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Abstract: The fractional reduced differential transform method is a finite iterative method based on
infinite fractional expansions. The result obtained is the approximation of the real value. There are
few reports on the approximate error and the applicable condition. In this paper, according to the
fractional expansions, we study the factors related to the approximate errors. Our research shows that
the approximate errors relate not only to fractional order but also to time ¢ and increase rapidly with
time t. This method can only be applied within a certain time range and the time range is relevant to
fractional order and fractional expansions. Then, many obtained achievements may be incorrect if the
applicable conditions are not satisfied. Some examples presented in this paper verify our analysis.
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1. Introduction

Fractional calculus is an extension of integer calculus from integer dimension to fractional
dimension, and can be applied to depict real physical systems with arbitrary accuracy. Fractional
models are treated in many areas such as signal processing[1], image processing, control engineering|[2],
mechanic engineering etc[3-6].

The fractional calculus is defined by a convolution operation and is computationally complex.
How to simplify this computation is an important research topic in the fractional field. Many
approximate approaches have been proposed for this issue [7-12]. Without exception, only an
approximation solution, but not an exact solution, can be obtained by any approximate method.
There must exist an approximate error between the approximate solution and the exact solution. Only
within the allowable range of the approximate error can this approximate method be correct. Or
else, the achievements obtained may be incorrect[13-15]. For example, Ahmadian A. obtained the
approximate solution in the time domain by its approximate value in Laplace domain[12], but Zhao L.
etc[16] analyzed the approximate error and pointed out that this approach may mislead.

Similarly, fractional reduced differential transform method is also an approximate approach, and
the approximate value is obtained by omitting some high order items of fractional expansions. It has
been applied to solve fractional partial differential equations [17-19], higher-dimensional fractional
equation[20], fractional nonlinear equation[21], fractional transport model[22], fractional financial
models of awareness[23,24] etc. By this approach, the calculating process can be simplified and the
approximate value can be drawn when the omitted high-order items are infinitesimal, but it can also
mislead when the omitted high-order items are not infinitesimal. On the other hand, the high-order
terms that are ignored may be infinitesimal within a certain time range and gradually increase over
this time range. This method can only be applied in a certain time range. However, the approximate
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error and the applicable condition have rarely been reported in the obtained achievements. Some
special examples presented cannot verify the effectiveness of the mentioned method.

In this paper, we study the fractional expansion and obtain its parameters according to the mean
value theorem. The parameters are drawn step by step based on the hypothesis that the high-order
items are infinitesimal. Then, we draw the applicable condition from the allowable error. Some
examples are taken to verify our analysis. Numerical simulations show that the approximate error is
convergent in a certain time range and increases rapidly over this time range.

The rest of this paper is organized as follows. Section 2 addresses the definitions and some
properties of fractional calculus. Fractional reduced differential transform method is formulated in
Section 3. We analyze the approximate error and the applicable condition in Section 4. In Section 5,
some examples are taken to verify our analysis. Lastly, a conclusion is drawn in Section 6.

2. The Definitions and Some Properties of Fractional Calculus

There exist many fractional derivative definitions, among which the Caputo fractional derivative
definition is widely adapted as it is irrelevant to the initial condition. In this paper, the Caputo
fractional derivative definition is adapted.

Definition 1. The fractional derivative in the Caputo sense of the function ¢(t) € C"(t € [tg, +o0), R) with
order € is defined as

1 t (”)(T)
C e 6
Dig(t) = d 1
nDie(t) T(n—-e) /to (t—)enr1t @
where T'(-) is the Gamma function, ¢(to) is the initial value of ¢(t) and n is a positive integer such that
n—1<e<n.

Definition 2. The fractional integral of function ¢(t) with order € is defined as

WIfe) = g [ (= el ®

to

Some properties of fractional calculus that may be adapted are introduced in the following.
€

(i) For a continuous function g(t), ¢, If [% Dfc(t)] = ¢(t) —g(to).
if) E}DfC = 0, where C is a constant.

T(Z—e+1)
iv) £ DE (5 Dse(t)) =5 Diteg(t).

