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Abstract: In this paper, we introduce the notion of the generalized w-group inverse in a Banach algebra with
proper involution. This is a natural generalization of generalized (weak) group inverse in Banach *-algebras.
Many elementary properties of such new weighted generalized inverse are presented. We further establish the
equivalent relations between generalized weighted group inverse and weighted generalized Drazin inverse.

Related properties of generalized (weak) group inverse are extended to the wider cases.
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1. Introduction

An involution of a Banach algebra A is an anti-automorphism whose square is the identity map 1.
A Banach algebra A with involution * is called a Banach *-algebra. Let a4, w € A. Recall that a € A has
generalized w-Drazin inverse x if there exists unique x € A such that

awx = xwa, xwawx = x and a — awxwa € A™!,

We denote x by a%® (see [10]). Here, A7 = {x € A | 1+ Ax € A7'}. As is well known,
x € AT & nlgrolo | x™ ||%: 0. If we replace A7 by the set A" of all nilpotents in A, a%® is called

the w-Drazin inverse of a4, and denote it by aP. If the weight w = 1, we call a%® (aP*) the g-Drazin

(Drazin) inverse of a, and denote it by a?(a?). Evidently, a®® = [(aw)?]?a = a[(wa)?]? = (aw)?a(wa)".

Definition 1.1. (see [4]) An element a € A has w-group inverse if there exist x € A such that
AWXWA = 4, XWAWX = X, AWX = XWA.

The preceding x is unique if it exists, and we denote it by a',. The set of all generalized w-group invertible
elements in A is denoted by A%,

An element g in a Banach algebra A has group inverse provided that it has w-group inverse for
the weight w = 1, i.e., there exists x € A such that

xa? = a,ax* = x,ax = xa.
Such x is unique if exists, denoted by a*, and called the group inverse of a. As is well known, a square
complex matrix A has group inverse if and only if rank(A) = rank(A?).
A square complex matrix X is the core-EP inverse of A if

XAX = X, Im(X) = ImX* = Im(A™),

where m = ind(A) (see [8]). Recently, Wang and Chen (see [15]) introduced and studied a weak group
inverse for square complex matrices. A square complex matrix A has weak group inverse X if it
satisfies the equations

AX? = X, AX = APA.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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The involution * is proper, that is, x*x = 0 = x = 0, e.g., in a Rickart *-ring, the involution
is always proper. Let C"*" be the Banach algebra of all n x n complex matrices, with conjugate
transpose * as the involution. Then the involution * is proper. Zou et al. extended the notion of weak
group inverse to a proper *-Banach algebra element. We refer the reader for weak group inverse in
[3,13,18,19]. In [2], the generalized group inverse in a Banach algebra with proper involution was
introduced. An element 4 in a Banach *-algebra has generalized group inverse if there exists x € A
such that

* 2

x = ax?, (a*a*x)* = = a*a?x, lim [|a" xa”“||'li =0.
n—oo

Such x is unique if it exists and is called the generalized group inverse of 2. We denote it by 2®. Many
properties of generalized group inverse were presented in [2]. Recently, Mosi¢ and Zhang introduced
and studied weighted weak group inverse for a Hilbert space operator A in B(X)? (see [12]).

The motivation of this paper is to introduce and study a new kind of generalized weighted inverse
as a natural generalization of generalized inverses mentioned above.

In Section 2, we introduce generalized weighted group inverse by using a new kind of weighted

group decomposition. Let A —{xe A | xwe Amil},

Definition 1.2. An element a € A has generalized w-group decomposition if there exist x,y € A such that
a=x+yx'y=ywx=0,xc A yc A

We prove that a € A has generalized w-group decomposition if and only if aw € A% and there
exists unique x € A such that

x = a(wx)?, ((aw)? ) g w) )

: _ n+1
lim || (ac)" xw(aw) I =0,

The preceding x is called generalized w-group inverse of a.

In Section 3, we establish elementary properties of generalized w-group inverse. Many properties
of the weak group inverse generalized group inverse are thereby generalized to wider cases.

In Section 3, we investigate equivalences between generalized w-group inverse and weighted
g-Drazin inverse for a Banach algebra element. We prove that a € A$ if and only if a € A%“ and
(a%®)*ad Wy = (a®?)*a for some x € A.

Throughout the paper, all Banach algebras are complex with a proper involution *. We use
A1, A#, A4 and AP to denote the sets of all invertible, group invertible, g-Drazin invertible and

Drazin invertible elements in 4, respectively. We use ¢(a) to stand for the left annihilator of a in A.

2. Generalized w-Group Inverse
The purpose of this section is to introduce a new generalized inverse which is a natural general-
ization of (weak) group inverse in a *-Banach algebra.

Lemma2.1. Leta € Aﬁ,. Then aw, wa € A*. In this case,

= (aw)*a(wa)*, (aw)*a’, = a and a[wa’)? = a¥,.

Proof. Let x = a,. Then
AWXWA = 4, XWAWX = X, AWX = XWA.

