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1. Introduction

A Banach algebra A is called a Banach *-algebra if there exists an involution ∗ : x → x∗ satisfying
(x + y)∗ = x∗ + y∗, (λx)∗ = λx∗, (xy)∗ = y∗x∗, (x∗)∗ = x. An element a in a Banach *-algebra A has
core inverse if and only if there exist x ∈ A such that

ax2 = x, (ax)∗ = ax, xa2 = a.

If such x exists, it is unique, and denote it by a #⃝ ( see[1,9,16]).
Wang et al. generalized the core inverse to the right core inverse (see [14]). An element a ∈ A has

right core inverse if there exist x ∈ A such that

ax2 = x, (ax)∗ = ax, axa = a.

If such x exists, it is unique, and denote it by a #⃝
r . Let A #⃝

r denote the set of all right core invertible
elements in A. Here we list some characterizations of right core inverse.

Theorem 1. (see [14]) Let A be a Banach *-algebra, and let a ∈ A. Then the following are equivalent:

(1) a ∈ A #⃝
r .

(2) There exists some x ∈ A such that

axa = a, x = xax, ax2 = x, (ax)∗ = ax.

(3) a ∈ A(1,3) and aA = a2A.
(4) a ∈ A is right (a, a∗)-invertible.
(5) Aa = A(a∗)2a.
(6) There exists unique an idempotent p ∈ A such that

pa = 0, a + p ∈ A is right invertible.

In [6], Gao and Chen extended the concept of the core inverse and introduced the notion of
core-EP inverse (i.e., pseudo core inverse). An element a ∈ A has core-EP inverse if there exist x ∈ A
and k ∈ N such that

ax2 = x, (ax)∗ = ax, xak+1 = ak.
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If such x exists, it is unique, and denote it by a D⃝. Many authors have investigated core-EP inverses
from many different views, e.g., [6,7,10–13].

The motivation of this paper is to introduce and study a new kind of generalized inverse as a
natural generalization of generalized inverses mentioned above. Let

Aqnil = {x ∈ A | lim
n→∞

∥ xn ∥
1
n = 0}.

Evidently, x ∈ Aqnil if and only if 1 + λx ∈ A is invertible for any λ ∈ C.

Definition 1. An element a ∈ A has generalized right core decomposition if there exist x, y ∈ A such that

a = x + y, x∗y = yx = 0, x ∈ A #⃝
r , y ∈ Aqnil .

In Section 2, we prove that a ∈ A has generalized right core decomposition if and only if there
exist unique a x ∈ A such that

x = ax2, (ax)∗ = ax, lim
n→∞

||an − axan||
1
n = 0.

The preceding x is called generalized right core inverse of a and we denote it by a d⃝
r .

Recall that a ∈ A has generalized Drazin inverse if there exists x ∈ A such that ax = xa, ax2 =

x, a − a2x ∈ Aqnil . Such x is unique, if it exists, and denote it by ad. As it is well known, a has
generalized Drazin inverse if and only if it has quasi-polar property, i.e., there exists an idempotent
p ∈ A such that a+ p ∈ A−1 and ap = pa ∈ Aqnil (see [2, Theorem 6.4.8]). In Section 3, we characterize
generalized right core inverse by using a polar-like property. We prove that a ∈ A has generalized
right core inverse if and only if there exists a projection p ∈ A (i.e., p2 = p = p∗)such that

a + p ∈ A is right invertible, ap ∈ Aqnil , (1 − p)A = a(1 − p)A.

Related equivalent characterizations are given.
In Section 4, we are concerned with algebraic properties of generalized right core inverse. The

necessary and sufficient conditions under which the sum of two generalized right core invertible
elements has generalized right core inverse are established.

Following Wang et al.(see [14]), an element a in A has right core-EP (i.e., right pseudo core)
inverse if there exists x ∈ A such that x = ax2, (ax)∗ = ax, an = axan. Such x is unique, if exists, and
denote it by a D⃝

r . Finally, in Section 5, the right core-EP inverse is characterized by certain new ways.
Throughout the paper, all Banach *-algebras are complex with an identity. We use A−1

r ,A d⃝
r ,A D⃝

and A D⃝
r to denote the sets of all right invertible, generalized right core invertible, core-EP invertible

and right core-EP invertible elements in A, respectively. Let Anil denote the set of all nilpotents in
A. If a and x satisfy the equations a = axa and (ax)∗ = eax, then x is called (1, 3)-inverse of a and is
denoted by a(1,3). We use A(1,3) to stand for the set of all (1, 3)-invertible elements in A.

2. generalized right core inverse

In this section, we introduce generalized right core inverse by using a kind of right core and
quasi-nilpotent decomposition. We begin with

Theorem 2. Let a ∈ A. Then the following are equivalent:

(1) a ∈ A has generalized right core decomposition.
(2) There exist x ∈ A such that

x = ax2, (ax)∗ = ax, lim
n→∞

||an − axan||
1
n = 0.
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Proof. (1) ⇒ (2) By hypothesis, there exist z, y ∈ A such that

a = z + y, z∗y = yz = 0, z ∈ A #⃝
r , y ∈ Aqnil .

Set x = z #⃝
r . Then we check that

ax = (z + y)z #⃝
r = zz #⃝

r ,
ax2 = (ax)x = z(z #⃝

r )2 = z #⃝
r = x,

(ax)∗ = (zz #⃝
r )∗ = zz #⃝

r = ax,
a − axa = a − zz #⃝

r (z + y) = a − z = y ∈ Aqnil .

By using Cline’s formula (see [2, Theorem 6.4.11]), we have

a − xa2 ∈ Aqnil .

Moreover, we see that

(1 − ax)an = (a − axa)an−1 = y(z + y)an−2 = y2an−2 = · · · = yn,

and therefore
lim

n→∞
||an − axan||

1
n = lim

n→∞
||yn||

1
n = 0.

(2) ⇒ (1) By hypotheses, there exist t ∈ A such that

t = at2, (at)∗ = at, lim
n→∞

||an − atan||
1
n = 0.

For any n ∈ N, we have
at = a(at2) = a2t2 = a2(at2)z = a3t3

= · · · = antn = · · · = an+1tn+1.

