5) is

Cov(uspry) = (T — 2)0'73 Uy®Jr-2) + No-]f”(]N®IT—2) + Gj”’N(T—Z)-

with  E[n] = 1o, Cov(n) = a7, E[y"] = ¥4, Cov(y"") = a)nlr_y, E[€"] = 0,Cov(e") = o7 Iy(r—z)
(m,v",&") are independent with each other. Furthermore, defining of = (T — 2)o,; + o, 03 =
NO’;" + 0'82"/ oF = 0'52”/ of = (T - 2)0'3 +N0';” + 052”/ Q=P —Jna-2), Q2=Pr—Ineg-2), Q3
Inir-2y ¥ Ina-2) — P1— Py, Qs =Jniw-2), P1=InQJ(7-2), P2 =Jy®Ir_;. We have

Cov(uspry) = 01201 + 022Q2 + 032Q3 + 0304-

Corollary 6 Let conditions hold in Corollary 2 and Assumption 3.3, the estimators and their
asymptotic properties of the SDTW model in Equation (3.5) are similar to Theorem 1 and Corollaries
1-5.

The second differential one-way random effects (SDOW) model
Assumption 3.4 The disturbances in Equation (3.4) have the error components as (1, €"").
The OWRE model mentioned in Section 2 under Assumption 3.4 follows

AY, =AY,y = (AX; — AX;_1)Bspowv + Uspowu (3.6)

where ugpowy = Uy®17_,)n + €” . The covariance matrix of ugpoyy in Equation (3.6) is
COU(uSDowu) = (T —_ 2)0’5(11\]@]7‘_2) + ng”IN(T—Z)- Deflrllng 0'12 = (T —_ 2)0‘3 + 0-82”’ 0'32 = 082’” Ql =
Py —Jner-2), Q3 = Inir—2) — P1, Qs =Jner-2)- We have

Cov(uspowy) = 01 Q1 + 05Q3 + 07 Q.

Corollary 7 Let conditions hold in Proposition 2 and Assumption 3.4, the estimators and their
asymptotic properties of the SDOW model in Equation (3.6) are similar to Propositions 1-2 and
Corollaries 1-5.

The Higer-order DRE models: The SDRE and FDRE models exclude the fixed effects in
regression. They apply to different practical samples. However, the third or other higher-order
differences for the error component model are unsuitable for identifying causal effects. These models
need strong restrictions on data and will waste a lot of information in the sample. We omitted them
here.

The estimations of the DRE models exclude fixed effects and consider random effects. It is more
robust than the TWEFE, the Differential, or the RE models. The models or estimators which we adopt
in estimation depend on the data. The following section will show the optimal model for a given
panel.

3.3. Comparisons of the Above Identifications
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We have discussed the advantages and disadvantages of the FE, the RE, and the DRE models in
the above. The TWFE model has endogeneity between units, time periods, and regressors, assuming
that the disturbances have asymptotic normality. There is no need for intercept terms in regression.
However, the TWFE model may have some negative weights in estimation, which causes the
treatment effects weights to be negative. Secondly, the RE models need intercept terms so that the
exceptions of error components are equal to 0. The RE model requests independence between units,
time periods, and regressors. Moreover, the DRE models exclude fixed effects and consider random
effects. The DRE models are better than the RE models or the FE models in large samples.

Here, I show the optimal model for different panels in our daily research. I also transform the
unbalanced data to the balanced data by methods like interpolation. These data are characterized by
the size of samples and the length of time periods. Table 1 shows the optimal model for different
types of data.

Table 1. The optimal model for different panels.

