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Abstract: Conditional Independence (CI) testing is fundamental in statistical analysis. For example, CI testing
helps validate causal graphs or longitudinal data analysis with repeated measures in causal inference. CI testing
is difficult, especially when testing involves categorical variables conditioned on a mixture of continuous and
categorical variables. Current parametric and non-parametric testing methods designed for continuous variables
and can quickly fall short in the categorical case. This paper presents a computational approach for CI testing for
categorical data types, which we call computational conditional independence (CCI) testing. The test procedure is
based on permutation and combines machine learning prediction algorithms and Monte Carlo Cross-Validation.
We evaluated the approach through simulation studies and assessed the performance against alternative methods;
the generalized covariance measure (GCM) test, the kernel conditional independence (KCI) test, and testing
with multinomial regression. We find that the computational approach to testing has utility over the alternative
methods, and we can achieve better control over type-I-error rates. We hope this work can expand the toolkit for

CI testing for practitioners and researchers.

Keywords: Conditional Independence; Computational Hypothesis Testing; Categorical Variables; Graphical

Models; Causal Inference

1. Introduction

Robust conditional independence (CI) testing in statistics is arduous and, in some sense, impos-
sible. Despite this, CI testing is a central task in applied statistical research. For instance, in causal
inference [1], a causal graph, which can form the basis of a causal estimator, can be validated through
testing a set of implied marginal independence and CI statements [1,2]. Because of its importance,
considerable work [3-9] has been allocated to create tests for CI, especially for continuous cases.
However, no statistical test or algorithm is universally superior for detecting CI between variables of
all types in all situations, as stated by the no-free-lunch theorem for CI testing in [3]. Different methods
may perform better or worse depending on the specifics of the underlying data-generating structure.
Therefore, one should develop and explore several testing methods for CI testing for various data char-
acteristics and types, using both asymptotic and computational approaches. Because of the flexibility
of regression and classification algorithms in machine learning, state-of-the-art prediction modeling is
an excellent starting point for testing CI [3]. With this in mind, this article proposes and explores a
computational method based on machine learning classification for testing CI. Although the approach
can, in principle, work with various data types, we will focus our attention on CI testing involving the
special cases when there is a mixture of categorical and continuous variables in the CI statement. To
our knowledge, no suitable testing method exists in such cases.

Conditional independence testing
A common notation of CI between random variables Y and X given Z is

Y I X|Ze X 1Y|Z 1)
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where Z can be extended to a set of variables Z. One can also express CI using probability distributions;
p(Y | X,Z) = p(Y | Z) where p(Z) > 0,0r p(X,Y | Z) = p(X | Z)p(Y | Z), which is to say that given
that we know Z = z neither X nor Y carries information about each other’s distribution [10].

When Y and X are continuous and the conditioning set Z has a mixture of variable types,
numerous testing methods for CI exist. The two state-of-the-art and readily available methods are the
kernel-based test (KCI test) from [4], and the generalized covariance measure (GCM test) [3]. The KCI
test is based on the foundational idea that the uncorrelatedness between functions in kernel Hilbert
spaces can characterize statistical independence and CI. The test uses kernel matrices associated with
the variables to construct a test statistic based on these matrices. As it stands, the test is designed for
continuous data. However, since the KCI-test uses a kernel function, it can potentially be modified
to account for other data types by changing the function. The GCM test is based on the fact that the
standardized covariance between residuals from the two generic regressions y = h(z) and x = g(z)
follow, under the null hypothesis and given relatively mild assumptions, an asymptotic standard
normal distribution. Although the GCM test statistic is designed for continuous data types, in our
experience, it handles binary data well.

When dealing with purely categorical variables within the CI statement, i.e., categorical variables
with more than two categories, the literature on testing methods is somewhat scarcer. In cases where
Y, X, and Z in Equation 1 are all categorical or of discrete types, the conditional x? test, also known as
the Cochran-Mantel-Haenszel test, is a well-known and reliable test. The x? test requires sufficiently
many observations in each conditioned category to function optimally [11, p. 231-232]. Testing based
on mutual information is also a common choice for testing CI with only discrete data [12]. However, in
CI statements where either X or Y or both are categorical and Z consist of continuous variables, or a
mix of continuous variables and other types, there are, to our knowledge, no reliable testing methods
available. For example, [2] suggests employing multinomial regression or abstaining from testing
altogether. Testing CI with a parametric model is problematic as it relies on specifying the correct, or
close to correct, functional form.