Let z = tat. One directly verifies that

||at − az|| = ||antn − atantn|| = ||[an − atan]tn||
≤ ||an − atan||||tn||,

Then
lim

n→∞
||at − az||

1
n = 0;

hence, az = at, and so (az)∗ = (at)∗ = at = az.

z − az2 = tat − (at)z = tat − at2at
= (tat − at2) + at(1 − ta)t
= (ta − 1)t + at(1 − ta)t
= (at − 1)(1 − ta)t = (at − 1)[1 − antn+1a]t.

Since t = at2, by induction, we have t = antn+1, and so z − az2 = (at − 1)[1 − antn+1a]antn+1; hence,

||z − az2|| ≤ ||an − atan||||1 − tn+1an+1||||t||n+1.

Since limn→∞ ||an − atan|| 1
n = 0, we deduce that

lim
n→∞

||z − az2||
1
n = 0.

This implies that az2 = z.
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Moreover, we have zaz = z(at) = (tat)at = t(ata)an−1tn = t(atan)tn; hence,

||z − zaz|| = ||tantn − t(atan)tn||
≤ ||t|||an − atan||||tn||

This implies that
lim

n→∞
||zaz − z||

1
n = 0;

whence, z = zaz.
Since at = az, we see that ||an − azan|| 1

n = ||an − atan|| 1
n , and so

lim
n→∞

||an − azan||
1
n = 0.

Set x = aza and y = a − aza. Then a = x + y. We check that

(1 − ax)a(ax) = (a − axa)an−1xn−1

= (an − axan)xn−1.

Therefore
||(1 − ax)a(ax)||

1
n ≤ ||an − axan|

1
n |||xn−1||

1
n .

Since
lim

n→∞
||an − axan||

1
n = 0,

we prove that
lim

n→∞
||(1 − ax)a(ax)||

1
n = 0.

This implies that (1 − ax)a(ax) = 0.
We claim that x has right core inverse. Evidently, we verify that

xz = azaz = az,
xz2 = (xz)z = az2 = z,
xzx = (xz)x = azaza = aza = x,

(xz)∗ = (az)∗ = az = xz.

Therefore x ∈ A #⃝
r and z = x #⃝

r .
We verify that

||(a − xa2)n+2||
1

n+2 = ||(1 − xa)a(a − xa2)n(a − xa2)||
1

n+2

= ||(1 − xa)a(a − xa2)n−1(a − xa2)a||
1

n+2

= ||(1 − xa)a(a − xa2)n−1a2||
1

n+2

...

= ||(1 − xa)a(a − xa2)an||
1

n+2

≤ ||1 − xa||
1

n+2
[
||an − axan|| 1

n
] n

n+2 ||a||
1

n+2 .

Accordingly,
lim

n→∞
||(a − xa2)n+2||

1
n+2 = 0.

This implies that a − xa2 ∈ Aqnil . By using Cline’s formula, y = a − aza ∈ Aqnil .
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Moreover, we see that

x∗y = (axa)∗(1 − ax)a = a∗(ax)∗(1 − ax)a
= a∗(ax)(1 − ax)a = 0,

yx = (a − axa)axa = (1 − ax)a(ax)a = 0.

Then we have a generalized right core decomposition a = x + y, as required.

Corollary 1. Let a ∈ A. Then the following are equivalent:

(1) a ∈ A has generalized right core decomposition.
(2) There exists unique x ∈ A such that

x = ax2, (ax)∗ = ax, lim
n→∞

||an − axan||
1
n = 0.

Proof. (2) ⇒ (1) This is obvious by Theorem 2.1.
(1) ⇒ (2) In light of Theorem 2.1, there exists x ∈ A such that

x = ax2, (ax)∗ = ax, lim
n→∞

||an − axan||
1
n = 0.

Assume that there exists z ∈ A such that

z = az2, (az)∗ = az, lim
n→∞

||an − azan||
1
n = 0.

Let a1 = axa, a2 = a − a1 and b1 = aza, b2 = a − b1. As in the proof of Theorem 2.1, we prove that

a∗1 a2 = a2a1 = 0, a2 ∈ Aqnil ,
b∗1 b2 = b2b1 = 0, b2 ∈ Aqnil .

For every n ∈ N, an =
n
∑

i=0
bi

1bn−i
2 , and then (an)∗b2 = (bn

2 )
∗b2. Since b2b1 = 0, we have anb1(bn

1 )
# =

(b1)
nb1(bn

1 )
# = b1. Since ax2 = x, we have anxn = ax. Then

||b1 − a1||2 = ||b1 − axa||2
= ||b1 − axb1 − axb2||2
= ||b1 − axb1 − (ax)∗b2||2
= ||b1 − anxnb1 − (anxn)∗b2||2
= ||b1 − anxnb1 − (xn)∗(an)∗b2||2
= ||b1 − anxnanb1(bn

1 )
# − (xn)∗(an)∗b2||2

= ||(an − axan)b1(bn
1 )

# − (xn)∗(b∗2)
nb2||2

≤ ||an − axan||2||b1(bn
1 )

#||2 + ||(xn)∗||2||b2||2||(b∗2)n||2
+ 2||an − axan||||(b∗2)n||||b1(bn

1 )
#||||(xn)∗||||b2||.

Therefore
||b1 − a1||

2
n

≤ ||an − axan|| 2
n ||b1(bn

1 )
#|| 2

n + ||(xn)∗|| 2
n ||b2||

2
n ||(b∗2)n|| 2

n

+ 2||an − axan|| 1
n ||(b∗2)n|| 1

n ||b1(bn
1 )

#|| 2
n ||e−1(xn)∗|| 2

n ||b2||
2
n

≤ ||1 − ax|| 2
n ||||a||2||b1(b1)

#|| 2
n + ||x∗||2||b2||

2
n ||(b∗2)n|| 2

n

+ 2||1 − ax|| 1
n ||a||2||(b∗2)n|| 2

n ||b1(b1)
#|| 2

n ||x∗||2||b2||
2
n .
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Since b2 ∈ Aqnil , then 1 − λb2 ∈ A−1; whence, 1 − λb∗2 ∈ A−1. Then b∗2 ∈ Aqnil , and so

lim
n→∞

||(b∗2)n||
1
n = 0.

Accordingly,
lim

n→∞
||b1 − a1||

2
n = 0.

Therefore a1 = b1.
As in the proof of Theorem 2.1, we check that x = (axa) #⃝

r = (a1)
#⃝

r = (b1)
#⃝

r = (aza) #⃝
r = z.

Therefore x = z, as required.