Small sample Large sample
Short time periods TWFE/DM TWFE/DRE
Long time periods TWFE/DRE TWRE/DRE

4. Simulation and Application

Here, I show some classes of estimators for identifying the treatment effects. These estimators
mentioned in Sections 2 and 3 are classified by the models of the FE, the RE, and the DRE. The
simulation data is a staggered design between five groups over five time periods as depicted in Figure
2. There are four groups that are treated at different time periods and one untreated group. The
outcomes matrix and the treatment status matrix are

20 30 10 25 15 0 0 00 O
32 32 12 27 17 1 0 0 0 O
Y=(34 49 14 29 19 |,D=|1 1 0 0 O
36 51 21 31 21 1 11 00
38 53 23 455 23 1 11 10

In this staggered design, the treatment effects of four groups are (10, 15, 5, 12.5). The ATT is
10.625 without the heterogeneity over time periods. On the other hand, the treatment effects of 10 2x2
DIDs are (10, 10, 10, 10, 15, 15, 15, 5, 5, 12.5) under the Goodman-Bacon decomposition theorem. The
ATT is 10.75 under the theorem. I use these two ATTs as the best values to compare with estimates
of the methods mentioned in Section 2 and Section 3. Tables 2—4 demonstrate that the estimates of the
RE models are not ideal because of the ignorance of the fixed effects, especially in such a small sample.
However, the estimates of the DRE models are more accurate by excluding the fixed effects at the
first step.

The other data comes from Gentzkow and Shapiro (2011) about the effects of the entries and
exits of the newspapers on the presidential turnout from 1872 to 1928. Firstly, I use interpolation for
the default values where the lead value and lag value are not default. The balanced data are expanded
from 847 groups to 905 groups. Secondly, there are negative values in the changes in the newspapers
over time periods. I estimate the treatment effects of newspaper changes and the treatment effects of
the newspapers' positive changes. Gentzkow and Shapiro (2011) use the FD method to regress the
country in which the number of newspapers is positive, while this paper highlights the changes in
the newspapers are non-negative. Therefore, we have the straight and positive effects of the
newspaper changes on presidential turnout.

In Tables 2-4, the TWFE and the FD method estimates are not significant for the
heteroscedasticity in regression, while the SD method is significant. Tables 2—4 also demonstrate that
the OWRE method estimates are insignificant. The SDOW method is accurate, and the average effect
of the treatment is about 0.25%. The estimates of the TWRE method are significant, but the TWRE
method may not be accurate for the treatment effect heterogeneity. The estimates of the FDTW
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method are inconsistent, while the estimates of the SDTW method are significant and consistent. In a
word, the results in Tables 2-4 demonstrate that one additional newspaper increases the 0.31%
average effect of the presidential turnout. Furthermore, there are 12% negative changes in the
newspapers in the data. These negative changes may cause the underestimation of the treatment
effects. Here, I drop such negative changes and estimate the rest in the newspapers. The TWFE, the
OWRE, the TWRE, and the FDTW estimates are about 1.32%, 1.26%, 1.23%, and 1.05%, while the last
three methods are significant. The FDTW method is better than others for excluding the fixed and the
random effects. Hence, one additional newspaper increases the 1.05% average effect of the
presidential turnout when the newspapers’ changes are all non-negative.

Table 2. The estimations of the TWFE, the FD, and the SD.

Newspapers for all Newspapers for positive

Staggered design changes changes

10.50
TWEFE 0.0032 0.0132
(0.1095) (0.0613) (0.2130)

12.63
FD 0.0019 -0.0065
(0.0000) (0.0785) (0.9644)
SD 10.42 0.0025 0.0036
(0.0000) (0.0346) (0.4448)

Table 3. The estimations of the OWRE, the FDOW and the SDOW.

E OWRES(2) ﬁ OWRE E OWRE(2) 3 OWRE(3)
Staggered design

OWRE 15.50 16.35 15.52 16.34
(0.0000) (0.0000) (0.0000) (0.0000)

FDOW 10.63 12.04 10.63 12.09
(0.0000) (0.0000) (0.0000) (0.0000)

SDOW 10.31 11.13 11.13 10.31
(0.0000) (0.0000) (0.0000) (0.0000)

Newspapers for all changes
OWRE -0.0241 0.0018 0.0018 0.0032

(1.0000) (0.0399) (0.0475) (0.0021)
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FDOW 0.0026 0.0005 0.0039 -0.0010
(0.0292) (0.3425) (0.0018) (0.7595)
SDOW 0.0024 0.0027 0.0024 0.0028
(0.0414) (0.0226) (0.0420) (0.0217)

Newspapers for positive changes

OWRE -0.0936 0.0126 0.0126 0.0115
(1.0000) (0.0021) (0.0026) (0.0049)
FDOW -0.0088 -0.023 -0.0031 -0.0285
(0.8542) (0.9996) (0.6504) (1.0000)
SDOW 0.0011 0.0031 0.0055 -0.0014
(0.4523) (0.3606) (0.2673) (0.5601)

Table 4. The estimations of TWRE, FDTW and SDTW.