To create a CI testing framework for categorical variables, we suggest using machine learning
classification algorithms in combination with permutation and Monte Carlo cross-validation (MCCV)
to create a null distribution. To obtain the test statistic and p-value, one utilizes the same machine
learning classification model without permutation with one train test split. As an extension to this, one
can also create a test-statistic distribution with MCCV and assess a distribution of p-values, which is a
helpful extension in cases where testing is done with a limited sample size. The organization of our
article is as follows: Section 2 details our proposed testing procedure, Section 3 presents the simulation
study exploring key aspects such as type I error rates and power under difficult testing conditions.
In Section 4, we present an illustrative example of the testing procedure, and test results of multiple
simulations over a range of multivariate distributions. A general discussion follows in Section 5, and
concluding remarks in Section 6.

2. Computational Testing with Categorical Variables

Our proposed computational procedure for testing CI, we call computational conditional indepen-
dence test (CCI test). As mentioned above, the method is, in principle, quite flexible. Still, we focus on
the case where the aim is to test CI between two categorical variables.

Let Y and X represent categorical variables with j =1... ] and k = 1...K categories respectively.
Under the null hypothesis of CI, a classification model for Y, P(Y = k | X, Z), should perform
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equivalently to a model using a permuted X* instead of X. Hence, we posit the null and alternative
hypotheses as follows:

Hy:M(P(Y =k | X*,2)) = M(P(Y =k | X,Z))

S MPX=j|Y,2)=MP(X=jlY,Z2)), )
Hy :M(P(Y = k | X*,2)) # M(P(Y =k | X, Z))
S M(Pr(X=j|Y"2)) #M(Pr(X=]j|Y,2)), 3)

where M denotes a suitable performance metric for the classification model, estimating the probability
P(), such as Kappa scores or log loss.

2.1. Establishing a Null Distribution by MCCV

A fundamental challenge in statistical testing lies in controlling the significance level, defined
as the false positive rate or type I error rate. We manage this error rate by estimating an empirical
null distribution of metric scores using Monte Carlo Cross-Validation (MCCV) in combination with
permutation. Generally, statistical testing based on permutation is a robust alternative when funda-
mental assumptions by parametric and nonparametric tests are violated [13]. MCCV is a resampling
technique typically used to assess machine learning models’ performance by randomly partitioning
data into training and testing sets. For each iteration, MCCV randomly selects a subset of data used
for training, and the remaining observations serve as the test (validation) set.

The first step in setting up a test is to choose between a classification model for Y or for X.
Tree-based models robust against overfitting when predicting new data are probably the best choice,
however we will discuss this further in Section 2.3. For now, let us assume that we have a robust
classification model for Y and therefore M(P(Y = k | X*,Z)) = M(P(Y = k | X,Z)) is the null
hypothesis.

Now we can estimate the empirical null distribution(s): For each MCCYV iteration; we first permute
X into X*, then randomly split the data into a training set, of size pN, and testing set, of size (1 — p)N,
and then train a classification model for Y using X* and the condition set Z using the training set data.
We then calculate the classification performance metric using the testing set. After many iterations, this
approach theoretically derives the empirical distribution of metric scores under the null being true.

2.2. Calculating p-Values

Once the null distribution is established, we generate a test statistic from a single estimation of the
classification model for Y using the original, unpermuted X. Again, we split the data into a random
training and testing set, estimate the classification model using the training data, and calculate the
performance metric using the testing data. Under the null hypothesis, the metric score calculated using
an unpermuted X, should be a random draw from the empirical null distribution.

Conversely, if the alternative hypothesis is true, including the unpermuted X should enhance
classification performance, thereby facilitating the p-value calculation based on the test statistic’s
relative position within the null distribution. The (one-sided test) p-value (e.g., using log loss as the
performance metric) is given by,

Null < test statistic) + 1
p= = )+ @
n+1

where ) (Null < test statistic) represents the count of instances in the null distribution that are less
than or equal to the test statistic, and 7 is the total number of observations in the null distribution.
Note that the direction of < in Equation 4 depends on which metric score is used. If, for instance, we
use Kappa scores, where a higher value means a better performing model, we would have to change <
to >. The “+1” in the numerator and the denominator is a correction factor that prevents a p-value of 0
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and makes the p-value somewhat more conservative. A p-value of 0 is good to avoid since it implies
absolute certainty.

