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Abstract: In this paper we study a class of impulsive delayed neural networks with parameter uncertainties and

reaction-diffusion terms. Using the properties of M-matrices and some inequality techniques, some sufficient

conditions are derived to guarantee the global exponential stability of the given system. The results obtained are

presented by simple algebraic inequalities, which are certainly more concise than previous methods. Finally, the

validity and usefulness of our results are illustrated by arithmetic examples.
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1. Introduction

Cellular neural networks have been widely studied and applied in signal recognition, image
processing, pattern classification and other fields since they were put forward in the 20th century [1]. It
is well known that the global dynamic stable neural networks are the prerequisite for solving practical
problems. Therefore, the studies on the stability of neural networks have received a lot of attention
[2–5].

as we all know, time delays are unavoidable due to the limitations of signal transmission and
limited switching speeds of amplifiers and the communication time. In addition, time delays are
applied extensively in many aspects, such as biology and engineering [6–8]. In engineering applications,
the system is suddenly affected by external factors, and the state of the system will suddenly change,
that is impulsive effects. Although the duration of the impulses is very short, it can cause a sudden
change for the state of the system, so it is harmful. At present, a quite hot topic is to stabilize the system
with impulses. Therefore, it is particularly important to ensure the stability and good performance
of the systems in the presence of time delays and impulses. This works on the stability of neural
networks with time delays and impulses have been studied extensively, for example [9–18]. Among
them, in [15], a novel exponential stability criterion in a form of linear matrix inequalities is firstly
established. By applying the properties of M-matrices, Li et al. [16] investigated global exponential
stability conditions for discrete-time BAM neural networks affected by impulses and time-varying
delays. In [17], Rajchakit et al. investigated the global asymptotic stability problem for Clifford-valued
neural network models with time-varying delays and impulsive effects. An auxiliary model-based
nonsingular M-matrix approach is used to study the global exponential stability of neural networks
with time-varying delays, connection weights and impulses in [18].

In particular, the neural networks generates diffusion phenomenon when electrons move in an
asymmetric electromagnetic field, which means that the state of neurons changes not only with time,
but also with space. This phenomenon can be modeled by introducing the diffusion term into the
traditional neural network models. In order to better reflect the actual states of the neural networks,
it is necessary to describe the reaction-diffusion of neurons in space by partial differential equations.
The relevant investigations of stability of neural networks with diffusion terms expressed by partial
differential equations are presented in [12,19–31] and the reference therein. Among them, global
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exponential stability of reaction-diffusion neural networks with time-varying was investigated in
[12,19,20,22,27–29]. In [21], the stability of delay fuzzy cellular neural networks with reaction-diffusion
was investigated by some new conditions. This conditions do not depend on the delay. Lu [24] studied
a model with delayed reaction-diffusion and distributed delays and further discussed the robust global
exponential stability and periodicity.

Moreover, parameter uncertainties are often encountered in engineering and biology systems due
to the changes in the environment. In resent years, in order to solve the problems caused by parameter
uncertainties, many scholars have done a lot of works on different uncertainties problems in this area
and have obtained great progress, for example see [9,30,32–36]. In [32,33], the authors investigated the
global exponential stability of neural networks by using the linear matrix inequality (LMI) methods.
Here, time-delays correlation criterion was proposed to ensure robust stability of uncertain time-delays
cellular neural networks. Hua et al. [34] investigated a uncertain stochastic neural network model and
obtained a new results on robust exponential stability. Robust exponential stability of uncertain neural
networks with time-varying was investigated by Balasubramaniam and Syed Ali in [35] and Zhang
in [9]. An uncertain fuzzy cellular neural networks with time-varying delays and reaction diffusion
terms was discussed in [30,31].

Despite the widespread works on stability analysis of neural networks, few attentions have been
paid to the cases that the uncertain systems contains many complex terms, for example impulsive
effect, time-varying and reaction terms. Motivated by the works above and the need for practical
problems, we aim to study the global exponential stability of impulsive delayed neural networks with
parameter uncertainties and reaction-diffusion terms.

Many authors have studied the global asymptotic stability of different types of uncertainty neural
networks by using the linear matrix inequality (LMI) technique. It requires cumbersome conditions and
yields tedious results. In this paper, a new differential inequality is established by using the properties
of M-matrix and the technique of simple inequalities, which guarantees the global exponential stability
of uncertain systems with time-varying delays and reaction-diffusion terms. All the results obtained
are presented in a form of simple algebraic inequalities.

