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Abstract: A two scalar field model that incorporates non Riemannian Measures of integration or usually called
Two Measures Theory (TMT) is introduced, in order to unify the early and present universe. In the Einstein
frame, a K-essence is generated and as a consequence for the early universe, we can have an Inflation for the
very early universe and then, after inflation, an early dark energy period and a late dark energy period for the
present universe dark, both dark energy epochs have a consistent generation of dark energy (DE), dark matter
(DM) and stiff matter. This is obtained when the scale invariance is introduced and then is spontaneously broken
from the integration of the degrees of freedom associated with the modified measures. The resulting effective
potentials and K-essence in the Einstein frame produce the three flat regions corresponding to the different epochs
mentioned before. For the first flat region, we can associate an inflationary universe. Also assuming this first
plateau, we study the inflation in the framework of the slow-roll approximation. In this scenario under the
slow roll approximation, we obtain a linear combination that is a constant. The corresponding cosmological
perturbations in our model are determined and we also obtain the different constraints on the parameter-space
from the Planck data.
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1. Introduction

In the most popular paradigm for the early universe, it is postulated that the universe suffers
a period of exponential expansion called “inflation” introduced by Guth [1] , Starobinsky [2] and
others (cf. the books [3,4] and references therein). However after the discovery of the late universe
the accelerating universe [7,8], we also find there a period that some common features with the
inflationary period, although the relevant scales are very different.

In this framework, the late universe “standard cosmological” description for the late universe, is
now the ACDM model [9]. This model incorporates a cosmological constant and a Dark Matter (DM)
consisting of pressure-less dust and ordinary visible matter (which is also dust) and in this scenario
the universe being now dominated by the Cosmological Constant A or Dark Energy (DE). The ACDM
model is now being challenged by the discovery of some observational tensions, the Hy and the o3
tensions [10,11].

In the inflationary period also primordial density perturbations are generated (Ref.[4] and ref-
erences therein). The “inflation” is followed by particle creation, where the observed matter and
radiation were generated [3], and finally the evolution arrives to a present phase of slowly acceler-
ating universe [7,8]. In this standard model, however, at least three fundamental questions remain
unanswered:

¢ The inflationary epoch, although solving many cosmological puzzles, like the horizon, flatness
problems etc. and also providing a mechanism for primordial density perturbations, cannot
address the initial singularity problem;

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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¢ In this model there is no reason for the existence of two (or more, like three if we want to incor-
porate early dark energy and late dark energy, in addition to inflation) scenarios of exponential
expansion with such wildly different scales the inflationary epoch and the current era of slowly
accelerated expansion of the universe.

* There is no explanation for the existence of the Dark Matter, that represents an invisible part and
most of the dust in the universe that must be different from the baryonic matter, the visible part
of the dust component of our universe.

The best known mechanism for producing a phase of accelerated expansion is from some vacuum
energy or a cosmological constant. In the framework of a standard scalar field theory, vacuum energy
density arises when the scalar field acquires an effective potential Ueg which has flat plateaus so that
the field (inflaton) can “slowly roll” [12,13] and its kinetic energy can be disregarded with which the
energy-momentum tensor Ty, >~ —gyvUef, a contribution that mimics that of a cosmological constant.
We will make use of this mechanism to explain the accelerated expansion of the universe associated to
the inflation phase of the universe. In the late phases of the universe we will also find a contribution
from an effective scalar field potential, but there will be also a contribution to the DE from a K-essence
background configuration that also gives rise to a contribution that satisfies the equation of state
p = —p. < guv One aspect that we have not studied more in this paper is the possibility of an emergent
period or emergent universe was proposed in Refs.[5,6] In [58] in the same flat region used for the
inflation, the emergent universe can also take place and the effective potential contribution also can
combine with the K-essence to produce an equation of state p = —p/3 which produces no acceleration
and in particular a static Einstein universe, which is stable for a range of parameters, unlike the original
Einstein universe. Therefore the interplay of an effective potential and K-essence will be crucial for
many effects studied in this paper along many continuously connected phases of the universe.

In the present paper we will not use one of the three flat regions for obtaining an emergent phase,
because we emphasize on inflation, Early DE and late DE, and to obtain the best results in this respect,
we have to identify the region that must be used for inflation different to what we did in [58] , which
leads to a clean evolution after the slow role inflation to the Early DE, an effect not studied and not
obviously possible here now, given the choices made here are different to those in [58], for this reason,
the study of a possible emergent phase is not studied here.

The connection between the inflationary epoch to a slowly accelerating universe through the
evolution of a single scalar field denominated “the quintessential inflation scenario” has been first
analyzed in Ref.[14]. Besides, a quintessential inflation mechanism developed on the K-essence model,
was studied in Ref.[15]. Also quintessential inflation founded on the “variable gravity” model was
developed in Ref.[16] and for another list of references, see Ref.[17]. Additionally other approaches
founded on the so called & attractors, which utilizes non canonical kinetic terms have been analyzed in
Ref.[18]. Also a quintessential inflation developed on a Lorentzian slow- roll approximation which
automatically gives two flat regions was studied in [19]. In addition, the F(R) models can connect
both periods an early time inflationary era and a late time de Sitter epoch from different values of
effective vacuum energies, see Ref.[20]. For a review of f(R) model and another modified gravity, see
Refs.[21,22].

The framework for this research is the use of the metric independent non Riemannian measures for
the construction of modified gravity theories Refs.[23]-[25] (see also Refs.[26]-[29]), in some instances
we have included the standard measure as well, where the standard Riemannian integration measure
might also contain a Weyl-scale symmetry preserving R2-term [25]. Some applications have been, (i)
D = 4-dimensional models of gravity and matter fields containing the new measure of integration
appear to be promising candidates for resolution of the dark energy and dark matter problems,
the fifth force problem, and a natural mechanism for spontaneous breakdown of global Weyl-scale
symmetry [23]-[29], (ii) To study of reparametrization invariant theories of extended objects (strings and
branes) based on employing of a modified non-Riemannian world-sheet/world-volume integration
measure [30,31], leads to dynamically induced variable string/brane tension and to string models of
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non-abelian confinement, interesting consequences from the modified measures spectrum [32], and
construction of new braneworld scenarios [33], (iii) To study in Ref.[34] of modified supergravity
models with an alternative non-Riemannian volume form on the space-time manifold .

Directly connected to the present research are our papers [35] where we have studied a unified
scenario where both an inflation and a slowly accelerated phase for the universe can appear nat-
urally from the existence of two flat regions in the effective scalar field potential which we derive
systematically from a Lagrangian action principle. Namely, we started with a new kind of globally
Weyl-scale invariant gravity-matter action within the first-order (Palatini) approach formulated in
terms of two different non-Riemannian volume forms (integration measures) [36]. Also we have stud-
ied the reheating scenario in this theory assuming the curvaton field in order to decay to the hot big
bang model[37,38]. In this new theory there is a single scalar field with kinetic terms coupled to both
non-Riemannian measures, and in addition to the scalar curvature term R also an R? term is included
(which is similarly allowed by global Weyl-scale invariance). Scale invariance is spontaneously broken
upon solving part of the corresponding equations of motion due to the appearance of two arbitrary
dimensionfull integration constants. Furthermore, in a subsequent paper we generalized this to a
two-field case[39] where three flat regions appear, one for inflation and the remaining two for early DE
and a late DE phase. In order to describe the early DE and DM, we have introduced a matter action
defined as a scale invariant form, which is independent of the scalar fields.

In this paper we will add a new aspect, that is, without introducing any new additional matter
action, therefore not introducing the DM separately, as compared to [39], we consider instead more
generic scale invariant couplings, like involving R? and others, and we produce as a result a theory
that is also able to provide a non singular emergent phase for the universe where the effective potential
contribution combines with the K-essence to produce a p = —p/3 equation of state which produces
no acceleration and in particular a static Einstein Universe, which is stable for a range of parameters,
unlike the original Einstein universe. This emergent phase is then followed by the inflationary phase as
well as, in addition after the emergent and inflation eras we have a second flat region that provide an
explanation for the DE and DM of the late universe. This is a consequence of the K-essence produced
by the additional kinetic terms and R square terms introduced into the action. In this context, we have a
contribution to the DE that comes from an effective scalar field potential and also there is a contribution
to the DE from a K-essence background configuration. Additionally, we have a DM component and an
additional stiff matter component which originate from the perturbation of the background K-essence
configuration. Here we obtain a consistency condition that correlates the perturbations of the two
fields in the late universe. Also, the different constraints from each phase are shown to be consistent
with the constraints on the same parameters from the other phases.

The plan of the present article is as follows. In the next Section we discussion the general
formalism for the new class of gravity-matter considering two independent non Riemannian volume
forms. In Section 4.1 we analyze the three flat regions from the effective scalar potential in the Einstein
framework.