Testing CI by classification modeling for an accurate p-value calculation demands a large sample.
When the sample size is small, the statistical power is often low. With an insufficient sample size,
minor yet meaningful improvements in performance by including the original X rather than the
permuted X* may not be detected from a single train-test split of the unpermuted data. Therefore,
when testing CI with a relatively small sample, one should not rely on one p-value but instead do
multiple test train splits and examine the resulting distribution of p-values, providing additional
robustness to the analysis. Basic statistical theory says that given a true null hypothesis, the p-values
should be distributed approximately uniform(0,1). By calculating and plotting several p-values in
Quantile-Quantile (QQ) plots, one can visually assess if the empirical p-values approximately follow
the distribution against their theoretical counterparts. It is important to emphasize that evaluating
the distribution of p-values is not a test per see, and one cannot and should not test statistically if
the empirical distribution of p-values follows a theoretical uniform distribution, for instance, by a
Kolmogorov-Smirnov test [14]. Firstly, such tests assume an underlying continuous distribution,
which is not the case. Secondly, these tests are susceptible to sample size, where a large sample size
almost guarantees a low p-value, and the “sample size” can be manipulated by the number of MCCV
iterations. Thirdly, the Kolmogorov-Smirnov and other similar tests test against uniformity, which is,
in this case, wrong.

2.3. Choice of Classification Model and Performance Metric

The computational method described above assumes that modeling the classification probabilities
P(Y = k|X,Z) or P(X = j|Y,Z) allows us to extract all relevant information from the conditioned
variables. Significantly, the method relies on the robustness of the classification model in generalizing
from the training data to the testing data. Although an optimal classification model cannot be
guaranteed, modern off-the-shelf tree-based machine learning algorithms such as XGBoost (eXtreme
Gradient Boosting) [15] have demonstrated remarkable performance in predicting class categories and
robustness against overfitting training data. Other alternatives are random forest [16] or other gradient
boosting framework such as lighGBM [17] or CatBoost [18].

The choice of performance metric or metrics carries implications, as different metrics evaluate
various aspects of a classification model’s performance. The metrics we use in this article are log loss
and Kappa scores; they were chosen because they are well-known, continuous, and have somewhat
different qualities. Kappa scores are better when comparing the same model across different datasets,
especially when categories are unbalanced. Log loss offers greater precision than Kappa scores by
accounting for the certainty of class predictions, which is relevant. We have yet to determine which
metrics best suit the task; we will attempt to shed some light on this question in Section 3.

3. Simulation Setup

The simulation study aims to evaluate the performance of CCI testing and compare it against
some “established” methods. We also aim to assess and compare the two performance metrics log loss
and Kappa scores.

The basic simulation set-up is that we draw data from seven different multivariate distributions
with four variables {Z;, Z,, X, Y'}. The dependencies between the variables are as shown in the directed
acyclic graph depicted in Figure 1, which implies the CI statement Y 1L X|Zy,Z; < X 1L Y|Z1,Z,. All
multivariate distributions, involve non-linear relations between Z; and Z,, made such that testing CI
is not trivial. In all simulations, Z; and Z, are continuous variables, either normally or uniformly dis-
tributed, while both X and Y are categorical. A short non-technical description of the data-generating
functions follows, and pseudo codes of the functions are found in Appendix B.
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Figure 1. Simulations are based on a common structural framework. Z; and Z, are continuous
variables of distinct types, whereas X and Y are categorical variables.

Interaction: interactions between Z1 and Z2. Z; and Z; are standard normal, and X and Y are
set deterministically by a series of if statements which assign values from 0 to 3, depending on the
quadrant in which the coordinate (Z;, Z,) falls into, creating an interaction between Z; and Z,.

ExpLog: Exponential and logarithmic distributions. Z; and Z, are standard normal. X is influ-
enced by the exponentiation of the sum of Z; and Z, where the categories of X change as the sum
exceeds certain thresholds. The categorization of Y is based on the logarithm of the absolute value
of Z; plus one, added to Z, passing specific thresholds. The simulation imitates the modeling of
exponential and logarithmic growth.

PolyData: Z; and Z; are standard normal. The categorization of X is based on different polyno-
mial combinations of Z; and Z;. The categorization of Y similarly involves higher-degree polynomials
of Zl and Zz.

TrigData: Z; is uniform(—r, ), while Z; is standard normal. X is created based on adding sin(Z1)
and cos(Z>), and the categorization of Y is based on subtracting sin(Z;) and cos(Z;). The simulation
imitates the modeling of cyclic phenomena.

Non-Linear: A non-linear and trigonometric simulation testing if CI testing methods are robust
against complex real-world data patterns involving periods or cycles such as in time-series analysis.

ComplexCategorization: A simulation that emulates data scenarios where multiple factors and
their interactions influence outcomes.

Multinomial This simulation is based on multinominal regression equations, with non-linear
effects from Z; and Z,. This simulation aims to generate a data set where the influence of Z; is
relatively weak and, therefore, harder to test Y 1L X|Z,.

