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Fractional Operators and Fractionally Integrated
Random Fields on Z"
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1
2

Aalborg University, Department of Mathematical Sciences, Skjernvej 4A, 9220 Aalborg, Denmark
Vilnius University, Faculty of Mathematics and Informatics, Naugarduko 24, 03225 Vilnius, Lithuania

Abstract: We consider fractional integral operators (I — T)¢,d € (—1,1) acting on functions g : Z¥ — R,v > 1,
where T is the transition operator of a random walk on Z". We obtain sufficient and necessary conditions for
the existence, invertibility and square summability of kernels 7(s;d),s € Z' of (I — T)?. Asymptotic behavior of
T(s;d) as |s| — oo is identified following local limit theorem for random walk. A class of fractionally integrated
random fields X on Z" solving the difference equation (I — T)?X = ¢ with white noise on the right-hand side is
discussed, and their scaling limits. Several examples including fractional lattice Laplace and heat operators are

studied in detail.

Keywords: fractional differentiation/integration operators, tempered fractional operators, fractional random

field, random walk, limit theorems, long-range dependence, negative dependence, conditional autoregression

1. Introduction

Classical fractional differentiation/integration operators (I — T)d, de (—1,1),d # 0, acting on
functions g : Z — R, where (I — T)g(t) = g(t) — g(t — 1) is “discrete derivative’ with respect to ‘time’
t € Z, are defined through the binomial expansion (1 — z)? = Yito lpj(d)zf ,z€C, |z] <1,viz,

(I-T) Zw, )Tg(t) = ) i(d)g(t—j), teZ (1)
=0
with coefficients 1y (d) := 1 and
pi(d) = TG4 _ en @)

T+ 1)I(—d)’

Here T’ denotes the gamma function: I'(z) := [;° #*~le 'dt,z > 0,and I'(z) := Irz+1),-1<z<o.
The asymptotics
Pi(d) ~T(=d) 1741 (= 00), 0 < |d| <1 3)

(which follows by application of Stirling’s formula to (2)) determines the class of functions g and
summability properties of (1).

Fractional operators in (1) play important role in the theory of discrete-time stochastic processes,
in particular, time series. See, e.g., the monographs [5,10,14,25,31] and the references therein. The
autoregressive fractionally integrated moving-average ARFIMA(0,d,0) process {X(t);t € Z} is
defined as a stationary solution of the stochastic difference equation

(I-T Zz,b] X(t—j) = e(t), teZ (4)

with white noise (a sequence of standardized uncorrelated random variables (r.v.s)) {e(t);t € Z}. For
d € (—1/2,1/2) the solution of (4) is obtained by applying the inverse operator, viz.,

X()=(-T 2¢] Je(t —j), tEL (5)

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Since (3) implies Z]ﬁo l/Jj(d)z < oo (|d| < 1/2), (5) is a well-defined stationary process with zero mean
and finite variance. ARFIMA(0, d,0) process is the basic parametric model in statistical inference for
long memory processes (also referred to as processes with long-range dependence). It has an explicit
covariance function and the spectral density

fix) = o) '1—e ™, xell:=[-nn] (6)

which explodes or vanishes at the origin x = 0 as (271) ~!|x| 2% depending on the sign of d.
In this paper, we extend fractional operators in (1) to functions g on v-dimensional lattice ZV,v > 1
and/or more general T of the form

Tg(t) = ) g(t+u)p(u) =Eg(S1+1), teZ, (7)

uezZv

where {S;;j > 0} is a random walk on Z" starting at Sy = 0, with (1-step) probabilities p = {p(u) :=
P(S1 = u);u € Z'}. We assume that p(0) < 1, i.e. the random walk is non-degenerate at 0. Clearly,
TIg(t) = Luczy 8(t +u)pj(u) = Eg(S; +t),t € Z', where po(u) = I(u = 0),pj(u) := P(S; = u),
u € 7V are the j-step probabilities, j = 0,1,2,---. Similarly to (4), we define fractional operators
(I-T)%,-1<d<1,d #0actingon g: Z — Rby

(I-T)g(t) = Y oj(d)Tg(t)= Y t(wd)g(t+u), tecZ (8)
j=0 uez?
with coefficients
T(w;d) = Z(:lej(d)i’j(u)/ )
]:

expressed through the binomial coefficients ¢;(d) and random walk probabilities p;(u).
Let us describe the content and results of this paper in more detail. The main result of Section 2 is
Theorem 1 which provides the sufficient condition

[ =P < oo (10)

for invertibility (I — T)?(I — T)~% = I and square summability of fractional coefficients in (9), in
terms of the characteristic function p(x) := Eexp{8(x, S1)} (the Fourier transform) of the random
walk. Section 2 also includes a discussion of the asymptotics of (9) as |u| — oo which is important
in limit theorems and other applications of of fractional integrated random fields. Using classical
local limit theorems, Propositions 1 and 2 obtain ‘isotropic” asymptotics of (9) for a large class of
random walk {S;} showing that 7(u;d) decay as O(|u|7v=24), hence, ¥,czv |T(u; —d)| = oo(d > 0).
The last fact is interpreted as long-range dependence [14,25,30] of the fractionally integrated random field
{X(t);t € Z"} defined as a stationary solution of the difference equation

(I-T)'X(t) = e(t), teZ (11)

with white noise on the r.h.s. and studied in studied in Section 3. Corollary 1 obtains conditions for the
existence of stationary solution of (11) given by the inverse operator X(t) = (I — T)~%¢(t) which are
detailed in Examples 1 and 2 for fractional Laplacian and fractional heat operators. Sections 2 and 3
also include a discussion of tempered fractional operators (I — rT)4,r € (0,1) and tempered fractional
random fields solving analogous equation (I — rT)?X(t) = &(t) which generalize the class of tempered
ARFIMA processes [29] and have short-range dependence and a summable covariance function.
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Section 4 is devoted to scaling limits of moving average random fields on Z" with coefficients
satisfying Assumption (A)(d) which includes ’isotropic’ fractional coefficients T(u; —d) as a special
case. The scaling limits refer to integrals X, (¢) = [r, X([t])¢(t/A)t of random field {X(t);t € Z"}
for each ¢ : RV — R from a class of (test) functlons as scaling parameter A — oo. The scaling limits are
identified in Corollary 3 as self-similar Gaussian random fields with Hurst parameter H = 1/727411' We
note that limit theorems for random fields with long-range dependence or negative dependence were
studied in many works [7-9,18,22,23,27,28,32,33], including statistical applications [2,10,11,17].

We expect that this study can be extended in several directions, including anisotropic scaling,
infinite variance random fields, and fractional operators in R". See [1,6,16,20,21,24] for discussion and
properties of fractional random fields with continuous argument ¢ € R".