Hence, (aw)?x = aw(awx) = (aw)x(wa) = a, and so (aw)?xw = aw. Likewise, xw(aw)? = aw. This
implies that aw € A*. Moreover, we have

alwa®]? = a(wx)? = (awx)wx = (xwa)wx = x,
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as desired. O

Theorem 2.2. Let a € A. Then the following are equivalent:

(1) a € Ahas generalized w-group decomposition.
(2) aw € A% and there exists x € A such that

x = a(wx)?, ((aw)?)"(a = ((a

lim || (ac0)" —xw(aw) [

)a,

w)?
0.

Proof. (1) = (2) By hypothesis, a has the generalized w-group decomposition a2 = a; + ap. Let
x = (a1)%. By virtue of Lemma 2.1, we have

awx = (mw+ aw) (ﬂl)fu = alw(“l)fur
a(wx)®* = mfw(@)i]? = (@)} =x,

Since a,wa; = 0, we have

aw — xw(aw)?
(mw + ayw) — [(a1) R waryw + (a1)f,warw] (a1w + ayw)
[1— (a)fwarw — (@)}, wazwlazw,

and then
|| (aw)" — xw(aw) ™+ ||

( 1

|| (aw — xw(aw)?) (aw)" || =

= |[[t-

111 = (a1)%wayw — (a1)f, wazw](uzw)”H% 1
11— a1yt — () wazao] [} (az0)" ||

(a )walw (ﬂl)#wazw]aZw(aw)"—lH%

IN

Since a, € AZ,”H, we have lim ||(ayw)" i = 0. Accordingl , we have
n—oo g y

 olawy™ |} =
Jim [[(aw0)” = o(a)" 1|+ =0,

Since a,wa; = 0, (a1w)(a;w)™ = 0 and (ayw)? = 0, Then aw € A% and

e}

(aw)? = (mw)* + Y ((a100)")" (aqw)".

n=1

Then

((aw)) (aw)2x = ((aw)") (a1 + az0) (@ + aw) (a1)f,
((aw)?)" (1) (1)}, = ((aw)?) e

((aw)?)"a.
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(2) = (1) By hypothesis, there exists x € A such that

x = a(wx)?, ((aw)?)" (aw)?x = ((a ) )

Tim [[(aw0)" — xw(aw)"]|

S=

Then
(aw)x(wx) = (aw)[(aw)x(wx)](wx) = (aw)?x(wx)?

= (aw)" Lx(wx)" 1.

=
1l

Let a; = (aw)?x and a; = a — (aw)?x. Then we check that

|lazwa || — (aw)?x]w(aw)?x||
)? = (aw)*xw(aw)] (aw)x|]
1 — xw(aw)](aw)x||
1 — xw(aw)](aw)"x(wx)" ||

w)"
[[[(aw)" — xw(aw)" 1] |x(wsx)

[

S
~— — —
N NN

n71||_

(VAN [ | (|

Hence ) ) ; )
|lagway|[» < |[(aw)?||# || (aw)" — xw(aw)" |7 ||x(wx)" ||

Since lim |(aw)" — xw(aw)"*1||7 = 0, we deduce that
: 1
lim ||apwaq||n = 0.
n—o00

Thus, aywa; = 0.
Moreover, we have

)=x
aw)?[(aw)* L x(wx)" 1] = (aw)" M x(wx)" !
(a1 — (aw) (@) 2] ()1 + (aw) (aw) 2] (x) 1
(aw)" ! — (aw) (aw)"2]x(wx)" ! + (aw)? (aw)?[(aw)"~x(wx) "]
(aw)" 1 — (aw) (aw)"2]x(wx)" " + (aw)? (aw)>x.

Then we verify that

||a7ay ||

II( (aw)2x)*(a — (aw)?x)|

[|([(aw)" (ﬂw)d(W)”“] (wx)" ! + (aw) (aw)’x)" (a — (aw)?x) |
II((ﬂw)”+1 (cwi) (az)™2)*|[]| (x(wx)"=1)*|[[]a — (aw)?x]]
[|((aw)(aw)*x)" (a — (aw)>x)]|

((fw’)”+l (aw)? (aw)"*2)*||[] (x(ewx)"~1)*[[]]a — (aw)x]|

(aw)*||]| ((aw)?)" (a — (aw)2x)]

()" — (aw)(aw)" )| ||| (x(wx)""1)*|||la — (aw)x]].

I+ IAF+IA I

Then ) . .
lagaz| |71 < [|((aw)™! — (aw)? (aw)"+2)"| [#1 || (x (wx)"~1)* |71

la — (aw)e] | 1.
Therefore lim ||ajas|| A = 0, and so ajay = 0. Clearly, we have
n—oo
[(aw — xw(aw)?)x]|

[|[(aw)" — x(aw) ™+ (wx) "1 |
[|(aw)" — xw(aw)" ][ |x(wx)" 1],

||lawx — xw(aw)?x||

IA
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Hence, lijrl ||lawx — xw(aw)?x| |% =0, and then awx = xw(aw)?x. Moreover, we check that
n—oo

nwx = (aw)’xwx = awawxwx = awa(wx)?
= awx = xw(aw)?x = xway,
mwxwa, = (aw)>xwxw(aw)?x = awa(wx)>wawawx
= awxw(aw)’x = (aw)?x = ay,
xwaywx = xw(aw)?xwx = xwawa(wx)? = xwawx = x.

