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Abstract

We propose that quarks and gluon flux tubes emerge from networks of standing vacuum waves. Each
unbound nucleon, in its ground state, may be electromagnetically modeled as massless quantized
charge on two pairs of orbiting arcs. Each charge arc is associated with a vacuum fundamental
harmonic rotating both poloidally and toroidally. These vacuum fundamental harmonics are coupled to
nucleon mass-energy. A mechanism is proposed whereby unbound ground state nucleons continually
regenerate their mass and charge. The charge arcs orbit on the two surfaces of a spindle torus with
polar charge-exclusion zones. These ground-state models of unbound nucleons may be interpreted
as two pairs of virtual Möbius bands. The optimal triangular Möbius band may explain proton
uniqueness. These unbound proton and neutron models are shown to be precisely connected via a
parameter dependent on neutron mass and the sum of the up and down quark masses during low
energy weak interactions. Due to this precise connection, and the relatively high experimental precision
of proton magnetic moment, neutron magnetic moment is calculated about two orders of magnitude
more precisely than the most accurate experiments to date. This quantum network-based approach
to modeling unbound low-energy nucleons calculates several other measurable parameters. This
includes utilizing precise lepton vacuum interaction data to develop independent phenomenological
proton and neutron vacuum interaction models accurate to 7 digits.

Keywords: semiclassical; nucleon g-factor; Möbius; fine-structure constant; quark charge; quark mass;
weak interaction; W boson mass; proton charge radius; energetic causal sets; circular Unruh effect;
vacuum interaction

1. Introduction
1.1. Semiclassical Approaches

Recently, semiclassical models of certain physical foundations have been published in high
profile journals [1–4]. These works represent the tip of a growing school of thought. This includes
References [5,6], where Yasmineh has recently formulated quantum mechanics in terms of proper time
instead of absolute simultaneity. Quantum mechanics formulated in terms of proper time implies that
each quantum particle maintains its own internal clock.

In Reference [7], Faber quotes Wheeler’s description of general relativity [8] "Spacetime tells
matter how to move; matter tells spacetime how to curve." before adding "Charges and electromagnetic
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fields tell space how to rotate." This paper combines Faber’s concept with the symmetry of general
relativity by proposing that rotating spacetime structures continually regenerate the mass and charge
of ground-state protons and neutrons.

Traill has also recently developed rotating spacetime models of some fermions [9]. Traill proposes
fermion structures consisting of interfering wavefunctions that form standing waves. Wavefunctions
are represented as fields of rotating charge displacement vectors that form spinning spiral wave
patterns. Traill applies finite element analysis to these composite wavefunctions. Common to both
Traill’s approach and this paper are standing waves, distributed charge, and the absence of singularities.

Several other semiclassical models of quantum particles have very recently been proposed. These
include Preziosa proposing a way to connect spacetime curvature and spacetime acceleration [10],
Duda proposing a mechanism for the electron and neutrino masses to propel some intrinsic periodic
processes [11], and Clarke proposing photon-based quantum particle models involving both poloidal
and toroidal electromagnetic circulation [12]. This paper proposes that combined poloidal and toroidal
circulations, of standing vacuum waves, are associated with fundamental geometric relationships that
yield various properties of unbound low-energy nucleons.

This paper, along with Reference [13], proposes that the charge structure of unbound ground-state
nucleons consists of rotating charge arcs with light-speed equators. These charge arcs will manifest as
geometrically-simple charge surfaces. Other proposed quantum particle models with geometrically-
simple charge surfaces include References [14–16]. References [15,16] model charge as the integer
U(1) winding number on a thin sheath. Charge sign is determined by the orientation of the phase
winding, while charge magnitude is determined by the holonomy count. The dynamics come from
minimizing a Maxwell-type action with a holonomy constraint. The core is a topologically protected
spin-half standing mode. Finite-size observables are governed by the sheath thickness, rather than
the core path length. This proposed quantum particle modeling framework may explain point-like
scattering with a narrow near-forward Compton feature. Additional experimental tests are proposed
in References [15,16].

This paper assumes that the mass of an unbound ground-state nucleon occupies a completely
separate region to its charge structure. Earlier semiclassical particle models have applied similar
assumptions. For decades, Rivas has developed particle models based on center-of-mass and center-
of-charge separation [17–20]. This has resulted in one of the few particle models that provides full
relativistic equations of motion for the zitterbewegung electron in an electromagnetic field. Rivas’s
models apply forces, calculated at the center of charge, to the center of mass. Recently, Fleury has
applied Rivas’s electron model to Mott Scattering, which is the spin-dependent deflection of electrons
by an atomic nucleus [21]. In Rivas’s electron model, the cycloidal motion of the charge causes
scattering asymmetries depending on spin orientation. This can explain why spin-up and spin-
down electrons scatter at different angles, which has been experimentally observed at 120 keV for
gold targets [22]. While conventional quantum mechanics explains Moss Scattering with elaborate
formalism, Rivas’s model provides an intuitive description of the effect.

1.2. Standard Approaches

Energetic unbound protons and neutrons are extremely complex structures [23,24] that are not
fully understood [25,26]. However, at least at low energies, they appear to precisely maintain several
important parameters. These include mass, net charge, spin, isospin, parity, magnetic moment, and
rms charge radius. While free neutrons spontaneously decay with a mean lifetime of a little under 15
minutes [27], free protons possess such a stable ground state that free-proton decay has never been
observed.

Quantum field theory (QFT) is arguably the most successful scientific theory developed to
date [28]. It has produced the highly-precise Standard Model of particle physics [29]. However, a
considerable number of Standard Model parameters must be experimentally determined. A reason why
QFT, sans experiment, may be incapable of precisely explaining the values of certain particle properties
could be because operators are applied to create and annihilate particles [28,30]. This conceptual

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 21 October 2025 doi:10.20944/preprints202405.0932.v2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202405.0932.v2
http://creativecommons.org/licenses/by/4.0/


3 of 47

shortcut mathematically precludes potential physical mechanisms that create and annihilate mass and
charge.

Center vortices have long been a fixture of nonperturbative quantum chromodynamics (QCD)
[31,32]. However, only recently has it been shown how center vortices capture the key nonperturbative
aspects of QCD [33,34]. This paper develops a proposal that quantum networks of interfering virtual
vacuum momenta continually regenerate the mass and charge of unbound nucleons when in their
ground state. These are called unbound ground-state quantum vortex (GSQV) nucleon models. The
virtual vacuum momenta in the GSQV nucleon models are standing waves not unlike the center
vortices of nonperturbative QCD. Therefore, at energies sufficiently above the ground state, center
vortices may emerge from the standing vacuum waves of the unbound GSQV nucleon models.

1.3. Foundational Assumptions Applied in this Work

As with Reference [14], during nucleon-antinucleon pair production, this paper assumes that one
real spin-1 photon splits into two virtual circularly-polarized spin-half photon vortices. When in its
ground state, each unbound spin-half nucleon’s mass energy is assumed to be continually regenerated
from its toroidal vortex component via the combined zitterbewegung and circular Unruh effects
[14]. In the GSQV model, the circular polarization of a toroidally revolving virtual photon results
in a poloidal vortex component that Reference [14] assumes continually regenerates charge. This
paper goes further by mathematically developing a mechanism via which unbound GSQV nucleon
charge is continually regenerated via two pairs of vacuum fundamental harmonics rotating both
poloidally and toroidally. These rotational dynamics are illustrated by the animation provided at
https://youtu.be/nTw6aDd7rRA.

In each unbound GSQV nucleon, the combined toroidal and poloidal actions are proposed to
form two pairs of virtual Möbius bands with length set to unbound nucleon Compton wavelength.
The width of each virtual Möbius band is set to the nucleon’s vacuum fundamental harmonic length.
In an unbound GSQV proton, each virtual Möbius band is proposed to be optimal in the sense of
being maximally confined given its length [35–38]. This maximal confinement is interpreted as a
state of minimum energy. By the same metric, an unbound GSQV neutron’s virtual Möbius bands
are suboptimal. This may explain why neutron mass energy necessarily exceeds proton mass energy.
Other proposed quantum particle models with Möbius geometry include References [15,16,39].

As with the models proposed in References [7,9,11,15,16,40], the unbound GSQV nucleon models
are purely field-based and therefore avoid the fundamental dilemmas of point-like particles [30]. This
proposed conceptual framework may align with energetic causal set theory–where spacetime emerges
from momentum space and the conservation of energy-momentum [41–48].

The modeling presented in this paper is proposed to add to QFT without replacing any of its
long-established aspects. The goal is to enhance established QFT by explaining the creation and
maintenance of an unbound nucleon’s mass, charge, and magnetic moment while in its ground state.
This paper in no way doubts the fundamental validity of QCD [31,32]. Nucleon modeling via lattice
QCD may be conceptually correct, but is extremely computationally expensive [49], and it is not
known how current quarks transition into dressed constituent quarks [50,51]. The precision of chiral
effective field theory (EFT) [52] has generally been good, but recent discrepancies have emerged at the
lowest energies [53–58]. This paper offers an alternative approach to modeling unbound ground-state
nucleons that seamlessly merges with chiral EFT [52] and lattice QCD [49,59] at higher energies.

2. Materials and Methods
All calculations use publicly available CODATA [60] and Particle Data Group [27] data. All calcu-

lations were performed using the supplied Excel files, entitled "nucleon calculations" and "Charm quark
generating events." All mathematical manipulations were performed by the authors. An animation of
intrinsic charm quark generation is provided at https://youtu.be/nTw6aDd7rRA for visualization
purposes. The provided GeoGebra file entitled "Proton rotating arcs with charm generation" was used
to create the animation and to obtain data for the Excel file entitled "Charm quark generating events."
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3. Results
3.1. Nucleon Properties from Quantum Networks

Recently, several semiclassical nucleon models have been proposed [9,12–16,40,61–63]. However,
References [12] and [61–63] propose models that directly conflict with established QCD. In contrast,
this paper and References [9,13–16,40] fully accept established QCD. As with References [13,14], this
paper also conceptually explains the origin of quarks, gluons, color charge, and virtual pion clouds.
This paper improves the intrinsic charm quark [23,64–74] model proposed in Reference [13].

This paper assumes that any unbound nucleon, in its lowest energy (ground) state, is a completely
coherent self-synchronizing structure. At energies above the ground state, these unbound nucleon
structures are proposed to transform into the quarks and gluons of established QCD theory. Therefore,
at higher energies, there should be no conflict with the established chiral EFT [52] and lattice QCD
[49,59] models. The unbound nucleon models developed in this paper may help resolve recently-
discovered discrepancies occurring at the lowest energies [53–58]. Section 3.1.3 shows that up, charm,
and top quark charge appears to depend only on Planck charge, the proportionate area of an unbound
GSQV proton’s charge-exclusion zone, and π. Section 3.2 applies these quantum network-based
models to calculate several parameters related to quarks and neutron decay. The proton models
developed in this paper and References [13,14] are statistically consistent with a recent experimental
estimate of proton polar charge radius [75].

As with References [13,14], this paper proposes that the properties of an unbound ground-state
nucleon’s measured projection can be derived from those of a hypothetical revolving circularly-
polarized virtual photon. Such a virtual photon is proposed to propagate via both toroidally and
poloidally revolving virtual electromagnetic fields. The virtual photon’s energy is assumed to be
identical to nucleon mass energy. The unbound nucleon’s mass energy is proposed to be a quantized
manifestation of the circular Unruh energy [76–88] of an uncharged zitterbewegung fermion [13,14]. It
is reasonable to assume that the Unruh effect is fundamentally local [89]. References [13,14] explain
mathematically how such an uncharged zitterbewegung fermion could generate a gravitational field
by concentrating circular Unruh energy. This results in curved spacetime according to the principles of
general relativity [90].

The proposed central uncharged zitterbewegung fermion is shown in Figure 1 of Reference [13].
Following References [13,14], it’s radius is λN/4π, where λN is unbound nucleon Compton wavelength.
This puts it well inside each massless charge arc described in this paper. This geometry is supported
by recent experimental evidence that proton rms mass radius is substantially smaller than proton
rms charge radius, and tends to decrease at lower energies [91]. Hansson has argued, that at low
momentum transfers, the quarks and gluons of QCD cannot be defined and thus do not really exist
within a proton [92]. As with References [13,14], this paper proposes that quarks and gluons do not
exist in a nucleon’s absolute ground state, but that gluon energy and quark relativistic energy are
sourced from the central zitterbewegung fermion’s mass energy at energies above the ground state.
Therefore, as nucleon energy increases, the nucleon models developed this paper are fully consistent
with the increase in proton rms mass radius experimentally determined by Reference [91].