Notation. In what follows, C denote generic positive constants which may be different at different

locations. We write —%+ and < for the weak convergence and equality of probability distributions.
Denote by | - | the absolute-value norm on K, where K is either R or C, and the Euclidean norm on
RY. (-, -) is the scalar product in R". Denote by e; the vector in R with 1 in the jth coordinate and 0’s
elsewhere. For p > 1, denote by L?(Z") the space of functions f : Z" — K, for which }_,czv | f(u)|? <
co, and by LP(R") the space of measurable functions f : R” — K, for which the p-th power of the
absolute value is integrable with respect to the Lebesgue measure: || f || gv) := (g [f(%)]? x)V/P < oo,
with identification of functions f, g such that f = g almost everywhere (a.e.). Denote by L*(R") the
space of measurable and functions f : R¥ — K, for which || f||e(gv) :=inf{C > 0: [f| < Cae.} < oo,
with identification of functions f, g such that f = g a.e. Write I for the indicator function. Write [x] for
the smallest integer greater than or equal to x € R. 8 :=+/—1 € C,Z} := Z" \ {0}.

2. Invertibility and Properties of Fractional Operators

We start with properties of binomial coefficients in (2)

Pi(d) < 0 (j>1), Y ¢i(d=0 if 0<d<]1, (12)
pi(d) > 0 (j=1), Y ¢i(d)=c if —1<d<0.
The identity (1 —z)4(1 —z)~% = 1 leads to

1 = ka()wk zf*"—Z 2% Vi (—d)
jk=0

and the invertibility relation:
n
Z lpn ] —d) =1I(n = 0)/ n > 0. (13)

The following lemma gives some basic properties of fractional coefficients T(u; d) in (9).
Lemma 1. (i) Let 0 < d < 1. Then the series in (9) converges for every u € ZV and

7(0;d) >0, T(w;d) <0(u#0) and Y t(u;d)=0. (14)

ue’Z?

(ii) Let =1 < d < 0. Then 0 < t(u;d) < oo for every u € 7V and t(0;d) > 1 and

Y. T(u;d) = oo

ucZVv
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Moreover, T(0;d) < oo implies T(u;d) < oo and
=Y twd)t(—u;—d) < 7(0;d) < co. (15)
u#0
(iii) Let 0 < d < 1and 7(0; —d) < oo. Then
Y. t(ssd)t(t—s;—d) = I(t=0), teZ' (16)
sEZY
Proof. (i) From (9) and (12) we get
T(0;d) = 1+ ¢i(d)pj(0) >14 ) 9j(d) =0 (17)
j=1 =1
since p;(0) = 1(Vj > 1) is not possible. On the other hand, for u # 0 we have po(u) = 0 and
t(wd) = ) yi(d)pj(u) <0 (18)
=1

in view of (12).

(i) Since y;(d)pj(u) > 0 is obvious from (12), it suffices to show (15) since it implies T(u;d) < co by
(14). We have

o= Y twd)(—t(—w—d) = Y% 9i(d)(—pe(—d))p;(u)pel —u)
u#0 u#0 jk=1
e Y Y @ (i () T py ) pas(—u)
n=2 j=1 u#0

where exchanging the order of summation is legitimate as all summands are nonnegative. Hence,
using Y, 2 pj(#)pn—j(—u) < pn(0) and (13), we get

% < im 2% (s = 3 pa (@) + a(~4))

< an d) < 7(0;d)

proving part (ii).

(iif) The convergence of the series in (16) and the equality follow as in (15):

GZZ 1(s;d)T(t —s;—d) = 'kzozp] GZZ pi(s)pr(t—s)
sezv jk= scZV
= Z%)Pn(t) Z(:)¢j(d)¢n—j<_d)
n= j=
— po(t) = 1t =0).
Lemma 1 is proved. U

Remark 1. Let 0 < d < 1. Then the inequalities are strict: T(#;d) < 0 and t(u; —d) > 0, if p;(u) > 0
for some j, i.e. u is accessible from state 0. Moreover, if state 0 is transient, i.e. the probability of
eventual return to 0 is strictly less that 1, which is equivalent to } 72 p;(0) < eo, then 7(0; —d) < co.
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The main result of this section is Theorem 1, which provides necessary and sufficient conditions
for square summability of fractional coefficients in (9), in terms of the characteristic function p(x),
see (10). Write f for the Fourier transform of a function f : Z' — R. Forr € (0,1),d € (—1,1)
introduce the tempered fractional operators

(I—rT)g(t) = irjlpj(d)Tjg(t) =Y w(wd)g(t+u), teZ’ (19)
j=0 ucz?
with coefficients
w(d) =) ryi(d)p;(u), (20)
j=0

and the Fourier transform 7, (x;d) = (1 — rp(x))".

Theorem 1. For —1 < d < 1, the following conditions are equivalent:

[ =p@) 2y < o, e1)
I
Y Tl —ld])? < o (22)
ucz?
Either of these conditions implies
Tl = (=p() T i 2r). (23)

Moreover, for 0 < d < 1, the above conditions (21), (22) and (23) hold with d in place of —|d|.

Proof. Let 0 < d < 1. Firstly, we consider 7(u;d) in (9). They satisfy }.,,czv [T(1;d)| < 72 [;(d)] <
oo because of (3) and Y,z pj(u) = 1 with 0 < p;(u) < 1. Then ez T(u;d)? < oo is immediate.
Moreover, we have the Fourier transform T(x;d) = Y% ¢;(d)p;(x), where pj(x) = p(x)/ satisfies
[P(x)| < 1. We see that

T(xd) = (1-p(x))?, xell, (24)

belongs to L*(I1").

Now let us prove the implication (21) = (22). We use approximation by tempered fractional
coefficients 7, (u; —d) in (20) as r * 1. We have that 7,(x; —d) = (1 —rp(x)) "% — (1 — p(x)) % a.e. as
r /1. Next, forz € C, |z| <1,0 <r <1, theinequality |1 —z| < |1 —rz| +[rz —z| < [1—rz|+1—7,
where 1 —r <1 — |rz| < |1 — rz|, becomes |1 — z| < 2|1 — rz|. Using it we get the domination for all
0<r<1xell’,

1 24

<
[1=rp(x)|? ~ 1= p(x)|
by a function in L?(TT") according to (21). Hence, by the dominated convergence theorem (DCT),
% (;—d) — (1—p(-)) % asr ~ 1holds in L>(TT"). As a consequence, 7(-; —d), 0 < r < 1, is a Cauchy
sequence in L?(I1"). By Parseval’s theorem, the inverse Fourier transforms