In all testing scenarios, we employ the XGBoost classification model from the R package xgboost
[19], using default parameter settings with two exceptions: the learning rate is set to eta = 0.1, and
the number of boosting trees is set at ntrees = 120. The train test split ratio in MCCV is set to
0.825, meaning for each iteration, a random portion of 82.5% of the data is utilized as training data.
Additionally, we use the createDataPartition-function from the caret-package [20] to balance the
class distributions within the splits. As “feature” variables in the XGBoost classification model we
include Z; and Z; and their transformations: squared and cubed.

We also conduct CI testing with the GCM test, the KCI test and multinominal regression. The GCM
test, conducted via the R package GeneralizedCovarianceMeasure [21], uses default settings. The KCI
test, implemented through the R package CondIndTests [22], has its Gaussian Process hyperparameter
routine disabled to reduce computation time, note that the KCI test demands extensive computational
resources with increasing sample sizes. Multinomial regression analyses are performed using the nnet
package [23], incorporating Z, Z;, and their squared and cubed terms as predictors.
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We ran our simulations over three sample sizes (500, 800, and 2000) and simulated 100 datasets
from the multivariate distributions for each size. For each dataset, we tested Y L X | Zy,Z, for
assessing the type I error rate. We test Y L X | Z; to assess power, and note that type II error is equal
to 1 - power. For all tests, we set the significant level at 5 %, which means that if we test a true null
hypothesis, about 5 % of tests should be refuted.

4. Results
4.1. llustrative Example

Before we present the simulation result, we will illustrate the testing procedure using a specific
simulated example. Our dataset comprises 800 simulated observations drawn from the interaction
multivariate distribution. We hypothesize that the null hypothesis - M(Pr(Y = k | X*,Z1,2,)) =
M(Pr(Y =k | X,Z;,Zy)) — will not be rejected by the test.

For each MCCYV iteration, we start by permuting X into X*, and then train the classification model
P(y|x*,z1,22) using 82.5 % of the data, and the performance metrics log loss and Kappa score were
calculated on the remaining data. We performed 1000 iterations to create the null distributions of
log loss and Kappa scores shown in Figure 2. Now, swap the permuted X* with the unpermuted X.
Perform one instance of a train-test split to estimate p(y|x, z1,z2), and again, the log loss and Kappa
score are extracted by predicting using the testing data. The resulting one-sided p-values are 0.34 (log
loss) and 0.36 (Kappa score), and the null hypothesis is not rejected.

.

T T
0.1 0.2 0.3 0.85 0.90 0.95 1.00
Log loss Kappa score

Figure 2. The empirical null distributions of log loss and Kappa scores estimated by MCCV. The dashed
lines are the test statistics resulting in p-values of 0.34 and 0.36, respectively.

To show that we have control over type I error in this case, we can estimate the corresponding test
statistic distributions and overlay the null distributions, which is shown in Figure 3. The distributions
almost perfectly overlay each other, and if we then calculate a p-value for every test statistic, we get
that the distribution of p-values follows a uniform(0,1) distribution, as shown in Figure 4. Since the
p-values are uniformly distributed, we control the type I error rate under a true null, and 5 % of the
p-values are less than 0.05.
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0.1 0.2 0.3 0.85 0.90 0.95 1.00
Log loss Kappa score

Figure 3. The empirical null distributions overlayed by "test’ distributions.

Log Loss Kappa Scores
1.00-
0.8- 0.75-
@
g 0.50-
©
0 0.4-
0.25-
0.0 0.00-
000 025 050 075 1.00 000 025 050 075 1.00
Theoretical Theoretical

Figure 4. QQ plots of p-values from log loss and Kappa scores comparing the empirical distribution
with the theoretical uniform(0,1).

Further, to illustrate how the test works in the opposite case, we remove Z; from the test, which
gives the null hypothesis M(Pr(Y | X*,Z,)) = M(Pr(Y | X,Z;)) — which we hypothesize will be
rejected by the test. The new null distributions and test statistic distributions are given in Figure 5 —
the two distributions have almost zero overlap. A random test statistic yields p-values of 0.000099 for

both log loss and Kappa score'.

i L

0.75 1.00 1.25 1.50 0.2 0.4 0.6
Log loss Kappa score

Figure 5. Null and test empirical Monte Carlo distributions when the null hypothesis is incorrect; the
two distributions diverge.

1 Since p-values are calculated from an empirical distribution, 0.000099 is the lowest p-value possible.
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4.2. Testing with one p-Value

In the heat and overlay plots in 6a, we see the type I error rate for 100 tests for each sample size
using the seven proposed simulations. The computational testing procedure exhibits fairly good type I
error across different data-generating functions, especially if one were to compare against alternative
methods, shown in the heat plots in Figure 6b and 6¢. Data simulated from the TrigData seems like the
simulation scenario where it is most difficult to control the error rate.