Our presentation is organized as follows. In Section 2, we describe the mathematical model of
the system and give some preliminaries. The stability analysis of the given system is discussed in
Section 3. In Section 4, two examples are given to verify the validity of the obtained results.

2. Model Description and Some Preliminaries

In this paper, we consider the following impulsive delayed neural network model with reaction-
diffusion terms and parameter uncertainties:

∂up(t, x)
∂t

=
m
∑

k=1

∂

∂xk

(
Dpk

∂up(t, x)
∂xk

)
− (ap + ∆ap(t))up(t, x) +

n
∑

q=1
(bpq + ∆bpq(t)) fq

(
uq(t, x)

)
+

n
∑

q=1
(cpq + ∆cpq(t))gq

(
uq
(
t − τpq(t), x

))
+Jp, t ̸= tl , p = 1, 2, . . . , n, x ∈ Ξ,

up(t+l , x) = Ipl(up(t−l , x)), p = 1, 2, · · · , n, x ∈ Ξ, l ∈ N ≜ {0, 1, 2, · · · },
up(t, x) = 0, t ⩾ 0, x ∈ ∂Ξ,
up(s, x) = µp(s, x), s ∈ [−τ, 0], p = 1, 2, . . . , n,

(2.1)

where up(t, x) is the state of the pth neuron in space x and time t. x = (x1, x2, . . . , xm)
T ∈ Ξ ⊂ Rm.

Ξ = {x = (x1, x2, . . . , xm)
T||xk |< Lk, k = 1, 2, . . . , m} is a bounded compact set with smooth boundary

∂Ξ and mes Ξ > 0 in space Rm(Lk is a positive constant). u(t, x) = (u1(t, x), u2(t, x), . . . , un(t, x))T ∈
Rn. Dpk > 0 denotes diffusion coefficient. ap > 0 denotes the intensity of the pth element. bpq and
cpq represent are elements of feedback and feedforward template. ∆ap(t), ∆bpq(t), ∆cpq(t) represent
bounded unstructured perturbations. τpq(t) ∈ [0, τ] represents the transmission delays from the pth
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element to the qth element; fq(·) ∈ C(R, R) and gq(·) ∈ C(R, R) represent the activation function with
no delays and delays, respectively. Jp represents the external input. Ipk shows impulsive perturbation
of the pth neuron.

Let ω(s+) = ω(s) and ω(s+, x) = ω(s, x) for all s ∈ [−τ, 0], ω(s−) = ω(s) and ω(s−, x) =

ω(s, x) for all but a finite number of points s ∈ [−τ, 0]}. Define PC ≜ {ω : [−τ, 0] → Rn | ω(s)
and PC(Ξ) ≜ {ω : [−τ, 0]× Ξ → Rn | ω(s, x) . It is easy to see that PC and PC(Ξ) are bounded on
[−τ, 0]× Ξ.

For any ω(s, x) = (ω1(s, x), ω2(s, x), . . . , ωn(s, x))T ∈ PC(Ξ), the norm on PC(Ξ) is defined by

∥ω∥ = sup
−τ⩽s⩽0

n

∑
p=1

∥∥ωp(s, x)
∥∥

2 and
∥∥up(t, x)

∥∥
2 =

[∫
Ξ

∣∣up(t, x)
∣∣2dx

] 1
2
, p = 1, 2, . . . , n.

For C, D ∈ Rm×n, we define the Schur product by C ⊗ D =
(
cpqdpq

)
m×n, in which C ⩾ D(C > D)

means that the inequality cpq ⩾ bpq
(
cpq > dpq

)
holds. e = (1, 1, . . . , 1)T ∈ Rn and E is a n-dimensional

identity matrix.
To complete the goal of this paper, we make the following assumptions:

(H1) There exist positive diagonal matrices F=diag(F1, F2, · · · , Fn) and G=diag(G1, G2, · · · , Gn) such
that

Fp = sup
u ̸=w

∣∣∣∣ fp(u)− fp(w)

u − w

∣∣∣∣, Gp = sup
u ̸=w

∣∣∣∣ gp(u)− gp(w)

u − w

∣∣∣∣,
for all u, w ∈ R(u ̸= w), p = 1, 2 · · · n.

(H2) There exists a positive diagonal matrix Il = diag(I1l , . . . , Inl) such that∣∣∣Ipl(u)− Ipl(v)
∣∣∣ ⩽ Ipl |u − v|

for all u, v ∈ R(u ̸= v), p ∈ {1, 2, · · · , n}, l ∈ N.
(H3) There exist some positive numbers δp1, δp2 and δp3, p = 1, 2, · · · , n, such that max |∆ap(t)| ⩽

δp1, max |∆bpq(t)| ⩽ δp2 and max |∆cpq(t)| ⩽ δp3, p, q = 1, 2, · · · , n, ∀t ⩾ 0.

