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Abstract: Under suitable continuity and uniqueness conditions, solutions of an « order Caputo
fractional boundary value problem are differentiated with respect to boundary values and boundary
points. This extends well-known results for nth order boundary value problems. The approach
used is a standard technique and makes heavy use of recent results for differentiation of solutions of
Caputo fractional intial value problems with respect to initial conditions and continuous dependence
for Caputo fractional boundary value problems.

Keywords: continuous dependence; Caputo fractional derivative; fractional differential equation;
variational equation

MSC: 26A33, 34A08, 34B15

1. Introduction

Letn € Nwitha € (n—1,n)and a < tp < bin R. Our concern is characterizing partial
derivatives with respect to the boundary data for solutions to the Caputo fractional boundary value

problem
2ox(8) = f(tx(t),x'(1),...,x" (1), a<ty<t<b, 1)

satisfying conjugate boundary conditions
x(t) = x; (2)

where Df; x is the Caputo fractional derivative of order a of the function x(t) and a <ty < t; <t, <
o<ty <bandx;eRforl <i<un.

Research into fractional differential equations has seen an explosion of results, [1-4,6,15,19,21]. In
fact, there seem to be a limitless number of different ways to define a fractional derivative. However,
two definitions have become the source of focus amongst a broad range of researchers in the field;
namely the Riemann-Liouville and Caputo fractional derivatives. For expository material on fractional
differential equations, we refer the reader to [5,13,14,17].

In this paper, we impose suitable continuity and uniqueness hypotheses so that given a solution
of (1), (2), one may take the derivative with respect to the boundary data. This derivative solves an
associated Caputo fractional boundary value problem called the variational equation with interesting
boundary data.

This work is an expansion upon well-known previous work for nth order boundary value
problems [8-12,18]. In fact, we use the ideas of these works as a guide to help construct our proofs. To
that end, we rely heavily upon two recent results for Caputo fractional differential equations. The first
[6] establishes differentiation of solutions of Caputo initial value problems with respect to the initial
data, and the second [16] establishes the continuous dependence on boundary conditions for Caputo
boundary value problems.

Essentially, with a unique solution to a Caputo boundary value problem, we define a difference
quotient with respect to the boundary datum. We then view this difference quotient in terms of an
initial value problem. This allows us to apply Theorem 3.2 from [6] to show this difference quotient
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solves the variational equation. Finally, we take a limit by applying the continuous dependence result,
Theorem 4.2, from [16] which yields the desired result.

The remainder of the paper is organized as follows. In section 2, one will find brief definitions
of fractional integrals and derivatives. For further study, we refer the reader to [5,13,14,17]. Section 3
introduces us to the variational equation and establishes our sufficient hypotheses. For section 4, we
present the important recent developments in the field of study that have made this paper possible;
namely differentiation of Caputo initial value problems [6] and continuous dependence of boundary
data for Caputo boundary value problems [16]. To conclude, we have section 5 that contains the main
result and its proof.

2. Fractional Derivatives

Let « > 0. The Riemann-Liouville fractional integral of a function x of order &, denoted Ifg x, is
defined as

I x(t) = rgoé)/tt(ts)“—lx(s)ds, <t

0

provided the right-hand side exists. Moreover, let n € N denote a positive integer and assume
n —1 < a < n. The Riemann-Liouville fractional derivative of order « of the function x, denoted D‘t"O X,
is defined as

?‘Ox(t) = D”IZ;”‘x(t),

provided the right-hand side exists. If a function x is such that
x & () (=)
L (0 - T 0w
i=0 :
exists, then the Caputo fractional derivative of order « of x is defined by
n—1 i
; t—tp
 x(t) = D} (x(t) -y x(l)(fo)<i,>> .
i=0 :

Remark 1. A sufficient condition to guarantee the existence of the Caputo fractional derivative is the absolute
continuity of the (n — 1)st derivative of x(t). See Theorem 3.1 in [5] and discussion thereafter.