In Section 5.1 we describe the inflationary epoch. Here we analyze the slow-roll approximation
during the background scenario and also we determine the perturbations cosmological. In this context
we find the constraints of the different parameters from the Planck data. In Section 5.3, we analyze how
our model of K-essence can describe the late universe. From the second flat plateau we find different
components assuming the perturbations K-essence background configuration. Also we determine the
equation of state associated to the dark sector together with the derivative of this parameter. Similar
analysis is done for the third plateau. The second and third plateaus are good candidates for the early
and late dark energies. In Section 6 we end up with a discussion section concerning generalizations of
the model, additional mechanisms for inducing DE and the role of the third flat region and its possible
relation to early and late DE. For simplicity we will consider units where the Newton constant is taken
as GNewton = 1/1671.
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2. Modified Theory: Two Independent Non-Riemannian Volume-Forms

We shall consider the action of the general form involving two independent alternative integration
measure densities generalizing the model studied in Ref.[36] with which we have

S = /d4x<1>1(A)[R+L(1)] +/d4xd>2(B)[L(2) +eR? + 3(_%)} , (1)

where the following definitions are utilized:

e The functions ®1(A) and ®,(B) are two densities and these are independent non-metric volume-
forms given in terms of the curl of the anti-symmetric 3-index tensor gauge fields defined
as

O (A) = ~a A and @y(B) = 2y, B . )
31 Y &4 2 31 1Pt

* The quantity R = g""R,,,(T') corresponds to the scalar curvature and R, (I') denotes the Ricci
tensor and these are defined in the first-order (Palatini) formalism, in which the affine connection
Fﬁ is a priori independent of the metric g,

e The two Lagrangians L(12) use two scalar matter fields ¢, and ¢, and these Lagrangians are
defined as

1 1
LW = 28", p19up1 — 58" 9ug20vp2 = V (91, 92), 3)
by _ by _
L@ = —Ele M9V YL 10,1 — Eze 292019, 23y 92 + U (@1, 92), (4)

where the potentials V(¢1, ¢2) and U(¢1, ¢2) are given by
V(g1 92) = fiexp{—m¢1} + g1exp{—az9}, and U(p1, 92) = faexp{—2a191} + g2 exp{ 20202} ®)

Here the quantities a1, a9, f1, 81, f2,€ and gy are positive parameters, whereas b; and b, are
dimensionless and their ranges are to be determined. Here a; and a have dimensions of Mljll,
instead the quantities fi, f», 1 and g» have units of M},. Also, the parameter € has units of M;lz.

e The function ®(H) corresponds to the dual field strength of a third auxiliary 3-index antisym-
metric tensor defined as

1
O(H) = gsydaqui . ©6)

We note that the action given by Eq.(1) is invariant under the global scale transformations, such
that

1 1
v = Ao, Ty =T, g01—>g01+071n/\ ,<p2—>gog+a—ln)\
1 2

2
A,uun — >\A,uw-c ) B[}.I./K, — A B;Lwc ) H,uyn - H}Ll/l{ .

(7)

The variation of the action (1) w.r.t. affine connection 1"5{ and following Ref.[23], we find that its

_ N 1 _ = ~
solution l"fjl becomes a Levi-Civita connection Lvx = I'pA(9) = 59" (OuGrk + OnGur — OxGun) , where

the Weyl-rescaled metric Suv results

_ D, (A) D, (B)
= +2ex2R , Where = , and = . (8)
Sw = (x1 X2R)guv X1 N X2 Ve
Besides, the variation of the action (1) w.r.t. auxiliary tensors Ay, By and Hyp gives
(H) D,(B)
M = 2 2, TV 2 =
ou[R+LV][ =0 , 3,[L@ +er +¢jg} 0, ay(\/jg) 0, 9)

do0i:10.20944/preprints202406.1473.v1
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and the solutions can be written as

D,(B) P(H)
v—E v—8
Here the quantities M; and M are arbitrary dimension full and the parameter x, denotes an arbitrary
dimensionless integration constant. We mention that the parameter x» in (10) preserves global scale
invariance (7) and the second and third integration constants M;, M, implies breakdown of global

scale invariance under Eq.(7).
Additionally, the variation of the action (1) w.r.t. ¢,y and assuming relations (10) we have

=xpy =const , R+ LW = —Mj = const , L® 4+ eR?+ = —Mp =const. (10)

1 1
X1 [Rpw =+ i (gva(l) - T;S}))} - EXZ |:T;,(112/) + gyv (GRZ + MZ) —2R Ryv:| =0 s (11)
in which T,S},’z) (¢1,92) = T,S,l,’2) are the energy-momentum tensors defined as

1,2 9
Tp(u/ ) _ ng(Lz) _zagWL(LZ) . (12)

By using the trace of Eq.(11) and considering again second relation (10) we obtain

T /4 4+ M,
= 1
X1 =2Xa 7y - T2 M, (13)
in which the trace T(12) = g TP(l}/l2)'
By considering Eqgs.(10) and (11) we find the Einstein-like form:
Ry — %gwR = %gw (LD + M) + %(Tﬁ) — gwl®) + 27‘721 [T+ g (M2 +€(L D + My)?) ] (14)
where the function () is given by
—1_X 1)
X 2¢ (LW + ) . (15)
From Egs.(8), (10) and (15), the relation between g, and g,y can be written as
Suwv = X18uv - (16)
Thus, the Eq.(14) for the rescaled metric g, (16), i.e., the Einstein-frame becomes
N Ny pu
RI/’V(g) - Eglﬂ/R(g) = ETyw 17)
where the effective energy-momentum tensor in the Einstein-frame becomes
off _ 9
T;u/ = 8;41/Leff - zag_WLeff/ (18)
in which the effective Einstein-frame scalar fields Lagrangian associated to ¢; and ¢, yields
1
Let(g1, 92) = —{ LU + My + 22[L@ 4+ My + (LD + My )?) } . (19)
X1 X1

For the Lagrangian L in terms of the Einstein-frame metric g, (16), we can use the short-hand
notation for the scalar kinetic terms X; and X5 such that

1 1
X; = —Eg?“’ay%avq)l, and Xp = —ngaﬂ(l’zav(l’b (20)
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(12)

and then the two Lagrangians L'*~~) can be written as

LY =1 [X1+X) =V, L@ =y [h1e™ 91X + be 292 X,] + U, (21)

with V and U given by Eq.(5).
By considering Eqs.(13) and (15), taking into account (3), we have

_ —X1 91 —a2¢2
1 (V- M) [1—X2[<W—2e>x1+(l’26—Ze)XzH. (22)
XL 2x, [U+Mz+e(VfM1)2] V=M V=M

Replacing expression (22) into (19), we obtain at the explicit form for the Einstein-frame scalar La-
grangian given by

Let = A1 (91, 92) X1 + A2(91, 92) Xa + Bi(1, 92) X7 + B2(91,92) X3 + Bia (91, 92) X1 Xa — Uest (91, 91) , (23)
where the functions A (¢1, ¢2) and Ay (@1, ¢2) are defined as

V=M =1+

1
Ar(prg2) = 14 [Fhie 7 —e(V — My)| U+ M +e(V-M)?

fle*"q?l +glg*"‘2¢2 — ]\/I1
2672591 + gre2%92 + My + e(fre 741 4 gre %292 — My)2

[%ble*ﬂifh — e(flg*altﬂl +gre 272 — Ml)] (24)

and
V- M
u+ M, +€(V— Ml)z
fle*“1¢1 +g1e7 92 — M,
f2e72601 4 goe 72492 + My + €( fre 91 + gre %292 — My )2’

1
Az(q)l,(pz) =1+ [Ebze*"‘z?z —e(V — Ml)]

14+ [%bze—“zlﬂz —e(fre™ 0 + gre 292 — Ml)} (25)

Besides, the coefficient B (¢4, ¢2) is given by

e [u + M+ (V — Ml)ble—*wl} — 1p2e~2n
U+ M, +e(V—M)?
€ ]“2(:‘720“”1 +g2€72“¢2 + My + (f1€7'x4)1 + g1eia24)2 — M1)b1€7“14)1} — }Ib%eizal(’m

fze_z"‘l(Pl +g23—2a2¢2 + My + e(fle—ﬂll(m + goe %292 — Ml)z

Bi(¢1,92) = x2

= X2 ’ (26)

and for the coefficient B, (¢1, ¢2) we have

e[U+ Mo+ (V = My)bpe292 | — JpZe=2002
U+ My +e(V —M;)?

| foe 201 + g0 202 4 My + (fre ™91 + g1e 70292 — My )bpe =292 | — Jpe 2202
foe 7201 4 gre20202 + M, + e(fre M1 4 gre %292 — My)?

By(¢1,92) = X2

= X2 ’ (27)

and the function By, (¢1, ¢2) we have
Bia (91, 92) = x2Eo { — Eybpe™ 292 — Epbre 191 + 2EgE1 Ex[(Ma + U) +
e(My — V)] +2€[(1/Eo) — (E1 + B2) (My = V)], (28)

and the quantities Ey, E; and E; are given by

_ (V—-M)
2X2[U+M2 +€(V— My

bie 11
V- M

Eo

—K2¢2
— 26‘], and E; = x» {bze e]

ik El:’”[ vl
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The effective scalar field potential as a function of the scalar fields becomes
Uett(p1, 92) = (V= M)* =
4x> [U +M; +€e(V— Ml)z]
(fie™™191 + gre~"292 — My)? , (29)

4)(2 [fzefZM(Pl + gzefﬂézfpz + M2 + G(flefo‘l‘Pl + 81(37“2(?2 o M1)2}
in which we have considered for V and U, the expressions given by Eq.(5).

3. Three flat regions from the Effective Scalar Potential

The crucial feature of U (@1, ¢2) is the presence of three infinitely large flat regions. In this
sense, we have one for large positive values of the scalar fields ¢; and ¢, and two others for the limits
@1 —> —00 and ¢y — —00.