T (x; —d)| <

1

T (u;—d) = W

/ e—(u,?f)i—\r(x; —d)x, uec ZV, 0<r< 1,

is a Cauchy sequence in L?(Z") and so 7,(-; —d) converges in L?(Z") to some f € L*(Z') asr /1.
This f must be 7(-; —d) because T, (u; —d)  t(u; —d) asr 1 for all u. We conclude that 7(-; —d) €
L%(Z"), or (22).

d0i:10.20944/preprints202405.1180.v1
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Let us turn to the implication (22) = (21). From (22) and 7, (uw; —d) ,* T(u; —d) for all u it follows
that 7,(-; —d) — 7(-; —d) as r /1 holds in L?(Z"). By Parseval’s theorem, 7, (-; —d) = (1 —rp(-)) 79,
0 < r < 1, is a Cauchy sequence in L?(I1"). It follows that lim, ~y [i;. [T (x; —d) — g(x)|*x = 0 for
some g € L?(IT"). We also have that lim, ~ (1 — rp(x))™@ = (1 — p(x))~ for each x € II" such
that p(x) # 1. Since Leb,(x € IT" : p(x) = 1) = 0, see Lemma 2.3.2(a) in [19], we conclude that
g(-) = (1 —p(-))~" a.e., proving (21).

The above argument also proves (23). On one hand, 7(+; —d) is the limit of 7, (-; —d) in L?(IT")
asr /' 1because 7,(-; —d) converges in L%(ZY) to T(+; —d) as r 1. On the other hand, 7, (-; —d) =
(1—-rp(-))™ = (1—p(-))"%in L>(T1¥) as r 1. We conclude that 7(; —d) = (1 — p(-)) ae.
Theorem 1 is proved. U

Next, we turn to asymptotics of ‘fractional coefficients’ T(u;d) in (9). The proof uses the local
limit theorem in [19] for random walk probabilities p;(#) = P(S; = u). Following the latter work we
assume that

EePil <00 (3¢ >0) and {S;} is zero mean, aperiodic, irreducible. (25)

Conditions in (25) imply that the random walk has zero mean: ES; = }_,,c7v up(u) = 0 and invertible
covariance matrix
I:=ESS;. (26)

According to the classical (integral) CLT, the normalized sum S;/ \/j,j = co approaches a Gaussian
distribution on R" with density

1 o1
(P(Z) = W me (=T z>/2, PAS RY. (27)
Denote
1 (-1 ;
P](u) = (27-(])1//—2 me (.l u>/2], uc RV. (28)
Lemma 2. [19, Thm.2.3.11] Under conditions (25) there exists C > 0 such that
_ _ 1 |ul? p ;
pj(u) — pj(u)] Sij(u)(jW+],—2), Viu| < uez' (29)

For ‘very atypical’ values |S;| > j we use the following bound [19, Prop.2.1.2]: for any k > 1 there
exists C > 0 such that

P(Sj| >zy/j) <Cz ¥,  Vz>o0. (30)

Proposition 1. Let p = {p(u);u € Z'} satisfy (25). The coefficients in (9) are well-defined for any —(1 A
%) <d < 1,d # 0 and satisfy

(u;d) = (Bi(d) +0(1))(w, T u) = /274 u| — oo, (31)

where

29T (d 4 (v/2))
mv/2T (—d)/detT

Bl (d) =
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Proof. Let us prove (31). Since I is positive-definite, |u|r := \/(u, T~1u), u € RY, is a norm. Note that it
is equivalent to the Euclidean norm. Using (9) for a large K > 0 decompose |u|“*2d (w;d) = Y2_, Ji(u),
where

Jiw) = |u[fT(=a)t Y i pi(w),
j>ul2/K
Lo(u) = [uf™ Y (pi(d) —T(=d) ' )pj(u),
j>|ul2/K
Bu) = (w2 Y pi(d)pi(u).
0<j<[ul}/K

It suffices to show that

lim lim J;(u) = Bi(d), (32)
K—00 |u|—o0

lim limsup J;(u) = 0, i=2,3.
K—oo |u| 00

To show the first relation in (32) use (29). We have J1 () = J{(u) + J{' (#), where, for each K > 0 fixed,
the main term J{ (#) and the remainder term J{' (1) asymptotically behave when |u| — oo as

Jiw) = [uiT(=d)" Y i i)
j>\u\2/K

|u |v+2d

(27) V/zl" d)v/detl’ /

(Julp/K < [y])[y] 41~/ Delulr/2bly

—d—l—(v/Z)e—l/2xX

(27) v/zr( )V detl’ /1/1<

and, for some constants C,c > 0,

)] < ClufgK2 3y 74732 p;(u)
j>|u\%/K
< C|u|1?1K3/2/mx_d_(B/Z)—(v/Z)e—c/xX _ 0(1)'
0

Hence, the first relation in (32) follows using fooo x 1T /¥ gy = I'(1), T > 0. In view of (3), the same
argument also proves the second relation in (32) fori =2.

Con51der (32) for i = 3. Split J3(u) = J§(u) + J5(u) into two sums over j > 0, where > < |u|
and j2 > |u| respectively. In the sum J;(u) we also have that j < |u|2/K < |u|? and Lemma 2 entails

the bound s
u ,, 5 ;
pj(u) < cﬁj(u)(|j2|) < Clulj /22 clul?/j (33)

for some constants C, ¢ > 0. Hence,

|uf?

)| < Clul 23 [T )30 el gy

0
1
C|u|71/0 x7d737(v/2)efc/x).( _ 0(1)

IN

since the last integral converges for any d. Finally, by (30), given large enough k > 0, there exists C > 0
such that p;(u) < Cj*/2/|ul¥, which implies J§ (#) = o(1). This proves (32) and completes the proof of
Proposition 1. O

d0i:10.20944/preprints202405.1180.v1
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Lemma 2 does not apply to the simple random walk (which is not aperiodic) in which case the
local CLT takes a somewhat different form, see [19, Thm.2.1.3]. The application of the latter result and
the argument in the proof of Proposition 1 yields the following result.