In 1989, Reference [93] reported vortex solutions of the Maxwell-Bloch equations and described
the concept of optical vortices. Such vortices involve both toroidal and poloidal motion [93–96]. In 2010,
Reference [97] showed how to combine two circularly polarized laser beams, one of which contains a
vortex, to create a quasi-paraxial field containing polarization ellipses whose major and minor axes
generate multi-twist optical Möbius strips with odd numbers of half twists. The odd number of half
twists may be akin to the half integer spins of fermions.

This paper models unbound nucleons as virtual optical vortices of much higher energy, and
on a much smaller scale, than those produced by non-nuclear optics experiments. This is called the
zitterbewegung effect [13,14,17–21,30,61–63,98–109], where toroidal motion is associated with quantum
mechanical spin. This paper, and References [13,14], associate poloidal motion with isospin [110,111]
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and charge. Recent experimental evidence [112–115], supports the concept of the zitterbewegung effect
being due to stable intrinsic high frequency oscillations.

During nucleon-antinucleon pair production, this paper assumes that a virtual photon’s toroidal
motion continually regenerates nucleon mass energy. It is also assumed that such a virtual photon’s
poloidal motion continually regenerates nucleon charge. Such charge regeneration was described
conceptually, but not mathematically, in Reference [14]. This paper mathematically develops a mecha-
nism via which nucleon charge is continually regenerated. This mechanism features multiple charge
arcs–each assumed to maintain its charge. These are shown in Figures 1, 2, 3, and 4, where e represents
quantized electronic charge. The application of higher symmetries in QFT has shown that evolving
one-dimensional charge strings can conserve charge on their world sheets [116,117].
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Figure 1. Outer charge arcs of the unbound GSQV proton, where λp is proton Compton wavelength and
rpa = λp(1/

√
3 − 1/2). Each arc is of radius Rp = λp/

√
3 and extends for π radians. A poloidally and toroidally

rotating virtual vacuum fundamental harmonic connects each arc to its radial center. The charge equator revolves
toroidally at light speed.
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Figure 2. Inner charge arcs of the unbound GSQV proton, where λp is proton Compton wavelength and
rpa = λp(1/

√
3 − 1/2). Each arc is of radius Rp = λp/

√
3 and extends for 2ϕpl = 2 cos−1(1 −

√
3/2) radians. A

poloidally and toroidally rotating virtual vacuum fundamental harmonic connects each arc to its radial center.
The horizontal line represents the equatorial diameter formed by the outer charge arcs in Figure 1. The distance
between the equatorial points of the inner charge arcs is λp. They are connected by virtual standing vacuum
waves and revolve toroidally at light speed. The inner and outer Rp vectors are poloidally phase locked and
occasionally pass close to each other, as indicated by the dashed lines.
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Figure 3. Outer charge arcs of the unbound GSQV neutron, where λn is neutron Compton wavelength. The solid
curves, of radius Rn = λn/2 and extending for π radians, are each charged −e. Each dotted arc is uncharged and
extends for π/6 radians. A poloidally and toroidally rotating virtual vacuum fundamental harmonic connects
each arc to its radial center. The two radial centers are λn/2 apart. The charge equator revolves toroidally at light
speed. The two polar points are separated by

√
3λn/2. Figure 4 shows that these two polar points are the ends of

arcs of positive charge.
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Figure 4. Inner charge arcs of the unbound GSQV neutron, where λn is neutron Compton wavelength. Each charge
arc is of radius Rn = λn/2, extends for 2ϕnl = 2π/3 radians, and is charged +e. A poloidally and toroidally
rotating virtual vacuum fundamental harmonic connects each arc to its radial center. The two radial centers
are connected by a virtual standing vacuum wave that revolves toroidally at light speed. The horizontal line
represents the equatorial diameter formed by the outer charge arcs in Figure 3. The inner and outer Rn vectors
cannot overlap. The two polar points, separated by

√
3λn/2, are connected by virtual standing vacuum waves.

When in its ground state, this paper assumes that nucleon charge and mass are coupled and
continually regenerate each other. This assumption may align with energetic causal set theory–where
spacetime emerges from momentum space and the conservation of energy-momentum [41–48]. For
each charge arc, this coupling may be represented in the form of a virtual Möbius band. Each charge
arc is assumed to be regenerated by half a poloidal turn, at radius RN , each zitterbewegung cy-
cle. For the proton, RN = Rp = λp/

√
3, where λp is proton Compton wavelength. For the neutron,

RN = Rn = λn/2, where λn is neutron Compton wavelength. Since unbound ground-state nucleons
are spin-half particles, each zitterbewegung cycle involves two revolutions of the central zitterbewe-
gung fermion [13,14]. A zitterbewegung cycle may be characterized by Compton wavelength, λN , and
Compton frequency, fN = c/λN , where c is the speed of light.

Figure 5 illustrates the virtual Möbius bands of unbound GSQV nucleons. The aspect ratio of
each virtual Möbius band in an unbound GSQV neutron is λn/Rn = 2. The aspect ratio of each virtual
Möbius band in an unbound GSQV proton is λp/Rp =

√
3. Note that 2 >

√
3 and that

√
3 is the

minimum possible aspect ratio of a smooth embedded Möbius band [35–38]. This implies that the
geometry of an unbound GSQV proton may be optimal. This may explain why free protons do not
decay. Appendix A discusses supplementary details of the optimal Möbius band.
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Figure 5. Coupled charge and mass regeneration may be described in terms of virtual Möbius bands. To form a
Möbius band, the sides of length RN are joined following a half turn.

The proposed charge generation and regeneration mechanism involves interfering standing waves
of vacuum momenta. The massless charge arcs of the proposed unbound GSQV nucleon models
are shown in Figures 1, 2, 3, and 4. Each charge arc is proposed to be continually regenerated by
a poloidally and toroidally rotating standing vacuum wave that continually reflects between the
charge arc and its radial center. These standing waves are proposed to be fundamental harmonics.
Sections 3.1.3 and 3.1.5 propose that arc charge is continually regenerated via mass-energy coupling.

The inner charge arcs of the proposed unbound GSQV proton are shown in Figure 2. Section 3.1.2
proposes that the charge arc regenerators, shown as vectors in Figures 1 and 2, interfere with another
standing wave connecting the equatorial points of the two charge arcs in Figure 2. This equatorial
standing wave is consistent with quantum electrodynamics (QED), where electric force is carried by
virtual photons [118–120]. References [9,15,16] also propose fermion models featuring electromagnetic
standing waves and distributed charge. Section 3.1.2 shows that the rms value of the sum of the
fundamental equatorial harmonic, and the fundamental proton charge-arc generating harmonic, is
the second equatorial harmonic. As with References [13,14], the wavelength of this second equatorial
harmonic is set to the proton Compton wavelength. This inner-arc equatorial separation distance is
the key to calculating proton magnetic moment and charge radius from proton mass [13,14].

The inner charge arcs of the proposed unbound GSQV neutron are shown in Figure 4. A standing
wave is proposed to connect the equatorial points of the two charge arcs in Figure 4. This equatorial
standing wave is consistent with QED, where electric force is carried by virtual photons [118–120]. The
wavelength of this fundamental equatorial harmonic is set to the neutron Compton wavelength. This
inner-arc equatorial separation distance is the key to calculating neutron magnetic moment.

Section 3.1.2 proposes that the charge arc regenerators, shown as vectors in Figures 3 and 4,
interfere with another standing wave between the polar points of the two connected charge arcs in
Figure 4. This transpolar standing wave is consistent with QED, where electric force is carried by
virtual photons [118–120]. Section 3.1.2 shows that the rms value of the sum of the fundamental
transpolar harmonic, and the fundamental neutron charge-arc harmonic, is the second transpolar
harmonic.

A crucial difference between the charge arcs of the GSQV proton and GSQV neutron is that the
proton’s inner charge arcs are quantized with magnitude e/2 instead of e. In Section 3.1.3, Equation (26)
models charge arc regeneration as a virtual poliodal flow. Charge generation via the poloidal overturn-
ing of virtual electromagnetic fields was subjectively proposed in Reference [14]. As shown in Figure 6,
this paper proposes that virtual poloidal flow is split between two paths of equal magnitude–where
charge regeneration switches off in the GSQV proton’s polar regions. This split flow does not occur in
the GSQV neutron’s polar regions. This difference may explain why the GSQV proton’s inner charge
arcs are half the magnitude of the GSQV neutron’s inner charge arcs. Because the equatorial points of
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all GSQV charge arcs circulate at light speed, the inner charge arcs rotate at a higher frequency than do
the outer charge arcs. This generally results in a discontinuity, in the direction of virtual poloidal flow,
at the transition point between an uncharged polar arc and a charged inner arc.

 𝑒 𝑒 
𝑒/2 

𝑒/2 

𝑒/2 

𝑒/2 

𝑒/2 𝑒/2 

Figure 6. In the unbound GSQV proton’s polar regions, virtual poloidal flow splits into two paths of equal
magnitude. Dotted paths are uncharged. The revolving outer charge arcs are connected via a line that forms an
uncharged virtual flat cap.

It will be assumed, that in the ground-state orbital of a ground-state proton, an electron or muon
spin combines with the proton spin into a singlet state. Key evidence of this is the 21 cm hydrogen
line observed in the galactic radio spectrum [121–123]. This implies that a ground-state electron
or muon orbital magnetically interacts with a ground-state proton in such a way that it appears to
possess the properties of the proton model projection presented in this paper. This assumption is
used in Section 3.3.5 to estimate proton polar radius, consistent with a recent experimental result [75].
Section 3.3.5 also calculates an effective proton charge radius consistent with the 2022 recommended
Particle Data Group proton rms charge radius range, rp = 0.8409(4) fm [27].

It will be assumed that an external magnetic field will cause the nucleon models, developed in
this paper, to undergo Larmor precession [124–127]. A nucleon’s gyromagnetic ratio, called its g-factor,
directly depends on Larmor precession frequency [124–127]. However, nucleon g-factor is independent
of Larmor precession angle [124–127]. Therefore the nucleon models, developed in this paper, will
be assumed to be in the superposition of all possible precession angles. This may be described by a
spherically-symmetric Bloch sphere [124,127].

3.1.1. Ground-state quantum vortex neutron model

An unbound ground-state neutron model is developed following a similar rationale to the
development of the refined GSQV proton model in References [13,14]. An unbound GSQV neutron
is constructed from four rotating charge arcs, as shown in Figures 3 and 4. The charge on each arc is
quantized as the elementary charge, ±e.

It is clear from Panel (a) of Figure 7 that this proposed neutron model contains three times as
much positive charge, and three times as much negative charge, as that needed to form the neutron’s
valence quarks. However the minimally excited GSQV proton model, shown in Panel (b) of Figure 7
and initially proposed in Reference [14], includes a virtual up sea quark (+2e/3 charge) and a virtual
antiup sea quark (−2e/3 charge). These virtual sea quarks are assumed to initiate a proton’s virtual
pion cloud. Note that up and antiup quarks have approximately half the low energy weak interaction
(LEWI) mass energy of down and antidown quarks [27]. Here, we use the term LEWI mass energy to
distinguish from the effective dressed quark mass energies involving the strong interaction. Therefore,
an up-antiup quark pair represents a lower energy state than would a down-antidown quark pair. The
GSQV neutron model, developed here, includes two pairs of virtual up-antiup sea quarks assumed to
initiate a neutron’s virtual pion cloud.
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Figure 7. Minimally excited unbound GSQV nucleons. Each circle represents a quark. Dashed outlines
represent anticolors. Gluons are continually exchanging color charge. (a), The three quarks in the left-hand
column transition from the two inner +e charge arcs of the GSQV neutron. These momentarily form a color-neutral
quark triplet. The four quarks in the right-hand column transition from the two outer −e charge arcs of the GSQV
neutron. These momentarily form a color-neutral quark quartet. The three quarks between the dashed lines
connect via gluon flux tubes to form the neutron’s color-neutral valence quark triplet. (b), The two quarks in
the left-hand column transition from the two inner −e/2 charge arcs of the GSQV proton. These momentarily
form a color-neutral quark doublet. The three quarks in the right-hand column transition from the two outer +e
charge arcs of the GSQV proton. These momentarily form a color-neutral quark triplet. The three quarks below
the dashed line connect via gluon flux tubes to form the proton’s color-neutral valence quark triplet.