In the first flat region for large positive ¢; and also ¢, we find that the effective potential reduces

to
M2/ M,
Uegs(@1, 92) = Uege(+00, +00) = Upgr( ) = : : 30
eff(q)l (Pz) eff( 0 Oo) eff(+) 4X2(1+€M%/M2) ( )
and the kinetic coefficients are
M, M,
A1(@1, ¢2) = Aa(@1, 92) 2 Ay = ———— , Bi(e,¢2) = Ba(@1,¢2) 2B ) = €xa——5,
1(p1, 92) = A2(p1, 92) ~ Ay M; + M2 1(¢1, 92) = B2(91, 92) ~ By X3+ el
31)
and for this limit we find that the coefficient B, (1, ¢2) becomes
Buo(@1, @2) = Bia(-+00, +00) = Bpy( ) = 2exa—12__ — 2B (32)
12(@1, ¢2) = B2 , =D+) = X2M2+€M{_ —4£P(+)

For large negative values of ¢1, which we will choose to describe the very early phase of the
universe, meaning the emergent phase and inflation we have for the effective potential and the
coefficient functions in the Einstein-frame scalar Lagrangian (23)-(29):

fi/f2

U, , ~ Uy (—o0, =Uysr=——"—""—, 33
eff (@1, @2) = Uer(—00, 2) = Uesy al+ e h) (33)
B 1+ iuAp N oo U/ —e(L+bifi/fo)

A1(¢1/¢2)—A1(*°°/¢2)—A1—W + Bi(91,92) = Bi(—0,¢2) = B1 = —x2 e/ he N E)
For the terms A, and B, in the limit in which ¢; — —oco we have

As(p1, 92) ~ Ag(—00,@2) = Ay = —~and Ba(py, pa) ~ By(—oco, @p) = By — — K26

2091, ¢92) = A2 , P2) = 2_1+€f12/f2’ 2(P1, P2) = D2 ,P2) = 2_1+€f12/f2'

(35)

For the coefficient Bz (¢1, ¢2) in the limit in which the scalar field ¢; — —oo becomes
- - - 2¢ - - -
Bi2(@1, 92) = Bio(—00, ¢2) = B1a = x2Eo [ — Eoby + Eoby + o eEoff +2efi(E1 + Ez)}/ (36)

where f b
EO = 71, El = X2 |:1 — 2€:|, and Ez = —2X2€.
2xalf2 +eff] f
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For the third flat region we will consider that the scalar field ¢, — —oo such that the effective
potential in the second flat region is given by

2
81/&2
U, , ~ U, ,—00) = Uygy = , 37
eff((/)l (PZ) eff((Pl ) effg 4)(2(1 T eg%/gz) (37)
and the kinetic coefficients A, and B, in the limit in which ¢, — —oo result
1—|—1b2 1/ b2/4¢r —e(1+bygy/
A2((p1, fOO) = AZg = #, Bz(?l, *OO) = Bzg = — 2 82 ( > 281 g2) ’ (38)
1+€eg2/% 1+eg7/82
and the terms A; and Bj in this limit result
1 X2€
A1(p1, 92) = Ar(1, —0) = Arg = Bi1(@1, ¢2) = Bi(¢p1, —0) = By (39)

Ltest/s T ltest/s

For the coefficient B1,(¢1, ¢2) in the limit in which the scalar field ¢, — —oco we have

- - - 2¢e - - -
B12(91, 92) =~ Bia(@1, —0) = Biog = x2E3 [ — Exby + E3go + s +€E3g} +2eg1 (Ey + Ez)} , (40)

where )
~ 81 7~ 2
Ez3=—°"———, and E4 :)(2[ —2(—:}
2x2[82 + €gf] 81
The important feature of the effective potential U given by Eq.(29) is the presence of three
infinitely large flat regions for large positive values of the fields ¢; and ¢;. In the following we will
consider that the first flat region corresponds for large positive values of ¢; and ¢,. Thus, we have for
the effective potential is reduced to

Uesi (91, 92) = Uegr(+00, +00) = Ueg(4) = 4;(2(1]\1%!1\]\/1?/M2) ~ (41)
For the second flat region we consider the situation in which we only have large negative ¢y:
2
Uett (91, 2) = Ueg(—00, @2) = Uegt = ‘M : (42)
In the third flat region in which we only have large negative @,:
Ueii (91, 92) = Uest(@1, —00) = Uefrg = $1/8: : (43)
' ' 4x2(1+esi/g2)

The different flat regions given by these limits, correspond to the evolution of the early inflationary
universe described by the region (41) and the late dark energies given by the regions (42) and (43),
respectively. Thus, from the scaling of energy densities, we can consider that the ratio of the coupling
constants satisfies

M N i nd fi - s
My(1+eM?/My) ~ f(l+ef2/fr) L +efi/fr) = g(1+€g3/82)

(44)

On the other hand, to study the evolution of the universe from of the inflationary scenario to
dark epochs, we consider that the standard Friedman-Lemaitre-Robertson-Walker space-time metric is
given by

dr?
1—Kr?

ds*> = —df* + a*(t) { + r2(d? + sin? d¢2)} , (45)
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where a(t) denotes the scale factor and K corresponds to the space curvature.
By assuming that the matter is described by a perfect fluid with an energy density and pressure p
and p, we have that the associated Friedmann equations are

i 1 , K 1 _
_ = — — —_— = = - 4
. 3 (p+3p), H + 2= o and p+3H(p+p) =0, (46)

where H = % is the Hubble parameter. Also, here the energy density and pressure associated to the
scalar fields ¢1 = ¢1(t) and @2 = ¢ (t) are defined as

0 = A1(g1,92)X1 + Ax (91, 92) X2 + 3B1 (91, 92) X3 + 3Bo (91, 92) X3 + 3B12(91, 92) X1 Xo + Uest (91, 92) . (47)

and

p = A1(1, 92)X1 + Ao (@1, 92)Xa + B1 (@1, 92) X3 + Ba(1, 92) X3 + B1o (91, 92) X1 X2 — Uert (91, 92) . (48)

Henceforth the dots indicate derivatives with respect to the time t and we have assumed that the
scalar fields are homogeneous.

In the following chapter, we will analyze the unification of the inflation and the dark sectors in
the special case in which we have a canonical form for the fields ¢; and ¢, in the Einstein frame, and
this is achieved by considering that the parameters €, b; and pterb, take the values € = 0, b; = 0 and
by = 0.

4. Evolution of the Universe in the Situation in Which € = 0, b; = 0 and b, = 0 and Spontaneous
Scale Symmetry Breaking

4.1. Flat Regions of the Effective Scalar Potential

In this section we will analyze the specific situation in which the parameters € = 0, b; = 0 and
by = 0. In this sense, the theory is reduced to a canonical form for the two fields i.e., without k-essence
terms in the Einstein frame.

From the effective potential Uy (see eq.(29)) we have three infinitely large flat regions for large
values of the fields ¢; and ¢».

The inflationary epoch is realized for large positive values of ¢ and ¢, and it corresponds to the
first flat region. In this context, we have that the effective potential in the case in which € = 0 reduces
to

MZ
Ueii (91, 92) = U(g, 5 too,pys400) = U(14) = s ]1\42 : (49)

For the second flat region we can consider the situation in which we only have large negative ¢4

2
Ueti (91, 92) = Uy, o) = 4){21f2 : (50)

In the other flat region in which we only have large negative ¢,

g .
4x2 &

2
1

ueff((Pll (PZ) st u(¢2~>7m) (51)

In Figure 1 we show a qualitative example for the effective potential in which is possible to
appreciate the three flat regions.
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Figure 1. The effective potential with three flat regions. One flat region refers to the inflationary phase
and the other region refers to dark energy. The third could be another early dark energy phase.Here we
have used a positive value for M.

The flat regions described by the potentials given by Egs.(49), (50) and (51) are responsible of
the evolution of the inflationary era and the early and late dark epochs, respectively. In order to
archive this history of the universe, we choose the ratio of the coupling constants in the original scalar
potentials versus the ratio of the scale-symmetry breaking integration constants to satisfy

M ff &
— > = and = > =5, 52
M, ™ f o 2)

which makes the first flat region associated to the inflationary universe U, , ) much bigger than that
of the early and late dark eras.

We note that using the tensor to scalar ratio r together with the scalar power spectrum Ps, we
have that the first flat region associated to the effective potential U, ) is approximately [44]

Uq) ~ Mi/xaMp ~ 672 rPs ~107% (53)

in units of M%l. Let us recall that, since we are considering units in which the constant Gnewton =
1/167, then in the present case the Planck mass Mp; = v/1/87Gnewton = V2.

For the situation in which the parameters € = 0 and b; = by = 0, the total energy density and
pressure of the scalar fields ¢; = ¢1(t) and @2 = @2(t), are reduced to

1.2 1.2
p=5 01 +5 9 +lei(91,92), (54)
1.2 1.2
p=5 %1 +5 92 —Ue(91,92), (55)
in which the effective potential is

(f167“1¢1 +g167“2(l’2 — Ml)z
4xo [f2672a14)1 + g2672a2(p2 + Mz]

Uest (@1, 92) = (56)

Besides, the scalar equations of motion for the scalar field ¢ and ¢;, can be written as

$1 43H @1 +0Uyg/99 =0, (57)
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and
@y +3H ¢y +0Ugg/9¢p = 0. (58)

In order to analyze the unification from inflation to the dark sector, we have that in the early epoch the
potential begins at U, and finishes at the lower value of the late dark energy.

4.2. Inflation: Slow Roll approximation and Perturbations

In this section we will study the dynamics and the cosmological perturbations during the infla-
tionary scenario associated to the first flat region in which the effective potential is given by U, ), see
Eq.(49).

In order to analyze the inflationary dynamics during the early universe and because of the flatness
of the effective potential, we can expect that the slow roll approximation is valid. In this sense, we can
introduce the standard “slow-roll” parameters defined as [40]:

—%, 171:—(’;1., and 1 = — $2

&= —,
H ¢, H ¢,

(59)

and under the slow-roll approximation these parameters are ¢, #7; and satisfy 7, < 1. In this approx-
imation, the ¢, po-equations of motion together with the flat (K = 0) Friedmann Eq.(46) simplify
to
. . 1
3H @1 +0Ueg /091 ~0,  3H ¢y +0Ueg/0¢2 ~0, and H?~ 8ueff ) (60)
During the inflationary scenario the fields ¢1 and ¢, evolve on the first flat region of Uet = U, )
for large positive values of the fields (49) and then we can assume that the effective potential during
inflation can be approximated to,

M3 —2M; (fie 191 + gre292)
Uerr (91, 92) =~ oM, , (61)

here we have utilized the expansion of the effective potential given by eq.(29) in the case in which
e=0.