Proposition 2. Let p(e;) = p(—e;) = 5, j = 1,...,v. The coefficients in (9) are well-defined for any
—(1A%) <d < 1,d # 0and satisfy

T(u;d) = (B(d) +o(1))|u|7’/72d, |u| — oo, (34)

where

_ 2T+ 0/2)

Bd): VAT (—d)

(35)

Proposition 1 and as well as Lemma 2 do not apply to random walks with non-zero mean as in
Example 2 below (fractional heat operator) in which case fractional coefficients exhibit an anisotropic
behavior different from (31). Such behavior is described in the following proposition. We assume that
the underlying random walk factorizes into a deterministic drift by 1 in direction —e; and a random
walk on Z"~! as in Lemma 2:

1= 0, u= —ey,
plu) = {eq(a), u=—e +(0,it), (36)

where 6 € (0,1) and §(it) is a probability distribution concentrated on u = (uy, ..., u,) € Z"~! such
that @ # 0. Write {S;;j > 0} for the random walk starting at 0 with j-step probabilities P(5; = 1|5y =
0) =: gj(#),j = 0,1,..., such that (1) := §(#), # € Z'~'. In order to apply Lemma 2, we make a
similar assumption to (25):

Ee’Sil < 00 (Jc¢>0) and {S;} is zero mean, irreducible (37)

and denote I := ES; S/ the respective covariance matrix. Let

p(x) = (2 + (&% %Y)Y?, x=(x,%) R (38)

be a positive function on RY satisfying the homogeneity property: p(Ax;, A1/2%) = Ap(x), YA > 0. As
in Example 2 fractional coefficients for p(u) in (36) write as

t-wd) = Yo (@)puy (~w) Iy > 0), w = (uy, @) € Z". (39)

Proposition 3. Let satisfy (37) and 6 € (0,1). Then

—d—(v+1)/2

u (, T1ir)
T(—uw;d) = ! - — (1401 40
(—u;d) F(_d) (2720) D72/ et exp { 2011, H(1+0(1)) (40)
as uy — oo and |it] — oo, |ft| = o(u%/“q’). We also have that
—Uu: = 7d7(v+1)/2 L
t(—u;d) = p(u) (Lo(p<u)) +o(1)),  |ul > oo, (41)

where Lo(z),z € [—1,1] is a continuous function on [—1,1] given by

Lo(z) == z e 1/20),/(1/2)2 — 1 )
O = e avaer TP VIR “)

d0i:10.20944/preprints202405.1180.v1
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forz € (0,1], and equal O for z € [—1,0].
Proof. Consider the following j-step probab1ht1es of a random walk on Z'~! starting at 0: q]( i) :=
pj(u), where u = (—j, i) for it € Z"~ 1,i=0,1,---. Let us estimate them by g;(i) := W

/2], where T is the covariance matrix of the 1-step distribution g1 (i), u € Z"~!. Note T = 6T
By Lemma 2,

e—(u,l" i)

[

|9;(@) —g;(@)] < Cﬁj(ﬁ)(]m 7 ), Yial<jp aezrh (43)

Relation (40) follows directly from (39), (43) and (3). Relation (41) writes as

p(u)d+(v+1>/2r(—u;d)—LO(PL) 50, |u = . (44)

u)

The asymptotics in (44) is immediate from (40) for |u| tending to oo as in (40). The general case of (44)
also follows from (40) using the continuity of Ly. For v = 2 the details can be found in [22, proof of
Prop 4.1]. O

Remark 2. The approximation in (40) compares with the kernel

1+v

4Lz 2
he_q(t) = oty % exp{—ct— |4t|1}]l(t1 >0), t=(h,f)eR" (45)

of the fractional heat operator (¢ + 91 — ) 9, —A:=09/t — v, 9%/ E)tl2 forallc > 0,d < 0and
some ¢1 € R. For v = 2, [24, (3.7)] has recently derived the analytic form in (45) of the kernel from the
absolute square of its Fourier transform:

fiea@P = | [ e (et = Glam) (=P (F + e+ 12P), 2= (21,2) € RUS)

which is implicit definition of this kernel in [16]. Similarly to derivations in [24], for v > 2, table of
integrals [15] [3.944.5-6] gives

h *© let1fct1td*1#t = i | |2 t
o-d(z) = 01/0 e 1 .1/R7 exp {8(z, ity 1

(e )
- ¢ (47[)% eBziti—t(c+|2?) p—d—1;
1 0 1 4

vl 2 21272\ 4 21
= QWD T TD(E + e+ 127) exp { ~ Rtarean (—Z ),
yielding (46).

Finally, the tempered fractional coefficients in (20) are summable: ¥, c7v |7 (u;d)| < Y2 ()]
2(1—r)7l < coforany d € (~1,1),r € (0,1) and any random walk {S;}. Assuming the existence of
exponential moment Ee*I%1l < oo for some x > 0, (20) decay exponentially

1T (u;d)| < Ce™M, wew, (47)

for some C, ¢ > 0. Indeed, Markov’s inequality gives #/|y;(d)|p;(u) < P(|S;| > |u]) < e g5 <
e*KIu\(nglsl\)J < e~ (x/2)lul for any 0 < j < c|u| and large enough |u|. Moreover, Y clul 77|1Pj(d)|pj(u) <
Lisclu " = relul /(1 = r), proving (47).

d0i:10.20944/preprints202405.1180.v1
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3. Fractionally Integrated Random Fields on Z"

Let {e(t); t € Z'} be a white noise, in other words, a sequence of r.v.s with Ee(t) = 0, Ee(t)e(s) =
I(t = s),t,s € Z". Given a sequence a € L?(Z") with the above noise we can associate a moving-
average random field (RF)

X(t)=) a(we(t—u), teZ’ (48)
sEZY

with zero mean and covariance Cov(X(t), X(s)) = Y,czv a(u)a(t — s + u), which depends on t — s
alone and characterizes the dependence between values of X at distinct points ¢ # s.

A moving-average RF X in (48) will be said to be

e long-range dependent (LRD) if Y, c7v |a(u)| = oo;
e short-range dependent (SRD) if Y ,czv |a(u)| < 00, Y czv a(u) # 0;
e negatively dependent (ND) if Y ,,czv |a(u)| < 00,Y ,czv a(u) = 0.

The above classification is important in limit theorems and applications of random fields. It is not
unanimous; several related but not equivalent classifications of dependence for stochastic processes
can be found in [14,18,25,30] and other works.

Many RF models with discrete argument are defined through linear difference equations involving
white noise [13]. In this paper, we deal with fractionally integrated RFs X solving fractional equations

on Z':
(I-T)X(t) = Y t(s;d)X(t+s) = e(t), (49)
sezv
(I-rT)'X(t) = Y w(s;d)X(t+s) =et), 0<r<1, teZ' (50)
seZY

whose solutions are obtained by inverting these operator; see below.

Definition 1. Let d € (—1,1) and t(u; £d) in (9) be well-defined. By stationary solution of Equation (49)
(respectively, (50)) we mean a stationary RF X such that for each t € Z" the series in (49) converges in mean
square and (49) holds (respectively, the series in (50) converges in mean square and (50) holds).

Corollary 1. (i) Let —1 < d < 1. Then

X(t)=(I-T)"%{t) = Y t(w-de(t+u), teZ' (51)
uez?

is a stationary solution of Equation (49) if condition (21) holds (for 0 < d < 1, (21) is also necessary for the
existence of the above X).