The Gerasimov-Drell-Hearn (GDH) sum rule [53,128–134], initially developed in the 1960s, relates
the proton and neutron anomalous magnetic moments. The GDH sum rule involves two parameters
that may be calculated–to high precision–from nucleon masses, nucleon magnetic moments, and the
fine-structure constant. Experimental verification of the GDH sum rule parameters has only recently
been attained [53,133].

Recent analysis shows that single-pion photoproduction off the nucleon is the dominant contri-
bution to the GDH sum rule [134]. Reference [134] found that non-single-pion photoproduction off
the proton amounts to about 10%, whereas non-single-pion photoproduction off the neutron amounts
to about 44%. This large difference may be partly explained by the minimally excited GSQV neutron
containing twice as many virtual sea quarks as the minimally excited GSQV proton. The quarks
above and below the dashed lines in Panel (a) of Figure 7, and above the dashed line in Panel (b) of
Figure 7, may initiate pion production upon sufficient excitation. Therefore, Reference [134] provides
experimental support for the GSQV neutron model plausibly containing two +e and two −e charge
arcs.

In this paper, c is the speed of light, h is Planck’s constant, and h̄ = h/2π is the reduced Planck
constant. As in References [13,14], proton zitterbewegung radius is defined as

rpz =
h̄

2mpc
=

λp

4π
, (1)
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where mp = 1.67262192595(52)× 10−27 kg is proton mass [60] and λp is proton Compton wavelength.
Neutron Compton wavelength is defined as

λn =
h

mnc
, (2)

where mn = 1.67492750056(85)× 10−27 kg is neutron mass [60]. Based on the refined GSQV proton
model–initially proposed in Reference [14]–and Figures 3 and 4 in this paper, neutron magnetic
moment will be approximated by

µn =

(
2Vni

(Rn − rna)2 − 2Vno

(1 − Qnex)(Rn + rna)2

)
µN

4πrpz
, (3)

where Vni is the lemon volume formed by rotating the neutron’s two inner charge arcs about the
neutron center, Vno is the apple volume formed by rotating the neutron’s two outer charge arcs–plus
uncharged extensions–about the neutron center, Qnex is the uncharged proportion of the neutron’s
outer (apple) surface,

Rn =
λn

2
, and rna =

λn

4
. (4)

Following Reference [14], define

ϕnl = cos−1
(

rna

Rn

)
= cos−1

(
1
2

)
=

π

3
(5)

and

ϕna = π − ϕnl =
2π

3
. (6)

Following Appendix B, and the Appendix of Reference [14], we apply Lynch’s volume equation to
calculate Vni and Vno:

Vni =
4
3 πR3

n

[
sin3 ϕnl − 3

4 cos ϕnl(2ϕnl − sin 2ϕnl)
]
=

πλ3
n

96

(
9
√

3 − 4π
)

; (7)

Vno =
4
3 πR3

n

[
sin3 ϕna − 3

4 cos ϕna(2ϕna − sin 2ϕna)
]
=

πλ3
n

96

(
9
√

3 + 8π
)

. (8)

Also following Appendix B, and the Appendix of Reference [14], we apply Lynch’s surface area
equation to calculate the charged proportion of the neutron’s outer (apple) surface, (1 − Qnex). This is
the area of the surface of revolution formed by the outer charge arcs divided by the apple surface area:

1 − Qnex =
2π2Rn

(
rna +

2Rn
π

)
4πR2

n(sin ϕna − ϕna cos ϕna)
=

1 + π
4√

3
2 + π

3

=
3(4 + π)

2
(

3
√

3 + 2π
) . (9)

Substituting Equations (4), (7), (8), and (9) into Equation (3) yields

µn =

9
√

3 − 4π −
2
(

9
√

3 + 8π
)(

3
√

3 + 2π
)

27(4 + π)

λn µN
12rpz

. (10)

Substituting Equations (1) and (2) into Equation (10) and simplifying,

µn =

[
53
√

3
36

− 4 − 35π

27
+

3
π

(
3
√

3 − 1
2

)] 4π2

3(4 + π)

mp

mn
µN ≈ −1.90999615 µN , (11)
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which is about 0.16% less negative than the 2022 CODATA value [60] displayed later in this section as
Equation (18). Note that the mp/mn factor, in Equation (11), is due to the convention of defining the
nuclear magneton, µN , in terms of the proton mass. If the nuclear magneton was instead defined in
terms of the neutron mass, the form of Equation (11) would imply a neutron g-factor independent of
the nucleon masses.

Apart from the polar charge-exclusion zones on the GSQV neutron’s outer apple-shaped charge
surface, Equations (3), (10), and (11) assume a direction-independent steradian charge distribution.
This was a key assumption applied when developing the GSQV proton model in Reference [14]. This
assumption implies that the linear charge density, along each charge arc, depends only on distance
from nucleon center. This results in a non-uniform linear charge density along each charge arc.

Starting with the µn value calculated by Equation (11), Equations (153) and (154) in Section 3.5
estimate µn to 7 digit precision by applying an approximate perturbative quantum vacuum interaction
model. In this section, we develop a non-perturbative semiclassical model that turns out to be more
accurate than the approximate perturbative quantum vacuum interaction model. This becomes
apparent in Section 3.4, where we claim to calculate the neutron magnetic moment to substantially
more precision than existing experiments.

It will now be assumed that each charge arc’s linear charge density is slightly less non-uniform
due to internal self-interaction that tends toward evening out charge distribution. This will not lead
to a measurable electric quadrupole moment. This is because Larmor precession would still result in
a uniform steradian charge distribution in the form of a Bloch sphere [124–127]. This slight charge
redistribution will slightly change the magnetic moment contributed by each charge surface formed by
the toroidally rotating charge arcs.

The neutron’s inner positively-charged lemon-shaped surface will be assumed to redistribute
via a slight poleward migration. Since the magnetic moment of a current loop depends on loop
cross-sectional area, the neutron’s inner positively-charged surface will now contribute a slightly
smaller positive magnetic moment. Equation (3) will be modified by dividing the first term by (1+ δn),
where δn is dimensionless, positive, and much smaller than 1. Similarly, the neutron’s outer negatively-
charged surface will be assumed to redistribute via a slight equatorial migration. The neutron’s
outer negatively-charged surface will now contribute a slightly larger negative magnetic moment.
Equation (3) will be modified by dividing the second term by (1 − δn). An alternative implementation
of adjustable parameter, δn, would be to multiply the first term of Equation (3) by (1 − δn) and to
multiply the second term of Equation (3) by (1 + δn). This alternative was not selected because it
results in a larger δn value.

Therefore, a precise calculation of GSQV neutron magnetic moment may be obtained from

µn =

(
2Vni

(1 + δn)(Rn − rna)2 − 2Vno

(1 − δn)(1 − Qnex)(Rn + rna)2

)
µN

4πrpz
. (12)

Substituting Equation (4) into Equation (12) yields

µn =

(
Vni

(1 + δn)
− Vno

9(1 − δn)(1 − Qnex)

)
8

πλ2
nrpz

µN . (13)

This equation may be solved for δn by collecting terms to form a quadratic equation in terms of δn:

aδ2
n + bδn + c = 0, (14)

where

a = −9π(1 − Qnex)λ
2
nrpz

µn

µN
, (15)
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b = 72(1 − Qnex)Vni + 8Vno, (16)

and

c = 16Vno − a − b. (17)

Using the 2022 CODATA value [60],

µn = −1.91304276(45) µN , (18)

and applying the quadratic formula yields

δn =
−b ±

√
b2 − 4ac

2a
= 3.70119(55)× 10−4 and − 4.3027972(10). (19)

The second solution is unphysical because δn is defined to be positive and much smaller than 1.
Therefore δn = 3.70119(55)× 10−4. Note that δn is more than 180 times smaller than Qnex. This tiny
proportion indicates that the charge distribution shift provided by δn is very slight.

3.1.2. Charge arcs as quantum networks

In the refined GSQV proton model initially developed in Reference [14], the fine-tuned adjustable
parameter, R = 0.76273 fm, agrees with λp/

√
3 ≈ 0.76292 fm to 3-digit precision, where

λp =
h

mpc
(20)

is proton Compton wavelength. This paper assumes that the electromagnetic properties of unbound
GSQV nucleons are due to toroidally rotating massless charge arcs. These charge arcs are proposed to
be continually regenerated by standing waves of vacuum energy. Since this vacuum energy is off the
mass shell, the charge arcs do not carry any energy or momentum. However, the standing vacuum
waves possess virtual momenta that is dependent on mass energy. The proposed standing vacuum
wave structures assume

Rp =
λp√

3
and Rn =

λn

2
. (21)

Section 3.1.3 proposes that poloidally and toroidally rotating standing vacuum waves continually
regenerate the charge arcs. It will be assumed that standing vacuum waves, with a poloidal rotational
component, interfere with standing vacuum waves without a poloidal rotational component. The
non-poloidal standing vacuum waves are assumed to exist between the equatorial points of the proton
inner arcs and the polar points of the neutron inner arcs.

Suppose the unbound GSQV proton has both fundamental and second harmonic equatorial
standing waves between the equatorial points of its inner charge arcs–shown in Figure 2. These
standing waves are conceptually similar to those in Reference [9]. Since these equatorial points are λp

apart, the wavelength of the fundamental harmonic will be 2λp with momentum h/2λp. The standing
vacuum waves, with a poloidal rotational component, are assumed to be fundamental harmonics
of wavelength 2λp/

√
3 and momentum

√
3h/2λp. The poloidal and non-poloidal standing vacuum

waves are proposed to interfere and stimulate an additional equatorial standing vacuum wave. The
rms value of the sum of interfering momenta h/2λp and

√
3h/2λp is given by

prms =
h

2λp

√
12 +

(√
3
)2

=
h

λp
, (22)
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which is the momentum of the second harmonic presumed to exist between the equatorial points of the
unbound GSQV proton’s inner charge arcs. This second-harmonic standing wave, with wavelength
λp, was a key assumption used to develop the original GSQV proton model in Reference [14].

Similarly, suppose that the unbound GSQV neutron has both fundamental and second harmonic
standing waves between the polar points of its inner charge arcs–shown in Figure 4. Since these polar
points are

√
3λn/2 apart, the wavelength of the fundamental harmonic will be

√
3λn. Such a wave

has momentum h/
√

3λn. The standing vacuum waves, with a poloidal rotational component, are
assumed to be fundamental harmonics of wavelength λn and momentum h/2λn. The poloidal and
non-poloidal standing vacuum waves are proposed to interfere and stimulate an additional transpolar
standing vacuum wave. The rms value of the sum of interfering momenta h/

√
3λn and h/λn is given

by

prms =
h

λn

√(
1√
3

)2
+ 12 =

2h√
3 λn

, (23)

which is the momentum of the second harmonic presumed to exist between the polar points of the
unbound GSQV neutron’s inner charge arcs. This second-harmonic standing wave has wavelength√

3λn/2, which is the pole-to-pole distance shown in Figure 4.

3.1.3. Charge arc generation and proton charge-exclusion zone

This paper proposes that the charge structure of an unbound GSQV nucleon consists of a pair
of positive charge arcs and a pair of negative charge arcs. These are shown in Figures 1 and 2 for the
GSQV proton and Figures 3 and 4 for the GSQV neutron. For each charge arc, the farthermost point
from the nucleon axis is the equatorial point. Each charge arc is proposed to toroidally revolve about
the nucleon axis with its equatorial point moving at light speed. This charge motion is proposed to
generate the nucleon magnetic moments, with no charge exceeding light speed relative to its unbound
GSQV nucleon’s axis.

A proton’s +e net charge, and positive magnetic moment, is proposed to be generated from a pair
of negative charge arcs, each with charge −e/2, revolving inside a pair of positive charge arcs, each
with charge +e. These charge arcs are depicted in Figures 1 and 2. A neutron’s zero net charge, and
negative magnetic moment, is proposed to consist of a pair of positive charge arcs, each with charge
+e, revolving inside a pair of negative charge arcs, each with charge −e. These charge arcs are depicted
in Figures 3 and 4.

A poloidally and toroidally rotating standing vacuum wave is proposed to connect each point on
a charge arc to its radial center. Each radial center resides on the zitterbewegung equator–much closer
to the nucleon center than the arc’s equatorial point. Each radial center coherently revolves about the
particle center in the plane of its charge arc. An animation of this proposed mechanism is provided at
https://youtu.be/nTw6aDd7rRA.