3. Preliminaries
Throughout this work, we make use of the following assumptions:

(1)  f:(ab) x R" — Ris continuous;
(2 for1<i<m,dof(txy,...,xn)/0x;: (a,b) x R" — R is continuous; and
(3)  solutions to initial value problems for (1) are unique on (4, b);

The derivative sought in this manuscript solves a related equation which we define next.

Definition 1. The « order Caputo fractional variational equation of (1) along a solution x(t) is the differential
equation

fz(t) =) g(t,x(t),x’(t),...,x(”_l)(t))z(f). 3)
Finally, we present two more hypotheses which establish a uniqueness condition for (1) and (3),
respectively.

(4) Givenpointsa < fp <t] <t <...<t, <b,if yand z are solutions of (1) such that for1 <7 < n,
y(t;) = z(t;), then y(t) = z(t) on (a,b); and
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(5) givenpointsa < tg < t] < tp < ... < t; < b, if uis a solution of (3) along (1) such that for
1 <i<mn,u(t;)=0, then u(t) = 0on (a,b).

Next, we present two crucial results that make this work possible.
Let [c,d] C Rand for x € Clc, d], define

= ).
Illoea = max I+(0)]

If k € N, for x € C¥[c,d], define

el o,a) = max{||xllo,ap 1% o ey - - - 1x® o, e }-

We seek a boundary value problem result as an analog of the initial value problem result from
Eloe et al [6].

Theorem 1. Let f(t,y0,Y1,...,Yn—1) be continuous and have continuous first partial derivatives with respect
toy; for 0 < j < n —1onan open, connected, convex set E C R x R". Let (to,yo,---,Yn—1) € E, and let
y(t) :=y(tto, Yo, - - ., Yn—1) be the unique solution of the initial value problem (1) satisfying

vy (k) =y, i=0,...,n—1, (4)
with maximal interval of existence [ty, w). Choose [c,d]| C [ty, w). Then,

(a) foreach 0 <j<mn—1,a;(t) = dy(t)/dy; exists and is the solution of the variational equation (3) along
y(t) on [c,d] and hence, [ty, w) satisfying the initial conditions

ch(i) (to) = (51']', 0<i<n-—1;
(b)  if, in addition, f has a continuous first derivative with respect to t and

f(tOIyO/yll' . -/]/n—l) - O/

then B(t) := dy(t) /ot exists and is the solution of the variational equation (3) along y(t) on [c,d] and
hence, [tg, w) satisfying the initial conditions

‘B(i) (to) = —y(i“) (tg), 0<i<n—1; and

n—1

(@  B(t)=— Yy (to)ay(t).

i=0

We also use recent continuous dependence on boundary conditions results for Caputo fractional
differential equations [16]. The first one is when the left-most boundary condition is to the right of the
starting point of the Caputo fractional derivative; namely ty < ¢;, and the second is when they are
equal; namely ¢y = t;. Note that the second result has an additional condition to establish continuous
dependence to the left of #y.

Theorem 2. [Case when ty < t1] Assume that hypotheses (1), (3), and (4) hold. Let x(t) be a solution of
(1) on [tg,b), [c,d] C [to,b) with pointsc < tyg < t; < tp < ... < t, < d,and € > 0. Then, there exists
ad(e [c,d]) > Osuch that,iffor 1 <i < mn, |t — 7| <dwithc < T4 < Th <13 < ..., < dand
|x(t;) —yi| < éwithy; € R, then there exists a solution y(t) of (1) satisfying y(7;) = y;. Also,

[1x() = y(D)ln-1,ca) <€
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Theorem 3. [Case when ty = t1] Assume that hypotheses (1), (3), and (4) hold. Let x(t) be a solution of (1) on
[t1,D), [c,d] C [t1,b) withpointsc =t < ty < ... < t, <d,and € > 0. Then, there exists a §(¢, [c,d]) > 0
such that, if for2 <i<mn, |t; — G| <dwithc < T < 3 < ..., Ty <dand for1 <i<mn,|x(t;) —y;| <9I
with y; € R, then there exists a solution y(t) of (1) satisfying y(t1) = y1 and for 2 < i < n, y(7;) = y;. Also,

||x(t) - y(t)‘ln—l,[c,d} <e€.