(ii) Let 0 < d < 1 and (21) hold. Then X in (51) is LRD. Moreover, it has nonnegative covariance function
Cov(X(0), X(t)) > 0and Y_sezv Cov(X(0), X(t)) = oo.

(iii) Let —1 < d < 0 and (21) hold. Then X in (51) is ND; moreover Y 47 Cov(X(0), X(t)) = 0.
(iv) Let —1 <d < 1,0 <r < 1. Then

X(t)=(I—rT)e(t)= Y w(w—de(t+u), teZ’ (52)
uczZv

is a stationary solution of equation (50). Moreover, X in (52) is SRD and Y ;c7v |Cov(X(0), X(8))| <
00, Yezv Cov(X(0), X(t)) = (1—7)"2 > 0.
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Proof. (i) Let 0 < d < 1. X in (51) is well-defined if and only if (22) holds, which is therefore a necessary
condition. Let us show that X in (51) is a stationary solution of (49). We use the spectral representation
of white noise

t)= [ ¥t Z(x), tez, (53)

where Z(x),x € I1" is a random complex-valued spectral measure with zero mean and variance
E|Z(x)|? = x/(2m)". Then X(t) writes as

_ B(t,x) = _ B3(t,x Z (x)
X(t) = /Hve< >T(x—d)Z(x)—/rIVe< >W (54)
see (23). Then (I — T)X(t) = [ e B{Ex) Y o T(s;d)ef5%) (1 — B(x))~Z(x) = &(t) follows by (24)
and absolute summability } ;<7 |T(s;d)| < oo, see (14), (18).
Next, let —1 < d < 0. Then X in (51) is well-defined and writes as (54) due to }_sc7v |T(s; —d)| <
co. We need to show that the series in (49) converges in mean square towards &(t) if and only
if (21) or (22) hold. The latter convergence writes as

limpy 00 Blsp — €(#)|> =0, where sy := Yjgj<p T(s;d) X(t + 5).

From (54),
Bl — et = o) [ | X eSon(sd) - (1 p) [ [1 - plo) Py
I 15<m

<c / | L e n(sid) — (- p) [y
I |s|<M

= C (2 r(s;d)[*x
1 |s|>M

= C Y t(s;—ld)?* -0 (M- o)
[s|>M

in view of (22). This proves part (i).

(i) From (12), (9) we see that 7(s; —d) > 0 are nonnegative and Y 7w T(s; —d) = Yo Pj(—d) = co.
Thus, Cov(X(0), X(t)) = Ysezv T(s; —d)T(t +s; —d) > 0 and

Ltezy Cov(X(0), X(t)) = oo.

(iii) As in the proof of (i) we get that Y sc7v |T(s; —d)| <1+ Z]?’il Ysezy |lpj(—d)|pj( s)=1+ Z 21 |l,b]
(—d)| =2,see (12), and Y sczv T(s; —d) = 0, implying } ;e zv Cov(X(0), X(t)) = Ypsezv T(s; d) (t+

s;—d) =0.
(iv) Using Lyezv [T (w;d)| < 00, Lyezy w(w;d) = L% rjt,b]-(d) = (1 —r)“ the proof is similar as above.
Corollary 1 is proved. O

ARFIMA(0,d,0) equation (4) is autoregressive since the best linear predictor (or conditional expecta-
tion in the Gaussian case) of X(t) given the ‘past’ X(s), s < t is a linear combination Y. ; ;(d) X(t — j)
of the ‘past’ observations, due to the fact that Cov(X(s),e(t)) = 0(s < t). For spatial equations as
in (49) or (50), an analogous property given the ‘past’ X(s), s # t does not hold since Cov(X(s), e(t)) #
0 (s # t) as a rule. This issue is important in spatial statistics and has been discussed in the literature,
see [3,4] and the references therein, distinguishing between ‘simultaneous” and ‘conditional autore-
gressive schemes’. The recent work [12] discusses some conditional autoregressive models with LRD

property.

Definition 2. Let X be an RF with EX(t)? < oo for each t € Z". We say that X has:


https://doi.org/10.20944/preprints202405.1180.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 May 2024 d0i:10.20944/preprints202405.1180.v1

12 of 20

(i) a simultaneous autoregressive representation with coefficients b(s), s € Z if for each t € Z"

X(t) = ) b(s)X(t—s)+E(t), (55)
sEZy
where the series converges in mean square and the r.v.s &(t),t € ZY satisfy Cov(¢(t),¢(s)) = 0(Vs # t).

(ii) a conditional autoregressive representation with coefficients c(s), s € Zj if for each t € Z"

X(t) = ) c(s)X(t—s)+y(t), (56)

sE€Zy
where the series converges in mean square and the r.v.s n(t), t € Z" satisfy Cov(1(t), X(s)) =0(Vs # t).

Corollary 2. (i) Let d € (—1,1) and X be a fractionally integrated RF in (51) and (21) holds. Then X
has a simultaneous autoregressive representation with coefficients b(s) = —7(—s;d)/7(0;d),s € Zg and
E(t) =¢(t)/t(0;d),s € ZY;

(ii) Let d € (0,1), X be a fractionally integrated RF in (51) and (21) holds. Then X has a conditional
autoregressive representation with coefficients c(s) = —v*(s)/v*(0),s € Z{ and y(t) = [, e3¥)

p(—x))4Z(x)/7*(0), where

* - L B(s,x) |1 _ 2d
V) = g fp e PP 7)
(iii) Let d € (—1,1),0 <r < land X bea (tempered)fractionally integrated RF in (52). Then X has a simulta-
neous autoregressive representation with b(s) = —7,(—s )/ Tr( d),¢ (t) = e(t) /7(0;d) and a conditional
autoregressive representation with c(s) = —y; (s )/'y, fH —rp(—x))4Z(x)/v:(0),
with the same Z(x) as in part (ii) and
« . 1 “R(sx)[1 _ (24
7)== g o @I (58)

Proof. (i) is obvious from Corollary 1 and (49), 7(0;d) # 0.