(
(iii) ngt‘: = TE+D) (t —t9)¢~¢, where n — 1 < € < n and € is not an integer less than 7.
( =h

Theorem 1. If ¢(") (t)(t € [ty,a]) is a continuous function, there must exist a constant v € [to, a] satisfying

() (y
EDFe(t) = s (1= )" ®
Proof. According to the mean value theorem, there must exist v € [f, a] satisfying the following
equation,
1 tog(r)
C —
to fg(t) - F(Tl — 6) [0 (t — T)€7n+1 dT|t:tl
1 t 1
— /
e e T @
(n)
¢ L n—e
- F(n—e—l—l)(t fo)

where min(¢c( (t)) < ¢ (v) < max(c"™(t)).
The proof of Theorem 1 is completed. [J
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Conclusion 1: If ¢(f)(t € [ty,a]) is a continuous function, there must exist a constant v € [to, 4]
satisfying
1 t _
WIES(0) lima= 6(V) gy | (1) e

to

Note 1: Especially, when t — t, it yields ¢(") (v) = ¢(" (tg) = ¢ (t) and

(n)
. Cpe _ ¢ (tO) _ n—e
Jim 7, Dic(t) = et (t —to) (5)

Obviously, the above holds only when t — (. Or else, it may be incorrect.

Theorem 2. When 0 < € <1,if¢(t) and g(t) (t € (to, tp)) are continuous differentiable functions, there must
exist a constant v € [to, t,] making the following equation hold,

6(ty) = gto) _ KDF6(B)li=v

= (6)
8(ty) —8(to) £ Dfg(t)]i=v
. . ty) —g(t
Proof. Define function 8(t) = ¢(t) — % ¢(t) and get
d(ty) — O(ty) =0 )
From the property of fractional calculus, it yields
3(ty) — 9(to)
—tp If[ngﬁ(f)] (8)
_ 1 ! e—17C e
= 1@ (-0 EDse(o)lar
According to Conclusion 1, we obtain
3(ty) — (ko)
_ 1 ! e—1[C e
v /to(t—'r) (£ DO (T)]d o
C e 1 ! e—1
= [GD8O] hmvpgy [ (=) e
=0
Then, there must exist a constant v € [ty, a] satisfying
C e _C ety S(tp) —g(to)
(50700l =, Dile() ~ S =S8 lems
— (k) (10)
:CDe t_g(tb) Q(O CDe Al—
[to t ( ) g(tb) _g(tO) to tg( )]|t v
=0
We can obtain c
€
g(tb) - g(to) _ tODtg(t)lt:V (11)

§(ty) —&(to) — £ Dsg(H)]i=y
The proof of Theorem 2 is completed. [
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Theorem 3. If ¢(t) and g(t) are continuous differentiable functions satisfying thn? ¢(t) =0and thntq g(t) =0,
—to —to

the following equation holds

CDec(t
Jim &) _ limw (12)
t=tog(t) tato%ng(t)

where 0 < e < 1.

Proof. As thr? ¢(t) =0and thntl g(t) =0, wesetg(tg) = 0and g(tp) = 0. According to Theorem 2, it
—to —to

gets
C e
— Dfg(t
limﬂ = lim 5(tp) — (to) = lirntc0 e(t) (13)
t=tog(t)  t—=tog(ty) — g(to)  t—to tODtEg(t)
The proof of Theorem 3 is completed. []
3. Fractional Reduced Differential Transform Method
Suppose g(t) is a continuous and differentiable function. This function can be embodied as
§(t) = ) Vie(t = to)* (14)
k=0

where 0 < € < 1, Vi, represents the spectrum of function ¢(¢).
Usually, we can only calculate finite but not infinite items. Then, many items will be omitted and
equation (14) can be expressed as

() = " Vielt — to) +o((t — to)) 15)
k=0

When ¢ is within the neighborhood of ty, o((t — ty))*€ is the ke order infinitesimal of (t — to). Then, we
can obtain the approximate &;(t) of ¢(¢).