Additionally, if fi. : (a,b) x R" — R is a sequence of continuous functions that converge uniformly to f on
compact subsets of [c,d] x R" and for k > 1, t% is an increasing sequence such that t5 1 t; ask — oo, then
there exists a K such that if k > K, then

||xk(t) - x(t)Hn—l,[c,d] —0 as k— oo,

4. Main Results

In this section, we present our boundary value problem analog. This is done under the assumption
that fp < t;. However, with the additional assumption from Theorem 3, the same result is established
for tg = t; and the proof remains the same. Without this additional assumption, the derivative at ty
would only be a right-hand derivative but the result still holds.

Theorem 4. Assume conditions (1)-(5) are satisfied and that ty < t1. Let x(t) := x(t,t1,..., tn, X1, ..., Xn)
be a solution of (1) satisfying x(t;) = x; for 1 <i <mon [ty,w) C (a,b). Then,

(a)  foreach1 < j < n,z(t) = dx(t)/dx; exists and is the solution of the variational equation (3) along x(t)
on [c,d] and hence, [ty, w) satisfying the boundary conditions

Z]' (ti) = ‘Sij/ 1 S i S n,

(b)  if, in addition, f has a continuous first derivative with respect to t and

f (tj/x(fj),x'(tj),...,x("_l)(tj)> =0,

then wj(t) := 0x(t)/ot; exists and is the solution of the variational equation (3) along x(t) on [c,d] and
hence, [ty, w) satisfying the initial conditions

w; (t) = —x' (t) &, 1 <i < n; and
()  foreach1 <j<mn, wi(t) = —x'(t)zt).

Proof. We will only prove part (a) as the proof of part (b) is similar. Part (c) is immediate consequence
from parts (a)and (b) when coupoled with hypothesis (v).

Let 1 < j < n, and consider 0x(t)/dx;. In the interests of conserving space and lessening the
tedious notation, we denote x(; 1, ..., ty, X1,..., Xjjones xy) by x(; xj) as x; is the boundary value of
interest.

Let & > O be as in Theorem 2,0 < || < J be given, and define

2,(t) = %[x(t; X+ h) — x(5x,)].

Note that for every I # 0,

zin(t) = —lx(t,xj+h) — x(t;, x))]

[(xj+h) — xj]

== =
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1

= 0]

= 1.

Also, forevery h # 0, 1 <k < nwithk # j,
1
zin(te) = 3 [x(te 1) = x(t, x))]

1

= gl

= 0.

Now that we have established the boundary conditions for zj,(t), we show that zj,(t) solves the
variational equation. To thatend, for1 <i <n —1, let

v; = x()(t x;)
and '
€ =¢€i(h) = x(l)(tj; xj+h)—v.

By Theorem 2, for1 <i <n—1, ¢; = €;(h) — 0 as h — 0. Using the notation of Theorem 1 for
solutions of initial value problems for (1), viewing x(f) as the solution of an initial value problem, and
denoting the solution x(t) = y(t; ti, xj, 01, -, v,_1), we have

1
zjp(t) = E[y(t; ti,xj+h,o1+e€y,..., 001+ €1) —y(tit;, x5,01,. .., 00-1)]-
Then, by utilizing telescoping sums, we have

zju(t) :%{[y(t; ti,xj+hovi+ey,..., o1 +€1) — Yyt X014+ €1, 001+ €1)]
+ [yt xj, 01+ €1, 0p1+€01) —Y(bt,Xj,01, ., U1+ €41)]
+ [yt tj, xj,01, .. 0n-1 +€p1)) — -]
+ 1yt x,01. -, 01 H€01)) — Y t],x],vl,...,vn,l)]}.