Log Loss Kappa Scores
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(a) CCI testing using log loss (left) and Kappa scores (right).
Multinominal reg. GCM
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Figure 6. Type I error rates, the rate of testing the p-value is strictly less than 0.05 under a true null
hypothesis. The CCI test exhibits the best type I error control across simulation scenarios
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In Figure 7a, we see the estimated power of the computational testing procedure. The power is
calculated as the proportion of p-values less than 0.05 when testing Y 1L X|Z,. The power increases
with the sample size, and using log loss seems to give more power than Kappa scores. The possibility
for low power with small samples emphasizes that computational testing is a “large” sample method
due to its reliance on machine learning classification methodology.

Log Loss Kappa Scores

Data generating function

oo 500 800 2000 500 800 2000
Sample size Sample size

(a) Power over simulation scenarios for CCI test using log loss (left) and Kappa scores
(right).

Multinominal Reg.
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(b) Multinominal regression and GCM
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Figure 7. Heatmaps of power (null: Y I X|Z,), which is the rate of rejecting a false null hypothesis.
Max power is 1, meaning a false null hypothesis is always rejected. The CCI test demands a relatively
large sample size to reject a false null consistently, using only one p-value. Ideally, a test needs to
achieve at least 80 % power.
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The other methods, multinominal regression, GCM test (Figure 7b), and KCI test (Figure 7c), have
high power, but testing CI with categorical variables with these methods can be very misleading as the
type I error rate can be as high as 100 %.

In Figures 8a and 8b, we have averaged the type I error and power over all simulations, which
leads us to conclude that the proposed computational testing is a viable alternative to existing methods.
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(a) Type I error means for all simulation scenarios Sample Size
the CCI test is represented with the blue and green (b) Testing power over all simulations scenarios,
line (log loss and Kappa scores). Logarithmic Y-which are all increasing with sample size. Note that
scale. the Y-scale goes from 0.5 to 1.

Figure 8. Means of type I error and power over all simulations scenarios and testing methods.

4.3. Assessing with p-Value Distribution

To assess how CCI can analyze CI statements by calculating a distribution of p-values instead
of relying on one p-value, we generated data from the three simulation scenarios, Multinomial,
TrigData, and NonLinearData, where a false ClI is the most challenging to test. For each simulation
scenario, we generated 20 datasets, each containing 500 observations. For testing both the true null of
M(P(Y =k | X*,71,75)) = M(P(Y =k | X,Z1,7Z5)), and an erroneous null; M(P(Y =k | X*,7Z,)) =
M(P(Y =k | X, Zy)). For each data set (i.e., 60 data sets), we estimated 500 p-values by estimating an
empirical null distribution and the corresponding distribution of test statistics.

In Figure 9, the 500 p-value points for each test are color-coded. Each QQ plot has 20 lines of
color-code dots, one for each data set. When testing a true null, we get the plots in 9a, 9c and 9e. There
is a close alignment with the theoretical uniform distribution, which suggests good adherence to the
null hypothesis. Some degree of variability, as in minor deviations from the diagonal, is acceptable.
Kappa scores seem to have somewhat less idiosyncratic variation.

The QQ plots, depicted in Figures 9b, 9d and 9f, show the distribution of p-values for testing
Y L X|Z,. The points, especially using Kappa scores as the underlying metric, have a notable deviation
compared to their theoretical counterparts. This deviation suggests a systematic tendency towards
lower p-values than those expected under the null hypothesis, indicating a likely violation of the
null, the desired outcome. One can note that when assessing the QQ plots, one should evaluate the
difference between the points and the line based on vertical distance [24].

Kappa scores provide better testing performance using QQ plots. With Kappa scores, p-values
seem more stable around the diagonal line when testing a true null and more deviate from it when
testing a false null.

In addition to providing a testing framework in small samples, using QQ plots has some other
benefits. QQ plots can reveal patterns that can indicate fundamental errors, for instance, if the p-values
tend to be high, meaning that the points would bend upwards to the left; such a pattern can indicate
the non-independence of samples or highly correlated features.
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Figure 9. QQ plots: These plots visualize the distribution of p-values testing with the CCI test compared
to the theoretical counterpart of a uniform(0,1) distribution. The different colors in each plot represent
separate datasets within the simulation.