For unbound GSQV nucleons, the zitterbewegung effect [14,17–21,30,61–63,98–109] will be as-
sumed to behave as a circulation of nucleon mass energy. Since unbound low-energy nucleons are
spin-half particles, two loops of circulation represent a full zitterbewegung cycle. This mass-energy
flow will be modeled as a type of power that will be called zitterbewegung inertial power (ZIP). This
ZIP may be interpreted as the rate at which the mass-energy of an unbound GSQV nucleon progresses
forward in time. This may align with energetic causal set theory–where spacetime emerges from
momentum space and the conservation of energy-momentum [41–48]. Unbound GSQV nucleon ZIP
will be defined as

PN = EN fN , (24)
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where EN = h fN is nucleon mass energy, and Compton frequency, fN , is the number of full zitterbewe-
gung cycles per second. Therefore

PN = h f 2
N . (25)

The origin of quantized electric charge is an unresolved foundational problem. Recent proposed
mechanisms include References [39,135–139], all of which involve non-standard quantum theory.
References [135–138] utilize octonion-based algebraic structures, with Singh calculating the low-
energy fine structure constant with a proportionate discrepancy of under 3 × 10−5 [136–138]. Since
the low-energy fine structure constant is proportional to the square of quantized electric charge,
Singh’s calculation implies a proportionate discrepancy of under 1.5 × 10−5 in the value of quantized
electric charge. Reference [139] proposes a quantized electric charge generation mechanism in 3+1
spacetime dimensions, but does not offer a calculation. Similarly to this paper, and References [13,14],
Reference [39] proposes a charge generation mechanism based on the geometry of a revolving circularly-
polarized photon. However, Reference [39] calculates electron charge to only 91% precision. This paper
proposes a quantized electric charge generation mechanism, in 3+1 spacetime dimensions, that is more
precise than Singh’s octonion-based calculation [136–138].

It will be assumed that a poloidally and toroidally rotating standing vacuum wave connects every
point on a charge arc with its radial center. Each charge arc is therefore continually reflecting and
accelerating a standing vacuum wave. Each charge arc is a poloidal structure with poloidal radius RN ,
which takes the value RN = Rp = λp/

√
3 for the proton or RN = Rn = λn/2 for the neutron.

For each unbound GSQV nucleon, the poloidal distribution of standing vacuum wave acceleration
will be assumed constant and evenly divided among the four charge arcs:

dapol

dϕ
= 1

4 RNω2
N , (26)

where apol denotes the magnitude of poloidal centripetal acceleration, ϕ denotes latitude, and Compton
angular frequency, ωN = 2π fN , implies the key assumption that unbound GSQV nucleon charge and
mass regenerate at the same rate. This assumption is explored in Section 3.1.5.

Since RN and ωN are independent of ϕ, it is trivial to integrate Equation (26) to obtain the total
poloidal acceleration for each charge arc:

apol =
1
4 RNω2

N

∫
arc

dϕ = 1
4 RNω2

N∆ϕarc =
1
4 sω2

N , (27)

where ∆ϕarc is the poloidal angular extent of the charge arc, and s is poloidal charge arc length.
Compton angular frequency, ωN , may be interpreted as the temporal rate at which charge, qarc, is
regenerated on arclength, s. This rate is tied to nucleon Compton or zitterbewegung frequency,
fN = ωN/2π, and is independent of arclength, s. This results in the poloidal synchronization seen in
the animation provided at https://youtu.be/nTw6aDd7rRA.

Note that magnetic moment is generated by toroidal charge circulation. Poloidal acceleration,
apol, is due to the circular polarization of the revolving virtual photon assumed to initially generate
the GSQV nucleon during pair production [14]. Therefore poloidal acceleration, apol, is a circulation
of virtual fields. This virtual field circulation is assumed to contunially regenerate the four charge
arcs of an unbound GSQV nucleon. The classical Larmor formula [140] will be repurposed to describe
the amount of ZIP, Ppol, that couples with the four poloidal virtual field accelerations to continually
regenerate the four charge arcs:

Ppol = 4
q2

arca2
pol

6πε0c3 , (28)
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where ε0 is the electric permittivity of free space. Note that the classical Larmor formula is closely
associated with the quantum Unruh effect [86,141–146].

Following Reference [14], Qpex is defined as the uncharged (polar) proportion of the GSQV
proton’s outer surface. This outer surface is a surface of revolution formed by the GSQV proton’s
outer charge arcs. It can be seen from Figure 6 that the uncharged proportion of the GSQV proton’s
outer surface should resemble a flat cap at each pole. The quantity (1 − Qpex) represents the charged
proportion of the GSQV proton’s outer surface. Since vacuum energy reflects only from the charged
portion of each arc, it is reasonable to assume that for an unbound GSQV proton,

Ppol = (1 − Qpex)Pp = (1 − Qpex)h f 2
p . (29)

For each proton outer charge arc, Rp = λp/
√

3 and ∆ϕarc = π. These quantities are depicted in
Figure 1. Substituting into Equation (27) yields

apol =
πλp

4
√

3
ω2

p. (30)

The relation EN = hc/λN = h̄ωN implies λNωN = 2πc. Therefore

λNω2
N = 2πcωN = 4π2c fN , (31)

since ωN = 2π fN .
Substituting Equation (31) into Equation (30) yields

apol =
π3
√

3
c fp. (32)

Squaring,

a2
pol =

π6

3
c2 f 2

p . (33)

Substituting Equation (33) into Equation (28), with qarc = e, yields

Ppol =
2π5e2 f 2

p

9ε0c
. (34)

Substituting Equation (29) into Equation (34) yields

(1 − Qpex)h =
2π5e2

9ε0c
. (35)

Rearranging,

e2 =
9ε0hc
2π5 (1 − Qpex). (36)

At low energies, the fine-structure constant may now be written as

α =
e2

2ε0hc
=

9
4π5 (1 − Qpex). (37)

Presuming Equation (37) to be exact, the 2022 CODATA value [60],

α = 7.2973525643(11)× 10−3, (38)
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can be used to calculate

Qpex = 1 − 4
9 π5α = 1 − απ5

( qu

e

)2
= 7.49620822(15)× 10−3, (39)

where qu = 2e/3 is the charge of an up, charm, or top quark. This value is entirely reasonable, since
it is just 2.1% larger than that estimated in Reference [14]. Also note that Qpex is only about 2.7%
larger than α. Surprisingly, the low-energy fine-structure constant is found to depend only on the
proportionate area of the GSQV proton’s charge-exclusion zone in 3+1 spacetime dimensions. At low
energies, additional hidden dimensions may not be required to explain the coupling constant, α, that
enables the unrivaled precision of quantum electrodynamics [118–120].

Planck charge, qP, may now be written in terms of quantized electronic charge, e, and the low-
energy fine-structure constant, α, as

q2
P =

e2

α
=

4π5e2

9(1 − Qpex)
, (40)

where e2 was divided by the right-hand expression in Equation (37). Taking the square root,

qP =
2e
3

√
π5

(1 − Qpex)
= qu

√
π5/(1 − Qpex). (41)

Rearranging,

qu = qP

√
(1 − Qpex)/π5, (42)

Surprisingly up, charm, and top quark charge appears to depend only on Planck charge, the propor-
tionate area of an unbound GSQV proton’s charge-exclusion zone, and π. It follows that

qd =
qP
2

√
(1 − Qpex)/π5, (43)

where qd = e/3 is the charge of a down, strange, or bottom quark.
Since Qpex ≈ α,

qu ≈ qP

√
(1 − α)/π5 ≈ 0.056955 qP and qd ≈ qP

2

√
(1 − α)/π5 ≈ 0.028478 qP. (44)

To the same level of precision, the actual relationships are

qu =
2
3
√

α qP ≈ 0.056950 qP and qd =
1
3
√

α qP ≈ 0.028475 qP. (45)

Therefore Equation (44), which eliminates the 2/3 and 1/3 factors, overestimates quark charges by
only 1 part in 10,000. However, note that Eqns. (42) and (43) also eliminate the 2/3 and 1/3 factors and
are presumed exact.

Substituting Qpex ≈ α into Equation (37) yields

1
α
≈ 4π5

9
+ 1 =

( 2
3
)2

π5 + 1 =
( qu

e
)2

π5 + 1 ≈ 137.01, (46)

which is accurate to 4 digits. Note that Equation (46) is much simpler, although less accurate, than
Equation (59) of Reference [137]. The next section shows how the low-energy fine-structure constant can
be calculated to 5-digit precision from the unbound nucleon charge arc quantum networks developed
in this paper.
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3.1.4. Five digit precision

Extending the assumption applied in Equation (29), mass energy coupling with each type of
charge arc will be defined as

Ppol = βarc(1 − Qpex)PN = βarc(1 − Qpex)h f 2
N , (47)

where βarc ≤ 1 depends on charge arc type. Note that each charge arc type exists as a pair, and that
the same nucleon mass energy is assumed to simultaneously couple with all four charge arcs of an
unbound GSQV nucleon.

Comparing Equation (29) to Equation (47), βpo = 1 for the proton outer charge arcs. For each
proton inner charge arc, Rp = λp/

√
3 and ∆ϕarc = 2ϕpl . These quantities are depicted in Figure 2.

Substituting into Equation (27) and applying Equation (31) yields

apol =
2π2
√

3
cϕpl fp. (48)

Squaring,

a2
pol =

4π4

3
c2ϕ2

pl f 2
p . (49)

Substituting Equation (49) into Equation (28), with qarc = e/2, yields

Ppol =
2π3ϕ2

ple
2 f 2

p

9ε0c
. (50)

Substituting Equation (47) into Equation (50) yields

βpi(1 − Qpex)h =
2π3ϕ2

ple
2

9ε0c
. (51)

Rearranging,

e2 =
9βpiε0hc
2π3ϕ2

pl
(1 − Qpex). (52)

Comparing with Equation (36),

βpi =
ϕ2

pl

π2 . (53)

For each neutron outer charge arc, Rn = λn/2 and ∆ϕarc = π. These quantities are depicted in
Figure 3. The reason why the outer charge arcs, in both unbound GSQV nucleon models, should extend
for π radians is as follows: Charge is assumed to be continually regenerated by two pairs of poloidally
phase-locked rotating standing vacuum waves. Another assumption, is that at each moment in time, at
most two inner and two outer charge arcs can be regenerated. Therefore, whenever all four poloidally
phase-locked rotating standing vacuum waves are on outer arcs, only two can regenerate charge. This
explains how the polar charge-exclusion zones form. For the unbound GSQV proton, this process
is illustrated by the animation provided at https://youtu.be/nTw6aDd7rRA. The unbound GSQV
neutron has much larger polar charge-exclusion zones, indicated by the dashed curves in Figure 3.

Substituting into Equation (27) and applying Equation (31) yields

apol =
π3

2
c fn. (54)
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Squaring,

a2
pol =

π6

4
c2 f 2

n . (55)

Substituting Equation (55) into Equation (28), with qarc = e, yields

Ppol =
π5e2 f 2

n
6ε0c

. (56)

Substituting Equation (47) into Equation (56) yields

βno(1 − Qpex)h =
π5e2

6ε0c
. (57)

Rearranging,

e2 =
6βnoε0hc

π5 (1 − Qpex). (58)

Comparing with Equation (36),

βno =
3
4

. (59)

For each neutron inner charge arc, Rn = λn/2 and ∆ϕarc = 2π/3. These quantities are depicted
in Figure 4. Substituting into Equation (27) and applying Equation (31) yields

apol =
π3

3
c fn. (60)

Squaring,

a2
pol =

π6

9
c2 f 2

n . (61)

Substituting Equation (61) into Equation (28), with qarc = e, yields

Ppol =
2π5e2 f 2

n
27ε0c

. (62)

Substituting Equation (47) into Equation (62) yields

βni(1 − Qpex)h =
2π5e2

27ε0c
. (63)

Rearranging,

e2 =
27βniε0hc

2π5 (1 − Qpex). (64)

Comparing with Equation (36),

βni =
1
3

. (65)

Average neutron mass energy coupling with its charge arcs,

βn =
(βno + βni)

2
(1 − Qpex) =

(
3
4 + 1

3

)
2

(1 − Qpex) ≈ 0.537606, (66)
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where the value of Qpex is obtained from Equation (39). Average proton mass energy coupling with its
charge arcs,

βp =
(βpo + βpi)

2
(1 − Qpex) =

(1 + ϕ2
pl/π2)

2
(1 − Qpex) ≈ 0.599996, (67)

where ϕpl = cos−1(1 −
√

3/2). When rounded to 5 digits, βp is the same as 3/5. The quantity Qpex

will now be recalculated from ϕpl and the assumption βp = 3/5:

βp =
(1 + ϕ2

pl/π2)

2
(1 − Qpex) =

3
5

. (68)

Rearranging,

Qpex =
ϕ2

pl − π2/5

π2 + ϕ2
pl

≈ 7.4897836 × 10−3. (69)

Substituting Equation (69) into Equation (37) yields

1
α
≈ 10π3

27

(
π2 + ϕ2

pl

)
≈ 137.03511, (70)

which implies

α ≈ 7.2973998 × 10−3. (71)

This agrees to five-digit precision with the established experimental value 7.2973526 × 10−3[60]
rounded to the same level of precision. This is more than four times more accurate than

α =
( 3

32
)2

exp
[

2
3

(
1
3 −

√
3
8

)]
≈ 7.2971363 × 10−3, (72)

calculated from Equation (11) of Reference [136]. Note that the fine-structure constant is known to
increase with energy, and that the value obtained from Equation (70) and shown in Equation (71)
is slightly larger than the experimentally established ground-state value. This is not the case with
Equation (72). Could Eqns. (68) to (71) correspond to an energy above which an unbound GSQV
nucleon transforms into a minimally excited state, as depicted in Figure 7?