j
Ge(t) = ) Vie(t — o) (16)
=0

Obviously, the approximate error decreases with j increasing.
Based on the above hypothesis, when 0 < € < 1, let us study the expression of Vi, step by step.
When k = 0, it has

. _ 0 0
lim ¢(£) = Veo(t —to)" + 0((t — o)) (17)
and we have
Vo= tlgg; ¢(t) = ¢(to) (18)
When k = 1, it yields
6(1) = ¢(to) + Ver(t — to)" + o((t — t0))! (19)
We can get
_ _ el

t=to (t—to)el

d0i:10.20944/preprints202405.1168.v1
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According to Theorem 3 , it has

- 6(t) —g(to) +o((t —to))"
Vel = tlgrt}) ((; _ to)el -
= Df[g(t) — g(to)] -~ o((t = to))!
o CDE[(F—f)l] | ok (f— fo)eT

. 1 ¢
= ——— Dfg(t
thﬁrrt}) I"(l +€) to tg< )

When k = 2, it can obtain

6(t) = lim g(to) + Ve (t = t0)" + Vea(t — t0)* +o((t — #0))

Then, it yields
_ _ _ el _ €2
Vi = lim 6(t) —c(to) — Ver(t — to)*" +o((t — to))
t—to (t — tg)e2
_ _ €l __ _ €2
— lim ¢(t) = Ve (t —to) —g(to) 4 lim o((t—to))
t—=to (t - tO)SZ t—tg (t — t0)€2
By Theorem 3,
_ o 6(8) = Vet —to) —g(to) | .. o((t 1))
Ver = lim (t— tg)&2 +lim =
CDE[g(t) — Ver (t — o)t — g(# —£y))2
— lim b0 flo(t) = Ve (t — to) ¢(to)] + lim o((t 1}0))2
t=o LD [(t — t0)<?] t=t (t—1to)®

[£Dfg(t) — Vel (1+¢)]

S (e (= )]

By again, by Theorem 3 , we have

[ D§c(t) = VaT (1+¢)]

t—to [1;((1112:)) (t — to)€]

€ DSI5 Dfc () — Vaal (1 + )]

t—t E)Dte[l;((lliz:)) (i‘ _ to)e]

L0
t—to T'(1 4+ 2€)

When k = i(i > 2), we can suppose

CDiec(t
V= lim &2t g(.O)
t=ty T(1+ i€)

Let us analyze what happens when k =i + 1.
When k = i + 1, we can obtain the following

i . . .
g(t) = im Y Vii(t — t0) + V() (£ — 1) T o (£ — t9))<( D)
k=0

t—tg

d0i:10.20944/preprints202405.1168.v1
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(21)

(22)

(23)

(24)

(25)

(26)

(27)
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It has |
c(t) = & Vie(t — to)ke —o((t — tg))<(+Y)

L k=0
Ve(i+1) = }i)n;}) (i’ — to)e(iJrl)

CDE[ ( ) Z Vke(t_t())ke}
= lim

=i gDﬂa—mwﬁw

[ Dfg(t) %De Z Vie (t — to)*] 29
= lim k=

=5ty T(lrJ(rl(Eel)) )tthe[(t — £9)€)]

i+1
= lim —%Dt(lJr )eg(t)
t=to (14 (i + 1)e)

From the above reasoning process step by step, we have

i Dis(to)
to t ke
fm () = Jim 32 Sy 6 )

(29)
It is noticed that V;) is calculated by ¢ s Di¢¢(tg), the initial value of CDieg(to) is tp, and the above
equation holds only when t — t.

4. Analyzing the Approximate Error and the Applicable Condition

In many cases, we can only calculate finite items but not infinite items according to Equation (29).
Function ¢(t) in Equation (29) is usually approximated by n order fractional expansion &, (¢)

n CD(k)e ¢
FOEDY ff’r(;fk(eg’)u o)t (30)

k=0

Especially, when n — o, we have the following relation
© €D (ty)
= lim &, () = Y 2 L2 p)ke 31

When 7 is taken as a bounded value, there must exist an approximate error between ¢, (t) and
(t). The proposed method can only be applied if the maximum error is within the allowable range.