Remark 2.1. In [9,32,33], the unstructured perturbations were dealt with through a relatively complex process.
In real life, many perturbations are micro-perturbations, so we only assume that the unstructured perturbations
are bounded shown in assumption (H3).

Definition 2.1. If a function u(t, x) : R × Ξ → Rn satisfies the following conditions:

(1) u(t, x) is a piecewise continuous function with the first kind of discontinuity point at tl for all l ∈ N and
u(t, x) is right-continuous at each discontinuity point tl ;

(2) u(t, x) satisfies system (2.1) for all t ⩾ 0, and u(t, x) = µ(t, x)(t ∈ [−τ, 0]);

then u(t, x) is a particular solution that satisfies the initial conditions for system (2.1), and u(t, µ, x) represents
the special solution of system (2.1) under initial condition µ ∈ PC(Ξ).

Definition 2.2. u(t, ω, x) is a particular solution of the system (2.1) and satisfies the initial conditions
ω ∈ PC(Ξ). In the initial condition of ϖ ∈ PC(Ξ), u(t, ϖ, x) is any solution of the system (2.1). If there is a
positive number λ > 0 and M ⩾ 1 such that

∥u(t, ω, x)− u(t, ϖ, x)∥ ⩽ M∥ω − ϖ∥e−λt for all t ⩾ 0

then the system (2.1) is said to be globally exponentially stable.

Definition 2.3. [37] A real matrix D =
(
dpq
)

n×n is said to be a nonsingular M-matrix if dpq ⩽ 0, p, q =

1, 2, . . . , n, p ̸= q, and all successive principal minors of D are positive.
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Lemma 2.1. [37] Let D =
(
dpq
)

n×n with dpq ⩽ 0(p ̸= q), then D is a nonsingular M-matrix if and only if
the diagonal elements of D are all positive and there exists a positive vector d such that Dd > 0 or DTd > 0.

Lemma 2.2. [31] Let Ξ be a cube |xk| < Lk (k = 1, 2, . . . , m) and h(x) be a real-valued function belonging to
C1(Ξ) which vanish on the boundary an of Ξ, i.e. h(x)|∂Ξ = 0, then

∫
Ξ

h2(x)dx ⩽ L2
k

∫
Ξ

∣∣∣∣ ∂h
∂xk

∣∣∣∣2dx.

Lemma 2.3. Let τ > 0, a < b ⩽ +∞, suppose that U(t) = (U1(t), U2(t), . . . , Un(t))
T ∈ C[[a, b), Rn]

satisfies the following differential inequality:{
D+U(t) ⩽ PU(t) + (Q ⊗ Ū(t))e, a ⩽ t < b,
U(a + s) ∈ PC, −τ ⩽ s < 0,

where P =
(

p̃pq
)

n×n, p̃pq ⩾ 0 (p ̸= q), Q =
(
q̃pq
)

n×n, q̃pq ⩾ 0, Ū(t) =
(
U
(
t − τpq(t)

))
n×n. If the initial

condition satisfies

U(t) ⩽ κξe−λ(t−a), κ ⩾ 0, ξ = (ξ1, ξ2, . . . , ξn)
T > 0, t ∈ [a − τ, a],

where the value of λ is determined by the following inequality:

[λE + P + Q ⊗ ζ(λ)]ξ < 0, ζ(λ) =
(

eλτpq(t)
)

n×n
,

then U(t) ⩽ κξe−λ(t−a) for t ∈ [a, b).

Proof. For p ∈ {1, 2, . . . , n} and arbitrary ε > 0, define wp(t) ≜ (κ + ε)ξpe−λ(t−a). We prove that

Up(t) ⩽ wp(t) = (κ + ε)ξpe−λ(t−a), t ∈ [a, b), p = 1, 2, . . . , n. (2.2)

If this is not true, then there exist a number t∗ ∈ [a, b) and some integer r such that

Ur(t∗) = wr(t∗), D+Ur(t∗) ⩾ ẇr(t∗), Up(t) ⩽ wp(t), t ∈ [a, t∗], p = 1, 2, . . . , n. (2.3)

From Lemma 2.3 and (2.2), we have

D+Ur(t∗) ⩽
n

∑
q=1

[
p̃rqUq(t∗) + q̃rqUq

(
t∗ − τrq(t∗)