5. Discussion

When testing CI with categorical variables we can expect that CCI outperforms the continuous
testing methods GCM and KClI since, in these cases, the fundamental assumptions of GCM and KCI
are violated. Although the basic assumptions of multinominal regression are not violated when used
to test CI, any parametric method is restrictive as the functional form needs to be defined. As the
simulation results show, the better performance of CCI is not due to superiority in rejecting false
hypotheses but both better control of type I error and increasing power as sample size increases.
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Given Y 1L X|Z, it should not matter if Y or X is the dependent variable in the classification
algorithm in CCI. A criterion for choosing Y or X is if some variable in Z is highly correlated with
either Y or X. Then, choose the one with the highest correlation as the dependent variable to reduce
the correlation among the features in the classification model. In practical settings, we recommend
running a single case to see if there are any estimation problems by choosing Y or X as the dependent
variable. Furthermore, to ensure optimal results, we recommend tuning the hyperparameters of
the classification model using a separate dataset not involved in the final testing. This practice can
potentially improve the performance and reliability of the test results. Given that CCI testing relies on
machine learning techniques, familiarity with these methodologies is recommended for practitioners
employing the CCI test.

5.1. Assumptions and Limitations

There are two key implicit assumptions in the CCI testing procedure. Firstly, the XGBoost
classification modeling must be able to unravel potentially complex relationships between the variables.
Secondly, the XGBoost classification algorithm must generalize well to unseen data. Of course, there
is no way to ensure this, but a few steps can increase the likelihood of good performance. Include
transformation of the original features; we include squared and cubed terms in our example, but a
richer set is possible. A second strategy is to pre-tune the classification model; if there is sufficient data,
setting aside a portion of the data dedicated to tuning the classification model before testing might
increase the models’ ability to use all the information when testing for CI.

The computational method is inherently more computationally intensive than most other CI
testing methods, except KCI testing with a large sample size. For instance, with 2,000 observations from
the Interaction simulation, creating a null distribution with 1,000 iterations on a standard laptop with 8
GB RAM and a 1.60 GHz processor using a single core required approximately 13 minutes. For larger
datasets, especially those exceeding 10,000 observations, employing methods such as subsampling
may help mitigate computational demands. Furthermore, optimizing computation time will also
depend on settings in the XGBoost classification model; hence, adopting specific strategies informed
by expert knowledge is recommended for efficiency improvements in practical applications.

No matter how many simulation examples are applied, computational methods can only be
shown to work for the specific datasets and scenarios provided. We have attempted to provide a
range of difficult testing scenarios to show that computational testing is viable in cases where one
needs to establish CI between categorical variables, even when the underlying data structure is
complex. However, computational methods are usually less efficient and less generalizable compared
to asymptotic methods.

5.2. Strengths

In computational statistics, permutation is a well-known tool for breaking any observed associa-
tion between variables and forms the basis of many tests. Testing CI by permutation is an intuitive
and versatile concept that, in principle, can be applied to any CI testing situation involving various
data types. CCl is flexible and demands few assumptions about the nature of the data, only that the
observations are independent. As shown through simulations, CCI can handle complex relationships
between variables and is, in principle, scalable as you can expand the condition set Z “indefinitely”,
making it applicable to many settings.

Using an off-the-self classification method offers transparency into any specific test. Practitioners
can further analyze test results by studying the classification model itself; for example, looking at
feature contributions can give insights into the nature of any CI statement. In combination, using QQ
plots can give practitioners deeper insights into the behavior of the data under the null hypothesis.
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5.3. Further Research

There are several possibilities for further exploration in computational testing of CI, and testing
Cl in general. For instance, although our simulation examples are highly non-linear, they are also
low dimensional; the number of observations is much larger than the number of variables. Exploring
computational CI in high-dimensional settings, where the number of variables may approach or exceed
the number of observations, is perhaps a natural next step. Another avenue of research is to replace
the performance metrics log loss and Kappa scores and instead use conditional mutual information
criteria or Shapley values to create the null distribution.

Another avenue for further explorations is a more robust assessment of QQ plots, for instance, by
a lineup test introduced by [25]. The lineup test concept consists of embedding a plot that contains the
actual data effect among several plots of randomized data or noise and seeing if people can identify
the plot with actual data.

6. Conclusion

This paper has demonstrated a practical application of CI testing, employing a computational
approach that leverages permutation, the XGBoost classification algorithm, and MCCV. The proposed
method fills a gap in the empirical validation of CI with categorical variables, enhancing CI testing for
practitioners in real-world scenarios.

While advantageous for testing CI with categorical data, CCI has limitations. First and foremost,
it requires a relatively large sample to achieve sufficient power, it demands a somewhat working
knowledge of classification modeling, and it is computationally demanding, especially with a large
feature set.
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Abbreviations

The following abbreviations are used in this manuscript:

CI Conditional Independence

GCM test Generalized Covariance Measure test

KCI test Kernel Conditional Independence test
CCItest  Computational Conditional Independence test
MCCV Monte Carlo Cross-Validation

QQ Quantile-Quantile

XGBoost  Extreme Gradient Boost

Appendix A. Testing with Continous Data

Although we focus on testing with categorical variables in the article, CCI can also be used with
various data types. In this appendix section, we assess the performance of the CCI test by comparison
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to the GCM test, when Y, X, Z1, and Z; are all continuous variables. Again we use the dependency
structure depicted in Figure 1 and generate data from five multivariate distributions. Below are
descriptions of various multivariate functions that generate simulated data sets:

¢ Normal Data Function: Generates a dataset where both Z; and Z, are drawn from standard
normal distributions. The variables X and Y are also normally distributed, influenced by the
sum of Z; and Z,, showcasing a simple additive model.