The up and down quark charges may be estimated by substituting Equation (69) into Equa-
tions (42) and (43):

qu ≈ qP

√
6/
[
5π3

(
π2 + ϕ2

pl

)]
≈ 1.068121 × 10−19 C (73)

and

qd ≈ qP

√
3/
[
10π3

(
π2 + ϕ2

pl

)]
≈ 5.340606 × 10−20 C, (74)

which are accurate to at least 5 digits compared to the exact SI base unit values,

qu =
2e
3

= 1.068117756 × 10−19 C and qd =
e
3
= 5.34058878 × 10−20 C, (75)

defined in 2019 [60]. Note that Equations (42) and (43) are simpler than Equations (73) and (74) and are
presumed exact.
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3.1.5. Nucleon charge and mass coupling

For most of the known unstable particles, decay times are well established [27]. However, very
little is known about particle formation times [147]. It is plausible that a nucleon’s charge and mass
creation, annihilation, and regeneration all occur on the timescale equal to the length of the nucleon’s
zitterbewegung cycle. This is the time, tz, for light to travel a nucleon Compton wavelength, λN :

tz =
λN
c

≈ 4.4 × 10−24 s, (76)

which is the same order of magnitude as the strong interaction timescale. This may conceptually align
with energetic causal set theory–where stable particles may continually regenerate themselves at each
moment in time [41–48].

Substituting Equation (37) into Equation (47) yields

Ppol =
4π5

9
βarc αPN = karcPN , (77)

where

karc =
4π5

9
βarc α (78)

represents the coupling between nucleon mass and each type of charge arc. Section 3.1.4 de-
rived the βarc values: βpo = 1; βpi = ϕ2

pl/π2; βno = 3/4; and βni = 1/3. Substituting these val-

ues into Equation (78), using the 2022 CODATA value, α = 7.2973525643(11)× 10−3 [60], and
ϕpl = cos−1(1 −

√
3/2) yields the nucleon mass-to-charge coupling constants:

kpo =
4π5

9
α = 0.99250379178(15); (79)

kpi =
4π3

9
ϕ2

pl α = 0.207488440503(31); (80)

kno =
π5

3
α = 0.74437784383(11); (81)

and

kni =
4π5

27
α = 0.330834597258(50). (82)

It is apparent from Equations (66) and (67) that an unbound GSQV neutron’s mass energy couples
with its charge arcs only about 10% less than an unbound GSQV proton’s mass energy couples with its
charge arcs. However, Equations (79) to (82) show that nucleon mass energy couples much more with
outer charge arcs than inner charge arcs, and that this coupling ratio is more than twice as much for
the unbound GSQV proton as it is for the unbound GSQV neutron:

kpo

kpi
> 2

kno

kni
. (83)

Also note that

1 − kno

1 − kpo
≈ 34, (84)
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which implies that GSQV neutron outer charge arcs are about 34 times more decoupled from mass
energy than are GSQV proton outer charge arcs.

3.2. Quarks and neutron decay
3.2.1. Quark formation

When minimally excited above its ground state, about 1-2% of an unbound GSQV nucleon’s
mass energy may couple with the Higgs field and transfer from the unbound GSQV nucleon’s central
zitterbewegung fermion to its system of revolving formerly-massless charge arcs. As initially proposed
in Reference [14], for the proton, this process may initially form three valence quarks and a virtual uū
quark pair that initializes the formation of a virtual pion cloud.

A neutral pion exists as the slightly imbalanced superposition of bound uū and dd̄ quark pairs
[148]. The imbalance is due to unequal LEWI quark masses. Since LEWI down quarks are more
massive than LEWI up quarks [27], it will be assumed that the unbound GSQV proton’s precursor, to a
virtual neutral pion, is purely the lower energy uū quark pair. Note that this paper assumes that the
virtual uū quark pairs shown in Figure 7 are initially unbound sea quarks.

3.2.2. Intrinsic charm quark formation

In addition to a minimally excited unbound GSQV proton containing an initial unbound uū
virtual quark pair, which may bind and initialize a virtual neutral pion, the same unbound uū virtual
quark pair may occasionally transform into a charm quark, c, and an anticharm quark, c̄. This unbound
cc̄ quark pair may momentarily bind with the proton’s three valence quarks to form bound states
such as |uudcc̄⟩ [23,64–74]. The instrinsic charge values do not change, since up and charm quarks are
like-charged. However, a substantial amount of mass energy will need to be temporarily borrowed
from, and returned to, the local vacuum. Therefore, a minimally excited unbound GSQV proton
model may partly explain the experimental evidence for the proton’s probabilistically small intrinsic
cc̄ component [23,64–74].

The unbound GSQV proton model may explain "running" charm quark mass as follows: With
both unbound GSQV nucleon models, charge is assumed to be regenerated by two pairs of poloidally
phase locked rotating standing vacuum waves. Another assumption, is that at each moment in time, at
most two inner and two outer charge arcs can be regenerated. Therefore, whenever all four poloidally
phase-locked rotating standing vacuum waves are on outer arcs, only two can regenerate charge. This
explains how the polar charge-exclusion zones form. This process is illustrated by the animation
provided at https://youtu.be/nTw6aDd7rRA. With the unbound GSQV proton model, the uncharged
polar poloidal circulation is split into multiple paths as shown in Figure 6. This uncharged path
splitting does not occur with the unbound GSQV neutron model, which explains why the inner and
outer charge arcs maintain the same elementary charge magnitude.

In the unbound GSQV neutron model, an inner poloidal charge regenerator can never overlap an
outer poloidal charge regenerator. However, in the unbound GSQV proton model, inner and outer
poloidal charge regenerators will occasionally pass close to each other. As indicated by the dashed lines
in Figure 2, close passes will occur as a twin pair. Suppose each of these twin close passes briefly forms a
fundamental harmonic standing wave of vacuum energy. One such fundamental harmonic is indicated
by the red line in Figure 8. As shown in the animation provided at https://youtu.be/nTw6aDd7rRA,
its twin will manifest as a half turn rotation about the unbound GSQV proton center.
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Figure 8. The black vectors represent one inner and one outer charge arc regenerator of the unbound GSQV
proton. Both are of length Rp = λp/

√
3. As defined in Figures 1 and 2, 2rpa = λp(2/

√
3 − 1). The green lines

represent the zitterbewegung radius of the "running" charm quark mass, rcz = h̄/2mcc. The red line is of length
Rcharm.

The two pairs of poloidal charge regenerators are poloidally phase locked. However, each pair is
generally in its own plane rotating toroidally with its in-plane charge arcs. This is because the equators
of the inner and outer charge arcs rotate toroidally at the same speed (light speed), which implies a
different toroidal frequency for each charge arc type. This is illustrated by the animation provided at
https://youtu.be/nTw6aDd7rRA.

As a first approximation, suppose that two additional standing vacuum waves will form when
both charge arc planes are aligned and all charge arc regenerators are closer to the proton zitterbewe-
gung equator than the "running" charm quark zitterbewegung radius,

rcz =
h̄

2mcc
, (85)

where mc is the charm quark "running" mass [27]. This situation is illustrated, for one of these
additional standing vacuum waves, in Figure 8. In between the time they form and dissipate, the
two additional standing vacuum waves will rotate with a poloidal component. This is illustrated by
the briefly appearing red lines in the animation provided at https://youtu.be/nTw6aDd7rRA. This
implies the temporary manifestation of "running" quark mass, where the red line length in Figure 8 is
equal to

Rcharm =
λcharm√

3
, (86)

and λcharm is the Compton wavelength of the charm quark "running" mass. In Figure 8, the orientation,
ϕc, of the two charge arc regenerators (black vectors) relative to horizontal may be defined by

sin ϕc =
rcz

Rp
=

√
3 mp

4πmc
≈ 0.10159, (87)

where the value mc = 1273.0 MeV/c2 has been applied [27]. Applying the law of cosines to length
Rp = λp/

√
3, length 2rpa = λp(2/

√
3 − 1), and angle ϕc yields red line length,

Rcharm =
λcharm√

3
= λp

√
2
3

[(√
3 − 2

)
cos ϕc + 4 − 2

√
3
]
, (88)

which implies

mc =
mp

2

[(√
3

2 − 1
)

cos ϕc + 2 −
√

3
]−1/2

≈ 1278.4 MeV/c2. (89)

To conserve charge, intrinsic charm quark generation must be in the form of a charm-anticharm quark
pair. Note that this charm-anticharm quark pair is assumed to form from the up-antiup sea quark pair
shown in Panel (b) of Figure 7. It will therefore be assumed that the fundamental vacuum harmonic,
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depicted by the red line in Figure 8, is equivalent to the energy of a charm quark "running" mass plus
an up quark weak interaction mass. We therefore revise Equation (89) to

mc =
mp

2

[(√
3

2 − 1
)

cos ϕc + 2 −
√

3
]−1/2

− mu ≈ 1276.2 MeV/c2, (90)

where the value mu = 2.16 MeV/c2 has been applied [27]. This calculation of mc is well inside the
experimental range, mc = 1273.0 ± 4.6 MeV/c2 [27].

It will now be assumed that additional fundamental vacuum harmonics, similar to the red line
in Figure 8, form whenever the distance from the inner point of an outer charge arc regenerator
to the outer point of an inner charge arc regenerator is less than or equal to Rcharm. Such intrinsic
charm quark generating events were modeled using the provided GeoGebra file entitled "Proton
rotating arcs with charm generation" and compiled in the provided Excel file entitled "Charm quark
generating events". The animation, provided at https://youtu.be/nTw6aDd7rRA, was recorded
using the provided GeoGebra file entitled "Proton rotating arcs with charm generation". The intrinsic
charm quark generating events are found to be quasi-periodic. This quasi-periodic nature implies
that any calculation of the proportion of time that intrinsic charm quarks exist will depend on initial
conditions and simulation length. The animation provided at https://youtu.be/nTw6aDd7rRA shows
28 zitterbewegung cycles and 3 intrinsic charm quark generating events.

Each row in the provided Excel file entitled "Charm quark generating events" represents an
equatorial crossing of the charge arc regenerators. Since this occurs once per zitterbewegung cycle,
this Excel file therefore contains 655 zitterbewegung cycles of data. This analysis estimates that the
|uudcc̄⟩ bound state occurs 0.2535(984)% of the time. Since this momentary state includes two charm
quark masses, and each charm quark "running" mass [27] is significantly larger than the proton mass,
we estimate the fraction of the proton momentum carried by intrinsic charm quarks as

2mc

mp
× 0.2535(984)% ≈ 0.688(27)%, (91)

where the value mc = 1273.0 MeV/c2 has been applied [27]. This estimate is consistent with the value
(0.62 ± 0.28)%, reported in Reference [23], and about an order of magnitude more precise. Note that
all quantities calculated from proton mass, mp, are time-averaged. The momentary intrinsic charm and
anticharm quarks are assumed to exchange energy and momentum with the time-averaged proton
energy and momentum. The Heisenberg uncertainty principle allows intrinsic fluctuations of proton
energy and momentum on short timescales [149,150].