)]
⩽

n

∑
q=1

[
p̃rq(κ + ε)ξqe−λ(t∗−a) + q̃rq(κ + ε)ξqe−λ(t∗−τrq(t∗)−a)

]
=

n

∑
q=1

[
p̃rq(κ + ε)ξqe−λ(t∗−a) + q̃rqeλτrq(t∗)(κ + ε)ξqe−λ(t∗−a)

]
⩽

n

∑
q=1

[
p̃rq + q̃rqeλτrq(t∗)

]
(κ + ε)ξqe−λ(t∗−a). (2.4)

Since [λE + P + Q ⊗ ζ(λ)]ξ < 0, p̃pq ⩾ 0, q̃pq ⩾ 0, (p ̸= q) and eλτpq > 0, it follows that

n

∑
q=1

[
p̃rq + q̃rqeλτrq(t∗)

]
ξq < −λξr < 0,
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From (2.4), one can obtain

D+Ur(t∗) < −λξr(κ + ε)e−λ(t∗−l) = ẇr(t∗).

It is obvious that the result obtained is in contradiction with equation (2.2), so the inequality (7) holds.
Let ε → 0, one has

Up(t) ⩽ κξpe−λ(t−a), p = 1, 2, . . . , n, t ∈ [a, b).

The proof is completed.

3. Global Exponential Stability Criteria

In this section, we obtain sufficient conditions for the global exponential stability of system (2.1).

Theorem 3.1. Under assumption (H1)–(H3), then system (2.1) is globally exponentially stable if the following
two conditions (C1) and (C2) hold:

(C1) There exist a vector ξ = (ξ1, ξ2, . . . , ξn)
T > 0 and a constant λ > 0 such that

[λE − D + BF + CG ⊗ ζ(λ)]ξ < 0, t ⩾ 0, ζ(λ) = eλτpq(t),

where D = diag(d1, d2, . . . , dn) with dp = ap − δp1 + ∑m
k=1

Dpk

L2
k

, ζ(λ) =
(

eλτpq(t)
)

n×n
, B =(

|bpq + δp2|
)

n×n, C =
(
|cpq + δp3|

)
n×n, F =diag(F1, F2, · · · , Fn), G =diag(G1, G2, · · · , Gn), E is

a n-dimensional identity matrix.
(C2) There is a positive number γ > 0 such that

sup
l∈N

{
ln γl

tl − tl−1

}
⩽ γ < λ,

where γl = max
1⩽p⩽n

{
1, Ipl

}
, l ∈ N.

Proof. For ω, ϖ ∈ PC(Ξ), the solutions of system (2.1) through (0, ω) and (0, ϖ) are denoted respec-
tively as follows:

u(t, ω, x) = (u1(t, ω, x), u2(t, ω, x), . . . , un(t, ω, x))T ,

u(t, ϖ, x) = (u1(t, ϖ, x), u2(t, ϖ, x), . . . , un(t, ϖ, x))T .

Define ut(ω, x) = u(t + s, ω, x), ut(ϖ, x) = u(t + s, ϖ, x),−τ < s ⩽ 0, t ⩾ 0, then ut(ω, x),
ut(ϖ, x) ∈ PC(Ξ) for t ⩾ 0. Let Up(t, ψ, x) = up(t, ω, x)− up(t, ϖ, x), p = 1, 2, . . . , n, ψ = ω − ϖ , we
have

∂Up(t, ψ, x)
∂t

=
m

∑
k=1

∂

∂xk

(
Dpk

∂Up(t, ψ, x)
∂xk

)
− (ap + ∆ap(t))Up(t, ψ, x)

−
n

∑
q=1

(bpq + ∆bpq(t))
[

fq(uq(t, ω, x))− fq
(
uq(t, ϖ, x)

)]
−

n

∑
q=1

(cpq + ∆cpq(t))
[
gq
(
uq(t − τpq(t), ω, x)

)
− gq

(
uq(t − τpq(t), ϖ, x)

)]
(3.5)

for t ̸= tl , x ∈ Ξ, p = 1, 2, . . . , n.
Multiplying both sides of (3.5) by Up(t, ψ, x) and integrate them, we have

d
dt

∫
Ξ

(
Up(t, ψ, x)

)2dx = 2
∫

Ξ
Up(t, ψ, x)

m

∑
k=1

∂

∂xk

(
Dpk

∂Up(t, ψ, x)
∂xk

)
dx − gq(uq(t − τpq(t), ϖ, x))]dx
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+2
n