ﬁ TWRES(3) E TWRE E TWRE(1) E TWRE (2) E TWRE(3) E TWRE (6) B TWRE (8) B TWRE(10)

Staggered design

TWRE 1050 1826  18.26 10.56 10.56 18.26 18.26 10.50
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)

FDTW 10.63 1150  10.63 11.50 10.63 10.63 10.63 11.53

(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)

Newspapers for all changes

TWRE 0.0032 0.0022 0.0022 0.0023 0.0032 0.0023  0.0032  0.0032
(0.0014) (0.0137) (0.0137) (0.0113) (0.0018) (0.0113) (0.0018) (0.0014)

FDTW 0.0026 0.0037 0.0037 0.0037 0.0026 0.0037 0.0026 0.0026
(0.0179) (0.0012) (0.0012) (0.0012) (0.0181) (0.0012) (0.0179) (0.0181)

SDTW  0.0031 0.0030 0.0030  0.0031  0.0031  0.0030 0.0031  0.0031

(0.0079) (0.0084) (0.0084) (0.0084) (0.0080) (0.0084) (0.0080) (0.0078)

Newspapers for positive changes

TWRE 0.0115 0.0043 0.0043 0.0123  0.0033  0.0123  0.0033  0.0115
(0.0215) (0.2128) (0.2128) (0.0140) (0.2739) (0.0140) (0.2739) (0.0215)

FDTW 0.0075 0.0102 0.0105 0.0107  0.0066  0.0110  0.0069  0.0071
(0.1606) (0.0786) (0.0732) (0.0691) (0.1885) (0.0642) (0.1783) (0.1701)

SDTW  0.0050 0.0084 0.0084 0.0085 0.0050 0.0085 0.0050 0.0051

(0.2694) (0.1475) (0.1475) (0.1446) (0.2739) (0.1445) (0.2737) (0.2695)
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Fig. 2. The outcomes changes of the five groups

Figure 2. The outcomes changes of the five groups.

5. Conclusion

Identification of the treatment effects usually needs to exclude the fixed effects, the covariates
effects, and the disturbances. The fixed and random effects models are popular methods for
identifying the causal effects of treatment. Based on abundant theoretical and empirical research of
the fixed or the random effects models, this paper introduces explicitly a class of the least square
estimators of the OWRE, and the TWRE models. Then, the paper depicts how the treatment effect
heterogeneity causes the misidentification of these models. Further, I propose the DRE models, such
as the FDOW, the FDTW, the SDOW, and the SDTW models, to address such problems. These models
exclude the fixed effects of units and time periods and consider the random effects of units and time
periods. Besides, the estimators of the DRE models are consistent and unbiased. The asymptotic
properties of these estimators are shown in the Appendix. Meanwhile, I show the staggered design
with five groups and revisit the application about the effects of newspapers on presidential turnout.
The results demonstrate that the estimates of the DRE models are more significant and robust than
the FD, SD, FE, or RE models. I leave the best estimators of the above models for a given data as
further research.

Appendix A. Proofs

A.1 Proof of Theorem 1
Firstly, we have the GLS estimator of Equation (3.2) under Lemma 1-2 follows
Brorw = XT'X)TIX'TTY
where 271 = (62Q, + 07Q, + 07Q; + 0/Q,) "1 = % + % + % + % oy, 0y and o/ are given.
1 2 3 4

Secondly, we have following four equations by multiplying Equation (3.2) with
Qll QZI Q3 and Q4—
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Q;Y = Q;XBrprws(j) + Q;u. (Al)

where Q;1yr-1)=0,(j=1,2,3,4). Under Lemma 1-2, the GLS estimators of Equation (Al) are
3FDTW5(1-) =(X'Q;X)"1(X'Q;Y),(i=1,2,3,4) where ffFDTWS(l) is the Between units estimator and
Z?FDTWS(Z) is the Between time periods estimator. B rpTws(e) Charactered nothing but constant is too
large to become significant. These estimators are omitted for insufficient regression information.
Furthermore, we obtain other 10 GLS estimators with combination of equations in Equation (10).
Here I show the proof of Brprw (1) while the proof of other estimators is similar. We have partitioned
matrix equation by combining first three equations in Equation (A2) as follow.