We denote such a x in Corollary 2.2 by a d⃝
r , and call it the generalized right core inverse of a. Let

A d⃝
r denote the sets of all generalized right core invertible elements in A.

Corollary 2. Let a ∈ A d⃝
r . Then the following hold:

(1) a d⃝
r = a d⃝

r aa d⃝
r .

(2) aa d⃝
r = am(a d⃝

r )m for any m ∈ N.

Proof. (1) By hypothesis, there exist z, y ∈ A such that

a = z + y, z∗y = yz = 0, z ∈ A #⃝
r , y ∈ Aqnil .

As in the proof of Theorem 2.1, we have a d⃝
r = z #⃝

r . We directly verify that

xax = z #⃝
r zz #⃝

r = z #⃝
r = x,

as required.
(2) This is obvious by the proof of Theorem 2.1.

An element a ∈ A has generalized core inverse if there exist x ∈ A such that

ax2 = x, (ax)∗ = ax, lim
n→∞

||an − xan+1||
1
n = 0.

If such x exists, it is unique, and denote it by a d⃝.

Corollary 3. Let a ∈ A. Then a ∈ A d⃝ if and only if

(1) a ∈ Ad;
(2) a ∈ A d⃝

r .

Proof. This is obvious by Theorem 2.1 and [3, Theorem 2.5].

Corollary 4. Let a ∈ A. Then a ∈ A D⃝ if and only if

(1) a ∈ AD;
(2) a ∈ A d⃝

r .

Proof. This is obvious by Corollary 2.4 and [3, Corollary 3.4].

Recently, Zhu et al. extended right core inverse and introduced right w-core inverse (see [18]). An
element a ∈ A has right w-core inverse if there exist x ∈ A such that

awx2 = x, (awx)∗ = awx, awxa = a.
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If such x exists, it is unique, and denote it by a #⃝
r,w. Let A #⃝

r,w denote the set of all right w-core invertible
elements in A.

Theorem 3. Let a, w ∈ A. Then the following are equivalent:

(1) aw ∈ A d⃝
r .

(2) There exist x, y ∈ A such that

a = x + y, x∗y = ywx = 0, x ∈ A #⃝
r,w, yw ∈ Aqnil .

Proof. (1) ⇒ (2) By hypotheses, there exist t ∈ A such that

t = (aw)t2, [(aw)t]∗ = (aw)t, lim
n→∞

||(aw)n − (aw)t(aw)n||
1
n = 0.

Let z = t(aw)t, x = awza and y = a − awza.. As in the proof of Theorem 2.1, we prove that

(awz)∗ = awz, awz2 = z, z = zawz;
limn→∞ ||(aw)n − (aw)z(aw)n|| 1

n = 0;
a = x + y, yw = (a − awza)w = aw − (aw)z(aw) ∈ Aqnil .

We claim that x has right w-core inverse. Evidently, we verify that

xwz = (awza)wz = awz,
xwz2 = (xwz)z = awz2 = z,
xwzx = (xwz)x = (awz)awza = (awz)2a = (awz)a = x,

(xwz)∗ = (awz)∗ = awz = xwz.

Therefore x ∈ A #⃝
r,w and z = x #⃝

r,w.
Moreover, we see that

x∗y = (awza)∗(1 − awz)a = a∗(awz)∗(1 − awz)a
= a∗(awz)(1 − awz)a = 0.

Since z = awz2, we see that z = (aw)n−1zn. Then

||ywx|| = ||(a − awza)w(awza)||
= ||[(aw)− (aw)z(aw)]awza||
= ||[(aw)− (aw)z(aw)](aw)n−1zna||
= ||[(aw)n − (aw)z(aw)n]zna||.

Hence,
||ywx||

1
n ≤ ||(aw)n − (aw)z(aw)n||

1
n ||zna||

1
n .

This implies that
lim

n→∞
||ywx||

1
n = 0.

Thus ywx = 0, as required.
(2) ⇒ (1) By hypothesis, there exist x, y ∈ A such that

a = x + y, x∗y = ywx = 0, x ∈ A #⃝
r,w, yw ∈ Aqnil .

Hence, aw = xw + yw, (xw)∗(yw) = w∗(x∗y)w = 0, (yw)(xw) = (ywx)w = 0 and yw ∈ Aqnil . Since
x ∈ A #⃝

r,w, we have
xwz2 = z, (xwz)∗ = xwz, xwzx = x.
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Hence, xwzxw = xw, and so xw ∈ A #⃝
r,w. Therefore aw ∈ A d⃝

r , as asserted.

3. equivalent characterizations

In this section, we present a polar-like property for generalized right core inverse in a Banach
*-algebra. The related characterizations of generalized right core inverse are established.

Theorem 4. Let a ∈ A. Then the following are equivalent:

(1) a ∈ A d⃝
r .

(2) There exists a projection p ∈ A such that

a + p ∈ A−1
r , ap ∈ Aqnil , (1 − p)A = a(1 − p)A.

Proof. (1) ⇒ (2) Since a ∈ A d⃝
r , there exist x, y ∈ A such that

a = x + y, x∗y = yx = 0, x ∈ A #⃝
r , y ∈ Aqnil

r .

In view of [5, Lemma 4.3], we have

x #⃝
r = x(x #⃝

r )2 = x #⃝
r xx #⃝

r , (xx #⃝
r )∗ = xx #⃝

r , x = xx #⃝
r x.

Let p = 1 − xx #⃝
r . Then p2 = p = p∗ and px = 0. We directly check that

(x + 1 − xx #⃝
r )(x #⃝

r + 1 − xx #⃝
r ) = 1 + x(1 − xx #⃝

r ).

Let q = [x #⃝
r + 1 − xx #⃝

r ][1 + x(1 − xx #⃝
r )]−1. Then (x + p)q = 1.

1 + yq = 1 + (yx #⃝
r + y − yxx #⃝

r )[1 + x(1 − xx #⃝
r )]−1

= 1 + [y − yxx #⃝
r ][1 + x(1 − xx #⃝

r )].

We check that
1 + [1 − xx #⃝

r ][1 + x(1 − xx #⃝
r )]y

= 1 + [1 − xx #⃝
r ][y + xy]

= 1 + y + [1 − xx #⃝
r ]xy

= 1 + y ∈ A−1.