By Theorem 1 and the Mean Value Theorem, we obtain

1 -
Z(t) =7 [uco(t,y(t; b X+ T 01 €1, 01+ €0 1)) (x5 + T — X))
+ar(ty(ttj, xj,01+€1,...,0p-1+€n-1)) (01 + €1 —01) + -+
+ay 1 (ty(tt, X010, 001+ €1)) (01 + €11 — vnfl)]

=wo(t, y(t; ¢ Xj +hoi+er,..., 001 +€i-1))

7 ]/
€ _
+ o (b y (6, 35,00+ 81, Ot o))
€y_ _
+ 1 (b y (b, X5, 01, Vgt + Ent))

h

where, for 0 < k <n —1, a;(t,y(+)) is the solution of the variational equation (3) along y(-) satisfying
a(t) =64, 0<i<n—1.

Furthermore, for 1 <i <n —1, v; + €; is between v; and v; + €;.
Thus, to show }llirr(l) zjh(x) exists, it suffices to show, for1 <i <n—1, }llirr(l) €;/h exists.
— —
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Now, from the construction of zj, (t), we have
zjp(ty) =0, 1 <k <nwithk # j.
Hence, for 1 < k < n with k # j, we have a system of n — 1 linear equations with #n — 1 unknowns:

—wo(tr, y(t; t]', Xj+ h,o1+€1,...,0,_1+ €n-1))

€1 ~
= ﬁal (tk,y(t,‘ t]', Xj, 01 +E1,...,001+ en—l)) + -

€p-1 ~
+ ==t (b y (G, Xj,01, -, Un1 £ E01))-

In the system of equations above, we notice that y(-) is not always the same. Therefore, we consider
the coefficient matrix M based on y/(t)

wr(t,y(t)  aa(ty,y(t) - auq(tLy(t))
ar(t2,y(t))  aa(t,y(t) -+ ap1(t2,y(t))
M := al(tj,;,y(t)) Ocz(t];;,y(t)) “n—l(tj'fl/y(t))
wr (i, y(t) aa(tiin,y(t) - an—1(tjy,y(t))
Gt y(®)  walboy(®) - (e y(®))

We claim det(M) # 0. Suppose to the contrary that det(M) = 0. Then, there exist p; € R for
1 <i <n—1notall zero such that

a1 (t1,y(t)) an—1(t,y(t)) 0
ay(tp, y(t)) an-1(t2, (1)) 0

P1 Ocl(tj_;,y(t)) o Pn-1 | a1 (tj‘—ll y(t)) = 0
wl(t]-H,y(t)) Xp—1 (t]'+1l y(t)) 0
vcl(tn; y(t)) zxn_l(té,y(t)) 0

Set
w(t,y(t)) == praa(t,y(t)) + - + puran-1(ty(t)).

Then, w(t,y(t)) is a nontrivial solution of the variational equation (3). However, w(t,y(t)) = 0
and, for 1 < k < n—1 with k # j, w(xg,y(t)) = 0. By hypothesis (v), w(t,y(t)) = 0. Thus,
p1=p2 ="+ = py—1 = 0 which is a contradiction to the choice of the p/s. Hence, det(M) # 0.

Thus, as a result of continuous dependence, for h # 0 and sufficiently small, det(M(h)) # 0
implying M(h) has an inverse where M(h) is the appropriately defined matrix from the system of
equations. Therefore, for each 1 <i < n — 1, we are able to find €;/h using Cramer’s rule.

Noteash — 0, det(M(h)) — det(M),andsoforl <i<n-—1, €;(h)/h — det(M;)/ det M := B;
as h — 0, where M; is the n — 1 x n — 1 matrix found by replacing the appropriate column of the
matrix defining M by

Col[ —ag(ty, x(t)), —ao(tz, x(t)), ..., —ao(tj—1, x(t)), —a(tjr1, x(t)), ..., —ao(tx, x(t))} .
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Now, let z;(t) = ;lg% zju(t), and by construction of zj(t),

ox
zj(t) = a7],(15)-

Furthermore,

n—1
zj(t) = }llig(l)zjh(t) =ao(t,x(t)) + ) Biai(t, x(t))
i=1

which is a solution of the variational equation (3) along x(t). In addition, for 1 < j <mn,
zj(x) = lim zjy (xe) = Gji
This completes the argument for dx(t) /dx;. [
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