Q.Y Q. X Q,u

Q.Y =10QX Brorw() T | Q2u
QY7 3nr51 QsX/ 37 Qsu/ 35751
The GLS estimator of the partitioned matrix equation is
) Q. X\ X\ /e.xy Q.Y
Brorw = || QX | Zrprwen | @2X QX | Zrprwey | @2Y | =
Q:X Q:X Q:X QsY

1 —_
| 1 QX 1
X'Q: X'Q, XQ)| o —0Qz 0 I(QZX> X'Q; XQ, X@)| 0o S0; 0

|
” 1 ;X ” 1
0 0 — Q3 0 0 — Q3
03 03

-1
X'QX XQ,X XQ:X\ (XQY XQyY XQsY
( Q: N Q; N Q; > < Q: N Q; N Q; )

2 2 2 2 2 2
01 0, 03 01 0, 03

- Lo; 0 0
]I @

where Q7 is generalized inverse of Q. And
Q.u Qu Q1 Q:\' ofQ, 0 0
Zeprw) = Cov| Q2u,Qxu | =| Q2 |Cov(u,u)| Q2 | = 0 03 Q; 0
Qs;u Qzu Qs Q3 0 0 03203

Similarly, we have other GLS estimators for partitioned matrix equation of combination of

. . . ~ _(X'Q1Xx | X'Q3X | X'Q4X -1 X'Q.Y | X'QsY
equations in Equation (A2) as Brorw(2) —( p + p + p ) ( p + p +
X'Q4Y) ~ _ (X’sz X'Q3Xx X'Q4X)_1 (X’sz X'QzY X’Q4Y) ~ _ (X’01X X'Q.X

O'Z 'fFDTW(3)_ 0_22 0_32 "Z 0_22 632 +1 2 ;BFDTW(AI)_ 0_12 + 0_22 +
X'Q4X\ T (X'QY | X'Q¥ | X'Qu¥\ 5 _ (X'QiD | X'Q:D\ 7 (X'Q1Y | X'Q2¥\ 5 _ (XX

a2 ) ( a? + o2 + a2 )'BFDTW(S) _( a? + a2 ) ( a? + a2 )'BFDTW(G) _( a? +
X'Qsx\ L /X'QY  X'Qs¥\ _(X'QuX | X'QuX\ T (X'QuY | X'QuY ~ _(X'QuX
o2 ) ( a? + a2 )'ﬁFDTWU)_( a? + a2 ) ( a? + a2 )' BFDTW(S)_( 0% +
X'Qsx\ " (X'Q¥ | X'Qs¥ = (XX | XX\ (X | XY\ 5 _ (X'es3x
o2 ) ( a2 + a2 )' ﬁFDTW(9) _( a2 + a2 ) ( a2 + a? )'BFDTW(lO) _( a2 +
X’Q4X)_1 (X'Q3Y +X’Q4Y) .

o2 o2 oz )

A.2 Proof of Corollary 1


https://doi.org/10.20944/preprints202407.0569.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 July 2024 d0i:10.20944/preprints202407.0569.v1

14

-1
- X'Q,X XQ,X XQ;X XQ.X X'Q,Y XQ,Y XQsY
E[ﬁFDTW]:E< o2 + o2 + o2 + o2 o2 + o2 + o2
1 2 3 4 1 2 3
X'Q,Y
of
-1
X'0,.X X0Q,X X0:X X0Q.X
:< QX XX XOX Q;) X,<Ql L& 0
01 0, 03 Oy 0'1 0'2 03
Q4
E(Y) = Brprw-
0'4
-1
- X'0,.X X0Q,X X0:X X0Q.,X
Var(BFDTw) = VaT' Q21 + Q22 + 023 + 024 X Ql + & + %
01 0, 03 o 0'1 0'2 0'3
(2)y
0'4
-1
'"0.X X'0,X X0:X X0,X
(Qzl N sz N 023 N Q;) X,(Q_;+Q_§+Q_§
Q—2>V (Y)( Q§+Q—§
o 01 0, O3