Thus, a; € A¥,. By hypothesis, we have aw € A? and there exists x € A such that

xw = aw(xw)?, ((aw)?) " (aw)?xw = ((aw)?) “aw,
Jim || (aw)" — xw(aw)" 5 = 0.

As in the proof of ([2] Theorem 2. 2) we have aw — (aw)?xw € AT, and then a,w = (a — (aw)?x)w €

A1l This implies that a, € Aq . Accordingly, we have the generalized w-group inverse a = a; + ay,
as required. [

Corollary 2.3. Let a € Aand w € A~1. Then the following are equivalent:

(1) a € Ahas generalized w-group decomposition.
(2) There exists x € A such that

2

x = a(wx)?, [(aw)* (aw)?xw]* = (aw)* (aw)?xw,

_ nHL G —
Jim [[(aw)" — xw(aw)"*{|x = 0.

Proof. (1) = (2) By hypothesis, a has generalized w-group decomposition a = a; + a5. Let x = (a;)%.
By virtue of Theorem 2.2, we have aw € A% and

x = a(wx)?, ((aw)?)"(a g w)?)"a,

: _ n+1
lim ||(aw)" xw(aw) ||n =0.
Moreover, we check that

(aw)*(xw) = (mw +aw)*(a)fw = (mw)*(a1)}w = arw,
(aw)*(aw)?(xw) = (ayw +aow)*aw = (aqw)*a;w.

Therefore
[(aw)* (aw)? (xw)]* = [(a1w)*a1w]* = (mw)*aw = (aw)* (aw)?(xw),

as required.
(2) = (1) By hypothesis, there exists x € A such that

2

x = a(wx)?, [(aw)* (aw)?xw]* = (aw)* (aw)?xw,

_ n+1 % —
tim |l (aw)* — xwoaw)" [} =0,
Let a; = (aw)?x and a; = a — (aw)?x. As is the proof of ”(3) = (2)”, we verify that a,wa; = 0 and
(a1)¥, = x. As in the proof of Theorem 2.2, x = (aw)"~'x(wx)"~1. Obviously, we verify that
[lx = (xw)(awx)|| = |[|[(aw)" " — xwaw(aw)" " |x(wx)" 1|
[I(aw)" 1 — 2w (aw)"|[] |x (wx)" 1.
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By hypothesis, we have

-1

lim ||(aw)"~ — xw(aw)"||71 = 0.

n—oo

Hence,

Jim [ () (@) 7T = 0.

This implies that x = (xw) (awx). Moreover, we have

wrainw = w*[(aw)?x]*[a — (aw)x]w
= [(aw)?xw]*aw[l — (aw)xw]
= [(aw)* (aw)*xw]*[1 — (aw)xw]
= llw) (awpxulf ~ awyen
= (aw)*(aw — (aw)* (aw)?xw(aw)xw

)" (aw)*x )*(
= (aw)*(aw)?xw — (aw)* (aw)? (xwawx)w
)*(aw)? )*(

xw — (aw)* (aw)?x

I
D
S

Since w € A~1, we have w* € A~!. Hence, ajay = 0.
By hypothesis, there exists x € A such that

xw = (aw)(xw)?, [(aw)* (aw)?xw]* = (aw)* (aw)?xw,
Jim [|(az)" — (xwo) az0) 1] = 0.

Then xw = (aw)®. As in the proof of ([2] Theorem 2.2), we have aw — (aw)?(xw) € A7, This implies

P p
that a, = a — (aw)?x € Aqm
asserted. O

Therefore a has generalized w-group decomposition a = a1 + ay, as

Theorem 2.4. Let a,w € A. Then the following are equivalent:

(1) a € Ahas generalized w- group decomposition.
(2) aw € A“ and there exists unique x € A such that

x = a(wx)?, ((aw)?)"(a g w)?)"a,

: _ n+1
Jim || (ac0)” T

Proof. (1) = (2) In view of Theorem 2.2, aw € A% and there exists x € A such that

x = a(wx)?, ((aw)? ) g )

; _ n+1 —
lim ||(aw)" xw(aw) I
Assume that there exists y € A such that

y = a(wy)?, ((aw)d)*(aw)zy = ((aw)d)*a

: n__ n+1 %:
Tim [|(aw)" ~ yaw(aw)" ][ = 0.

Claim 1. xw = yw.
By hypothesis, we have

xw = (aw) (xw)?, ((aw)?)" (aw)?(xw) = ((aw)?)" (aw),

; n__ n+1 %:
Jim [](aw)" — () (aw)" |5 = 0.
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Then xw is generalized group inverse of aw. Likewise, yw is generalized group inverse of aw. By virtue
of ([2] Corollary 2.3), we have xw = yw, as desired.

Claim 2. (aw)?x = (aw)?y.

As in the proof of Theorem 2.2, x = (aw)

H((aZU)Zx)( w)?x — ((aw)?x)*a|

=1y (wx)"1, and so awx = (aw)" 1 x(wx)" 1.