Introducing the standard definition of the number of e—folds N = In(a/af) where a; denotes the
scale factor at the end of the inflationary epoch, that is, at the end of inflation N = 0, we can rewrite
eq.(60) using eq.(61) as

o - oMipe " ©
AN [M% — 2M; (fre~ +glg*“2§02)] ’

and
dga _ 6Margy e 292 63)

dN [M% —2M; (fle_“lq’l + glg—ﬂzq’z)] !

respectively. From these two equations we find a relation between the scalar fields ¢; and ¢, given by,
X191 = fl‘xl 2¢2
ePdp; = —— eM2%2d . (64)
8262

Note that the symmetry breaking constants M; and M, disappear from this above differential equation.
The solution of this equation becomes

2
eM91 = 7]{1“; e 4+ C, (65)
8143

do0i:10.20944/preprints202406.1473.v1
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where C corresponds to a constant of integration. Notice that in the absence of the constant of
integration C , the integrated relation (65) is scale invariant and should be regarded as an additional
scale symmetry breaking constant. To avoid this extra scale symmetry breaking, in the following we
will assume that the constant C = 0.

Following Ref.[39], we can consider an orthogonal transformation in which ¢2 + ¢3 = ¢ + ¢3,
where the field ¢ is invariant and ¢, transforms under a scale transformation. Thus, we define two
new scalar fields ¢ and ¢, as [39]

X P — K2 X1+ 192

o=
\/ o3 + a3 \/ a3 + a3

We note that in this situation, the scale invariant combination & ¢1 — a2 ¢, gets determined, which
corresponds to fixing the scalar field ¢; given by Eq.(66) and this scalar field is scale invariant with

, and ¢, = (66)

which
1 floc%
$1 = lnl = constant. (67)
Vear+ad o L8 193
Here we have used Eq.(65).

Nevertheless, the scalar field ¢, given by Eq. (66), evolves in time. We notice that although we
have broken the scale invariance, through the constants M; and M,, some of the remaining equations
maintain the scale invariance. As we have noted, the integration constants M; and M, dropped from
such equation. That is indeed the reason that the equation that relates the two scalars keeps the scale
invariance, which is not valid for other equations. Additionally, using Egs.(66) and (67), we find that
the scalar field ¢q in terms of the scalar field ¢, can be written as

f“ﬂ ) : (68)
8145

In order to establish that the term fie™%191 > g1e~*2%2 for the transition from slow roll inflation
to the second flat region, we need to satisfy that the ratio a3 /a3 > 1. This condition take places since
the term fie~%191 = g1 (a3/a2)e~ %92 from Eq.(68) and then a3/a2 > 1 is satisfied.

From Eqgs.(63) and (68), we find that the relation between the scalar field ¢, and the number of
e—folds N results

Z—ze”‘z‘” + azpp = a1 N + cte, (69)
2

where the constants a7, a, and a3 are defined as

7

2
14
4 = 6Miazg1, ap=M;, and a3 = —2M; [g;f +81
1

respectively. However, we can get ¢, = ¢(N) using the ProductLog function [59]. This function
corresponds to a product logarithm , also called the Omega function or Lambert W function and itis a
multivalued function. Thus, we obtain that the scalar field ¢; as a function of the number of e-folds
from Eq.(69) results in,

¢2(N) = (ay N+ Cq)/az — a;lProductLog[(az/a3)e"‘2(”l N+Gy)/as), (70)

where C; denotes an integration constant.
We mention that to find a real solution for the scalar field ¢, it is required that the argument of
the function ProductLog satisfies the condition (a;/ a3)e"‘2(”l N+C)/a3 > _e=1 gee [59].
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Besides, considering Eqs.(65) and (66) we obtain that the new scalar field ¢, results
1% 2
$2 = [() 2+ Cy, (71)
a1
where C; is a constant given by
Cp = a2 lf 147 ]
aq/ 0% + a3 fo3
Thus, the effective potential associated to the new field ¢, can be written as
2 —#102(¢p—Cp)
M2 —2M; g {(zﬁf) + 1] e Vit
~ . 72

Here we have used Egs.(61), (65) and (71), respectively.
Now, the inflationary stage reduces to a single field ¢», such that the new equations associated to
the new field ¢ are given by 6H? = ¢2 + Uerf(¢2) and ¢ + 3Hea + dU,s¢(d2) / 92=0, respectively.
As we have a single field ¢, in our model, we can introduce the new slow roll parameters € and 7
related to the scalar field ¢, defined by

2

AU, rr/d PU, s/

€~ (ff/ ¢2> , and 17:2<ff/ 472) (73)
Uesf Uesf

By using the effective potential associated to the field ¢, given by Eq.(72), we find that the slow roll
parameters become

—2070) (92— Cp) 2] %2 -Co)
481“2(“1 + “2) \/a%ﬂx% and ~ 4g1“2 vc%ﬂx% (74)
M2a? / M= M, :

Here we have utilized that the effective potential U, s can be approximated to U, ss ~ M% / (x> My).
Besides, we can find the value of ¢, at the end of the inflationary epoch ¢y,,,; and it is characterized
from the condition € = 1 (or equivalently i = 0), which through (74) results

V D‘% - a% In [481“2("‘1 + “2)

20610(2 M% %

‘PZend = + Co. (75)

On the other hand, in order to constraints the space-parameter in our model, we will analyze the
scalar and tensor perturbations in the inflationary epoch associated to the single field ¢,. In this way,
from ref.[49,57] the power spectrum of the scalar perturbation Ps under the slow-roll approximation
for the scalar field ¢, is given by

(Y (L Wy
PS B <27T(ﬁ2> (967'[2 (8Ueff/84>2) ) (76)

and the scalar spectral index n; is defined as

_dln’Ps__
ng—1= Tk = 6e + 27, (77)

where the slow roll parameters € and 7 are given by eq.(74).
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Besides, it is well known that the generation of tensor perturbations during the early universe
would generate gravitational waves. In this sense, the spectrum of the tensor perturbations Pr is given

by[49,57]
H\? _ Uy
=(—=)] ~ , 78
Pr ( 7'L'> 6712 @8
and the tensor spectral index n7 can be written in terms of the slow parameter € as ny = ddlrfniT = —2e.

An important observational quantity corresponds to the tensor-to-scalar ratio r = % We mention
that these observational quantities should be fixed when the cosmological scale exits the horizon. In
what follows the subscript * is used to denote the epoch in which the cosmological scale exits the
horizoni.e., k = a.H,.

In this context, from Eq.(76) we find that the power spectrum of the scalar perturbation Pg results

201y

—5 ($2.—C2)

Ps(¢2 = ¢2.) = Psx =~ ke Vi , (79)

in which the quantity k; is defined as

o ( 1 ) Mi
' \1536n2 ) \ xaMogZ el [(ap/ar)2 1] )

Also by using Eq.(77) the scalar spectral index n; becomes

0612112 > (‘PZ* _CZ)

e ViUt . (80)

ns(o = o) = nsx ~1 +1

_ 8103 | 3g1(af +a3) ~ g
1»11 ]Vqltk%

Now, considering Eq.(79) and assuming that the constant C; = 0, we obtain that the quantity
xX2M> g% / M‘l1 as a function of the power spectrum and the number of e-folds can be written as

2 2 __ &3
xMagi _ < ! 2) — CTER (81)
M 15367 a5 (g 4 a5) Psx*
Additionally, using Eq.(80) we obtain that the ratio g; / M; has a the real and positive solution given by
1 ’X% 14 3 (“% + "‘%) (1 )1 ‘<f§ﬂ%>N* (82)
&= ————=(1—ns)—1]e .
Mi  6(a?+a3) 2 a2al ’

Also, we obtain that the tensor to scalar ratio r in terms of the number of e-folds N results

2,202 4 42)] 599 .
=N = o ()| HEER] R
1

here we have considered eqgs.(78) and (79).
By combining Eqgs.(80) and (83), we obtain a relation to the parameter x> given by

-2

3 (a2 +a3) 37,
14202200 ) —1]  ~
\/+2 DC%DC% ( 5) 320&%

(G +ad)
X2 = 320(%0(%

3
Zoc%

-2
1+ (1—n5)—1] . (84)
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Besides, using Eqs.(81) and (84) we can find an expression for the parameter g; given by

2 6a2
éaz

1 M3 3204 3 (a2 + a2) — 2 N,
2 i i 1t (@272 +1]
~ | — — 1+ =-—552(1—ng) — 1| el'2’%
st (i) (1) (st ) |\ 3 g0

1 Mi 32a}
1546712 My 31’*06% Ps

Here in these expressions we have used that a3/a? > 1.

In the situation in which a; is small, we can consider for example the limit when the parameter
«1 — 0. In this case, we find that from Eq.(84) gives us x» — 16({%”5*) ~ 0.08 assuming r = 0.04 and
ng*x = 0.967, and from Eq.(85) we have that g; — 0.

2
\/1 + 2—32(1 — i) — 1] e 61N: (85)

&7

4.3. Introducing dust matter, including dark matter

In this section we will study the dynamics of the dark energy and dust matter that should include
dark matter as a remnant of the inflationary epoch. At the end of the inflationary scenario there must
be an epoch of particle creation that will generate dark matter as well as ordinary matter, this can
be realized in different even in the case of one scalar field coupled to different measures [60]. In this
context, we consider a dark matter particles contribution, given in a scale invariant form by the matter
action S, given by

S, = / (D1 + by 1?2 /=) Lydt*x, (86)

in which by, corresponds to a constant that characterizes the strength to the coupling of ¢, to \/—g,
coupling to the measure ®,, see Ref.[39]. In relation to the matter Lagrangian density L,, we have

[ dx® dxP 54(x—x-()\))
L, = _2 m: LS10) [ B e A N VA
i 1/3 Sup I\ A 2 daA, (87)

in which the quantities x; and x; are defined by the condition of scale invariance and the constant
m; corresponds to the mass parameter of the “i-th" particle. Scale invariace specifies the coupling

“;ﬁa% and xp = — 3y, respectively.