(ii) By (21), c(s) and 7(t) are well-defined, 77(t) € R and E7(¢)? < co. The orthogonality relation
EX(t)n(s) = 0(t # s) follows from spectral representations in (54), (53):

. 1 t—sx (m)d
BXE) = e e e
_ Blt=sx)y — s
(2n)"v*(0>/ v 0

It remains to show (56), including the convergence of the series. In view of the definition of c(s)
this amounts to showing

Y X(t—s)y"(s) =7 (0)y(¢)

sezv

or, in spectral terms, to the convergence of the Fourier series

— H(—x 2d
Tgr B e = a-pe = B )

in L?(TT"). Note 7*(s) = Cov(X*(0), X*(s)), where the RF X*(t) := (1 — T)%(t), t € Z", results
from application of the inverse operator. Since X* has negative dependence, see (54) and the proof of
Corollary 1 (iii), the covariances y*(s),s € Z" are absolutely summable. Therefore, the Fourier series
on the Lh.s. of (59) converges uniformly in x € IT" to |1 — p(—x)|*, proving (59).
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(iii) The proof is analogous (and simpler) as (i)-(ii), using Y ,czv |7 (1;d)| < oo. O
Example 1. Fractional Laplacian. The (lattice) Laplace operator on ZV is defined as
1 1%
[Alg(e) = 5 Y (g(t+ej) +g(t—e)—2g(t), teZ' (60)

1

j

so that [A] = T — I, where Tg(t) = 2 j—1(8(t +¢j) + g(t — ej)) is the transition operator of the
simple random walk {S;;j = 0,1, - - - } on Z" with equal one-step transition probabilities 1/2v to the
nearest-neighbors t — ¢ = ej, j=1,---,v. For =1 < d < 1, the fractional Laplace RF can be defined as
a stationary solution of the difference equation

(=[A)X() = e(t), tez’ (61)
with weak white noise on the r.h.s., written as a moving-average RF:

X(t) = (—=[A])e(t) = Y t(u;—d)e(t +u). (62)

ucZv
We find that p(x) = (1/v) Ij_4 cos(x;), x = (x1,- -+, xy) € II" and
1-p(x) = § iy (1 = cos(x})) > Clx?
for some C > 0 and 1 — p(x) ~ (1/2v)|x|? (]x| — 0). Hence, condition (21) for (61) translates to

x v
——— <™ = |d] <. 63
o =7 =<1 “
In particular, a stationary solution of the equation (61) on v > 4 exists for all —1 < d < 1. Finally, recall
that (21) is equivalent to the condition (22). We could have verified the latter by using Corollary 2,
which gives the asymptotics of coefficients T(u; —d) in (62).

Example 2. Fractional heat operator. For a parameter 0 < 8 < 1, we can extend the definition of the
(lattice) heat operator on Z" from v = 2 in [22] to v > 2 as follows:

Aipg(t) = (1-0)(g(t) —g(t—e1)) (64)
- 2(1/6— ) ];(g(t —ep+ej) +g(t—er —ej) —2g(t)).

Thus, A1, = I — T corresponds to the random walk on Z" with 1-step distribution p(—e;) = 1 —
0,p(—e1tej) = ﬁ,j =2,---,v. We find that
6

v—11*
]

1-p(x)> = (cos(x;)—1+ 3 (1- (:os(xj)))2 +sin?(x;), x= (x1,---,x,) € IT".
=

By Taylor expansion,

~ 2. ~
|1—p(x)|2 ~ (2(1/—1)) |x|4+x%, x—0, x:=(0,x2,-,%).
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We also find that outside the origin |1 — p(x)|*> > C for some C > 0 since 0 < 0 < 1. Therefore,

I S o . S
w1 pPd = 2+ L

and [, [1—p(x)|~ 2dly = coif |d| > V+1 . The above result agrees with [22] forv = 2,0 < d < 3, and
extends it to arbitrary v > 2, -1 < d < 1

Example 3. Fractionally integrated time series models (case v = 1). As noted above, ARFIMA(0, d,0)
process is a particular case of (51) corresponding to backward shift Tg(t) := g(t — 1) or deterministic
random walk ¢t — t — 1. Another fractionally integrated time series model is given in Example 1
and corresponds to the symmetric nearest-neighbor random walk on Z with probabilities 1/2. It is
of interest to compare these two processes and their properties. Let Tyg(t) := g(t — 1), Tog(t) :=
(1/2)(g(t+1)+g(t—1)),t € Z be the corresponding operators,

Xi(t) = (I—Ty) %e(t) Zwu Je(t —u),
Xo(t) = (I—Ty) "2¢(t) Zru—dz e(t+u), teEL
UEZ

For |di| < 1/2and |dy| < 1/4, processes X; and X; are well-defined; moreover, they are stationary
solutions of respective equations (I — T;)“ X (t) = e(t) and (I — T»)“2X(t) = &(t). The spectral
densities of X; and Xj are given by

1 1
271 — e Bx2dt — 277. 2411 — cos(x)|%”

1 B 1
271 — (1/2) (e 8% +eBx) 22— 277|1 — cos(x)|242

We see that when dy = 2d; processes X; and X, have the same 2nd order properties up to a multiplica-
tive constant so that in the Gaussian case X, is a noncausal representation of ARFIMA (0, 2d;,0).

4. Scaling Limits

As explained in the Introduction, isotropic scaling limits refer to the limits distribution of integrals

Xu(@) = [ X(Ehet/Nt, asd— e, (65)

where X = {X(t);t € Z"} is a given stationary random field (RF), for each ¢ : RV — R from a class of
(test) functions ®. We choose the latter class to be

@ := LY(RY) N L®(RY). (66)
In as follows, X is a linear or moving-average RF on Z":

X(t)= ) a(t—s)e(s), teZ’, (67)

seZY

where {e(t);t € Z'} are independent identically distributed (i.i.d.) r.v.s with Ee(t) = 0, Ee(¢)? = 1
and a € L?(Z") are deterministic coefficients. Obviously, stationary solution (51) of Equation (49)
satisfying Corollary 1 is a particular case of linear RF with a(#) = 7(—#; —d). Our limits results assume
an ‘isotropic’ behavior of a(t) as || — oo detailed in as follows. Let C(S,_1) denote the class of all
continuous functionson S, = {t e R" : |[¢| = 1}.
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Assumption (A)(d) Let {a(t);t € Z"} be a sequence of real numbers satisfying the following proper-
ties.

(i) Let0 < d < v/4. Then

1 t
a(t) = W(“q(m)jw(l))' |t| — oo, (68)

where /(-) € C(S,_1) is not identically zero.
(ii) Let —v/4 < d < 0. Then a(t) satisfy (68) with the same ¢(t) and, moreover, } ;czv a(t) = 0.
(iii) Let d = 0. Then Y sczv |a(t)| < oo and Y jczv a(t) # 0.

The class of RFs in (67) with coefficients satisfying Assumption (A)(d) is related but not limited
to fractionally integrated RFs in (49)- (50). Note that the parameter d is no longer restricted to be in
(—1,1). By easy observation, Assumption (A)(d) implies LRD, ND, and SRD properties of Section 3 in
respective cases d > 0,d < 0, and d = 0. Following the terminology in time series [14], the parameter d
in (68) may be called the memory parameter of the linear RF X in (67), except that for v = 1 the memory
parameter usually is defined as 2d € (—1/2,1/2).