< 1CGe(wx)" D[] ((aw)™ 1) * (aw)?x — ((aw)" 1) *al|

< [l(xr(wx)" 1) IHl((mv)”Jrl (aw)? (aw)"+2)* (aw)?x

= ((aw)"*" = (aw)(aw)"*2)*a|

+ |1 Gex) )] (aw) 2 |1 (aw)?)* (aw)>x — ((aw)?)*al|

= [1Ce(wx) )] |((aw)"*! — (aw)? (aw)"*+2)* ||| (aw)*x — a] |

Therefore

lim [|((aw)2x)* (a)?x — ((aw)?x)*al |7 = 0.

n—o0

Hence, [((aw)?x)* (aw)?x]* = ((aw)?x)*a. Likewise, [((aw)?x)* (aw)?y]* = ((aw)?x)*a, [((aw)?y)* (aw)?x]* =
((aw)?x)*a and [((aw)?y)* (aw)?y]* = ((aw)?x)*a. Let z = (aw)?x — (aw)?y. Then we check that

z'z = ((aw)%x — (aw)?y)*((aw)?x — (aw)?y)
((aw)*x)* (aw)?x — ((aw)>x)* (aw)?y
= ((aw)y)* (aw)*x + ((aw)?y)* (aw)?y
((aw)?x)*a — ((aw)?x)*a — ((aw)?y)*a® + ((aw)?y)*a?
= 0
Since A is a proper *-Banach algebra, we have z = 0; hence, (aw)?x = (aw)?y.

Claim 3. x = y.
As in the proof of Corollary 2.3, we have x = (xw)(awx). Also we check that

|| (xw) (awx) — (xw)?(aw)?x]|

|| (xw)[aw — (xw) (aw)?]x||

|| (xw) [aw — (xw) (aw)?] (aw)" L (wx) "]
[|xwl[||(aw)" — (xw) (azo)" ][] |x (w2)" 1.

IA I

This implies that

lim || (x70) (awox) — (xw)? (aw)?x] [ 7 = 0.

Hence, (xw)(awx) = (xw)?(aw)?x. Thus, x = (xw)?(aw)?x. Likewise, y = (yw)?(aw)?y. By the
preceding discussion, we have

xw = yw and (aw)?x = (aw)?y.

Therefore x = y, as required.
(2) = (1) This is obvious by Theorem 2.1. O

We denote x in Corollary 2.3 by 4§, and call it the generalized w-group inverse of a. A$ denotes
the sets of all generalized w-group invertible elements in A.

Corollary 2.5. Let a € A$. Then the following hold.

) aw = a@wawal.
(2) afw = (aw)®.

Proof. (1) These are obvious by the proof of Theorem 2.4. [J
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Let C"*" be the Banach algebra of all n x n complex matrices, with conjugate transpose * as the
involution. As is well known, (C"*")4%l = (C"*")"l For a complex A € C"*", the weak W-group
inverse and generalized W-group inverse coincide with each other, i.e., Af, = A}}. We come now to
provide a new characterization for the W-weak group inverse of a complex matrix.

Corollary 2.6. Let A,W € C"*". Then the following are equivalent:
(1) A has weak W-group inverse.
(2) Thereexistk € Nand X € C"*" such that X = A(WX)?, ((AW)P)* (AW)2X = ((AW)P)*A, (AW)k =
XW(AW)K+1,

Proof. (1) = (2) Since A has weak W-group inverse, there exist k € N and X € C"*" such that
X = A(WX)2, (AW)P)*(AW)2X = ((AW)P)*A, (AW)k = XW(AW)k*1, Hence,

((AW)P)*(AW)? X =

(2) = (1) By hypothesis, there exist k € N and X € C"*" such that

(AW)k = XW(AW)FH1, X = A(WX)?,
((AW)P)*(AW)?X = ((AW)P)*A.

Hence,

Jim [[(AW)" = XW(AW)" |7 0.

In view of Theorem 2.4, A € C"*" has generalized W-group inverse. Therefore A has weak W-group
inverse. [

3. Elementary Properties

In this section we establish some elementary properties of generalized group inverses. We now
derive

Theorem 3.1. Leta € A. Then a € A$ if and only if

(1) a € A%,
(2) There exists x € A such that

x = a(wr)?, ((aw)?)" (aw)?x = ((aw)?) ",

nlgr.}oH( w)" — (aw)xw(aw)"||

In this case, & = wxw.
Proof. = In view of Theorem 2.4, a € A% and there exists x € A such that

()

x = a(wx)?, ((aw)?)"(a

- xw(aw)7||

n—1 _
Tim [|(aw) =
Obviously, we have
||(aw)" — (aw)xw(aw)"||r = ||aw](aw)"! — xw(aw)"]|[»

||aw| |7 || (aw)" =t — xw(aw)" ||

IN
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Then nlgn [|(aw)™ — (uw)xw(aw)”H% = 0, as desired.

<= By hypothesis, there exists x € A such that

x = a(wx)?, ((aw)?)" (aw)?x = ((aw)?)"

a,
. 1
nh_r}r;H(uw) — awxw(aw)"||= = 0.

Leta; = (aw)?x and ay = a — (aw)?x. Then we check that

llagwas || = |[[a — (aw)

I
5
g
|
s
£
=
=)
=
g
<
k)

Hence

k

1 1 1 1
llazway|[% < |law][F]] (aw)* — (aw)xw(aw)*|[]|x]|'F.