Hence, 1 + qy ∈ A−1. Therefore we check that

pa = p(x + y) = py = (1 − xx #⃝
r )y = y ∈ Aqnil ,

pa(1 − p) = yxx #⃝
r = 0,

a + p = x + y + p = (x + p)[1 + qy] ∈ A is right invertible.

Moreover, we see that 1 − p = xx #⃝
r = [(x + y)xx #⃝

r ]x #⃝
r ∈ a(1 − p)A. On the other hand, a(1 − p) =

(1 − p)a(1 − p) ∈ (1 − p)A. Then
(1 − p)A = a(1 − p)A.

(2) ⇒ (1) By hypothesis, there exists a projection p ∈ A such that

a + p ∈ A−1
r , ap ∈ Aqnil , (1 − p)A = a(1 − p)A.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 18 June 2024                   doi:10.20944/preprints202406.1246.v1

https://doi.org/10.20944/preprints202406.1246.v1


9 of 20

Set x = (1 − p)a and y = pa. Then

x∗y = [a∗(1 − p)∗]pa = 0,
yx = pa(1 − p)a = 0,

y = pa ∈ Aqnil .

Write (a + p)q = 1 for some q ∈ A. Then (1 − p)aq = (1 − p)(a + p)q = 1 − p, and so (1 − p)aq(1 −
p)a = (1 − p)a and [(1 − p)aq]∗ = (1 − p)aq. Hence, (1 − p)a ∈ A(1,3).

Since (1 − p)A = a(1 − p)A, we have pa(1 − p) = 0. Write 1 − p = a(1 − p)r for some r ∈ A.
Then 1 − p = (1 − p)a(1 − p)r; hence,

1 − p = (1 − p)[a(1 − p)r] = (1 − p)a[(1 − p)r]
= [(1 − p)a][(1 − p)a(1 − p)r]r
∈ [(1 − p)a]2A.

Then we have (1 − p)aA = [(1 − p)a]2A. According to [14, Theorem 3.1], (1 − p)a ∈ A #⃝
r . That is,

x ∈ A #⃝
r . Therefore a ∈ A d⃝

r .

Corollary 5. Every generalized right core invertible element in a Banach *-algebra is the sum of two invertible
and a right invertible elements.

Proof. Let a ∈ A d⃝
r . In view of Theorem 3.1, we have p2 = p = p∗ ∈ A such that u := a + p ∈ A−1

r .
Then a = u − p. Clearly, −p = 1−2p

2 − 1
2 . We easily check that

(1 − 2p
2

)2
=

1
4

,

and so (1 − 2p
2

)−1
= 2(1 − 2p).

Accordingly, a = u + 1−2p
2 − 1

2 , as required.

We are ready to prove:

Theorem 5. Let a ∈ A. Then the following are equivalent:

(1) a ∈ A d⃝
r .

(2) There exists b ∈ A such that

bab = b, (ab)∗ = ab, abaA = a2baA, a − a2b ∈ Aqnil .

Proof. (1) ⇒ (2) By hypothesis, there exist x, y ∈ A such that

a = x + y, x∗y = yx = 0, x ∈ A #⃝
r , y ∈ Aqnil .

It is easy to verify that
x #⃝

r y = x #⃝
r xx #⃝

r y
= [x #⃝

r ][xx #⃝
r ]y

= [x #⃝
r ](xx #⃝

r )∗y
= [x #⃝

r ](x #⃝
r )∗(x∗y)

= 0.
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Set b = x #⃝
r . Then ab = (x + y)x #⃝

r = xx #⃝
r + yx(x #⃝

r )2 = xx #⃝
r . Hence, (ab)∗ = (xx #⃝

r )∗ = xx #⃝
r = ab. We

easily verify that
ab2 = (ab)b = (xx #⃝

r )x #⃝
r = x #⃝

r = b,
b(1 − ab) = x #⃝

r [1 − xx #⃝
r ] = 0,

a − a2b = a(1 − ab) = a(1 − xx #⃝).

Thus b = bab, and so ab2 = bab.
Moreover, we see that

aba = (xx #⃝
r )(x + y)

= xx #⃝
r x = x;

a2ba = a(aba) = (x + y)x = x2.

Since x ∈ A #⃝
r , it follows by [14, Theorem 3.1] that xA = x2A. Thus, abaA = a2baA. Since (1 −

xx #⃝)a = (1 − xx #⃝)(x + y) = y ∈ Aqnil , by using Cline’s formula, a − a2b = a(1 − xx #⃝) ∈ Aqnil .
(2) ⇒ (1) By hypothesis, there exists b ∈ A such that

bab = b, (ab)∗ = ab, abaA = a2baA, a − a2b ∈ Aqnil .

Let x = aba and y = a − aba. Then

a = x + y,
x∗y = (aba)∗(a − aba) = a∗(ab)∗(1 − ab)a = 0,
yx = (a − aba)aba = (1 − ab)a2ba = (1 − ab)abar = 0 for a r ∈ A.

Since a − a2b ∈ Aqnil . By using Cline’s formula, we have y = (1 − ab)a ∈ Aqnil . Clearly, we have
xb = (aba)b = a(bab) = ab, and so xbx = ab(aba) = a(bab)a = aba = x and (xb)∗ = (ab)∗ = ab = xb.
That is, x ∈ A(1,3). Moreover, we check that

aba = ababa ∈ aba2baA = (aba)2A.

Hence, abaA = (aba)2A. By virtue of [14, Theorem 3.1], x ∈ A #⃝
r . This completes the proof by Theorem

2.1.

Corollary 6. Let a ∈ A. Then the following are equivalent:

(1) a ∈ A d⃝
r .

(2) Tere exists b ∈ A such that

bab = b = ab2, (ab)∗ = ab, abaA = a2baA, a − a2b ∈ Aqnil .

Proof. (1) ⇒ (2) By hypothesis, there exist x, y ∈ A such that

a = x + y, x∗y = yx = 0, x ∈ A #⃝
r , y ∈ Aqnil .

Set b = x #⃝
r . As in the proof of Theorem 3.3, we check that

bab = b, (ab)∗ = ab, abaA = a2baA, a − a2b ∈ Aqnil .

Moreover, we verify that

ab = (x + y)x #⃝
r = xx #⃝

r + yx(x #⃝
r )2 = xx #⃝

r ,
ab2 = (ab)b = (xx #⃝

r )x #⃝
r = x #⃝

r = b,

as required.
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(2) ⇒ (1) This is obvious by Theorem 3.3.