X'0.X X0,X X0.X X0, x\ '
4 Q_; > X< 021 N sz N st + QZ4 )
Oy 01 0; 03 Oy

C(XQX XQX XQX XQX\
- 0.2 + 0.2 + 0.2 + 0.2
1 2 3 4

The unbiasedness and the variance matrix of EFDTW(,-) (i=1,---,10) and [A?FDTWS(J-) (=
1,2, 3,4) are similar with the above proof and are omitted here. m

A.3 Proof of Corollary 3
u'u Y'(Q — QX(X'Q:X)"'X'Q)Y
E(SRE(l)) E< > = l l

m; m;

1
= —{E(¥)(Q: — Q:X(X'Q:X) ™' X'Q)E(Y)
+ Tr[(Q; — Q:X(X'Q:X)"*X'Q;)Cov(Y)]}

2
- %{tr(oi) — r(QX(X'Q:X)7'X'Q))}
2

g,

= m—l [rk(Q;) — rk(Q:X(X'Q;X)'X'Q))] = o7
L

where rk(X'Q;X) = rk[(X'Q;X)'X'Q;] = rk[Q;X(X'Q;X)"*X'Q;] = k. The third equality follows

from the expectation of the matrix of a quadratic form. The fourth equality follows from the trace of
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the matrix. The fifth equality follows from the rank equals to the trace under a symmetric and
idempotent matrix.
Secondly, we have

miSI%E(i) _YQQ; - Q:X(X'Q:X)7'X'Q)Q;Y

O-}%E(i) ‘7135(1')

22(Q; — Q:X(X'Q;X)'X'Q,)x/?

. z—l/ZY‘
ORE(D)

=y'z1/2

£1/2(Q;~QiX(X'QiX) X' Q;)E1/2
2
ORE(i)
matrix. The quadratic form with normal vectors has a chi-square distribution if its matrix is
symmetric and idempotent. Hence,

where Z7V2Y~N(ZY2XBrprw. 1), is a symmetric and idempotent
y p

2
MiSge@) L .
0_2——>)(mi,l = 1,2,3.

RE(Q)
zl/z(Qi_QiX(X’QiX)_IX’Qi)zl/z

‘TizzE(i)

=rk(Q;) —rk(Q@;X). m

where m; = rk

A.4 Proof of Corollary 4

Given that m;s}; ) has a quadratic form with normal vectors, It is easy to show,

’ . -1 4 .
avxrwvm%‘%“i@” X
7

Qi — QXX'QX)'X'Q; Q; ~ Q;X(X'Q X)'X'Q;

m; m}

0,i=1,23j=123

=0.1<i<j<3

Then Epurws(z) (i=1,2,3) are independent with §§E(1’) (j=1,2,3) and §§E(i) (G=1,273)
are independent with each other under the properties of linear independence of the quadratic form
with normal vectors. m

A.5 Proof of Theorem 2

The proof of Theorem 2 can be obtained directly under Theorem 1 and Corollaries 3-4.

A.6 Proof of Corollary 5

E(Brorw — Brorws) = E[E(Brorw — ﬁFDTWSlS;%Eu)'Sz%E(z)'51%15(3))]

=E

-1
XQ:X XQ,X XQX XQX\ (XQu XQu
( Ql + QZ + Q3 + Q4— ) < Ql + QZ

2 2
SRe(1)  SRE(2)

5;%5(1) S}%E(Z) 512@:(3) 5122E(4)

X0-u XO0Q,u
+ Q3 + Q4)

2 2 SI%E(I)' 51%15(2)' 51225(3) = 0.
SRE(R)  SRE(4)

where the first equality follows from the iterated expectation theorem. The second equality is
straightforward. The proof of unbiasedness of BFDTW(D (i=1,2,---,10) are similar and omitted
here. m

Appendix B. Supplementary data
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Supplementary material related to this manuscript can be found in the Supplementary
Material.zip.
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