Since klim || (aw)k — (aw)xw(aw)kH% = 0, we deduce that
—00
. 1
lim ||aywaq||* = 0.
k—o0
Thus, a,wa; = 0.

As in the proof of Theorem 2.2, we check that aja, = 0.
Let y = wxw. Then we verify that

mwy = (aw)?xwxwx = awa(wx)?wx = a(wx)?
= x = xwxw(aw)?x = xwxw(aw)?x = yway,
mwywa; = (aw)?xwxw(aw)?x = awa(wx)?>wawawx
= (awxw)(aw)?x = (aw)?x = ay,
ywaywy = a(wx)? = (aw)?®x(wx)? = awa(wx)?wx
= a(wx)® =y,

Hence (a1)%, = y. Similarly to ([2] Theorem 2.2), a; = a — (aw)?x € Az,nﬂ. Therefore x = ag, as
required. [

Corollary 3.2. Let A, W € C"*". Then the following are equivalent:

(1) A has weak W-group inverse. .
(2) Thereexistk € Nand X € C"*" suchthat X = A(WX)2, (AW)k = AWXWAF, ((AW)P)"(AW)2X =

(AW)P)" A.
Proof. This is clear by Theorem 3.3. O

We are ready to prove:

Theorem 3.3. Leta € A. Then a € A if and only if

(1) a € A%,
(2) There exists x € A such that

xA = a® A, ((aw)?)" (aw)?x = ((aw)?)"a,
lim || (@w)" = xw(aw)" | = 0.

In this case, 4& = x.
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Proof. = In view of Theorem 2.4, aw € A? and there exists unique x € A such that

x = a(wx)?, ((aw)?)"(a = ((aw )

: _ n+1 _
Jim [[(ax0)" ey

Hence, a € A%* by 3.1. Obviously, xw = (aw)®. In light of ([2] Theorem 3.4),

x = a(wx)? = aw(aw)®x = (aw)?(aw)?(aw)®x
[(aw)?)?(aw)? (aw)®x = a®*[w(aw)? (aw)®x].

One easily checks that
[|(aw)? — xw(aw) (aw)?|| =
= Il[(aw)" — xawo(aw)" ] (@) "+ |
1 1
< [law)" = (a1 (@)
= [[(aw)" — xw(aw)" | [u |7 || (aw)? ||
We infer that
lim ||(aw)? — xw(aw)(aw)d| |[" =0.

n—oo

Hence, (aw)? = xw(aw)(aw)?. Therefore x A = a®™ A, as required.
<= We directly check that

||awxw(aw)? — (aw)?||n
= ||awxw(aw)™ ((aw)?) 2 — aw(aw)" ((aw)?)"+2| |
||aw| 7 ||| (aw)" — xw(aw)™+ [7]||((aw)?)"+2||.

IN

Accordingly,
nlgn ||awxw(aw)? — (aw)d||% =0.

Therefore we have awxw(aw)? = (aw)?, and so 1 — awxw € ¢(aw)?. Since x A = (aw)? A, we see that
1 —awxw € £(x). Therefore x = awxwx = a(wx)?. In light of Theorem 2.2, 2 € A$. In this case,
a® = x,as asserted. [

Corollary 3.4. Let A,W € C"*". Then the following are equivalent:

(1) A has weak W-group inverse.
(2) There exist k € Nand X € C"*" such that

(AW)k = XWAKHL Im(X) = m(AD wy,
((AW)P)"(AW)2X = (AW)P)" A,

Proof. This is obvious by Theorem 3.3. O
We next investigate the polar-like property of generalized weighted group inverse.

Lemma 3.5. Leta € A®. Then

(1) a € A%,
(2) There exists an idempotent p € A such that

wa+p e AL ((”w)d)*ap = 0 and pwa = pwap € Aamil
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Proof. In view of Theorem 3.1, a € A4 Since a € RE, there exist z, y € Asuch that
a=z+yzy=ywz=0z€ A ye A
Set x = z* . The we check that
awx = (z+y)wzl, = zwzl,
(wawx)? = wzwzhwzwzt = wzwz¥ = wawx,
Let p = 1 — wzwz¥. Then p = 1 — wawx = p> € A. Furthermore, apw = a(l — wzwz¥)w =
(z+y)(1 — wzwz)w = yw + z(1 — wzwz!)w € A", and so pwa € A7 by Cline’s formula
(see ([7] Theorem 2.1)). Since pwa(1 — p) = (1 — wzwz*))w(z + y)wzwz¥, = (1 — wzwzt) ) wzwzwz#, =

wzwzwzlh — wzwzt wzwzwzt, = wzwzwz, — wzwzwzt = 0, we get pwa = pwap.

By Theorem 2.4, ((aw)?)"(aw)?a$ = ((aw)?)"a, and so ((aw)?) awawzf, = ((aw)?)"a. This
implies that ((aw)?)"a[1 — wzwzt)] = ((aw)?) a[l — w(z + y)wzt] = ((aw)?)"a[l — wawzt)] =0, i.e,,
((aw)?)"ap = 0. Obviously, wz + 1 — wzwz#, = (wzf, + 1 — wzwzf)~' € A7, Since y(wzf, +1 -
wzwz?) = y, we have y(wzf, + 1 — wzwzh)™! = y € Az,ml. It follows by ([7] Theorem 2.1) that
(wzf, +1 — wzwzth) Twy € A7 Hence 1 + (wzf, + 1 — wzwz#) 1wy € A~1. This implies that

wa+p = wz+wy+1-—wzwzh
= (wz+1—wzwzh)[1 + (wzh, + 1 — wzwzl,) 1wy]

e AL
This completes the proof. [

Lemma 3.6. Leta € Aand w € A~'. Then a € A% if and only if aw,wa € A*. In this case,
at, = (aw)*a(wa)*.