By using these conditions the presence of matter generates an effective potential for the scalar
field ¢;. This happens since there is an exponential of the scalar field ¢, which multiplies a "density of
matter”contribution which is ¢, independent, see Eq.(87). In this way, the scalar field ¢, coupling to

matter contains the factor multiply L,

constants to be equal to x; = —

(g*%’flth(pl + bme%"lfpz \/fg), (88)

and then the potential associated to matter can be written as [39]

U, =L, (e*%’“"’Z(I)l + bme%"l"’2 V—g). (89)

Now, this potential is extremized in relation to the scalar field ¢, and then we have

&1 — bye1?2,/—g = 0. (90)

Different effects were found in a scale invariant two measure model of gravity, matter and one scalar
field in Ref.[61] to the elimination of the Fifth Force Problem, which the ¢,, the "dilaton”, since
it is a massless field. Here the elimination of the Fifth Force Problem is also realized and we can
arrange for this to happen when the scalar field ¢; satisfies itself the above equation. In this sense,
using Eqs.(8) and (22), which gives the value of ®; to \/—g in the absence of matter which is again
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validated in the presence of matter when (90) is satisfied, as shown in Ref.[61] , since the combination
@y — bye"192, /=g miraculously appears simultaneously in the equations of motion of the dilaton, the
constrained equation and the anomalous, non canonical terms in the energy momentum tensor, that
disappear when (90) is satisfied. Thus, we obtain that the equation for ¢ is given by

2
“1

2
— =1 1
2X2f2e V “%“‘% + 2X2g23 "‘%*"‘% — bmfl + bmgle V ‘X%‘H"% 4’1_

o

1)

The Eq.(91) gives the value of ¢ to be constant and then solving this equation, we can obtain that the
velocity of the scalar field ¢y is zeroi.e. ¢ = 0.

2
91
To find the value of the scalar field ¢; we consider the change of variable x = ¢V “I*%2 and then
Eq.(91) becomes
202403
12 2
2X282%% —bug1x 1 —bufix +2x2f2 =0, (92)

here we note that the field ¢, drops from this equation. This happens since the field ¢, undergoes a
shift under the scale transformation. Thus, the field ¢, is decoupled from matter, which implies the
elimination of the 5th force.

The solution for the scalar field ¢; from eq.(91) or (92) corresponds to a transcendental equation
and we have not analytical solution. In order to find a solution for the scalar field ¢;, we can consider
that for very large value of ¢; or equivalently x — co the dominating terms of eq.(92) become

2,2
Zal +a2

2X282x2 —bng1x d o~ 0, and x ~ <

4 4 2
2)(282>( 1/82) 93)

glbm

since the ratio (ap/a1)? > 1, then necessarily we have the quantity (x292/1bm) — . Thus using
this value of x, we find that the scalar field ¢, at this point results

\/aZ + a3
1z ln[zngz}. (94)

¢1(+) ~ DC% Fibu
In the opposite limit in which the scalar field ¢; — —oo or x — 0, we have that the dominant
terms of Eq.(92) become
2
—bufix+2x2f2 ~0, and x ~ < Xzfz) — 0, (95)
f 1 bm

and then the value of the scalar field at this point ¢; -) becomes

1/0(%"'06% 1n|:2)(2f2]' (96)

(Pl(f) ~ 2 flbm

&7

These values of the scalar fields ¢ +) and ¢, -) correspond to the minimum of the total potential

associated to the second flat region Uy, , o) = f?/(4x2f2) together with the matter potential Uy,
containing coupling to the scalar fields, see Eq.(89).

In what follows of this section, we analyze the dynamics of the dark sector using the equations
for the ratio of the two measures developed in Ref.[39]. We mention that we analysis in the very flat
region, there is also no inconsistency with ¢, being a constant.

The Friedmann equation for this scenario can be written as

6H? = P19 + Pms 97)
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in which the energy density p,, 4, related to the scalar fields ¢; and ¢, becomes
2 2
1., ¢
Porgn = 5 + 5 + Uepr(91,92). (98)

For the case of the energy density of the dark matter p,, we have

3
Oom +3Hpy, =0, then py(a) « (i) .

By considering Eq.(29) in which € = 0 and assuming the region in which fie™*191 4 g1e™%292 > M,
and fre 24191 4 gre~2%292 > M), then the effective potential simplifies to

e P gy e ®202)2
Uerf (91, 92) =~ o & ) (99)

o 47(2 (fzg—zo‘lfl’l + g23—2“2§"2) ’

Using Eq.(66) we find that the effective potential given by Eq.(99) can be rewritten as a function of the
single scalar field ¢ results

(flefx/a%ﬁx% ¢1 4 gl)z

Uprr(¢r) ~ . (100)
eff 4)(2 (f2672\/ 06%+0L%¢1 + gZ)
Here we note that now the effective potential U, depends only of the scalar field ¢1.
In this way, the energy density related to the dark energy becomes
Pt 9 ¢
Po1,02 = P12 = 71 + 72 + ueff((f’l) = 72 + ueff(47l)/ (101)

where we have considered that ¢; = 0, since, the scalar field ¢; has been determined to a constant
because of the extremization of the ¢, matter induced potential, see eq.(91).

To analyze the evolution of our model, we can assume that the first flat region after inflation takes
place when ¢; — —oo where the effective potential in this region is U, = ( f#/4x2f2), as supported
by the calculation under the slow roll approximation in which a3/a? > 1.

In this form, the second flat region after the inflation is defined as ¢; — 4-cc and then the effective
potential given by eq.(100) reduces to U,rr = &1/ (4x282)-

From Eq.(101) we note that the scalar field ¢, corresponds to a massless field and then the
evolution as a function of the scale factor a becomes

.. . ; . ~\3
Fat3Hp =0, o=t = (2 (102)

where b; corresponds to an integration constant. Here the quantity by = ¢»  a®> , where a_ and ¢,
denote the scale factor and the speed of the scalar field in the first flat region after inflation of the
effective potential defined as U, = 12/ (4x2f2).

The evolution of the scalar field ¢, in terms of the scale factor in the first flat region after inflation
can be found considering that ¢» = id(d¢,/da) = aH(d¢,/dt) and then from Eq.(102) we have,

dpp by
= 1
da  a*H’ (103)
where the Hubble parameter H in terms of the scale factor is given by,
1/2
= % ﬁ + Ueff(_) + 1173 , with b, = Om_a_, (104)
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where p;,_ is the energy density related to the dark matter in the first flat region of the effective
potential U,f¢(_). In this form, we obtain that the evolution of the scalar field ¢, = ¢ (a) in terms of
the scale factor results

_ 2 3
$a(a) = ¢+ 2 Arctanh( b + baa” )}

\/g bl\/b% +2a3,(b2 + Ueff(,)ai)

- (105)
2 3
_2 Arctanh byt baa .
\/g i bl\/b%+2a3(b2+lleff(,) ﬂ3)
Besides, the total EoS parameter wr associated to dark matter and scalar fields becomes
w
wr = ——————, (106)
(1 + pm/p(Plr‘PZ)

where w corresponds to the equation of state (EoS) or EoS parameter associated to the scalar fields.
Thus we find that the total EoS parameter in terms of the scale factor yields

2
(5#) e

-1
b2a73
B - , 107
o (W)a—wﬂ X( (b%/Z)ﬂ‘6+(f12/4X2f2)> "
fi

Also, the eq.(107) can be rewritten as a function of the density parameter () by using the Friedmann
equation in which 1 = Q_ + O, where Q)_ and (), correspond the densities parameters of
different components in the first flat region and then the EoS parameter is given by

1

[y —1at-1 y-(1-Q)a3 \
wr(a) = {(Q_ y_—1)ao+ 1} 8 <1 Ty —naer 1> ’ (108)

where the new scale factor 4 is defined as @ = a/a_ and the parameter y_ denotes the rate y_ =
6H2 /U, fr(—) where H_ corresponds to the Hubble parameter in the first flat stage after inflation.
Since the kinetic energy is defined as a positive quantity, then the condition for the quantity y_ is
y->1/Q_.

Additionally, for our model we obtain that the density energy associated to dark energy Qy, ¢, =
0py,4, / 6H? Tesults

(0-y- _1]‘76“)&3)_1. (109)

y-(1-0-)
On the other hand, during the second flat regime after inflation related to the effective potential
U,ff(+), and in analogy to the before case (in which ¢ — —oc0), we have the Hubble parameter in

Oy, (a) = <1 +

terms of the scale factor in this region is given by

1/2
, with by = 452+a8, by = 0mo ag, (110)

1

R
where U,fs () corresponds to the effective potential for very positive large scalar field ¢; and it is

given by U, rr(y) = 93/ (4x282), from eq.(100). Here, the value p, denotes the dark energy of the
matter at the present epoch in which the scale factor a = a9 = 1.

b2 by
206 TUerr() t 3
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As before, we find that the evolution of the scalar field in terms of the scale factor during this

stage
b2 + byad
$2(a) = ¢oo + \2[ Arctanh | —— 1 +~ 20
3 b1\ /B +263(Ba + Upgy(1)a3)
111)
Yo 4
— |Arctanh | —— by +~b2“
V3 b1\/b%+2a3(b2+ueff(+)a3)

Besides, we obtain that the total EoS parameter wr = wr(a) related to dark matter and scalar
fields during this scenario becomes

(2}(2@21’%) 261 —— 1
81 ha
wr(a) = . x [ 14 = , (112)
@ (W) 2611 < (b7/2)a= + (g%/4ngz)>
81

and as before, we can rewrite eq.(112) as a function of the density parameter at present era Qg ¢, =
()4 and then the total EoS parameter becomes

_ [(Qiyr a1 y+(1-Qu)a 7 113
wr(a) = {(Q+y+—1)a6+1]<1+(Q+y+—1)a6+1> ’ "

with the scale factor a/ay = a and the quantity i corresponds to the rate y4 = 6H3 /U, Ff(+)- Since
the kinetic energy is a positive quantity, then we find that the condition for the parameter y > 1/Q.
In particular, we have that the density parameter at the present related to dark energy (3, ~ 0.7, such
thaty+ > 10/7.