Let a ∈ A. Set
{ad

r } = {x ∈ A | ax2 = x, a − xa2 ∈ Aqnil}.

We now derive the following.

Theorem 6. Let a ∈ A. Then the following are equivalent:

(1) a ∈ A d⃝
r .

(2) {ad
r }
⋂A #⃝

r ̸= ∅.

In this case, a d⃝
r = z2z #⃝

r for z ∈ {ad
r }
⋂A #⃝

r .

Proof. (1) ⇒ (2) In view of Theorem 2.1, there exist x, y ∈ A such that

a = x + y, x∗y = yx = 0, x ∈ A #⃝
r , y ∈ Aqnil .

Let z = x #⃝
r . Then

Claim 1. z ∈ {ad
r }. We directly verify that

az = (x + y)x #⃝
r = (x + y)x(x #⃝

r )2 = xx #⃝
r ,

az2 = [xx #⃝
r ]x #⃝

r = x(x #⃝
r )2 = x #⃝

r = z,
aza = xx #⃝

r (x + y) = xx #⃝
r x + (x #⃝

r )∗(x∗y) = x,
a − aza = a − x = y ∈ Aqnil .

By using Cline’s formula, we have a − za2 ∈ Aqnil . Therefore z ∈ {ad
r }.

Claim 2. z ∈ A #⃝
r . We verify that

z[x2z] = x #⃝
r [x2x #⃝

r ] = xx #⃝
r ,

z[x2z]2 = [xx #⃝
r ](x2z) = x2z,(

z(x2z)
)∗

= (xx #⃝
r )∗ = xx #⃝

r = z(x2z),
z(x2z)z = [xx #⃝

r ]x #⃝
r = x #⃝

r = z.

Accordingly, z ∈ A #⃝
r and z #⃝

r = x2z. Therefore {ad
r }
⋂A #⃝

r ̸= ∅.
(2) ⇒ (1) Let z ∈ {ad

r }
⋂A #⃝

r . Then

az2 = z, a − za2 ∈ Aqnil .

Set x = z2z #⃝
r . Then we check that

(zz #⃝
r a)x = zz #⃝

r (az2)z #⃝
r = [zz #⃝

r ]2 = zz #⃝
r ,

hence, we see that
[(zz #⃝

r a)x]∗ = [zz #⃝
r ]∗ = zz #⃝

r = (zz #⃝
r a)x,

zz #⃝
r ax2 = [zz #⃝

r ][z2z #⃝
r ] = z2z #⃝

r = x,(
zz #⃝

r a
)

x
(
zz #⃝

r a
)

=
(
zz #⃝

r
)(

zz #⃝
r a
)
= zz #⃝

r a.

Then zz #⃝
r a ∈ A #⃝

r and [zz #⃝
r a] #⃝

r = z2z #⃝
r .
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Write a = a1 + a2, where a1 = zz #⃝
r a and a2 = a − zz #⃝

r a. It is easy to verify that

a2a1 = [a − zz #⃝
r a]zz #⃝

r a
= azz #⃝

r a − zz #⃝azz #⃝
r a

= azz #⃝
r a − zz #⃝(az2)(z #⃝

r )2a
= azz #⃝

r a − zz #⃝z(z #⃝
r )2a

= (az2)(z #⃝
r )2a − z(z #⃝)2a

= 0,
a∗1 a2 = a∗(zz #⃝

r )∗[a − zz #⃝
r a]

= a∗(zz #⃝
r )[a − zz #⃝

r a]
= a∗zz #⃝

r [1 − zz #⃝
r ]a = 0.

Moreover, we check that

[1 − zz #⃝
r ]a = [1 − zz #⃝

r ]a − [1 − zz #⃝
r ]za2

= [1 − zz #⃝
r ](a − za2).

Clearly,
az = azz #⃝

r z = az2(z #⃝
r )2z = z(z #⃝

r )2z = z #⃝
r z.

It is easy to verify that

(a − za2)[1 − zz #⃝
r ] = a − za2 − (1 − za)(az)z #⃝

r
= a − za2 − (1 − za)(z #⃝

r z)z #⃝
r

= a − za2 − (1 − za)z #⃝
r

= a − za2 − (1 − za)z2(z #⃝
r )3

= a − za2 − [z #⃝
r − z(az2)(z #⃝

r )3]

= a − za2 − [z #⃝
r − z2(z #⃝

r )3]

= a − za2 ∈ Aqnil .

By using Cline’s formula again,

a2 = [1 − zz #⃝
r ]a = [1 − zz #⃝

r ](a − za2) ∈ Aqnil .

Therefore a = a1 + a2 is the generalized right core decomposition of a. Therefore

a d⃝
r = (a1)

#⃝
r = z2z #⃝

r ,

as asserted.

4. algebraic properties

In this section, we are concerned with algebraic properties of generalized right core inverse. Let

a, p2 = p ∈ A. Then a has the Pierce decomposition relative to p, and we denote it by

(
a11 a12

a21 a22

)
p

.

Let a ∈ A d⃝
r . We use aπ

r to stands for 1 − aa d⃝
r . For further use, we now derive

Lemma 1. Let p be a projection, a ∈
(

pAp
) d⃝

r , d ∈
(
(1 − p)A(1 − p)

) d⃝

r and x =

(
a b
0 d

)
p

. If aπ
r b = 0,

then x ∈ A d⃝
r . In this case,

x d⃝
r = a d⃝

r + d d⃝
r − a d⃝

r bd d⃝
r .
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Proof. Set y =

(
a d⃝

r z
0 d d⃝

r

)
p

, where z = −a d⃝
r bd d⃝

r . Then we directly check that

xy =

(
a b
0 d

)
p

(
a d⃝

r z
0 d d⃝

r

)
p

=

(
aa d⃝

r az + bd d⃝
r

0 dd d⃝
r

)
p

.

We see that
az + bd d⃝

r = −aa d⃝
r bd d⃝

r + bd d⃝
r

= aπ
r bd d⃝

r = 0.

Then
(xy)∗ = xy,

xy2 =

(
aa d⃝

r 0
0 dd d⃝

r

)
p

(
a d⃝

r z
0 d d⃝

r

)
p

= y,

yxy =

(
a d⃝

r z
0 d d⃝

r

)
p

(
aa d⃝

r 0
0 dd d⃝

r

)
p

= y.