Proof. = This is clear by Lemma 2.1.
<= Let x = (aw)*a(wa)*. Then we directly check that x = a¥, as desired. [

Theorem 3.7. Leta € Aandw € A~L. Then a € A if and only if

1) a € A%,
(2) There exists an idempotent p € A such that

a+ w71P e A, ((aw)d)*ap = 0 and pwa = pwap € Al

Proof. = This is obvious by Lemma 3.5.
<= By hypothesis, there exists an idempotent p € A such that

wa+p e 'A_l/ ((aw)d) *ap = 0 and pwa = pwap € Aanil.

Set x = a(1—p)and y = ap. Then a = x +y. Since pwa = pwap € A", we have yw = apw €
A7l by ([7] Theorem 2.1). Hence, y € A'Zuml. We also see that pwa(1l — p) = 0, and then ywx =
apwa(l — p) = 0. Clearly, wx = wa(l —p) = u(l1—p). Letz = (1 —p)u~!. Then we check
that zwx = 1 — p; hence, z(wx)? = (1 - p)wx = (1 — p)wa(l —p) = wa(l —p) = wx. Since
a € Alap € A? and pwa(1 — p) = 0, it follows by ([17] Lemma 2.2) that wx = wa(l — p) €
A?. Therefore wx = z(wx)? = 2" (wx)"! = 2" ((wx)" — (wx)(wx)" wx + 2" (wx)? (wx)" 2 and
(wx)?(wx)? = (z(wx)?)wx(wx)? = 2" (wx)"+2(wx)?. Then

d| 1

n

|27 ((wx)" — (wx)d(wx)”ﬂ)xH%

1 1 1
|12 ] () = (w2) (w2) ™+ || 7] o]

[Jwx — (wx)?(wx)

IN
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Accordingly,

. _ 2 i _
lim [l — (wx)? (wx)| | = 0.

Therefore we have wx = (wx)?(wx)?. By using Cline’s formula (see ([7] Theorem 2.1)), we have

xw = w Hwx)w “(wx)?(wx)?w
= w 1wxwxw[( w)?)?xw
= xwxw|(xw)?)?xw
= (xw)?(xw)™.

Hence, x € A, Therefore
w*x*yw = [xw|*apw = ((xw)?)*((xw)?) apw = 0.

Since w € A~!, we have w* € A~!. Thus, x*y = 0. Thena = x + y is a generalized w-group
decomposition of a. In light of Theorem 2.2,a € Af. O

Corollary 3.8. Let A € C"*" and W € C"*" be invertible, with conjugate transpose  as the involution. Then
the following are equivalent:

(1) A has weak W-group inverse. .
(2) There exists an idempotent E € C"*" such that A + W™!E is invertible, ((AW)P)"AE =
0 and EWA = EWAE is nilpotent.

Proof. As is well known, every complex has Drazin inverse. This completes the proof by Theorem
37. O

Example 3.9. Let C2*2 be the Banach algebra of all 2 x 2 complex matrices, with transpose * as the involution.
Let A = ( 11, 8 ), W= ( (1) Oi ) € C?*2. Then the equations

AWXP = X, ((AW)"(AWPX)* = (AW)*(AW)2X
Tim [[(AW)" — XW(AW)" ||} =0

has two solutions

00

A + W™LE is invertible, ((AW)D ) “AE = 0, EWA = EWAE is nilpotent. In this case, the involution * is not
proper.

Then the solution of the preceding equations is not unique. Choose an idempotent E = ( 11 ) Then

4. Relations with Weighted g-Drazin Inverses

In this section we discuss the relations between generalized weighted group and weighted
g-Drazin inverses. We now derive

Theorem 4.1. Leta € A,w € A~L. Thena € A$ if and only if

1) a € A%w;
(2) There exists an idempotent g4 € A such that

1" A = g A and (aw)* (aw)q = q* (aw)*aw.
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In this case, a8 = a““wqw~'.
Proof. = By virtue of Theorem 3.1, a € A%®. Let g = awaSw. Since a® = a@wawa®. Then > = g,
ie., g € Aisanidempotent. We check that

2.®
agw.

(aw)* (aw)q = (aw)" (aw)
In view of Corollary 2.3, (aw)*(aw)q = [(aw)* (aw)q]* = g*(aw)*(aw). As in the proof of Theorem 3.3,
we have
a® = a%[w(aw)*(aw)®a®].

Then
g = awa@w = awa®* [w(aw)?(aw)®a]w.

Hence, gA C a%® A, In light of Theorem 3.3, a$ A = a%® A, Write %% = a®z for some z € A. Then
1% = a(wa®)?z = awa®waw(a®)?z = gaw(a®)?z. Hence a®“ A C gA. Therefore gA = a%"A, as
required.