¢ Non-Linear Normal Data Function: Creates data with Z; and Z, as normal variables, while
X includes a nonlinear transformation involving the exponential of the product Z; x Z;, with
normal noise added. Y is formed by the product Z; x Z; with additional normal noise.

¢ Uniform Noise Data Function: This function produces a dataset where Z; and Z, are normally
distributed, but X and Y are derived from a linear combination of Z; and Z, plus a term involving
their product, with uniform noise added to introduce non-normal error distribution and test
model robustness against such noise.

¢ Exponential Noise Data: Similar to the uniform noise mode, it replaces the uniform noise with
exponential noise with a rate parameter a = 1. This function is useful for examining the impact
of skewed, heavy-tailed noise on statistical inferences.

* Poisson Noise Function: Generates data where Z; and Z, are normally distributed, but X and Y
include Poisson-distributed noise influenced by the product of Z; and Z;.

¢ Sinusoidal Data: This function creates data where Z; and Z, are normal, but X and Y involve
sinusoidal transformations modulated by an exponential decay function based on the sum of Z;
and Z;. The sinusoidal component depends on linear combinations of Z; and Zj.

For each simulated distribution and test method, we perform 100 tests under both a true null and a
false null hypothesis. We calculate the type I error rate by looking at the number of significant results
at a significant level & = 0.05. The power of the test under each simulated multivariate distribution is
estimated by the number of rejected tests under a false null. The performance metrics for computation
testing are Root Mean Square Error and Mean Absolute Error (MAE).

In Figure A1, we see type I error rates; for these simulations examples, CCI testing is more
conservative than GCM (FigureA1b). The GCM test exhibits a relatively high type I error in scenarios
involving the Non-Linear, Normal, and Exponential Noise distributions. This high error rate is likely
due to GCM'’s reliance on the even distribution of residuals around the regression line, making it
susceptible to outliers, which can be produced by these generating functions. Assessing the power of
the CClI testing, we see that with a sample of 2000, CCI testing can consistently reject a false null; GCM
has a superior rejection rate with lower sample sizes.
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Figure Al. Type I error rates: Rejection rates testing a true null Y 1L X|Z;, Z;. The CCI test is
considerably more conservative than GCM, and CCI performs better in these scenarios, as GCM relies
on the assumption of “well behaved” residuals.
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Figure A2. Power: Rejection rates testing the false null Y L X|Z;. The results of the CCI test are given
in Ala using the performance metrics RMSE and MAE. At sample size 500 CCI testing has low power.
The GCM shows high power in almost all scenarios.

In conclusion, we see that CCI testing is a viable testing method in continuous cases and can
compete with the GCM test, given a sufficient sample size.

Appendix B. Pseudocode for Multivariate Distributions Generating Functions for Categorical Data

The R functions created to generate data are presented in pseudo-code to convey the procedural
steps in generating datasets.
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Algorithm 1 Interaction Data (Interaction)

A B\
orfez b 0< 0and Z,[i] < 0 then

]Z%[I < 0and Z[i] > 0 then
]ZLI}2> 0 and Zz[ ] < 0 then

RN IS

14 1fZ%'. <<_0—|—Z2H < —1 then
%g else j ] (_[z < 0+ Z,[i] < 0then
%gg els 1[1' < 04 Zy]i] <1 then
o

2 ondhd

24: return {Zl,Zz,X Y}

Algorithm 2 Exponent and Logarithmic Data (ExpLog)

1 71 B N samples o %&8 1

i r%;_ u>t<etem X < exp(Z1i]) + 22]i]
5 if te E

Zg els eme > 0 then

1(9) elsexl i]te(%pl > —1 then

b
14: i??%tm u\tfe>t661‘glt/h<allog(|Z1[z]| +1) + Z2[i]

i VIl

%g else jf:termpY > 0 then

%35 els ]tempY > —0.5 then
212 1

2 il e

%% end ?

25: return {Zl,Zz,X Y}

Algorithm 3 Polynomial Data (PolyData)

% 1t1al % anv}rl er H?ff rr%‘ples

3 £ es from /\/'E8 B
5 (i T] > 2 then

7: . L[l +Zz[]>05then
5 [i[+ Z5[i]* > 0 then
10: if & 2lt

11: .