∑
q=1

(bpq + ∆bpq(t))
∫

Ξ
Up(t, ψ, x)

[
fq
(
uq(t, ω, x)

)
− fq

(
uq(t, ϖ, x)

)]
dx

+2
n

∑
q=1

(cpq + ∆cpq(t))
∫

Ξ
Up(t, ψ, x)[gq(uq(t − τpq(t), ω, x))

−2
∫

Ξ
(ap + ∆ap(t))U2

p(t, ψ, x)dx. (3.6)

Applying the Dirichlet boundary conditions and Green’s formula, we can get

∫
Ξ

Up(t, ψ, x)
m

∑
k=1

∂

∂xk

(
Dpk

∂Up(t, ψ, x)
∂xk

)
dx = −

m

∑
k=1

∫
Ξ

Dpk

(
∂
(
Up(t, ψ, x)

)
∂xk

)2

dx.

By Lemma 2.2, we have

∫
Ξ

Up(t, ψ, x)
m

∑
k=1

∂

∂xk

(
Dpk

∂Up(t, ψ, x)
∂xk

)
dx ≤ −

m

∑
k=1

Dpk

L2
k

∫
Ξ

(
Up(t, ψ, x)

)2dx

= −
m

∑
k=1

Dpk

L2
k

∥∥Up(t, ψ, x)
∥∥2

2. (3.7)

Applying the assumptions (H1)-(H3) and Holder inequality, it yields

n

∑
q=1

(bpq + ∆bpq(t))
∫

Ξ
Up(t, ψ, x)

[
fq
(
uq(t, ω, x)

)
− fq

(
uq(t, ϖ, x)

)]
dx

⩽
n

∑
q=1

(
bpq + ∆bpq(t)

) ∫
Ξ

∣∣Up(t, ψ, x)
∣∣∣∣ fq

(
uq(t, ω, x)

)
− fq

(
uq(t, ϖ, x)

)∣∣dx

⩽
n

∑
q=1

(
bpq + δp2

) ∫
Ξ

∣∣Up(t, ψ, x)
∣∣∣∣Uq(t, ψ, x)

∣∣Fqdx

⩽
n

∑
q=1

∣∣bpq + δp2
∣∣∥∥Up(t, ψ, x)

∥∥
2Fq
∥∥Uq(t, ψ, x)

∥∥
2. (3.8)

Similarly, we can get

n

∑
q=1

(cpq + ∆cpq(t))
∫

Ξ
Up(t, ψ, x)

[
gq
(
uq(t − τpq(t), µ, x)

)
− gq

(
uq(t − τpq(t), ϖ, x)

)]
dx

⩽
n

∑
q=1

∣∣cpq + δp3
∣∣∥∥Uq(t − τpq(t), ψ, x)

∥∥
2Gq

∥∥Up(t, ψ, x)
∥∥

2. (3.9)

Applying (3.6)–(3.9) to (3.5), we can obtain

1
2

d
dt
∥∥Up(t, ψ, x)

∥∥2
2 ≤ −

(
ap − δp1 +

m

∑
k=1

Dpk

L2
k

)
∥Up(t, ψ, x)∥2

2

+
n

∑
q=1

∣∣cpq + δp3
∣∣∥∥Uq(t − τpq(t), ψ, x)

∥∥
2Gq

∥∥Up(t, ψ, x)
∥∥

2

+
n

∑
q=1

|bpq + δp2|∥Up(t, ψ, x)∥2Fq∥Uq(t, ψ, x)∥2,
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i.e.,

D+
∥∥Up(t, ψ, x)

∥∥
2 ≤ −

(
ap − δp1 +

m

∑
k=1

Dpk

L2
k

)∥∥Up(t, ψ, x)
∥∥

2 +
n

∑
q=1

∣∣bpq + δp2
∣∣Fq
∥∥Uq(t, ϑ, x)

∥∥
2

+
n

∑
q=1

∣∣cpq + δp3
∣∣∥∥Uq(t − τpq(t), ψ, x)

∥∥
2Gq. (3.10)

Let Up(t) =
∥∥Up(t, ψ, x)

∥∥
2, U(t) = (U1(t), U2(t), . . . , Un(t))T , Ū(t) =

(
Up
(
t − τpq(t)

))
n×n, dp =

ap − δp1 +∑m
k=1

(
Dpk/L2

k

)
, p = 1, 2, . . . , n, D = diag(d1 d2, . . . , dn), B =

(
|bpq + δp2|

)
n×n, C =

(
|cpq + δp3|

)
n×n,

P = −D + BF, Q = CG. Then, (3.10) can be reduced to the following form:

D+U(t) ⩽ PU(t) + (Q ⊗ Ū(t))e. (3.11)

It means that there exist a vector ξ = (ξ1, ξ2, . . . , ξn)
T > 0 and a constant λ > 0 such that

[λE − D + BF + CG ⊗ ζ(λ)]ξ < 0. (3.12)

Take κ = ∥ψ∥/ min
1⩽p⩽n

{
ξp
}

, it is easy to get

U(t) ⩽ κξe−λt, t ∈ [−τ, t0], t0 = 0. (3.13)

By Lemma 2.3, we have
U(t) ⩽ κξe−λt, t > 0.

If m ⩽ l, the following inequality holds:

U(t) ⩽ κγ0 · · · γm−1ξe−λt, t ∈ [tm−1, tm), γ0 = 1. (3.14)

When m = l + 1, we get

U(tl) = ∥u(tl , ω, x)− u(tl , ϖ, x)∥2

= ∥Il
(
u(t−l , ω, x)

)
− Il

(
u(t−l , ϖ, x)

)
∥2

⩽ Il∥U(t−l , ψ, x)∥2

= IlU
(
t−l
)

⩽ κγ0 · · · γl−1Ilξ lim
t→t−l

e−λtl

⩽ κγ0 · · · γl−1γlξe−λtl . (3.15)

Combining (3.14), (3.15) and γl ⩾ 1, we have

U(t) ⩽ κγ0 · · · γl−1γlξe−λt, tl − τ ⩽ t ⩽ tl . (3.16)

By (3.12), (3.13), (3.16) and Lemma 2.3, we can obtain

U(t) ⩽ κγ0 · · · γl−1γlξe−λt, tl ⩽ t < tl+1. (3.17)

By mathematical induction, we can get

U(t) ⩽ κγ0 · · · γl−1ξe−λt, tl−1 ⩽ t < tl , l ∈ N. (3.18)
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From condition (C2) and (3.18), we have

U(t) ≤ κeγt1eγ(t2−t1) · · · eγ(tl−1−tl−2)ξe−λt ≤ κξeγte−λt = κξe−(λ−γ)t (3.19)

for all l ∈ N, tl−1 ⩽ t < tl . It shows

∥u(t, ω, x)− u(t, ϖ, x)∥ =
n

∑
p=1

∥∥up(t, ω, x)− up(t, ϖ, x)
∥∥

2

=
n

∑
p=1

Up(t)

⩽
n

∑
p=1

κξpe−λt

=

n
∑

p=1
ξp

min
1⩽p⩽n

{
ξp
}∥ω − ϖ∥e−λt.

That is
∥ut(ω, x)− ut(ϖ, x)∥ ⩽ M∥ω − ϖ∥e−λt, t ⩾ 0,

where M =

(
n
∑

p=1
ξp/ min

1⩽p⩽n

{
ξp
})

. The proof is completed.

Remark 3.1. In Theorem 1, the condition (C1) ensures the global exponential stability of the uncertainty
system (2.1), and the value of λ is taken with respect to the system parameters, the diffusion coefficient and
the time delays. Condition (C2) describes the effect of impulse intensity and impulse spacing on the global
exponential stability of system (2.1).

If impulsive operator Ipl
(
up
)
= 0, p = 1, 2, . . . , n, l ∈ N, system (1) will become a model of the

following form:

∂up(t, x)
∂t

=
m
∑

k=1

∂

∂xk

(
Dpk

∂up(t, x)
∂xk

)
− (ap + ∆ap(t))up(t, x) +

n
∑

q=1
(bpq + ∆bpq(t)) fq

(
uq(t, x)

)
+

n
∑

q=1
(cpq + ∆cpq(t))gq

(
uq
(
t − τpq(t), x

))
+Jp, t ̸= tl , p = 1, 2, . . . , n, x ∈ Ξ,

up(t, x) = 0, t ⩾ 0, x ∈ ∂Ξ,
up(s, x) = µp(s, x), s ∈ [−τ, 0], p = 1, 2, . . . , n,

(3.20)

Theorem 3.2. System (3.20) is globally exponentially stable if it satisfies the assumptions (H1) and (H3) and
the following condition:(

ap − δp1 +
m

∑
k=1

(
Dpk

L2
k

))
>

n

∑
q=1

[∣∣bpq + δp2
∣∣Fq +

∣∣cpq + δp3
∣∣Gq
]
, p, q = 1, 2, · · · , n. (3.21)