<= By hypothesis, there exists an idempotent g € A such that a%* A = gA and (aw)*(aw)q =
7" (aw)*aw. Hence, g A = awa®“wA. Set x = a*“wqw~!. Then awxw = awa®“wq = q. We verify that

((aw)* (aw)*xw)* ((a0)* (aw)awxw)* = ((aw)*(aw)q)*
q* (aw)*(aw) = (aw)*(aw)q
= ((aw)* (aw))(awxw) = (aw)*(aw)

2xw.

Moreover, we have

1

a(wx)? = (awxw)x = gx = ga*wgw™! = s wqw ! = x.

We verify that

[[(aw)" — xw(aw)" ]

||[(aw)” _ ad,wwqad,ww(aw)n+2]

[xw((aw)*! — xwa®Pw(aw)"+2)]||

[[(aw0)" — (a®*w)>? (aw0) " 2| + ||xw]|||(aw)" ! — a®“w(aw)" ||
|[(aw0)" — (aw)? (aw)" ] + ||xw]|||(aw)" ! — a®“w(aw)" ||
(1+ [Jxwl||aw]|[)||(aw)" — (aw)? (aw)"+1]|.

([IVAN

Since aw — a®*Pw(aw)?* € A, we have

: _ dw LTI
lim [[(a0 - a*wo(aw)?)" || = 0.

Therefore
1
i [[(aw0)" — (a0) )" = .

In view of Corollary 2.3, a € AZ. In this case, a® = a%“wqw~!. O
Corollary 4.2. Leta € A, w € A™L. Then a € Ag if and only if

(1) a € A%,
(2) There exists a unique idempotent g4 € A such that

1" A = g A and (aw)* (aw)q = q* (aw)*aw.


https://doi.org/10.20944/preprints202406.1867.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 June 2024 d0i:10.20944/preprints202406.1867.v1

14 0f 18

Proof. = By hypothesis, there exists an idempotent g € A such that
1" A = g A and (aw)* (aw)q = q* (aw)*aw.
In this case, g = awa$w. In view of Theorem 2.4, g € A is unique.
<= This is obvious by Theorem 4.1. [
Corollary 4.3. Leta € A,w € A~ Then a € Ag if and only if

(1) a € A%,
(2) There exists an idempotent g € A such that

£(a®®) = ¢(q) and (aw)*(aw)q = q* (aw)*aw.

In this case, a¥ = a*“wquw!.

Proof. == In view of Theorem 4.1, a € A% and there exists an idempotent g € A such that
1" A = g A and (aw)* (aw)q = q* (aw)* aw.

We infer that £(a%*) = {(q), as desired.

<= By hypothesis, there exists an idempotent g € A such that £(a%®) = ¢(q) and (aw)*(aw)q =
7*(aw)*aw. Clearly, 1 — awa®“w € £(a%*) C £(q); hence, g = awa®“wyq. This implies that g.A C a®¥ A.
Also we have 1 — g € £(g) C £(a%"), and then a* = qa%®. We infer that 2% A C q.A. Therefore
adw A = gA. In light of Theorem 4.1, 2 € A In this case, a4 = ad'wwqwfl. O

We are ready to prove:
Theorem 4.4. Leta € A. Then a € A if and only if

1) a € A%Y;
(2) There exists some x € A such that (a%®)*a%®x = (a%®)*a.

In this case, a2 = ((aw)*)*ax.

Proof. = By virtue of Theorem 2.4, a € A%" and there exists z € A such that

1

z = a(wz)?, ((aw)?)" (aw)?z = ((aw)?)"a,
: n__ n+ly|; —
i [[(aw0)” — zwo(aw) [ = o
Here, z = a%. Let y = (aw)z. Obviously, z = (aw)z(wz) = (aw)?z(wz)? = (aw)*2z(wz)* 2. Then
we verify that

))
aw)")* (aw) (aw)*z||

) (aw) (aw)*[(aw) 2z (wz)*2]]]

(aw)?)*(aw) (aw)* 1 (zw)* 22|

Il
o —~ —~
— T~~~

X
S
T — — —
vv&vv
*
~ NN XX
|
o~~~
N NS TS
X
S

—~
—
x
g
~—
=
~—
*
—
X[
g
~—
=
—
I
g
~—
—~
+
—
—~
N
g
~—
T
N
N

IA I

Since klim || (aw)k — (aw)d(aw)kHH% = 0, we derive that
— 0

i [[((a))a — (@) (aw)y ||} = 0.
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Hence ((aw)?)* (aw)?y = ((aw)?)*a.

Set x = waw(aw)%y. Since a®® = [(aw)?]2a, we see that

(ad,w ) *ad,wx

as required.
<= By hypothesis, (a»¥)*a%®x = (a®¥)*q. for some x € A. Setz = (aw)?ax. Then ((aw)*)* (aw)’z =
((aw)?)*a. We verify that

aw)?)*a]w(aw)?
N (aw)4z)w(aw)
w)?)* (aw)?zw(aw)?.

[aw (aw)]*aw (aw)? (aw)*
d

1
i

E\\/
S

dzw(aw)?. Let y = ((aw)?)3z. Then we verify

Since the involution * is proper, we get aw(aw)? = (aw)
that

a(wy)?