On other hand, we can find some estimations from the observational values on the parameter-
space of the our model. In particular, for the second flat region after inflation in which the effective
potential corresponds to U, (), we can consider that the coupling constants g1 ~ M3,y and x282 ~
M%l' where Mgy, Mp; are the electroweak and Plank scales, respectively.

Thus, we have a very small vacuum energy density Uy,  1o0) = Uesp(4) ™~ 93/ X282 given by

Ueff (g o) = Ueps(s) ~ My /Mpy ~1072Myp,, (114)

where the mass Mgy ~ 107 Mp; and eq.(114) corresponds to the right order of magnitude for the
present epoch’s vacuum energy density[62]. Thus, we can assume that the parameter g; ~ 107 (in
units of Planck mass to the fourth power). In particular, considering the inflationary constraint on the
parameter x> ~ 0.1 when a; — 0, we estimate that value of g, ~ 10! M%,. This suggests that when the
parameter a; — 0 is satisfied that the parameter g, > g7 .

5. Evolution of the Universe in the Situation in Which ¢ # 0, by # 0 and b, # 0, with a
Spontaneously Broken Scale Symmetry

5.1. Inflation: Slow Roll Approximation and Perturbations

In this section we will unify the different epochs of the universe, considering the more general
situation in which the parameters € # 0, b; # 0 and b, # 0 in the framework of a spontaneously
broken scale invariant two measures theory. In order to unify the different scenarios of the universe,
we start with the inflationary epoch and to describe this epoch, we can consider the situation in which
both scalar fields ¢; — 400 and ¢, — 400, as in the previous section. Under these limits of the fields
@1 and @y, the effective potential associated to first flat region is given by Eq.(30).
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Now in this situation, the full equations for the scalar fields ¢; and ¢, are given by
N . Bip . .
$1(A1+6B1X1 + BioXp) +3H¢n [Al +2B1 Xy + Bip Xz + 35(,02902}

= _Ueff,<p1 + Al,(pl Xl + AZ,(pl X2 + Bl,(p1 X% + Bz,(pl X% + B12,¢1 X1 Xz, (115)

and
i . Bip .
(pz(Az + 6B, X, + B]2X1) +3H¢, [Az + 2By X5 + B1p X1 + 3754?1 §01:|

= —Ueff,g, + A2y X2 + A1,9, X1 + B2, X7 + B1,g, XT + Big g, X1 X2, (116)

where the notation , ¢ and , ¢, denote d/d¢; and 9/d ¢y, respectively.

As before, introducing the “slow-roll” parameters for the scalar fields given by Eq.(59) and
assuming that these parameters are ¢, 771 and 17, < 1, then we can ignore the terms ¢; » and non-linear,
such that the Egs.(115) and (116) together with the Friedmann equation reduce to

. . 1
~ ~ 2~
3A1H ¢4 +u3ff/fP1 ~0, 3AH ¢, +ugff,¢2 ~0, and H* ~ gueff , (117)
where the coefficients A1 and A; satisfy A; = A and they are defined by Eq.(31). In particular for the
special case in which e = 0then A} = A, = 1.
From Eq.(29) and considering the region in which fie™*1%1 4- gje™*292 < M; and fzefz”‘l‘P1 +
gre 24292 < M), the effective potential is reduced to

M% — 2M1 (f167“1 91 —+ g167“2¢2)

(118)
4x2(M; + eM3)

Uerf (@1, 92) =

As in the previous section, we introduce the number of e—folds N given by N = In(a/ay) in
which a f denotes the scale factor at the end of the inflation, that is, at the end of inflation N = 0. In
this way, from Eqgs.(117) and (118), we have

dg1 6Myay fr e 191
dN 2 , (119)
dN  A1[(M; +€M1)2 — 2M; (fre~ 191 + gre—%292))

and
dgs 6Miaygy e v292
dN 2 : (120)
AN Ap[(Mz + eM7)* — 2My(fre= 191 + gre=292)]

From these two equations we find a relation between the scalar fields ¢; and ¢, becomes

Py = L181 agagg, (121)

8202

Here we have used that in the region in which ¢; — +oc0 and ¢y — 4o, the coefficients A} = Ay =
A(+)' see Eq.(31).
We note that the scale symmetry breaking constants M; and M, together with € dropped from this
equation. The solution of this first order differential equation introduces a new constant of integration
¢ 2
e = Log e"2%2 4+ C. (122)

8143
As before, to avoid this extra scale symmetry breaking, in the following we will assume that the
constant C = 0 for simplicity. Also, we note that this relation between the scalar fields is similar to
the obtained in the previous section in which € = 0, b; = 0 and b; = 0 (see Eq.(65)). This similarity

do0i:10.20944/preprints202406.1473.v1
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occurs since the coefficients Ay = A; = A() and also we have ignored the terms ¢; » and the terms
non-linear under the slow roll approximation.
As before, we can redefine two new scalar fields ¢; and ¢», in terms of the scalar fields ¢, and ¢»,

such that
_ M1 — 0@ xpp1 +x192

M
\/ 43 + a3 \/ o+ a3

and this transformation is orthogonal, ¢7 + $3 = ¢7 + ¢3, in which ¢ is invariant and ¢, transforms
under a scale transformation. So, we see that even after spontaneous breaking of scale symmetry, this
symmetry still has a role in the classification of the fields of the theory.

As before, the scale invariant combination & ¢ — a3 gets determined, which corresponds to
fixing the scalar field ¢

, and ¢, = (123)

2

$1 = ! In he = constant. (124)
[ 2, 2 9103
ay + a5 2

In contrast, the scalar field ¢, defined by Eq.(123), evolves in time. As we have noticed in particular,
€ and the integration constants M; and M, dropped from such equation. That is indeed the reason
that the equation that relates the two scalars retains the scale invariance, which is not true for other
equations. In fact, the field ¢, defined by Eq.(123) is the analog of what is called the Nambu Goldstone
boson for the problem at hand, since they transform under the global scale transformation, unlike the
scalar field ¢». In order to find a relation between the scalar field ¢, and the number of e—folds N, we
combine Egs.(120) and (122) results

Z—Ze”‘z"’z + a3y = a1 N + cte, (125)
2

and as before we can find ¢, = ¢(N) using the ProductLog function. From this definition, we obtain
that the scalar field ¢; in terms of the number of e-folds can be written as

@2(N) = (a1 N+ Cq)/az — a;lProductLog[(az/a3)e"‘2(“1 N+C1)/a3), (126)
where C; denotes another integration constant and the quantities a1, 4, and a3 are defined as

6M My +eM?
_ OMiogi Mo (Ma+eMy) L a2, gy = —aMygy

"7 AW M,

2
14
2 +1f.
14

1

As before a real solution for the scalar field ¢, it is necessary that the argument of the function
ProductLog satisfies the condition (a;/a3)e?2(@ N+C1)/a3 > =1,
Now, combining Eqs.(122) and (123) we find that the new scalar field ¢, in terms of the field ¢ is

given by
2
- %2
$2 = K“l) +1

2
C = 4 In lfl‘xl].

2
aq4/ 0% + a3 fons

¢2+Cy, (127)

where C; is a constant defined as
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Thus, the effective potential associated to the new field ¢, results
’ a8 (24’2 *ZCz)
M%—ZMl &1 l:(zz) —|—1:|e Vet
Uers(¢2) =~ (128)

4)(2 (Mz + EM%)

In this way, we note that the inflationary scenario is reduced to a single field ¢, as an exponential
potential associated to this field defined by Eq.(128).

By considering the slow roll parameters e;; and #; related to the scalar field ¢, where these are

Oys/3¢2) 2 PUers /393
Deff 7902 ~ o L%
Usss ) cand iy = 2\

from the effective potential given by Eq.(128) these parameters as a function of the scalar field ¢, result
in,

defined as before as in the standard case e;; ~ < ), we obtain that

—2a10p (¢ —Cp)

2
a%-%—zx% 4g1 0(2

Vs (129)
My

e Fg%a%(a% +ad)
= 22
Miag

‘| —aqap (¢ —Cp)

and nu:—[

Here we have used that the effective potential U, ~ M2/ (4x2(My + eM?2)).
Besides, we can find the value of ¢, at the end of the slow-roll regime ¢,,,,; and it is fixed from
the condition €;; = 1 and from Eq.(129) yields

VT + a3 In [4g%zx%(a% +a3)

201000 M%a%

$Prend = + Co. (130)

However, from Eq.(126) we have that the value of scalar field ¢, at the end of inflation takes place
when the number of e-folds N = 0 then we have

2

2
Poena = C2 + 0% +1 [Cl - 1ProducLog[(a2/a3)e"‘2C1/”3]] . (131)
oy as [1%)]

On the other hand, in the following we will analyze the scalar and tensor perturbations during
the inflationary epoch for our model of the single field ¢,. In this context, considering Refs.[49,57], the
power spectrum of the scalar perturbations Ps under the slow-roll approximation is given by

H? \’ 1 USff
PS - (27((’)2) - (9671’2 (aueff/a¢2)2 ’ (132)

and for the scalar spectral index n; we have

_dInPs
ng—1= Tlnk = —6ey + 21y, (133)

in which the slow roll parameters €;; and #; are given by Eq.(129)