Moreover, we have

1 − xy =

(
p − aa d⃝

r 0
0 pπ − dd d⃝

r

)
p

.

Then

(1 − xy)xn =

(
p(1 − aa d⃝

r )an 0
0 pπ(1 − dd d⃝

r )dn

)
p

.

Therefore
lim

n→∞
||xn − xyxn||

1
n = 0,

and then
x d⃝

r = y = a d⃝
r + d d⃝

r − a d⃝
r bd d⃝

r .

We come now to the demonstration of the additive property of generalized right core inverse.

Theorem 7. Let a, b, aπ
r b, (a + b)aa d⃝

r ∈ A d⃝
r . If aπ

r ab = 0, aπ
r ba = 0 and [(a + b)aa d⃝

r ]πr aa d⃝
r baπ

r = 0, then
a + b ∈ A d⃝

r . In this case,

(a + b) d⃝
r = [(a + b)aa d⃝

r ] d⃝
r + [aπ

r b] d⃝
r − [(a + b)aa d⃝

r ] d⃝
r b[aπ

r b] d⃝
r .

Proof. Let p = aa d⃝
r . By hypothesis, pπbp = (1 − aa d⃝

r )baa d⃝
r = (aπ

r ba)a d⃝
r = 0,

pπap = (1 − aa d⃝
r )a2a d⃝

r = 0

and
papπ = aa d⃝

r a(1 − aa d⃝
r ) = aa d⃝

r [a − aa d⃝
r a]aa d⃝

r = 0.

Then we have

a =

(
a1 0
0 a4

)
p

, b =

(
b1 b2

0 b4

)
p

.

Hence

a + b =

(
a1 + b1 b2

0 a4 + b4

)
p

.
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Here, a1 = aa d⃝
r aaa d⃝

r = a2a d⃝
r and b1 = aa d⃝

r baa d⃝
r = baa d⃝

r . Then

a1 + b1 = (a + b)aa d⃝
r ∈ A d⃝

r .

Also we have a4 = aπ
r aaπ

r = aπ
r a − aπ

r a2a d⃝
r = aπ

r a and b4 = aπ
r baπ

r = aπ
r b, and so

a4 + b4 = aπ
r (a + b).

We claim that
(a4)

d⃝
r = (aπ

r b) d⃝
r .

One easily verifies that

aπ
r (a + b)(aπ

r b) d⃝
r = aπ

r a(aπ
r b) d⃝

r + aπ
r b(aπ

r b) d⃝
r = aπ

r b(aπ
r b) d⃝

r ,(
aπ

r (a + b)(aπ
r b) d⃝

r
)∗

= aπ
r (a + b)(aπ

r b) d⃝
r ,

aπ
r (a + b)[(aπ

r b) d⃝
r ]2 = aπ

r [b(aπ
r b) d⃝

r ]2 = (aπ
r b) d⃝

r ,
(aπ

r b) d⃝
r aπ

r (a + b)(aπ
r b) d⃝

r = (aπ
r b) d⃝

r aπ
r b(aπ

r b) d⃝
r = (aπ

r b) d⃝
r ,

1 − aπ
r (a + b)(aπ

r b) d⃝
r = 1 − aπ

r b(aπ
r b) d⃝

r .

Then
[1 − aπ

r (a + b)(aπ
r b) d⃝

r ][aπ
r (a + b)]n

= [1 − aπ
r b(aπ

r b) d⃝
r ][(aπ

r a)n + (aπ
r b)n]

= [1 − aπ
r b(aπ

r b) d⃝
r ][aπ

r a)n] + [1 − aπ
r b(aπ

r b) d⃝
r ][(aπ

r b)n].

Hence,
||[1 − aπ

r (a + b)(aπ
r b) d⃝

r ][aπ
r (a + b)]n|| 1

n

≤ ||1 − aπ
r b(aπ

r b) d⃝
r || 1

n ||aπ
r a)n|| 1

n + ||[1 − aπ
r b(aπ

r b) d⃝
r ][(aπ

r b)n]|| 1
n .

We infer that
lim

n→∞
||[1 − aπ

r (a + b)(aπ
r b) d⃝

r ][aπ
r (a + b)]n||

1
n = 0.

Therefore a4 + b4 ∈ A d⃝
r and (a4 + b4)

d⃝
r = (aπ

r b) d⃝
r .

Since [(a + b)aa d⃝
r ]πr aa d⃝

r baπ
r = 0, we have (a1 + b1)

π
r b2 = 0. By using Lemma 4.1, we have

(a + b) d⃝
r = (a1 + b1)

d⃝
r + (a4 + b4)

d⃝
r

− (a1 + b1)
d⃝
r b2(a4 + b4)

d⃝
r

= [(a + b)aa d⃝
r ] d⃝

r + [aπ
r b] d⃝

r
− [(a + b)aa d⃝

r ] d⃝
r b[aπ

r b] d⃝
r ,

as asserted.

Corollary 7. Let a, b, aπ
r b, (a + b)aa d⃝

r ∈ A d⃝
r . If aπ

r ab = 0, aπ
r ba = 0 and aπ

r b∗a = 0, then a + b ∈ A d⃝
r . In

this case,
(a + b) d⃝

r = [(a + b)aa d⃝
r ] d⃝

r + [aπ
r b] d⃝

r − [(a + b)aa d⃝
r ] d⃝

r b[aπ
r b] d⃝

r .

Proof. Since aπ
r b∗a = 0, we see that

aa d⃝
r baπ

r = aa d⃝
r b(1 − aa d⃝

r )

= (aa d⃝
r )∗b(1 − aa d⃝

r )∗

= (a d⃝
r )∗a∗b(1 − aa d⃝

r )∗

= (a d⃝
r )∗[aπ

r b∗a]∗ = 0.

Therefore the proof is true by Theorem 4.2.
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Corollary 8. Let a, b ∈ A d⃝
r . If ab = ba = a∗b = 0, then a + b ∈ A d⃝

r . In this case,

(a + b) d⃝
r = a d⃝

r + b d⃝
r .

Proof. Since a∗b = 0, we have b∗a = (a∗b)∗ = 0. Hence, aπ
r ab = 0, aπ

r ba = 0 and aπ
r b∗a = 0. According

to Corollary 4.3, the result follows.

We now establish the power property of generalized right core inverse.

Theorem 8. Let a ∈ A and n ∈ N. Then the following are equivalent:

(1) a ∈ A d⃝
r .