3.2.3. Gluon flux tube formation

Except for the unbound GSQV neutron’s outer charge arc pair, all other unbound nucleon charge
arc pairs must merge before decomposing into the quark charge values shown in Figure 7. Such
merging presumably momentarily forms charge shells [14]. It can be seen from the right-hand column
of Panel (a) of Figure 7 that the two neutron outer charge arcs do not necessarily need to merge
before decomposing into the four quarks shown. It is important to remember that color charge
cycles extremely rapidly–to the degree that the color charge of each valence quark is effectively the
superposition of all three colors, and the color charge of each sea quark is the superposition of all three
colors and all three anticolors.

The remaining 98-99% of a minimally excited unbound GSQV nucleon’s mass energy is proposed
to transform into gluon flux tubes and quark relativistic kinetic energy [151]. This paper proposes that
the curvature of the unbound GSQV charge arcs and charge shells prevents the initial formation of
gluon flux tubes between quarks on the same arc or shell. It will therefore be assumed that initially
two gluon flux tubes form between inner and outer valence quarks. In particular, each of two outer
valence quarks connects to the same inner valence quark via a gluon flux tube. It will be assumed that
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this initial double gluon flux tube structure immediately transforms into the three-way symmetric
gluon flux tube structure described by the Standard Model of particle physics [151].

The nucleon’s spin angular momentum may partially migrate from the gluon flux tubes to the
valence quarks [14]. This partial migration may be interaction-dependent and provide a conceptual
clue to the nucleon spin crisis [14,152–154].

For the minimally excited unbound GSQV proton, Panel (b) of Figure 7 illustrates the transition
from massless charge arcs to massive quarks. The proton’s two up valence quarks originate from
its outer charge arcs, while the proton’s down valence quark originates from its inner charge arcs.
Comparing Figures 1 and 2, clearly the proton’s inner arcs are less symmetrical than its outer arcs.
Therefore, the proton’s up-quark probability distribution should be more symmetrical than its down-
quark probability distribution. This expected effect has been confirmed to occur in recent lattice QCD
computations [59].

For the minimally excited unbound GSQV neutron, Panel (a) of Figure 7 illustrates the transition
from massless charge arcs to massive quarks. The neutron’s two down valence quarks originate from
its outer charge arcs, while the neutron’s up valence quark originates from its inner charge arcs. The
minimally excited unbound GSQV neutron contains two unbound uū quark pairs that are proposed to
initialize the formation of a virtual pion cloud.

3.2.4. Neutron Decay

The long-established neutron decay mechanism is for a down valence quark to decay to an up
valence quark via the emission of a W− boson or absorption of a W+ boson [155]. Both processes are
equivalent and emit an electron and an electron antineutrino. The unbound GSQV nucleon models
offer the following similar, but more detailed, mechanism. Suppose that the decay of an unbound
low energy neutron [148] involves one of the unbound GSQV neutron’s outer charge arcs either
transforming into a W− boson or absorbing a W+ boson. Note that in the minimally excited GSQV
neutron model, illustrated in Panel (a) of Figure 7, each outer charge arc initially transforms into an
unbound ūd quark pair. The Standard Model allows a W boson to both form from, and decay into, a
first-generation quark pair [151]. Examples include leptonic decay of a charged pion and charged kaon
decay into three charged pions. It is therefore plausible that the weak interaction [148] applies to the
absolute ground state of the GSQV neutron model as well as its minimally excited state illustrated in
Panel (a) of Figure 7.

Panel (b) of Figure 7 shows that the minimally excited unbound GSQV proton model does not
contain an intrinsic d̄ quark (charge +e/3). The absence of an intrinsic d̄ sea quark may be associated
with proton stability. An d̄ quark would presumably be needed to either form and emit a W+ boson
from an ud̄ quark pair, or annihilate with an ūd quark pair that decomposes from an absorbed
W− boson. Note that the electron capture [148,156–158] and positron emission [159] processes may
generally involve a W boson interacting with a loosely bound proton’s inner charge region, which is
more likely to occur with the assistance of other bound nucleons [160].

Once an unbound GSQV neutron has emitted a W− boson, or absorbed a W+ boson, it will
resemble an inside-out unbound GSQV proton. Such an inside-out configuration should be electromag-
netically unstable. All other parameters remaining unchanged, Equation (13) will now be modified by
removing −e from the neutron’s outer charge arcs. This halves the charge on the outer arcs, so that the
former neutron’s magnetic moment becomes

µ =

(
Vni

(1 + δn)
− Vno

18(1 − δn)(1 − Qnex)

)
8

πλ2
nrpz

µN ≈ +0.623 µN , (92)

which is of opposite magnetic polarity to the neutron. This magnetic moment is also considerably
weaker than that of either free nucleon.

Suppose that electrostatic effects dominate the dynamics of this magnetically weakened envi-
ronment. The former neutron’s inner charge region will have a far greater charge density than its
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outer charge region. It will be assumed that this causes the inner positive charge region to expand
outward, which should result in an increasingly positive magnetic moment. This outward expansion
could conceivably stop once the perturbed nucleon’s magnetic moment becomes strong enough to
contain the charge structures via the unbound GSQV nucleon’s magnetic self-interaction. Details of
such self-interaction are subjectively described in Reference [14]. It will be assumed that the expansion
of the inner positive charge region will not stop until after it has completely passed through the
negative charge region. This new structure is assumed to stabilize once it becomes identical to that of
an unbound GSQV proton–with its two pairs of virtual optimal Möbius bands [35–38]. See Section 3.1
and Appendix A for details.

For the decay process of a minimally excited GSQV neutron, it will be assumed that a similar
electromagnetic restructuring occurs. In addition, the trilateral gluon flux tube structure must discon-
nect from the down valence quark that combines with an intrinsic antiup sea quark. This unbound ūd
quark pair will presumably either form and emit a W− boson or annihilate with a ud̄ quark pair that
decomposes from an absorbed W+ boson. The trilateral gluon flux tube structure then presumably
connects with an intrinsic up sea quark, causing it to transform into a valence up quark.

The Standard Model assumes that a valence quark may change flavor by emitting or absorbing a
W+ or W− boson. Other quarks are not directly involved. The W+ and W− bosons share the same
mass, mW, which may be calculated from other Standard Model parameters. Reference [161] recently
calculated the following Standard Model prediction of the W boson mass:

mW = 80354.5 ± 5.9 MeV/c2, (93)

which is statistically consistent with the ATLAS Collaboration’s recent experimental determination
[162],

mW = 80366.5 ± 9.8 (stat.) ± 12.5 (syst.) = 80366.5 ± 15.9 MeV/c2. (94)

Note that Reference [161] performs a global fit of electroweak data within the Standard Model without
directly incorporating the first-generation quark masses.

This paper proposes the following unbound neutron decay process as an extension of the Standard
Model:

1. An outer charge arc decomposes into an intrinsic unbound ūd quark pair. This quark pair either
forms and emits a W− boson or annihilates with a ud̄ quark pair that decomposes from an
absorbed W+ boson. This causes the decaying nucleon to initially lose mass equal to the sum of
the LEWI masses of these ū and d quarks. This results in an unstable structure that is less massive
than, but of the same charge as, a proton;

2. The inner charge arcs expand to become outer charge arcs and two new inner charge arcs form;
3. All four charge arc radii increase to the Compton wavelength of this restabilizing nucleon’s mass

divided by
√

3, which forms two pairs of virtual optimal Möbius bands [35–38];
4. Once this virtual optimal Möbius band structure has formed, the restabilizing nucleon is assumed

to have the same angular charge distribution and equatorial speed as that of an unbound GSQV
proton;

5. Being less massive than a proton, this restabilizing nucleon will be larger than a proton. It will
therefore have a lower charge density and larger magnetic moment compared to an unbound
GSQV proton. Applying classical electromagnetism to this quantum system, the lower charge
density is assumed to be associated with a lower tendency for outward expansion due to elec-
trostatic forces. The larger magnetic moment is assumed to result in larger inward equatorial
magnetic forces compared to an unbound GSQV proton [14];

6. This larger inward equatorial compression, combined with reduced outward expansion, is
assumed to cause the restabilizing nucleon to uniformly contract–and thereby increase its mass–
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to that of an unbound proton. An unbound GSQV proton is assumed to be a balanced system of
internal quantum electromagnetic interactions [14].

3.2.5. W Boson Mass

Note that this paper does not attempt to explain the absolute or relative values of the nucleon
masses. This paper proposes, that at low energies, the W boson of the Standard Model should be
amended by adding the LEWI masses of one up quark and one down quark. During leptonic decay of
a charged pion [163], it is plausible that the W boson mass actually includes the LEWI masses of the
pion’s two quarks: one up or antiup; one down or antidown. For low energy W boson interactions,
the principle applied by this paper is that quark flavor change necessarily involves up and down sea
quarks.

This paper assumes that the intrinsic properties of unbound nucleons are determined at the energy
scale of nucleon-antinucleon pair production, which is about 2 GeV. At this energy scale, the sum
of the up and down quark masses is approximately 7.0 MeV/c2 [27], with a much smaller absolute
uncertainty than of the W boson mass estimates in Equations (93) and (94). This paper therefore
proposes amending Equation (93) by adding 7.0 MeV/c2:

mW = 80361.5 ± 5.9 MeV/c2. (95)

Note that the means of Equations (94) and (95) differ by only 5.0 MeV/c2, which is less than both
the statistical uncertainty of Equation (94) and the uncertainty of Equation (95). Clearly the neutron
decay model proposed by this paper agrees substantially better with the recent analysis of the ATLAS
Collaboration [162] than does the Standard model. The ATLAS Collaboration is expected to produce
future W boson mass estimates with substantially lower uncertainty. It is possible that these future
estimates could agree substantially more with the Standard Model than the model proposed by this
paper. Such an outcome could falsify key aspects of the modeling proposed by this paper.

3.3. Improved Unbound GSQV Proton Model

The accuracy of this both this section and Section 3.4 depends on the precise sum of the up and
down quark masses at the lowest energy scale of nucleon-antinucleon pair production. This energy
scale is approximately 2 GeV. At the 2 GeV energy scale, the sum of the up and down quark masses is
experimentally determined to be [27]

mu + md = 2m = 6.98 ± 0.07 MeV/c2. (96)

While this central estimate and uncertainties are appropriate for Equation (95) in Section 3.2.5, these
uncertainties are much too large to convincingly demonstrate the claimed precision of the proton
model developed in this section and the neutron model developed in Section 3.4.

Similarly, the experimentally determined up-to-down quark mass ratio [27],

mu

md
= 0.462 ± 0.020 MeV/c2, (97)

is much too inaccurate for our purposes. Instead, this paper will assume the exact relationship
mu = md/2, which is within 2 standard deviations of the estimate expressed by Equation (97).

3.3.1. Theoretical Down Quark Low Energy Weak Interaction Mass Energy

It is often speculated that the down quark mass, at the precise energy threshold of nucleon-
antinucleon pair production, may be precisely 9 electron masses [27]:

md = 9me = 9 × 0.51099895069(16) MeV/c2 = 4.5989905562(14) MeV/c2. (98)
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This paper will apply this hypothesis and also propose that the down quark mass, at the precise
energy threshold of nucleon-antinucleon pair production, is precisely the difference between the
charged and uncharged pion masses [27,164]:

md = mπ± − mπ0 = 4.59359(53) MeV/c2. (99)

Note that Equations (98) and (99) differ by more than 11 standard deviations, and so are unlikely to be
consistent with each other. At the precise energy threshold of nucleon-antinucleon pair production,
suppose that virtual neutral pions are in equilibrium with virtual photons. Also suppose, that at low
energies, the formation of a virtual charged pion pair requires the temporary borrowing of vacuum
energy equal to the LEWI mass energy of an unbound dd̄ quark pair. A pair of virtual charged pions
will then be formed from the d quark (charge −e/3) binding with an intrinsic ū quark and the d̄ quark
(charge +e/3) binding with an intrinsic u quark. If this occurs, it is plausible that

mπ0 + md = mπ± , (100)

from which Equation (99) follows. Note the complete absence of antidown quarks (charge +e/3) and
absence of sea down quarks (charge −e/3) in Figure 7, where no pions are present. Pions are assumed
to form at higher energies.