Proof. Let Θ = D − BF − CG, then we know from condition (3.21) that all successive principal minors
of Θ are positive because of diagonally dominant principle. It shows Θ is a nonsingular M-matrix by
definition 2.3. From Lemma 2.1, there exists ξ = (ξ1, ξ2, . . . , ξn)

T > 0 such that

[D − BF − CG ⊗ ζ(0)]ξ > 0, ζ(0) = 1.
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Since the continuity, there exists λ > 0 satisfies:

[λE − D + BF + CG ⊗ ζ(λ)]ξ < 0, ζ(λ) = eλτpq(t), (3.22)

where D = diag(d1, d2, . . . , dn), dp = ap − δp1 +
m
∑

k=1

Dpk

L2
k

, ζ(λ) =
(

eλτpq(t)
)

n×n
, B =

(
|bpq + δp2|

)
n×n, C =(

|cpq + δp3|
)

n×n, F =diag(F1, F2, · · · , Fn), G =diag(G1, G2, · · · , Gn). This shows that condition (C1)
holds.

Remark 3.2. In Theorem 3.2, delays-independent stability criterion have been obtained when delays τpq(t)
satisfies 0 ⩽ τpq(t) ⩽ τ, p, q = 1, 2, . . . , n.

Remark 3.3. It is worth noting that the existing works on some uncertain neural networks become a special
case of the system (2.1) constructed in this paper, for example [32,33]. In their works, the results obtained are
independent of the impulse and reaction-diffusion. Compared to [32], it is easy to see that our standards have
improved. However, it must be noted that comparing to LMI method in [33], none of our criteria is independent
of the time delays when impulses and diffusion are not considered.

Remark 3.4. Although the model considered in this paper is different from one in [30], the criteria we adopt
have certain commonalities. And it is easy to see that all our criteria are presented in the form of simple algebraic
inequalities, the obtained results are more concise.

Corollary 3.1. If τpq(t) = τ, p, q = 1, 2, . . . , n, τ is a positive constant and system (3.20) satisfies Assumptions
(H1),(H3) and (3.21), then system (3.20) is globally exponentially stable.

When Dpk = 0 or the reaction diffusion can be neglected, the system (2.1) is rewritten as the
following form:

∂up(t, x)
∂t

= −(ap + ∆ap(t))up(t, x) +
n
∑

q=1
(bpq + ∆bpq(t)) fq

(
uq(t, x)

)
+

n
∑

q=1
(cpq + ∆cpq(t))gq

(
uq
(
t − τpq(t), x

))
+Jp, t ̸= tl , p = 1, 2, . . . , n, x ∈ Ξ,

up(t+l , x) = Ipl(up(t−l , x)), p = 1, 2, · · · , n, x ∈ Ξ, l ∈ N ≜ {0, 1, 2, · · · },
up(t, x) = 0, t ⩾ 0, x ∈ ∂Ξ,
up(s, x) = µp(s, x), s ∈ [−τ, 0], p = 1, 2, . . . , n,

(3.23)

Corollary 3.2. Under assumption (H1)–(H3), then system (2.1) is globally exponentially stable if the following
two conditions (D1) and (D2) hold:

(D1) There exist a vector ξ = (ξ1, ξ2, . . . , ξn)
T > 0 and a constant λ > 0 such that

[λE − D∗ + BF + CG ⊗ ζ(λ)]ξ < 0, t ⩾ 0, ζ(λ) = eλτpq(t),

where D∗ = diag(d1, d2, . . . , dn), dp = ap − δp1, ζ(λ) =
(

eλτpq(t)
)

n×n
, B =

(
|bpq + δp2|

)
n×n, C =(

|cpq + δp3|
)

n×n, F =diag(F1, F2, · · · , Fn), G =diag(G1, G2, · · · , Gn);
(D2) There is a positive number γ > 0 such that

sup
l∈N

{
ln γl

tl − tl−1

}
⩽ γ < λ,

where γl = max
1⩽p⩽n

{
1, Ipl

}
, l ∈ N.
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4. Illustrative Examples

In this section, we will verify the validity of the results obtained by two examples.
Example 4.1 Consider the uncertain impulsive system (2.1) with n = m = 2, Ipl = 1.1, Ξ =

[0, 1], tl = 0.1πl, max |∆ap(t)| ⩽ δp1 = 0.5, max |∆bpq(t)| ⩽ δp2 = 0.2, max |∆cpq(t)| ⩽ δp3 = 0.1,
where p, q = 1, 2. Let

fq(u) = gq(u) =
|u + 1| − |u − 1|

2
.