In particular, the covariance function () := Cov(X(0), X(¢)) of linear RF X in (67) writes as

rit) = Y a(wa(t+u), teZ’

ue’zZv

or the lattice convolution of a(t) with itself. We will use the notation [a; % a3] for lattice convolution
and (a1 % ap) for continuous convolution, viz.,

[ *ax)(t) = Y m(w)ar(t+u), teZ, (69)
uczZ?
(a1 *ap)(t) = /]RV ay(uw)ay(t+u)u, teRY

which is well defined for any a; € L?(Z"),i = 1,2 (respectively, for any a; € L2(R"),i = 1,2).
Proposition 4. Let a; € L2(Z") satisfy Assumption (A)(d) with 0 < d < v/4 and some {; € C(S,_1),i =
1,2. Then

(a1 xan](£) = |t|4d—V(L12(|—;)+o(1)), [t] = oo, (70)

where the (angular) function L1p(-) € C(S,_1) is given by

l r((t— t—
LlZ(t) = /v 1(S/|Ss||v)§d(|(t — :|)1,/|2d S|).S/ te Sl/*l' (71)

Proof. The existence and continuity of Lj, follow from finiteness of integrals fIS\ <1 |s|?24~vs < co and
f\s|>1 |5|2(24=)s < co. For (70) it suffices to show that
1tV [ay % ap) (t) — Lio(t/[t])) — 0,  [t| = o (72)

Let [t|4 = [t| V1and a)(t) := [t V0 (t/ |t]4),a} (t) := a;(t) — aO(t) = o(|t]>¥7V),i = 1,2, see (68).
Then [a; x a3](t) = T} =0 [a} % a}](t). Clearly, (72) follows from

7,

1 wad) (1) ~ Lo/ [e]) = 0, [t oo &

d0i:10.20944/preprints202405.1180.v1
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and

@y a5)(8) = o(|t]*"™"), |t| = o, (i) #(0,0), i,j =0,1. (74)

To prove (73) rewrite [a)  ad] () = [g. ag ([u])a3(t + [u])u as integral and change the variable u — [¢|u

in it. This leads to [¢[*~*1[a % a3](t) = L¢(¢/|t|) where

Li(z) = /IRVal,t(ﬁ)‘ZZ,t(z+ﬁ)1!/ z €Sy (75)
where
R S o Lt
wu® = g EE)

Relation (73) follows once we prove the uniform convergence sup,.g |Lt(z) — L1a(2)| — 0 (|t| = o0).
Since S, _1 is a compact set and L1 is continuous, the last relation is implied by the sequentional
convergence

Le(ze) = Lia(z)] = 0 (|t| = o0) (76)

for any z € S,_1 and any {z;} convergent to z: |z — z| — 0(|t| — o0). The proof of (76) uses
the bound

laie(@)| < Clu=V,  ueR’, i=1,2, (77)

which follows from boundedness of ¢; and |u| < |it| + |u — &| with |u — @] < v'/2/|t| hence |u| <
V2 (Ji] + [#]71) < 2012 (Jia] v [#]71). Note ay ¢ (i) az e (z + it) — af(u)a3(z +u) (|t| — o) for any u #
0,z and |ay ¢ (it)ag¢(z +it)| < Clu|?V|z + u|?~" according to (77). Since h(u) := C|u|>~V|z + u|?~V
does not depend on t and [, h(u)u < oo, Pratt’s lemma [26] applies to the integral in (75) resulting
in (76) and (73). The proof of (74) is similar and simpler and is omitted. O

The question about the asymptotics of the variance of (65) arises assuming the power-law asymp-
totics of the covariance admitting a power-law behavior at large lags which is tackled in the following
proposition.

Proposition 5. (i) Forany B> 0,¢; € ®,i=1,2as A — oo
O(AY), g>v,
Lot/ Nnle2/ A~ 0 Pt = S0 ), pey, 78)
O(AVlogA), B=v.
(ii) Let r(t), t € Z" satisfy

) = |t|4d*V(L(%)+o(1)), It — oo, (79)

where0 < d <v/4and L € C(S,_1). Then for any ¢; € ®,i =1,2

lim A~V /sz 1t/ M) pa(ta/Mr([t1] — [ tt, = c(¢P1,¢2), (80)

A—r00

where

t1— b ) 4Lt

. 81
|i’1—t2| |t1—t2|vf4d 1)

(g1, ¢2) = /RZV ¢1(t1) 2 (t2) L (

d0i:10.20944/preprints202405.1180.v1
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(iii) Let r € LY (ZV). Then for any ¢; € ®,i = 1,2

lim AT |, Pt/ Mot/ Dr([t] = [t = /vaPl(f)sz(f)?X Y r(s). (82)

A—00 scZV

Proof. (i) Write I) g for the Lh.s. of (78). Let first > v. Then I, 5 < C [ lp1(t1/ M)t % [po 1A
[t —t1] 7P t, < C [pldp1(t1/A)|t; = CAV [o |p1(2)|[t = O(AV) as [p, 1A [t|7Pt < oo. Next, let
B < vthen Iy g < A PJg, where Jg := [po |¢1(t1)P2(t2)||t1 — 2| P12, < oo follows by Jz <
C frv l1(#)Ity [igy gy 1<r It2 = t1| 7Pty + [po |1 (1) ¢2(£2) |tt, < co. Finally, for B = v we have I, , =
AVJry where J) ,, := fRQV ]¢1(t1)¢2(t2)|()ﬁ1 V [t] — t2|) "Vt = O(log A) follows similarly.

(ii) The convergence of the integral in (81) follows from that of Jg in part (i), with f = v — 4d. Let
cr(¢1, ¢2) denote the integral on the Lh.s. of (80). By change of variables,

(P ¢2) /R M La(ty, t2)tty,

Avtad 2 |t1 _ t2|v 4d

where Ly(t1,t2) — L( IE:Z\) (A = o) for any t; # t;. Using Pratt’s lemma [26], it suffices to
prove (80) for L = 1. In the latter case and with #; := [At;]/A,i = 1,2 we see that |L)(t1,£)| <
C(|ty — t2| /(JF1 — E2| V (1/ A)))%M < C as in the proof of Proposition 4. Thus, (80) follows from the

DCT.