: .

% ,3: 2[i] > 1 then

%g i | Ji + Z5[i]? > 0 then
18 it 71 [i] + Z2[i]® > —1 then
: .

21: ] <0

22§ di
%5 end for
2% return (Z1, 25, X, Y}
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Algorithm 4 Trigonometric Data (TrigData)

% 1t1al er ofr rt%Fles

raw m
34 1 rgw samples from N%8 H
5 1fsz JL +cos(Z2[]) > 1 then
7

7 z(z ) + cos(Z,[i]) > 0 then
9: elsexl in( ) > —1 then

10: <

11: else .

12: (:X ]« 0

13:

~

Loopd)

y[i]) — sin(Za[i]) > 1 then

f

16:  elsejf:cos(Z1[i]) — sin(Z,[i]) > 0 then
17: <2 .
18: else it cos(Z1[i]) > —1 then

T

]
2 elsey@] 0
2 endBd

24: return {Zl,Zz,X Y}

Algorithm 5 Non-linear Data (Non-Linear)

1: Initialize n ber 0 amples N

2 21 rum

i

g if si 11 ><7T +Z2 | > 1 then

g els | x 11) + Z3[i] > 0.5 then
9: els ,1r1( 1[]><7r)—|—Z2[]>Othen
10: —

11: else ..

e

13 fre y[ilx ) + Za[i] > 1 then

%g els cg( 1[i] x 71) + Z,[i] > 0.5 then
18 elsejf:cos(Z1[i] X ) + Z,[i] > O then
%(QJ els <

%% eY ] <0

23: ende%1

24: return {Zl,Zz,X Y}

Algorithm 6 Complex Categorization (ComplexCategorization)

itialize number of samples
S eV NER R Y
VA (>_Oande[] > 0 then

ifZ
]ZL[Z > 0 and Z;[i] < 0 then

els

: <
2 elseX1 ]ZLZ 0 and Z,[i] > 0 then
]+ 0

11: §
14: etn ]
15: A=

+ Zy[i] > 1 then
Z(l_[i + Z,[i] > 0 then
i Zé[i + Z5[i] > —1 then

23:
2% return | {21,725, X,Y}



https://doi.org/10.20944/preprints202406.2080.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 June 2024 d0i:10.20944/preprints202406.2080.v1

19 of 22

Algorithm 7 Multinomial (Multinominal)
éf Egﬁ}me ym eg of samples N
r
3 aw !\/&8
g gan dom 2D %’a amp es
g x@lj(— ?\, g %1 XZz[]—FCXZl[]

x}?l 1+exp( xbg Et-ﬁp (xb21])

RSN

10: xpali] <

o 1’21% R ] e

%431 elseX1 Fand% ] < xp1li] + xpy[i] then
15: -

T

19: Fandon2 o W N samples from U4(0,1)
%?5 forz <— gx

22: %Z 3(+% x Z1i]

23 & Trexp (il exp Wil

o ytP exp (bl st fxp (vali])

25: 4

2 Eﬁomﬁﬂz Iéyy];;]{ hRem
275 els %;f]rand%{mz | < yp1li] + yp2[i] then
50 els“yw vz

3% endFor

33: return {Zl,Zz,X Y}

Appendix C. Pseudocode for Multivariate Distributions Generating Functions for Continuous Data

Pseudo code for R functions generating data from multivariate continuous distributions.

Algorithm 8 Normal Data

1: 1t1al e numbper of les
2: raw [N sam es om ,%
3: raw_IN samples from ,
4: raw samples from 1F E %
g es rom/\f 1+
4

:return 1, 2,

Algorithm 9 Non-Linear Normal Data

1: Initialize numper of sa les

2: /1 < Praw N sam e

3 2o +— raw sam

4: <— ute 33 d ormal noise
g and" a

: 1? norma noise
: return

Algorithm 10 Uniform Noise Data

1: lize number of sa
§ g ? %It?t‘ev sa%; ?5 @g g&g unjform nojse
5:

1? uniform noise
return

Algorithm 11 Exponential Noise Data

?hze umber of san parameter rate_param

1
2: raw sa j .
3: ute ? g g. ex onentla% nojse
4: 1? 2 an exgonentra noise
5: return
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Algorithm 12 Poisson Noise Data

; ?hZﬁ‘E)‘%?wb % sa Bagid 0.1)
: ute 2an §§ EOISSO nojse wi /\ %

1%3 > an sSson noise wit
return

G WN =

Algorithm 13 Sinusoidal Data

é 1t§llze Ibugnxez{[%g %a{g}gsleé Rf]( Soe{ﬁaent a=1

| - Chbpe A e A 017 s st
6: return
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