Based on the definition of the above parameters and functions, it is easy to see that the assumptions
(H1)–(H3) are satisfied. Let

(Dp1) =

(
1
1

)
, A =

(
1 − δ11 0

0 1 − δ21

)
, B =

(
0.01 + δ12 | − 0.2 + δ12|
0.3 + δ22 | − 0.01 + δ22|

)

C =

(
0.05 + δ13 | − 0.1 + δ13|

| − 0.2 + δ23| 0.08 + δ23

)
, (τ(t))2×2 =

(
|sint| |sint|
|cost| |cost|

)
.

then we get

ζ(λ) =

(
eλ|sint| eλ|sint|

eλ|cost| eλ|cost|

)
, D =

(
1.1 0
0 1.1

)
, F = G =

(
1 0
0 1

)
,

B =

(
0.21 0
0.5 0.19

)
, C =

(
0.15 0
0.1 0.18

)
,

and γl = max{1, 1.1} = 1.1 ⩾ 1, γ = sup
l∈N

ln γl
tl − tl−1

=
ln 1.1
0.1π

≈ 0.3033.

Take λ = 0.3946 and ξ = (1, 1), then the condition (C1) in Theorem 3.1 are satisfied. Combined
with the above equation, Theorem 3.1 holds. Therefore the system (2.1) is globally exponentially stable.
Under the given parameters conditions above, the numerical simulation of system (2.1) is shown in
Figure 1.

Example 4.2 Consider the uncertain impulsive system (2.1) with n = m = 2, Ipl = 0, Ξ = [0, 1],
max |∆ap(t)| ⩽ δp1 = 0.2, max |∆bpq(t)| ⩽ δp2 = 0.5, max |∆cpq(t)| ⩽ δp3 = 0.2, where p, q = 1, 2. Let

fq(u) = gq(u) =
|u + 1| − |u − 1|

2
.

By selecting the parameters and functions, it is easy to see that assumption (H1)–(H3) are satisfied. Let

(Dp1) =

(
1
1

)
, A =

(
1 − δ11 0

0 1 − δ21

)
, B =

(
0.02 + δ12 | − 0.3 + δ12|
0.3 + δ22 0.02 + δ22

)

C =

(
0.05 + δ13 0.2 + δ13

| − 0.04 + δ23| 0.1 + δ23

)
, (τ(t))2×2 =

(
|sint| |sint|
|cost| |cost|

)
.

then we get F1 = 1, F2 = 0, G1 = 0, G2 = 1 and

1.5 ⩽

(
ap − δp1 +

1

∑
k=1

(
Dpk/L2

k

))
,
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Figure 1. States response curves of the system in Example 1 with ∆ap(t) = 0.5, ∆bpq(t) = 0.2 and
∆cpq(t) = 0.1, p, q = 1, 2.

0 ⩽
2

∑
q=1

[∣∣b1q + δ12
∣∣Fq +

∣∣c1q + δ13
∣∣Gq
]
⩽ 0.77,

0 ⩽
2

∑
q=1

[∣∣b2q + δ22
∣∣Fq +

∣∣c2q + δ23
∣∣Gq
]
⩽ 0.82,

for p, q = 1, 2. It is obvious that the conditions (3.22) in Theorem 3.2 hold. Then the solution of
system (2.1) under the given parameters conditions is globally exponentially stable, and the numerical
simulation of system (2.1) is shown in Figure 2.

Figure 2. States response curves of the system in Example 2 with ∆ap(t) = 0.2, ∆bpq(t) = 0.5 and
∆cpq(t) = 0.2, p, q = 1, 2.
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5. Conclusions

This paper investigates a class of impulsive delayed neural networks with parameter uncertain-
ties and reaction-diffusion terms. By establishing a new differential inequality and combining the
properties of M-matrices and some inequality tricks, several sufficient conditions are presented to
guarantee the global exponential stability of the impulsive systems. And all results are given by a form
of simple algebraic inequalities, which are certainly more concise than previous LMI methods. Finally
the validity and generality of our results are illustrated with two arithmetic examples.

To reduce the computational difficulties, we mainly investigate stability of neural networks with
impulse, in which the impulsive intensity is constant number. However, in engineering applications,
the form of the impulsive intensity is rather complicated. Thus, in our future work, we plan to focus
on investigating the stability of neural networks with random impulsive and reaction-diffusion terms.
Therefore, it is important and interesting, but much more difficult.
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