(ii)) Let c) (¢1, ¢2) be the same as in the proof of (ii). For a large K > 0, write ¢, (¢1,¢2) = Y3, ¢; 1, where
L = iy ok PLE/ N2t/ Mr([t1] = [ tity, o0 = [y gy <xc PLEL/A) X2t/ A)r([t1] — [2]) 11y,
and ez = [y p, <k P18/ A)(@2(t2/A) = ot/ A))r([t1] — [£2]) 18 Here, A" ey k| < CA™Y [y |1 (£/A)]
tY s>k [7(s)| < CLjg>k [r(s)| can be made arbitrary small uniformly in A > 1 by choosing K large enough.
Next,

Ae <C/ £)[t t =) —ga(t)]s.

lesal = C [ lgn(®)le \s|§K‘¢2( 1) —2(t)]s
By boundedness of ¢, we see that the integral fls\SK lp2(t 4 5) — ¢2(t)[s = 0(A — o) a.e. in RY,
and is bounded in t € R". Then, since ¢; € L!(R") we conclude lim) ;o A~V|c3,| = 0 by the DCT.
Finally, A™Veo p = [ ¢1(8)¢2(t)t fs+ (A —At|<K r(—[s])s, and we can replace the last integral by the
rh.s. of (82) uniformly in A prov1ded Kis large enough. O

Proposition 5 does not apply to ND covariances satisfying (79) with negative d < 0. This case is
more delicate since it requires additional regularity conditions of test functions and the occurrence of
‘edge effects’. A detailed analysis of this issue in dimension v = 2 and for indicator (test) functions
of rectangles in R3 can be found in [33]. Below we present a result in this direction and sufficient
conditions on d, ¢;,i = 1,2 when the limits take a similar form to (80). Introduce a subclass of

test functions:

— . B 2 \1/2 . 12d—v
o = {(/)eq)./Rv(/RVW(t—i—s) o(s)8)Ze e < oo (83)
Proposition 6. Let a € L*(Z") satisfy Assumption (A)(d) with —v/4 < d < 0. Then for any ¢; € ®_,i =
1,2 we have that
lim A™ v /RZV P1(tr/ M) g2(t2/A)[axal([th] — [B2]) 1t = c(¢1,2), (84)
where

2 ot
e-(grg2) = [ TTCL @le+5) — gDl e s 5)

i=1
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Proof. The convergence of the integral on the r.h.s. of (85) follows from (83) and Minkowski’s integral

inequality: { [ ( feu [9(£+5) = p()[€2977) %1% < fou lp(t+) = ()l 2me) X212,

The proof of the convergence in (84) resembles that of (80). Write c, (¢1, ¢») for the integral on
the Lh.s. of (84). Using Ysczv a(s) = 0 we rewrite [, ¢i(ti/A)a([ti] — [s])t; = [ro (¢i((ti +5)/A) —
¢i(s/A))a([t;+s] —[s])t;, i=1,2,s € RY, and

2
alfrds) _ [ TT [, (0i(t+9) = DN alA(t+9)] = D))t

where the inner integrals tend to those on the rh.s. of (85) at each s such that [, [¢;(t +s) —
¢i(s)|[t|**7Vt < 00, i = 1,2. The remaining details are similar as in (80) and omitted. O

Remark 3. The restrictiond > —v /4 in Proposition 6 is not necessary for (85). Indeed, if ¢ € P satisfies
the uniform Lipschitz condition |¢(t) — ¢(s)| < C(|t| < 1,s € RY) then the integral in (83) converges
for0 > d > —v/2 implying ¢ € ®_. On the other hand, for indicator functions ¢(t) = I(t € A) of
a bounded Borel set A C R" with ‘regular” boundary, we typically have [[¢(¢ +-) — ¢()[|2v) =
O(|t|*/?) leading tod > —v/4.

Relation (68) entails the existence of the scaling limit

lim A" 20([At]) = a0 () := Itlz”l’”f(i

A—c0 |t|), A — oo, VteRY\{0}. (86)

which is a continuous homogeneous function on R": for any A > 0 we have that
1o (At) = A2 Vag(t), teRY\ {0}. (87)
With the limit function in (86) we associate a Gaussian RF:

Jp(aox ) ()W (n),  0<d<v/4¢pecd
Wa() =4 [ (o x )reg(0)W(u), —v/4<d<0,p€d_, (88)
Jre O()W(n), d=0,¢ €D,

where W (u) is a real-valued Gaussian white noise with zero mean and variance u, (4o * ¢)(u) =
Jgv eo(t)p(t 4 u)t is the usual and

(0o 5 @reg() == [ ao(B)(@(t+u) —plu))t, we R 59)

the ‘regularized’ convolution. For indicator test function ¢(t) = I(t € B) of a Borel set B C R
(belonging to ®_) we see that the latter convolution equals

(90)

(a0 ) (1) {fB“w“—u)t ugB,

— fRV\B deo(t —u)t, u € B.

The existence of stochastic integrals in (88) of follows from Propositions 5 and 6. Particularly, the
variances EW?(¢) = c(¢,¢) (0 < d < v/4) and EW3(¢) = c_(¢,¢) (—v/4 < d < 0) agree with (81)
and (85).

Let S(RY) be the Schwartz space of all infinitely differentiable rapidly decreasing functions
¢ : R — R. Following [9] we say that a generalized RF Y = {Y(¢);¢ € S(RY)} is stationary if
Y(¢) £ Y(¢(-+a)) (V¢ € S(RY),a € RY) and H-self-similar (H € R)if Y(¢) < AHY(¢(-/A)) (Vo €
S(RY),A > 0). Asnoted in Remark 3, S(R") C ®_ C &, hence (88) are well-defined for any ¢ € S(R")
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and represent stationary generalized RFs on S(R"). By scaling property in (87) and a change of vari-

ables we see that W;(¢) 4 M@=V (p(- /1)) (V¢ € S(RY)), hence RE W, in (88) is H(d)-self-similar,

with 4d
H(d) ==~ ——e(O), —v/a<d<v/4

The RF in (88) appear as scaling limits in the following corollary.
Corollary 3. Let X be a linear RF satisfying Assumption (A)(d) and X, (¢) be defined in (65). Then

Wi(¢), 0<d<v/4,V¢ed,
A— D25 () 4, Wi(p), —v/4<d<0,Vped_,
cWo(¢p), d=0,V¢ e,

where 0% := ( Lyezy a(t))z.

Proof. Since (65) writes as a linear form X, (¢) = Yczv €(ut) [v ¢(t/A)a([t] —u)t iniid.rv.s, we can
use the Lindeberg type condition, see also [14, Corollary 4.3.1]. Accordingly, it suffices to show that

sup ’/RV P(t/A)a([t] —u)t| = o(y/Var(X)(¢))), A — o0 1)

uczv

holds in each case d > 0,d < 0,d = 0 of the corollary. The behavior of the last variance is detailed
in Propositions 5 and 6 and it grows to infinity in each case of 4. On the other hand, the Lh.s. of (91)
does not exceed ||¢|| . (wv) @[l 1 (z) which is bounded in cases d < 0 and d = 0. Finally, in case d > 0
we see that the Lh.s. of (91) does not exceed [|¢(-/A) || 2 gy llall 1220y = O(A¥/2) and (91) holds since
d>0. O
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