Let us analyze these approximate errors and the applicable condition.

Define the absolute error as e, (;) = [¢(t) — ¢ (t)| and obtain

©  §Di(to) )
eCn(t) = |k EJrl tr(1t+ ké(’)) (t - tO)k |
’ (32)
Z | (lt_fgceo)) (t* 0)k€|

k=n+1
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According to the convergence properties of proportional sequences, when f satisfies the following
condition
k+1 )e (tO) e(k+1)
O

e (0T
CDM c(to)
ey (= to)¥e

C (k+1)e

_ T +ke)y Dy (ko)

T(1+ (k+1)e)§ Dfg(to)

<1, (k=1,23,---)

(33)
(t—to)°|

The absolute error e;, ;) decrease with order k increasing. That is to say that the convergence radius
( T(1+(k+1)e)f; Dfg(to) )
Te(p) = min c.
&) r(1+ke)C DF (1)

Equation (32) also indicates that the absolute error increases rapidly with time .

Define the relative error as Reg, () = % * 100% and get

© ¢ DkeG(fo

| T e (o)

k=n+1
tO Dy Q(tO)

* 100% (34)

By simplify deducing, we can also see that the relative error increases with time .

The above analysis shows that the approximate error increases with time ¢ and the mentioned
approach can be studied in a certain time range, and the time range depends on the allowable error,
fractional order and the specific system.

5. Examples

In this section, we take some examples to verify our analysis.

Example 1. Suppose ¢(t) = Ec(t°) as a Mittag-Leffler function, which can be expressed by a fractional
expansion as

) tke
£)=) =7~ 35
,;0 T(1+ ke) (35)
From Equation (34), the n order approximate expansion is expressed as
n
Z r(1+ ke) (36)

Define y1 = ¢(t), yo = Cn(t) where n = 4 and take numerical simulation. The numerical simulation results
are shown in Figure 1 with € = 0.5, Figure 2 with € = 0.2 and Figure 3 with € = 0.8. Numerical simulations
show that the absolute error and the relative error have high accuracy within a time range, but quickly diverge
and may mislead over this time range.
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Figure 1. The absolute error (Figure (a) and Figure(b)) and relative error (Figure(c)) in Example 1 with
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Figure 2. The absolute error (Figure (a) and Figure(b)) and relative error (Figure(c)) in Example 1 with
€e=0.2.
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Figure 3. The absolute error (Figure (a) and Figure(b)) and relative error (Figure(c)) in Example 1 with
€e=10.38.
Example 2. Suppose¢(t) = ¥ % Then, the n order approximate expansion is expressed as
k=0
n 2ke+1
Cn(t) = 37)

& T(1+ 2ke)

Similarly, let y1 = ¢(t), y2 = Cn(t) where n = 4 and take numerical simulation. The numerical simulation
results are shown in Figure 4 with e = 0.5, Figure 5 with € = 0.2 and Figure 6 with e = 0.8. Numerical
simulations also show that the absolute error and the relative error have high accuracy within a certain time
range, but quickly diverge and may mislead over this time range.

The numerical simulations in the above examples all verify our theorem analysis. The mentioned method
can only be applied in a time range. Over this range, it may mislead.
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Figure 4. The absolute error (Figure (a) and Figure(b)) and relative error (Figure(c)) in Example 2 with
e =0.5.
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Figure 5. The absolute error (Figure (a) and Figure(b)) and relative error (Figure(c)) in Example 2 with
e =0.2.
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Figure 6. The absolute error (Figure (a) and Figure(b)) and relative error (Figure(c)) in Example 2 with
e =0.8.

6. Conclusions

In this paper, we present the detailed analysis process of the fractional reduced differential
transform method. Theorem analysis and numerical simulation show that this method can only be
applied in a certain time range. Then, by this method, we first need to know the time range. The
mentioned can only be studied in this time range. During this time range, the achievement obtained
may be mislead.
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