In the minimally excited GSQV nucleon models, depicted in Figure 7, it is possible–but not
necessary–that each unbound up and antiup quark possesses relativistic energy equaling the mass
energy of a neutral pion. This may explain how these quarks are able to initiate charged pion
production. Reference [134] found that non-single-pion photoproduction off the proton amounts to
about 10%, whereas non-single-pion photoproduction off the neutron amounts to about 44%. This
large difference may be partly explained by the minimally excited GSQV neutron containing twice as
many charged pion-production sites, in the form of virtual up and antiup sea quarks, as the minimally
excited GSQV proton.

3.3.2. Perturbed Charge Distributions

Section 3.1.1 defined and calculated a parameter, δn, which represents a slight perturbation of
the unbound GSQV neutron’s charge distribution along each charge arc. This perturbation will be
assumed due to the interaction between the radial standing vacuum wave ensemble, maintaining each
charge arc, and the charge arc itself.

During Steps 3 & 4 of the unbound neutron decay process described in Section 3.2.4, new charge
arcs form with radius, Rn′ , equal to the Compton wavelength of the decaying neutron’s temporarily
reduced mass divided by

√
3. It will be assumed, that during Steps 3 & 4, the charge perturbation

parameter changes with the inverse square of the charge arc radius. The reason for this inverse square
relationship is as follows. The wavelength of the radial standing wave ensembles will increase linearly
with charge arc radius, which will cause their energies to decrease linearly with arc radius. In addition,
the energy density of these radial standing wave ensembles, along each charge arc, will dilute linearly
with charge arc radius. The charge perturbation parameter is assumed proportional to this energy
density, which declines with the square of charge arc radius.

It will be assumed that the charge perturbation parameter, δn′ , does not change further during
Steps 5 & 6. Therefore define unbound proton charge perturbation parameter,

δp = δn′ =

(
Rn

Rn′

)2
δn =

(√
3mn′

2mn

)2

δn =
3
4

(
mn − 3

2 md

mn

)2

δn, (101)

since Compton wavelength is inversely proportional to mass and this paper assumes mu + md = 3
2 md.
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3.3.3. Cosmic Origin of Up and Down Quark Masses

Reference [14] combined the zitterbewegung and circular Unruh effects to propose that proton
mass energy is quantized as approximately 2

√
3/0.2855 ≈ 98.9% of the median thermal excess vacuum

energy due to the circular Unruh effect. The approximate value 0.2855 is obtained by numerically
integrating the Planck spectrum and the relationship kBT/0.2855 ≈ 3.503kBT, where kB is the Boltz-
mann constant and T is temperature. A more precise numerical integration yields median thermal
energy to be approximately 3.50302kBT [165]. Reference [165] argues that the median energy is the
most physically meaningful numerical criterion for the thermal spectrum peak, and that this should be
more widely taught.

In the early universe, unbound nucleons initially formed during the hadron epoch. Early in the
hadron epoch, each unbound nucleon was completely surrounded by the quark-gluon plasma (QGP)
from which it formed [166]. Prior to neutrino decoupling, protons were in equilibrium with neutrons
and antiprotons were in equilibrium with antineutrons [166].

This paper proposes that each proton-neutron pair, and each antiproton-antineutron pair, of
quantum vortices continually regenerated more than enough circular Unruh energy for the mass
energy of each nucleon. It is proposed that these quantum vortices continually regenerated additional
circular Unruh energy amounting to the primordial weak interaction mass energies of the nucleon
pair’s six valence quarks. This excess energy is proposed to replace the primordial weak interaction
mass energies of the QGP quarks from which the nucleon pair formed. It is therefore proposed that

3.50302kB
(
Tp + Tn

)
≈
(
mp + mn + 3mu + 3md

)
c2, (102)

where Tp and Tn respectively represent the circular Unruh temperatures of the proton and neutron.

Reference [14] shows that Tp =
mpc2

2
√

3kB
, which implies Tn = mnc2

2
√

3kB
. Substuting into Equation (102) yields

3.50302
2
√

3

(
mp + mn

)
≈ mp + mn + 3mu + 3md. (103)

Rearranging and substituting proton and neutron mass values in units of MeV/c2 [27,60] yields the
sum of the primordial up and down quark weak interaction mass energies,

mu + md ≈ 1
3

(
3.50302

2
√

3
− 1
)(

mp + mn
)
≈ 7.032 MeV/c2, (104)

which closely aligns with experiment on the 2 GeV scale, as expressed by Equation (96).

3.3.4. Proton Magnetic Moment from a Charge Arc Geometry

Following Reference [14], Section 3.1.1, and Section 3.3.2, proton magnetic moment will be
calculated from

µp =

(
2Vpo

(1 + δp)(1 − Qpex)(Rp + rpa)2 −
Vpi

(1 − δp)(Rp − rpa)2

)
µN

4πrpz
, (105)

where Vpi is the lemon volume formed by rotating the proton’s two inner charge arcs about the proton
center, Vpo is the volume formed by rotating the proton’s two outer charge arcs, with flat end caps,
about the proton center, Qpex is the uncharged proportion of the proton’s outer surface, Rp = λp/

√
3,

and

rpa = Rp −
λp

2
= λp

(
1√
3
− 1

2

)
. (106)

Substituting Equations (1) and (106) into Equation (105) yields

µp =

(
6Vpo

(1 + δp)(1 − Qpex)(4 −
√

3)2
−

Vpi

1 − δp

)
4 µN

λ3
p

. (107)
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Following the Appendix of Reference [14],

Vpi =
4
3 πR3

p

[
sin3 ϕpl − 3

4 cos ϕpl(2ϕpl − sin 2ϕpl)
]

(108)

and

Vpo = π2R2
p

(
rpa +

4Rp
3π

)
+ 2πr2

paRp. (109)

Note that

ϕpl = cos−1
(

rpa

Rp

)
= cos−1

(
1 −

√
3

2

)
. (110)

Clearly, both Vpi and Vpo are proportional to λ3
p. The form of Equation (107) therefore implies a proton

g-factor independent of proton mass.
The quantity Qpex will be calculated from Equation (39); the quantity δp will be calculated from

Equation (101). The uncertainty of δn, obtained from Equation (19), dominates the uncertainty of
Equation (101) to the degree where the discrepancy between Equations (98) and (99) becomes negligible.
Therefore, applying either Equation (98) or Equation (99) to Equation (101) yields

δp = 2.7353(4)× 10−4. (111)

Substituting Equation (111) into Equation (107) yields

µp = 2.7928474(3) µN , (112)

which is consistent with experiment. However, proton magnetic moment has been experimentally
determined to far greater precision [60,167]:

µp = 2.79284734463(82) µN . (113)

It is clear from Equation (15) that δn depends on neutron mass, mn, proton mass, mp, and neutron
magnetic moment, µn, which is the precision-limiting factor. It is clear from Equation (101) that δp

also depends on the sum of the up and down quark LEWI masses, mu + md = 3
2 md. It is clear from

Equation (39) that Qpex depends on the low-energy value of the fine-structure constant, α. Therefore
proton magnetic moment, µp, can be calculated from neutron mass, mn, proton mass, mp, neutron
magnetic moment, µn, the sum of the up and down quark LEWI masses, mu + md = 3

2 md, and the
low-energy value of the fine-structure constant, α. However the precision of this calculation, displayed
as Equation (112), is limited by the experimental precision of the neutron magnetic moment, µn.

3.3.5. Effective Proton Charge Radii

A recent antineutrino-proton scattering experiment estimated the axial vector form factor of free
protons without the need for nuclear theory corrections [75]. In simpler terms, Reference [75] estimated
the proton polar axial charge radius, rA = 0.73 ± 0.17 fm. Figure 1 shows the GSQV proton’s effective
polar positive-charge radius to be

rA ≈ Rp =
λp√

3
≈ 0.763 fm. (114)

Figure 2 shows the GSQV proton’s effective polar negative-charge radius to be

rA ≈ Rp sin ϕpl = λp

√
1√
3
− 1

4 ≈ 0.756 fm. (115)
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Both of the proton polar axial charge radius estimates, given by Equations (114) and (115), are well
inside the experimental range reported in Reference [75]. The research program reported in Refer-
ence [75] is ongoing and could potentially falsify the GSQV proton models developed both in this
paper and References [13,14].

A key assumption, applied when initially developing the GSQV proton model in Reference [14],
was that charge distribution is the radial projection of two concentric uniformly-charged spheres. To a
first approximation, this assumption persists in Equations (105) and (107). Deviations from this key
assumption are the polar charge-exclusion zones, on the GSQV proton’s outer apple-shaped charge
surface, and the relatively tiny δp perturbation. Note that Section 3.5 develops a vacuum interaction
model where δp and δn both remain zero.

Consider a GSQV proton model without charge-exclusion zones and no δp perturbation. Radially
projecting all charge out to REo yields a spherically symmetric charge distribution with electric potential
at distance REo from the proton center,

U(REo) =
ke

REo
, (116)

where k is Coulomb’s constant. Since the GSQV proton model is approximately spherical, electric
potential on its outer surface, at average distance

rs =
3

√
3

4π
Vpo (117)

from the proton center, may be approximated by

U(rs) ≈
ke
rs

, (118)

which implies

U(rs)

ke
≈ 1

rs
. (119)

For a sphere of radius r, surface area, A, and volume V,

rA
V

= 3. (120)

Note that the number 3 is precise in Equation (120). Since a perfect sphere has the minimum surface
area to volume ratio for its size, Equation (120) should yield a number greater than 3 for a perturbed
sphere. The Appendix of Reference [14] shows how to calculate the surface areas of the volumes
defined in Sections 3.1.1 and 3.3.4:

Ani = 4πR2
n(sin ϕnl − ϕnl cos ϕnl) = 2πR2

n

(√
3 − π

3

)
; (121)

Ano = 4πR2
n(sin ϕna − ϕna cos ϕna) = 2πR2

n

(√
3 + 2π

3

)
; (122)

Api = 4πR2
p(sin ϕpl − ϕpl cos ϕpl); (123)

Apo = 2π2Rp

(
rpa +

2Rp
π

)
+ 2πr2

pa. (124)
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For the unbound GSQV proton model of Section 3.3.4,

rs Apo

Vpo
≈ 3.0059. (125)

Also note that

rpi Api

Vpi
≈ 3.0067, (126)

where

rpi =
3

√
3

4π
Vpi ≈ 0.6810 fm. (127)

Similarly for the unbound GSQV neutron model, developed in Section 3.1.1,

rno Ano

Vno
≈ 3.0791 and

rni Ani
Vni

≈ 3.1205, (128)

where

rno =
3

√
3

4π
Vno ≈ 0.90083 fm and rni =

3

√
3

4π
Vni ≈ 0.37856 fm. (129)

To a first approximation, combining Equations (119) and (125) yields

U(rs)

ke
≈

Apo

3Vpo
. (130)

This implies that a change in outer surface charge area would have approximately three times the
effect, on a muon or electron orbital, as a change in charge volume. If the GSQV proton were a classical
charge structure, electric field lines in the polar regions would veer inward instead of radially outward.
External observers would not observe these electric field lines, which would effectively be missing.

Applying this classical analogy, the charge-exclusion zones of a GSQV proton result in an apparent
reduced outer surface charge area,

Aeff = Apo(1 − Qpex). (131)

This is assumed equivalent to an approximately three times smaller effective reduction in charge
volume,

Veff ≈ Vpo

(
1 − Qpex

3

)
, (132)

with effective charge radius,

reff =
3

√
3

4π
Veff ≈

3

√
3

4π
Vpo

(
1 − Qpex

3

)
≈ 0.8409 fm, (133)

where Qpex has been calculated by inserting the low-energy fine-structure constant, α, into Equa-
tion (39). This estimate is in the middle of the 2022 experimental range of the proton rms charge radius
range recommended by the Particle Data Group [27,168], rp = 0.8409(4) fm. However, since historical
experiments to determine proton rms charge radius have been surprisingly variable, this unbound
GSQV proton model could be falsified by future experimental estimates of proton rms charge radius.
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3.4. Precise Unbound GSQV Neutron Model

Section 3.3.4 showed that proton magnetic moment, µp, can be calculated to 7-digit precision
from neutron mass, mn, proton mass, mp, neutron magnetic moment, µn, the sum of the up and down
quark LEWI masses, mu + md = 3

2 md, and the low-energy value of the fine-structure constant, α. The
precision-limiting factor is the neutron magnetic moment, µn. Since the proton magnetic moment, µp,
is known to far greater precision than is µn, this section will show how to calculate neutron magnetic
moment, µn, from proton magnetic moment, µp, neutron mass, mn, proton mass, mp, the sum of the
up and down quark LEWI masses, mu + md = 3

2 md, and the low-energy value of the fine-structure
constant, α. The resulting calculation will be substantially more precise than experiment and may
place limits on the value of the sum of the up and down quark LEWI masses.