2
The spectrum of the tensor perturbations Pr is defined Pr = (ﬂ) ~ Y and the tensor

T 67T
spectral index nt can be written in terms of the slow parameter €;; as ny = ddl’i‘% = —2¢y. Also, we

have the tensor-to-scalar ratio r defined as r = 2L as another observational parameter. We recall that
these observational parameters should be evaluated when the cosmological scale exits the horizon. As
before, in what follows the subscript * is utilized to denote the stage in which the cosmological scale
exits the horizon.
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From the slow-roll approximation, we obtain that the power spectrum of the scalar perturbation
‘Ps in terms of the field ¢, using Eq.(132) becomes

201 p

—== (P2 —C2)
Pk =~ kyeVHits (134)

7

in which the quantity k; is defined as

= (e T
P \1586m2 ) \ o2 a3 (Mo + eM3)[(aa /a1 )2 +1] )
By considering Eq.(133), we find that the scalar spectral index 75 as a function of ¢y, yields

SN2 (g Cy)
e Vs . (135)

ngx ~1— +1

89103 | 3g1(af +03) ~ jzig (0=
M1 Mltx%

Thus, using Eq.(134) we obtain that the quantity x2¢2 M, /M7 as a function of the power spectrum
and the number of e-folds N becomes

2 e
siMa ( 1 ) oA () A (136)
M? 1546712 ) \ a3(a? + a3) Psx

Here we have considered for simplicity that the constant C; = 0
Also, from Eq.(135) we find that the ratio g1/ M; has a real and positive solution given by,

30242
2 2. .2 g
R N Y PR Aol o SR Y PRI 2E (137)
M 6(a? +a) 2 o3

Here as before we have used C; = 0.
Additionally, we get that the tensor to scalar ratio r as a function of the number of e-folds N yields

2.2
202020 2y 2%y
K5 (KX [ . *
=) = =ea() lﬂLJZ)fwﬁ%>, (138)
1

here we have used eqgs.(78) and (134).
Also from egs.(140) and (137) we find that the parameter x, becomes

-2

2 2
\/1+§(“1;L§‘2)(1—n5*)—1] : (139)

x14%

3. (oc% + a%)
X2 = 320303

Additionally, we find a constraint on the parameter g; replacing Eq.(139) into Eq.(136) yields

2 622
4 4 2 .2 L BN
N (%) My % 14 EW@ D) —1| e (140)
15467 M, 3r«(af 4 a3)? Ps 2 aja3

Here we note that while the parameter ), depends on the quantities a7 and ay together the obser-
vational parameters, we observe that the parameter g; also depends on the constants M;, M, and
€.
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5.2. Early dark energy: First region with the generation of DM and stiff matter from non linear terms

In this section we will study the second flat region when the scalar field ¢; — —oo and it
corresponds to the first dark energy sector region or early dark energy. In this way, during the early
dark energy we can consider that the effective potential is given by Eq.(33).

In order to analyze this stage that includes dark matter together with dark energy, we need to
consider the non-standard kinetic terms associated to the theory or the k—essence theory, in which
dark matter is generated naturally as was studied in Ref.[45], see also Refs.[46,58]. In contrast with
we did in the section 4.3, where we have introduced the dark matter particles contribution separately,
here the dark matter is generated naturally from the scalar fields themselves.

In this context, the equation of motion for the scalar field ¢, becomes

d ,
- [a3<p2(A2 £ 2By X, + Blle)] —0. (141)

The trivial solution is ¢, = 0, together with the term (A + 2By X, + B12X) # 0 and then we can
consider that the kinetic term associated to the scalar field ¢, is X, = 0. In this way, under a small
perturbation we can consider that

d
Xy =0+, and — (a°,/%) =0,

and then the solution for Xj yields,

. —6
X, =% - 502(“> , (142)
ao

where dp, denotes to a positive constant, since the kinetic term X, > 0.
In addition, the equation of motion for the scalar field ¢1 becomes

d
2P oA+ 281X + BXa)] =0, (143)
where the coefficients A;, Ay and By, are defined by Eqs.(34), (35) and (36), respectively.

In this case we do not assume the solution ¢; = 0, instead we consider the situation in which
(A1 +2B1 X1 + B12Xa) = (A1 +2B1Xq) = 0, where we have utilized that the kinetic term X, = 0. In
this form, the trivial solution for ¢; becomes

X; = —~+
! 2B,

= Xjo = positive constant. (144)
In this case we must have b3 > 4f,e(1 + by f1/ f2) with which the term By is negative and A; > 0 (or
—2 < bif1/ f2)-

From Ref.[45] we can determine that the solution given by Eq.(144) is stable under a small
perturbation. Thus, we can perturb this solution as

Ay

X; = -1
! 2B,

+01= Xq0+ 01, (145)
where the perturbation §; < Xjg. In this way, replacing Eq.(145) into Eq.(143) and expanding to order
one in §; we get

%( 351) =0, then &) o a 3.

In this way, the perturbative solution as a function of the scale factor given by Eq.(145) becomes

X1(a) = X10 [1 + (501(01/110)_3} , (146)
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where g1 and 4y correspond to two new constants. Also, as d; < X, then we have g (a/ ag) 2 < 1.
Thus, using Egs.(142) and (146) into the total energy density p we have

a\ 3 a\
p(a) = po + p1 (%) + 02 <ao> , (147)

where pg corresponds to the energy density associated to dark energy and it is given by

A2
po = A1X10 +3B1 X5 + Uegt = 47Bll + Ues > 0,
where Uy is defined by Eq.(33). Besides, we mention that in Eq.(147) we have neglected the term
(a/ag) 12 since during the evolution of present universe this term is highly suppressed.
Now the second term of Eq.(147) represents to the dark matter and the quantity p; is defined as

501 A%
p1 = X10d01[A1 + 6B1 X30] = B,
Since B; < 0, then we impose that the constant Jy; is a negative quantity, in order to obtain that the
dark matter to be positive and also |dy; | < 1.
Also, the last term of Eq.(147 corresponds to stiff equation of state where the quantity p; is given
by
p2 = Azd02 + 3B12X10002 + 3B1 X305y,

and p» is a positive quantity.
Additionally, we write that the pressure p as a function of the scale factor becomes

a\ a\ a\
p(a) ~ P0+P1() +P2<) ~ P0+P2<> , (148)
ap ap ap

in which the constants py, p1 and p; are given by
2 At
Po = ArXao + B1Xjp = Uetg = — g5 — Uet = —po,  p1 = Xaod10[A1 +2B1 X10] = 0,

and

B Ayl A252
p2 = d0a[Az + B12X10] + 051 B1 X3 = oo [Az - = } + Lo

2B; 4B,

We mention that as before we have neglected the term (a/ag)~'2 in Eq.(148) and we have also consid-
ered that the matter corresponds to a dust-matter in which p; = 0.

Besides, to obtain a consistent stiff equation of state, which is necessary from energy momentum
conservation we have that the coefficients p, = po. Thus, we get that the relation between the constants
do1 and Jpp assuming the condition given by stiff equation of state is given by

Ble) 2 ( Aq ) 2
op = — o0 = | = | 51, 149
02 ( By, )™ 2By ) (149)

and then we obtain that p» = py = JppA2. We note that as p > 0 then dpp > 0, and from Eq.(149) the
coefficient By, > 0. Therefore, we have found a relation between the dy; and Jy, associated to the small
perturbations during the scenario DE, DM and stiff component from multi fields dynamics.

On the other hand, from Friedmann equation 6H? = 0, we can obtain that the scale factor as a
function of the cosmological time ¢ i.e., a(t) results [52]

a(t)

]

1/3
[93) 12 (1-00-y) sinn? | 2V Qp(Hot +C) n (1-09—-M) (1 _ e—30})/2(H0t+c)) ) (150)
o o 2 0o
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where C corresponds to an integration constant. Note that in the absence of stiff matter in which
2 = 0, the scale factor a(t) o« sinh?/3(3y/Qg(Hyt 4+ C)/2), see [47].

Also, the quantities ()y and ()1 associated to the dark energy and dark matter at the present time
are given by

QO:ﬂ and 01:‘0—1

6HZ’ 6HZ'
where Hj denotes the Hubble parameter at the present epoch.
Besides, we can obtain the scalar fields as a function of the scale factor. In this way, for the scalar
field ¢, we have that from Eq.(142) that the speed of the scalar field ¢, becomes

V2
¢ = Hx92 — ¢ ;502, with x = 2,
dx X ag

and then the solution for ¢(x = a/ag) can be written as

V4 2(502

. O +2(1 -0y — )
=C
¢2(x) 2]F3H0 -0, -0

2\/1—00—01\/X3(01+Qox3)+(l—00—01

Arctanh [ ) ] , (151)
where C, corresponds to an integration constant.

Similarly for the field ¢;, we obtain that the solution in terms of the normalized scale factor
x = a/ag yields

~ , 2V2Xo1 | Q=01 —200x3 [ g1(x) — g2(x)
—C + _ ) 152
(5] (X) 1 3HO [o) 23 (x) ( )
where C; is another integration constant and the functions g;(x), ¢2(x) and g3(x) are defined as
Qo (x3+6 - - _
gi(x) = o +dm) (O + QO+ QO x® + Q%) Fz, my],
20— — O

1 (501 + x3)00 -
= =11 7y 7
01 + Q200001 \/200501 —0,_q m%m]

92(x) = 801 Q0 (Q + Q — 2501 Q) (A1 + Q +2Qpx°) \/

and

- Q1+ Q426010
=0o(Q1+ Q) VI 3 = 1-0p—Q 0133 + Opxo
83(x) = Qo( + Q) Vg +x \/Q1+Q—2(5o100\/( 0= 1) + Mx® + 0px°,

where the quantities F and IT denote to the Elliptic functions of the first and second kind, respectively,
see [48]. Also, the function X and the quantities 11, m,, and Q) are defined as

_ . 0O+ QO+ 2009{3 0O + Q- 2601 0+ Q- 2601
= A — , = — , = — ,
T AT \/01 FO 20| M 20 "2 0+ 0

and O = \/Q§ —40y(1— Q — ).