(2) an ∈ A d⃝
r .

In this case, a d⃝
r = an−1(an) d⃝

r .

Proof. (1) ⇒ (2) Let x = a d⃝
r . Then we verify that

ax = a(ax2) = a2x2 = · · · = anxn.

Hence,
an(xn)2 = (anxn)xn = axn+1 = (ax2)xn−1 = xn,
(anxn)∗ = (ax)∗ = ax = anxn,

(an)m − anxn(an)m = anm − axanm.

Hence,
lim

m→∞
||(an)m − anxn(an)m||

1
m = 0.

Therefore (an) d⃝
r = xn, as required.

(2) ⇒ (1) Let x = an−1(an) d⃝
r . Then

ax = an(an) d⃝
r .

Hence we check that

ax2 = an(an) d⃝
r an−1(an) d⃝

r = x,
(ax)∗ = (an(an) d⃝

r )∗ = an(an) d⃝
r = ax,

am − axam = am − an(an) d⃝
r am

=
(
an − an(an) d⃝

r an)am−n(m ≥ n).

This implies that
lim

m→∞
||am − axam||

1
m = 0.

Accordingly, (an) d⃝
r = x, as asserted.

The next theorem provides a criteria for a triangular matrix has generalized right core inverse.

Theorem 9. Let α =

(
a b
0 d

)
∈ M2(A) with a, d ∈ A d⃝

r . If aπ
r bd d⃝

r = 0, then α ∈ M2(A) d⃝
r and

α d⃝
r =

(
a d⃝

r −a d⃝
r bd d⃝

r
0 d d⃝

r

)
.

Proof. Since a, d ∈ A d⃝
r , we have generalized right core decompositions:

a = x + y, d = s + t,
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where
x, s ∈ A #⃝

r , y, t ∈ Aqnil

and
x∗y = 0, yx = 0; s∗t = 0, ts = 0.

Then we have α = β + γ, where

β =

(
x xx #⃝

r b
0 s

)
, γ =

(
y (1 − xx #⃝

r )b
0 t

)
.

By hypothesis, we have
xπ

r (xx #⃝
r b) = 0.

Then β ∈ M2(A) #⃝
r . Since, y, t ∈ Aqnil , we see that γ ∈ M2(A)qnil .

We directly check that

β∗γ =

(
x∗ 0

b∗xx #⃝
r s∗

)(
y (1 − xx #⃝

r )b
0 t

)

=

(
0 x∗r (1 − xx #⃝

r )

b∗xx #⃝
r y b∗xx #⃝

r (1 − xx #⃝
r )b

)
= 0,

γβ =

(
y (1 − xx #⃝

r )b
0 t

)(
x xx #⃝

r b
0 s

)

=

(
0 yxx #⃝

r b + (1 − xx #⃝
r )bs

0 0

)
= 0.

Then α ∈ M2(A) d⃝
r . In light of Theorem 2.1, we have

α d⃝
r = β #⃝

r

=

(
x #⃝

r z
0 s #⃝

r

)

=

(
a d⃝

r z
0 d d⃝

r

)
.

where
z = −x #⃝

r [xx #⃝
r b]s #⃝

r = −a d⃝
r bd d⃝

r .

This completes the proof.

5. right core-EP inverses

In this section, we apply our main results and characterize right core-EP inverse by certain new
ways. The following lemma is crucial.

Lemma 2. Let a ∈ A. Then a ∈ A D⃝
r if and only if

(1) a ∈ A d⃝
r ;

(2) there exists some k ∈ N such that akA = ak+1A.

In this case, a D⃝
r = a d⃝

r .

Proof. =⇒ Obviously, a ∈ A d⃝
r . In view of [14, Theorem 4.9], there exists some k ∈ N such that

akA = ak+1A.
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⇐= Let x = a d⃝
r . Then

xax = x = ax2, (ax)∗ = ax, lim
n→∞

||an − axan||
1
n = 0.

Write ak = ak+1y for a y ∈ A. Set z = akyxk. Then we verify that az = (ak+1y)xk = akxk = ax, and so
(az)∗ = (ax)∗ = ax = az. We observe that

az2 = (az)z = axakyxk = axak+nyn+1xk

= ak+nyn+1xk − [ak+n − axak+n]yn+1xk

= akyxk − [ak+n − axak+n]yn+1xk

= z − [ak+n − axak+n]yn+1xk,

and then lim
n→∞

||az2 − z|| 1
n = 0. This implies that az2 = z. Moreover, we have

ak − azak = ak − axak = ak+nyn+1 − axak+nyn+1 = [ak+1 − axak+n]yn+1.

Hence,
||ak − azak|| ≤ ||ak+1 − axak+n||||yn+1||.

Since lim
n→∞

||ak+1 − axak+n|| 1
n = lim

n→∞
[||ak+1 − axak+n||

1
k+n ]1+

k
n = 0, we deduce that lim

n→∞
||ak − azak|| 1

n =

0; and then ak = azak. Therefore a ∈ A D⃝
r . By using the uniqueness of generalized right core inverse,

we have z = x, as required.

We are ready to prove:

Theorem 10. Let a ∈ A. Then the following are equivalent:

(1) a ∈ A D⃝
r .

(2) ak ∈ A #⃝
r for some k ∈ N.

(3) There exist x, y ∈ A such that

a = x + y, x∗y = yx = 0, x ∈ A #⃝
r , y ∈ Anil .

Proof. (1) ⇔ (2) See [14, Theorem 4.8].
(1) ⇒ (3) By virtue of Lemma 5.1, a ∈ A d⃝

r and a d⃝
r = a D⃝

r . In view of Theorem 2.1, we can find
x, y ∈ A such that

a = x + y, x∗y = yx = 0, x ∈ A #⃝
r , y ∈ Aqnil .

Explicitly, we have y = a − aa d⃝
r a = a − aa D⃝

r a. Set z = a D⃝
r . Then az2 = z, (az)∗ = az and ak = azak for

some k ∈ N. It is easy to see that

(1 − az)a(az) = (1 − az)a(ak−1zk−1) = (1 − az)akzk−1 = 0.