((aw)?)" (aw)?y

Moreover, we see that

[|(a Zv)” — yw(aw)" ||
= |l[(aw)" — (aw)* (aw)"*1] + [(aw)?(aw)™*" — ye(aw)"1]]|
< |l(a ZU)”—(aW)d(W)”“Il+||(aw)”l(W)”+1 ((aw)?)>zw(aw)" ||
< l(aw)" — (aw) (aw)" | + [ ((aw)?)3zw[1 — (aw)?(aw)] (aw)" ||
+ |l(aw) (aw)" — ((aw)®)3zw(aw)? (aw) 2|
< l(a )>zo]|

w)" — (aw )d(aW)”HII +[[(aw)?
|(aw)" — (aw) (ﬂw)"“IIIl(W)"“II
II(aZU)d(aZU)’1+1 (aw)")?[(aw) zw(aw)"] (aw)" 2|

||(aw)" — (aw) (aw)" || + || (aw)?) ZWI||| (aw)" — (aw) (aw)" ]|
II(aZU)”“IIJrII(aW) (aw)"™! — ((aw)?)?aw(aw) (aw)"+2|]

1+ [I(aw)®)>zw][][ (aw)" ]| |(aw)" — (aw)? (aw)™+]].

IN +

Since lim || (aw)" — (aw)d(aw)”HH% = 0, we deduce that
n—oo
. n__ n+1 % —
tim (o) = yo(awo) |+ =0

In light of Theorem 2.4, a € A$. In this case, a8 = y = ((aw)?)3z = ((aw)?)?(aw)?ax = ((aw)?)*ax.
This completes the proof. [
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Recall that 2 € R has weak w-group inverse provide that there exist x € R and n € N such that
_ 2 n)* 2. _ n\* n __ n+1
x = a(wx)?, ((aw)")" (aw)*x = ((aw)") a, (aw)" = xw(aw)" .
If x exists, it is unique, and we denote it by ag.

Lemmad.5. Leta € A,w € A~L. Thena € R ifand only ifa € RP% N\ RE. In this case, af) = a$.

Proof. == Obviously, a € RY. We easily check that aw € R}. Then a € RP*® by ([19] Proposition 3.4).
<+ Let x = a®. Then there exist x € R and m € N such that

x = a(wx)?, [(aw)* (aw)?xw]* = (aw)* (aw)?xw,
Tim [](aw)" — xw(aw)" ||+ = 0.

Since a € RP%, we can find some y € R such that
yw(aw) ! = (aw), ywawy = y, awy = ywa
for some k € N. Set z = (aw)*y(wx)¥. Then we verify that

awz = ((aw)* yw(xw)1x = (aw)* (xw)Txw
(aw)(xw)*1x = (aw)?xwx.

Claim 1. z = a(wz)?.

a(wz)? = aw(aw)* k k

y(wx) w(aw)"y(wx)

I
T~ N N
AN
g
~— — — ~—
>
—~
=
g
~—
S
—~
AN
g
~—
=~
<
—~
g
=
—

Claim 2. [(aw)*(aw)?zw]* = (aw)* (aw)?zw.

(aw)* (aw)’zw = (aw)*(aw)(awz)w = (aw)* (aw)(aw)>xwxw

= (aw)*(aw)?a(wx)’w = (aw)* (aw)?xw;

2 2

hence, [(aw)*(aw)*zw]* = (aw)* (aw)*zw.
Claim 3. (aw)* = (zw) (aw)F*1.

Since (aw)(yw) = (yw)(aw), we see that

(zw) (aw)k—i-n—&-l _ (aw)ky(wx)kw] (aw)k+n+1
yw) (xw)k(aw)k+n+1
)

k(xw)k] (aw)k+n+1

) xw)] (aw)k+n+1

(xw) (aw)k—i-n—H
aw)k(xw)k+1] (aw)k+n+1
+1] (xw)kH (aw)kJr”H

xw)k+1(aw)k+"+1
k

Hence, we deduce that

(aw)* — (zw) (aw)*! = (aw)*" (yw)" — (zw) (aw) ™+ (yw)"
= [(aw)™" — xw(aw) "+ (yw)".
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Then
[|(aw)* — (zw) (aw) || < ||(aw)*" — xw(aw) || [yw] |
1

Since lim ||(aw)" — xw(aw)*+"*1||# = 0, we see that
n—00
. k k+1) L
lim [[(aw)" — (zw) (aw)*[[7 = 0.

Hence, (aw)¥ = (zw) (aw)*+1. Thereforea € RY. O

Theorem 4.6. Let a € A. Then a € AY if and only if

1) a € AP©;
(2) There exists some x € A such that (aP®)*aP®x = (aP®)*a.

In this case, a3 = ((aw)P)*ax.
Proof. This is an immediate consequence of Theorem 4.4 and Lemma 4.5. [J

Corollary 4.7. Let A,W € C"™", with conjugate transpose * as the involution. Then the following are
equivalent:

(1) A has weak W-group inverse.
(2) There exists some X € C"*" such that (APW)*APWX = (APW)*A,

In this case, A}y = ((AW)P)*AX.

Proof. This is an immediate consequence of Theorem 4.6. [
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