We mention that in order to obtain the scalar fields as a function of the cosmological time, we
need to replace the normalized scale factor given by Eq.(150) into Egs.(151) and (152) to find ¢4 (t) and
@2(t), respectively.

Additionally, the equation of state (EoS) or total EoS parameter w; = p/p in our model in terms
of the scale factor results

—Qo + (1 - Qg — Oy)(a/ag) "

wr(a) = Qo +Q1(a/ag) 3+ (1 -0 —O1)(a/ag)~¢ (153)
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From the analysis made in Ref.[58] for the EoS parameter in terms of the scale factor, we can mention
that when we decrease the density parameter associated to the dark matter (2; the EoS parameter
w(a) increase with the scale factor. Also, from the analysis for w(a) developed in Ref.[58], we can
mention that for values of the parameter )y < 0.29 (more stiff matter) and for values of the scale factor
x < 0.7, the universe does not present an accelerated stage, since the EoS parameter becomes positive.
Additionally, from the analysis of w(a) studied in Ref.[58], we can mention that when we have a very
small quantity of stiff matter, in particular for values of the parameter (); associated to the matter
07 > 0.29, the universe always has an accelerated phase, since the EoS parameter w(a) < 0 for these
values of ();.

5.3. Late Dark Energy: Second Region with the Generation of DM and Stiff Matter from Non Linear Terms

In this section we will discuss the third flat region in which the scalar field ¢, — —co and it
corresponds to the dark energy sector region in which the effective potential is defined by Eq.(37).
In order to discuss this second scenario that incorporates dark matter together with dark energy, we
need to replace the results of the section before by making the substitution fi — g1, fo — g2, b1 — by,
together with the potential and the respective coefficients given by Eqgs.(37)-(40).

6. Summary and Discussion of Possible Future Lines of Research

In this article we have studied a new approach to unify the evolution of the universe from an
inflationary epoch to the dark sectors at the present, assuming a scale invariant theory with metric
independent measures which considers two scalar fields. In this framework, we have analyzed
in the early universe the stage of the inflationary era under the slow roll approximation. Also
we have studied the dark sectors first assuming the DE and DM in the context of the a canonical
theory introducing a matter Lagrangian density in order to generate the DM. However, we have also
studied the unification of inflation to the dark sector in the framework of the a non-canonical theory.
Here, we have analyzed the DE, DM and stiff matter during the late universe and a more elaborate
model to generate DM (without considering a matter Lagrangian) with a spontaneously generated
k-essence from the modified measures theory was developed. In this context, the scale invariance
is spontaneously broken by the integration of the equations of motion and considering the Einstein
framework, we obtain a theory with an effective potential associated to two scalar fields that displays
three flat regions and corresponding k-essence terms in the more general case, see Eq.(29). In this study
we have analyzed two Lagrangians, one that does not include the k-essence terms in the Einstein frame
and the other that generates k-essence terms in the Einstein frame. In each Lagrangian theories, we
use each of these flat regions to explain the different phases of the universe. Thus, the higher energy
density corresponds to the very early universe inflationary era in which both fields ¢; and ¢, take
large positive values. During the inflationary era, we have used the slow roll approximation and we
have defined two new scalar fields ¢; and ¢ from an orthogonal transformation of the fields ¢; and
P2

In relation to the slow roll solutions we have found that in both Lagrangians one of these scalar
fields does not depend on time, i.e., we have ¢; = 0 and then the effective potential simplifies to a
single scalar field ¢».

Besides, we have noted that the effective potential (29) interpolates between the vacuum with

. M2 2 2 . . .
asymptotic values ——r, ST and £ for the special case in which € = 0 and between the vacuum
4xoMy’ 4

, . X2f2 ) 4x282

My > /i > and LS E—
4}(2(M2+6M1) 4)(2(f2+€f1 ) 4}(2(32+€g1)

For the more general case. Here in both cases we have found that these interpolations between

the different vacuums are independent of the choice of the relative signs of My, g1, and f;. By using
the standard expressions for the observational parameters because the model is reduced to a single
field ¢, we have determined the scalar power spectrum, scalar spectral index and the upper bound
of the ratio tensor to scalar. From these observational parameters we have found expressions for the
parameters x» and g? in terms of these observational parameters together with the number of e— folds
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N. In this context, we have obtained that the observational constraint on the parameter ), does not
depend on the € and then in both Lagrangians the constraints are similar. However, we have found
from the observational constraints that the parameter g; depends of € thought A and it implies
that the value of the parameter g; decreases when we consider values of € # 0. Additionally, we have
noted that the parameter g; also depends on the constants M; and M5.

The second flat region describes a dark sector with DE and DM in which the DE is labeled
by a large negative value of the field ¢ in the effective potential. In the case in which the theory
corresponds to the canonical form, we have introduced a matter Lagrangian density (or action) in order
to account to the DM, see Eq.(87). However, in the k-essence theory the DE, DM and stiff components
owe its existence to the k-essence induced by multi measure theory. It is interesting that a consistency
condition for the generation of the DE, DM and stiff components which correlates the perturbations of
the two scalar fields in the framework of k-essence with respect to a certain background solution is
obtained in (149) from the condition found by stiff equation of state p, = p».

In general for both Lagrangians we have found the evolution of the EoS parameter w versus the
normalized scale factor a i.e, w = w(a). Besides, we have noted that when we decrease the density
parameter associated to dark matter ();, the EoS parameter increase for the same value of a. Also, for
the canonical and non canonical Lagrangians, we have determined the solution for the scale factor as a
function of the cosmological time and also we have obtained the solutions for the scalar fields in term
of the scale factor and then ¢; = ¢;(t) and ¢ = ¢2(t), respectively.

There is also a third flat region, in which the DE is described by a large negative value of the field
@7 in the effective potential which could represent a future DE sector, or may be represents the present
state of the universe in a scenario where there was an early dark energy region (the second flat region),
during the radiation matter equality and this brings us to the issues that should be studied further.
In this sense, we can describe that the universe makes use of the third flat region with asymptotic
behavior as the late dark energy region, representing the universe now.

To do this, we should go back to considering eq.(29) and assuming the region in which fje=*191 +
g1e7%292 > Mj,and fre 2M91 4 gre~2%2%2 > M), then the effective potential simplifies to (118) for
both the second and the third flat region Using eq.(66) we find that the effective potential given by
eq.(118) can be rewritten as a function of the single scalar field ¢; results (100) we noted that now the
effective potential U, depends only of the scalar field ¢;.

In this case, we should connect the second dark region described transition to the third dark
energy region, representing the late DE era. A scenario, where two DE states are connected through
bubble nucleation was considered in [54], [55] to formulate a possible resolution of the Hy problem and
we could consider it also in a future research for our model. In this respect, it is interesting to notice
that the presence of matter, coupled in a scale invariant way, changes the form of the effective potential
for the scalar field, into an effective potential that on the matter density, which in turn depends on the
scale factor a, since the density of matter gets diluted as the universe expands. The overall effective
potential displays two minima, one located in the early dark energy region and the other in the late
dark energy region. For a certain value of the scale factor, the tunneling from one minimum to the
other becomes of the order of one, and then we can explain the sudden transition from early dark
energy to late dark energy. The details of these calculations will be given in a future parer with Pedro
Labrafia [63].

The second subject concerning we want to discuss concerning possible future lines of research is a
very simple possible variation of the model that could lead to interesting results in the unification of
the early and current universe. As we have seen in the previous sections, the best results are obtained
for € small, so it is worthwhile to study € = 0. Furthermore, it is quite interesting that for e = 0, we
can also include a term, that which when considered in Einstein frame, produces just a shift in the
effective potential, that is it just produces a the same effect of a cosmological term in Einstein frame.
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The slightly modified theory, where the € is eliminated and a Ay term is added and then the new
action can be written as

sz/d4x<1>1(A)[R—2A q)l( /d4xq> ()+ﬂ}, (154)
V=8
which is still invariant under the global scale transformations (7). To see application of this type of
term in questions also related to DE, applied to a Gravity-Assisted Emergent Higgs Mechanism in the
Post-Inflationary Epoch in [41].
In this context now the Weyl-rescaled metric g, that defines the Einstein frame is given by g, =

X18uv Where x1 = q:}(%) one can indeed suspect that the extra term just induces a cosmological term

in the Einstein frame, since using the previous definition we can check that —2A¢ q>1( F_ = —2M9/—-3.

This expectation is indeed confirmed by a more detailed analysis, and we can see that the effective
Lagrangian (23) is still valid, but now the corresponding A and B coefficients are evaluated for e = 0
and the effective potential is shifted by 2Ay.

This has some consequences, like it is easier to guarantee a positive DE, just choose a big enough
value for 2Ag. Apart from that there is not much change.

Notice also that ®;(A) is now not just a measure of integration, since it appears also square,
and the theory with ®;(A) appearing just linearly has the highly non conventional infinite di-
mensional additional symmetry, valid for any regular set of four functions f?, such that, Apyy —
Apvy + €upqsf °(R+ Lt ) (where €45 is the totally antisymmetric symbol taking values zero, one or
minus one), which is absent in the theory where ®;(A) appears also squared, i.e. for Ay # 0, so that
can be an argument for Ay = 0, or a symmetry that protects Ay from becoming big after quantum
corrections.

A stiff era, as the one obtained in this work can have interesting observational consequences.
This era could occurs before the BBN or after. In both cases the stiff era can affect the light element
abundances and perhaps the CMB, if the modes correspond to linear modes. Such an issue has
been discussed for example in [56] and references therein. The study of this issue concerning the
consequences of component with a stiff equation of state and how would be the special features that
would be a consequence this stiff state in our scenario would be a very interesting subject for future
research concerning our model.
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