Moreover, we verify that

(a − za2)k+2 = (1 − za)a(a − za2)k(a − za2)

= (1 − za)a(a − za2)k−1(a − za2)a
= (1 − za)a(a − za2)k−1a2

...
= (1 − za)a(a − za2)ak

= (1 − za)(ak − azak)a
= 0.
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This implies that a − za2 ∈ Anil . Therefore y = a − aza ∈ Anil , as desired.
(3) ⇒ (1) By hypothesis, there exist x, y ∈ A such that

a = x + y, x∗y = yx = 0, x ∈ A #⃝
r , y ∈ Anil .

Since Anil ⊆ Aqnil . In view of Theorem 2.1, a ∈ A d⃝
r and z := a d⃝

r = x #⃝. Hence, az2 = z and (az)∗ = az.
Write yk = 0(k ∈ N). Then

ak =
k

∑
i=0

xiyn−i = yk + xyk−1 + · · ·+ xk−1y + xk = xyk−1 + · · ·+ xk−1y + xk.

Then
azak = (x + y)x #⃝

r x[yk−1 + · · ·+ xk−2y + 1] = x[yk−1 + · · ·+ xk−2y + 1] = ak.

Therefore a ∈ A D⃝
r , as asserted.

Corollary 9. Let a ∈ A. Then a ∈ A D⃝ if and only if

(1) a ∈ AD;
(2) there exist x, y ∈ A such that

a = x + y, x∗y = yx = 0, x ∈ A #⃝
r , y ∈ Anil .

Proof. =⇒ This is obvious by [6, Theorem 2.9].
⇐= In view of Theorem 5.2, a ∈ A D⃝

r . Therefore we complete the proof by Corollary 2.5.

We are ready to prove:

Theorem 11. Let a ∈ A. Then the following are equivalent:

(1) a ∈ A D⃝
r .

(2) There exists a projection p ∈ A such that

a + p ∈ A−1
r , ap ∈ Anil , (1 − p)A = a(1 − p)A.

Proof. (1) ⇒ (2) In light of Theorem 3.1, there exists a projection p ∈ A such that

a + p ∈ A−1
r , ap ∈ Aqnil , (1 − p)A = a(1 − p)A.

Explicitly, p = 1 − aa D⃝
r . As in the proof of Theorem 3.1, we check that ap = a(1 − aa D⃝

r ) ∈ Anil , as
desired.

(2) ⇒ (1) By hypothesis, there exists a projection p ∈ A such that

u := a + p ∈ A−1
r , ap ∈ Anil , (1 − p)A = a(1 − p)A.

Then a = (1 − p)a + pa. Obviously, [(1 − p)a]∗pa = a∗(1 − p)pa = 0, pa(1 − p)a = p[a(1 − p)]a = 0
and pa ∈ Anil .

Write uv = 1 for a v ∈ A. Then we check that

(1 − p)av(1 − p)a = (1 − p)uv(1 − p)a = (1 − p)a,(
(1 − p)av

)∗
= 1 − p = (1 − p)av.
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Hence, (1 − p)a ∈ A(1,3). Moreover, we see that

a(1 − p) = a(1 − p)uv = a(1 − p)av = (1 − p)a(1 − p)av = [(1 − p)a]2v,

and then (1 − p)aA = [(1 − p)a]2A. In light of [14, Theorem 3.1], (1 − p)a ∈ A #⃝
r . According to

Theorem 5.2, a ∈ A D⃝
r .

Corollary 10. Let a ∈ A. Then a ∈ A D⃝ if and only if

(1) a ∈ AD;
(2) there exists a projection p ∈ A such that

a + p ∈ A−1
r , ap ∈ Anil , (1 − p)A = a(1 − p)A.

Proof. This is obvious by Theorem 5.4 and Corollary 2.5.

Theorem 12. Let a ∈ A. Then the following are equivalent:

(1) a ∈ A D⃝
r .

(2) There exists b ∈ A such that

bab = b, (ab)∗ = ab, abaA = a2baA, a − a2b ∈ Anil .

Proof. (1) ⇒ (2) In view of Theorem 5.2, there exist x, y ∈ A such that

a = x + y, x∗y = yx = 0, x ∈ A #⃝
r , y ∈ Anil .

Set b = x #⃝
r . As in the proof of Theorem 3.3, we verify that

bab = b, (ab)∗ = ab, abaA = a2baA.

Similarly to Theorem 3.3, we check that a − a2b ∈ Anil , as desired.
(2) ⇒ (1) In view of Theorem 3.3, we see that a ∈ A d⃝

r . Since a − a2b ∈ A, we can find some k ∈ N
such that (a − aba)k = 0. As abaA = a2baA, by induction, we see that aba ∈ ambaA for all m ∈ N.
Then ak ∈ ak+1A; hence, akA = ak+1A. Therefore we complete the proof by Lemma 5.1.

Corollary 11. Let a ∈ A. Then a ∈ A D⃝ if and only if

(1) a ∈ AD;
(2) There exists b ∈ A such that

bab = b, (ab)∗ = ab, abaA = a2baA, a − a2b ∈ Anil .

Proof. This is proof by Theorem 5.6 and Corollary 2.5.

References

1. O.M. Baksalary and G. Trenkler, Core inverse of matrices, Linear Multilinear Algebra, 58(2010), 681–697
2. H. Chen and M. Sheibani, Theory of Clean Rings and Matrices, World Scientific, Hackensack, NJ, 2023.

https://doi.org/10.1142/12959.
3. H. Chen and M. Sheibani, Generalized weighted core inverse in Banach *-algebras, Filomat, 38(2024), 3691–

3706.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 18 June 2024                   doi:10.20944/preprints202406.1246.v1

https://doi.org/10.20944/preprints202406.1246.v1


20 of 20

4. J. Chen, H. Zhu, P. Patricio and Y. Zhang, Characterizations and representations of core and dual core inverses
Canad. Math. Bull., 60(2017), 269–282.

5. X. Chen and J. Chen, Right core inverses of a product and a companion matrix, Linear Multilinear Algebra,
69(2021), 2245–2263.

6. Y. Gao and J. Chen, Pseudo core inverses in rings with involution, Commun. Algebra, 46(2018), 38–50.
7. Y. Gao and J. Chen, The pseudo core inverse of a lower triangular matrix, Rev. R. Acad. Cienc. Exactas Fis. Nat.,

Ser. A Mat., 113(2019), 423–434.
8. Y. Ke; L. Wang and J. Chen, The core inverse of a product and 2 × 2 matrices, Bull. Malays. Math. Sci. Soc.,

42(2019), 51–66.
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