The dimensionless quantity, δp, will now be used as an adjustable parameter to calculate proton
magnetic moment, µp, as accurately as the 2022 CODATA value [60]. Note that µp is the only parameter
dependent on δp. In particular, Qpex will retain its value calculated from Equation (39). Rearranging
Equation (107) by collecting terms to form a quadratic equation in terms of δp,

aδ2
p + bδp + c = 0, (134)

where

a = −
(

4 −
√

3
)2(

1 − Qpex
)λ3

pµp

4µN
, (135)

b =
(

4 −
√

3
)2(

1 − Qpex
)
Vpi + 6Vpo, (136)

and

c = b − 12Vpo − a. (137)

Applying the quadratic formula,

δp =
−b ±

√
b2 − 4ac

2a
= 2.7353516(15)× 10−4 and ≈ 2.64, (138)

where the 2022 CODATA value of µp, displayed as Equation (113), is input to Equation (135). The
second solution is unphysical, so δp = 2.7353516(15)× 10−4 provides a calculated proton magnetic
moment, µp, as precise as the 2022 CODATA value [60]. Note that the 2022 CODATA uncertainties in
α and µp contribute almost equally to the uncertainty in δp.

Inverting Equation (101),

δn =
4
3

(
mn

mn − 3
2 md

)2

δp. (139)

The value δp = 2.7353516(15)× 10−4 will always be used when evaluating Equation (139). Applying
the assumption md = 9me to Equation (139) yields

δn = 3.7012871(20)× 10−4, (140)

where the uncertainty is dominated by the uncertainty in δp. Applying the assumption md = mπ± − mπ0

to Equation (139) yields

δn = 3.701223(6)× 10−4, (141)
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where the uncertainty is dominated by the experimental uncertainty in the pion mass difference–
displayed in Equation (99). Inserting the δn value, displayed as Equation (140), into Equation (13)
yields

µn = −1.9130428427(17) µN . (142)

Inserting the δn value, displayed as Equation (141), into Equation (13) yields

µn = −1.913042790(5) µN . (143)

As with Equations (98) and (99), Equations (142) and (143) differ by more than 11 standard deviations.
Therefore the different assumptions applied are unlikely to be consistent with each other.

The µn estimates displayed as Equations (142) and (143) are both consistent with the 2022 CODATA
value of µn [60], displayed as Equation (18). Compared to the experimental uncertainty in the 2022
CODATA value of µn, the uncertainties in µn displayed in Equations (142) and (143) are respectively
about 260 and 90 times lower.

To date, the lowest experimental uncertainty in the neutron magnetic moment was established
in 1979 [169]. Reference [170] is a contemporary historical summary of efforts to model, calculate,
and measure the neutron magnetic moment. Historically, modeling and calculations have been much
less accurate than experiment. However, this paper claims to calculate the neutron magnetic moment
substantially better than experiment. Hopefully, this will provide an incentive to design and build new
experiments to increase the experimental precision of the neutron magnetic moment.

The experimental uncertainty in the neutron magnetic moment, displayed as Equation (18), may
be obtained by varying the sum of the up and down LEWI quark masses, which were used to derive
Equations (101) and (139). Rearranging Equation (101) or (139), and substituting 3

2 md with the more
general mu + md, yields

mu + md = mn

1 −

√
4δp

3δn

 = 6.89(7) MeV/c2, (144)

where the respective δn and δp values calculated by Equations (19) and (138) have been applied. Note
that the uncertainty in Equation (144) is dominated by the uncertainty in δn, and that the uncertainty
in δn is dominated by the experimental uncertainty in the neutron magnetic moment, µn. The means
of Equations (96) and (144) are separated by approximately 1.3 standard deviations. This implies
statistical consistency. One way to falsify the unbound GSQV nucleon models developed in this paper
would be to experimentally determine mu + md to be statistically inconsistent with Equation (144).

3.5. Nucleon Magnetic Anomalies from Vacuum Interactions

The phenomenological charge distribution perturbation factors, δn and δp, are finetuning constants
used to make Equations (12), (13), (105), and (107) agree with experiment. While Equation (101)
proposes a relationship between δn and δp, which results in the neutron magnetic moment predictions
stated by Equations (142) and (143), no underlying mechanism is used to calculate either δn or δp. This
section proposes that the assumed internal electromagnetic self interactions, used to justify non-zero
values of δn and δp, do not actually occur. Instead, approximate quantum vacuum interaction models
are developed to show that GSQV nucleon models with δn = δp = 0 may be highly accurate.

Following the notation used in Reference [171], κp and κn are defined as

µp = 1 + κp; (145)

µn = 0 + κn. (146)
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In this paper, we define δκp as the proportionate difference between the κp values implied by Equa-
tion (107) with δp = 2.7353516(15)× 10−4 and δp = 0:

δκp ≈ 1.7928473 − 1.7948662
1.7948662

≈ −1.12482 × 10−3. (147)

We similarly define δκn as the proportionate difference between the κn values implied by Equation (13)
with δn = 3.70115(55)× 10−4 and δn = 0:

δκn ≈ 1.91304276 − 1.90999615
1.90999615

≈ 1.59509 × 10−3. (148)

Note that the original negative values in the numerator have been canceled with the original negative
denominator.

From standard model quantum vacuum interactions, the anomalous magnetic moments of the
charged leptons have been calculated to great precision. These calculations become considerably more
difficult as lepton mass increases. The proton and neutron masses lie about halfway between those of
the the muon and tau particles. Developing and applying precise quantum vacuum interaction models
to calculate the GSQV proton and GSQV neutron anomalous magnetic moments is well beyond the
scope of this paper.

Instead, this paper approximately models the anomalous magnetic moments due to GSQV proton
and GSQV neutron quantum vacuum interactions as follows. We first apply a logarithmic interpolation
model to the relationship between the charged lepton masses and their anomalous magnetic moments.
The result is that the equation,

a = 4.390655 × 10−6 ln(m + 32.66923) + 1.144276 × 10−3, (149)

calculates each charged lepton’s anomalous magnetic moment, a, to at least 6 digit precision from its
mass, m, in units MeV/c2. To 6 digit precision, inserting the proton or neutron mass into Equation (149)
yields al = a = 1.17448 × 10−3. The quantity al represents the approximate magnetic anomaly of a
hypothetical charged lepton with the mass of an unbound proton or neutron.

Figures 1 and 2 show that the proportion of each poloidal cycle where GSQV proton charge is not
generated is sin−1

(
1 −

√
3

2

)
/π. Considering that the quantum vacuum should uniformly surround

the GSQV proton, and only interact with the charged portions of GSQV proton structures, we propose
that δκp may be estimated by multiplying −al by the proportion of each poloidal cycle where GSQV
proton charge is generated:

δκp ≈

 sin−1
(

1 −
√

3
2

)
π

− 1

al ≈ −1.12424 × 10−3, (150)

which compares well with Equation (147). Assuming δp = 0, Equation (150) implies

µp = 1 + κp = 1 + 1.7948662
(
1 + δκp

)
≈ 2.7928483 µN , (151)

which is accurate to 7 digits without applying any adjustable parameters.
The proposed GSQV neutron decay process, described in Section 3.2.4, was used to derive

Equation (101) in Section 3.3.2. A GSQV proton decay process will be proposed to justify Equation (152)
below. The first step in the proton-proton chain of stellar nucleosynthesis [172] most commonly
involves one of the protons decaying into a neutron during the deuteron production process. At ranges
beyond where proton decay can occur, the two protons will interact just like two charged leptons. This
justifies the al factor in Equation (152) below. At a sufficiently close range, the decaying proton will
emit a positron and an electron neutrino while transforming into a neutron that immediately binds to
the other proton. In Figure 7, counting all charge regardless of sign, it can be seen that a GSQV neutron
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has 4/3 the charge of a GSQV proton. As a first approximation, this will be assumed to imply that 4/3
as much quantum vacuum interaction occurs. This justifies the 4/3 factor in Equation (152) below.

Inspecting Figure 7, it can be seen that a minimally excited GSQV proton would need to absorb
the LEWI masses of an ū quark and a d quark in order to transform into a minimally excited GSQV
neutron. In addition, this neutron must bind to the proton via Yukawa coupling. This paper proposes
that Yukawa coupling is achieved by two of the minimally excited GSQV neutron’s initial intrinsic u
and ū sea quarks, outside of the dashed lines in Figure 7, respectively absorbing a d̄ and a d quark to
form a positively and negatively charged pair of pions. This pair of pions then binds the two nucleons
to form a deuteron.

Therefore, immediately before binding to the GSQV proton, the new GSQV neutron must not
only increase its mass from that of a proton to a neutron, but must also absorb the LEWI masses of one
up and three down quarks. We propose that δκn may be estimated from the following equation:

δκn ≈ 4
3

(
mn + mu + 3md

mp

)
al . (152)

As in previous sections, the relation mu = md/2 will be assumed. Applying Equation (98) yields
δκn ≈ 1.59500 × 10−3; applying Equation (99) yields δκn ≈ 1.59497 × 10−3. Both compare well with
Equation (148). Assuming δn = 0, applying Equation (98) to Equation (152) implies

µn = κn = −1.90999615(1 + δκn) ≈ −1.91304259 µN , (153)

which is accurate to 7 digits without applying any adjustable parameters. Assuming δn = 0, applying
Equation (99) to Equation (152) implies

µn = κn = −1.90999615(1 + δκn) ≈ −1.91304253 µN , (154)

which also is accurate to 7 digits without applying any adjustable parameters.

4. Discussion
This paper invokes networks of quantum vacuum waves to develop unbound low-energy nucleon

models that calculate several measurable parameters. Using only the proton and neutron mass values
as inputs, a physical model is developed that calculates neutron magnetic moment, in the form of
Equation (11), to 3-digit precision. If the nuclear magneton was instead defined in terms of the neutron
mass, Equation (11) would become an equation that calculates neutron g-factor independently of the
nucleon masses.

Based on quantum networks of standing vacuum waves, this paper develops a model for un-
bound GSQV nucleon charge arc generation and maintenance. This model establishes a connection
between unbound GSQV proton charge structure and the low-energy fine-structure constant. This
connection enables the quark charge values to be precisely expressed by Equations (42) and (43)
without involving the usual 2/3 or 1/3 factors. Noting a numerical coincidence in Equation (67), the
low-energy asymptotic value of the fine-structure constant is calculated to 5-digit precision in the form
of Equation (70). The quark charge values are then calculated to at least 5-digit precision in the form of
Equations (73) and (74).

The unbound GSQV proton model is used to calculate "running" charm quark mass, as Equa-
tion (90), and the fraction of the proton momentum carried by intrinsic charm quarks, as Equation (91).
This paper proposes a physical model of neutron decay that predicts the W boson mass to be consistent
with Equation (95). This prediction is statistically consistent with consensus experimental results. It is
shown that the unbound nucleon magnetic moments may be precisely related via the values of the
nucleon masses, the sum of the up and down quark LEWI masses, and the low-energy fine-structure
constant. The most accurate experimental estimate of proton rms charge radius [168] is statistically
consistent with the value calculated using Equation (133).
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This paper’s unbound proton and neutron models are shown to be precisely connected via a
parameter dependent on neutron mass and the sum of the up and down quark LEWI masses. This
results in Equations (142) and (143), where the neutron magnetic moment is calculated about two
orders of magnitude more precisely than the most accurate experiments to date. This level of precision
is enabled by the relatively precise experimental determinations of proton magnetic moment, unbound
nucleon masses, and the low-energy asymptotic value of the fine-structure constant,

Section 3.5 utilizes data obtained from high-precision experimental and theoretical radiative-
correction determinations of lepton magnetic moments. This paper uses this high-precision radiative
correction data to develop independent phenomenological radiative correction models of the proton
and neutron magnetic moments. As reported by Equations (151), (153), and (154), these models
produce independent calculations of the proton and neutron magnetic moments–to 7 digit precision–
without adjustable parameters.

Each of the following would at least partly falsify the unbound low-energy nucleon models
developed in this paper:

1. A consensus experimental estimate of charm quark "running" mass [27] that is statistically
inconsistent with Equation (90);

2. A consensus experimental estimate of the fraction of the proton momentum carried by intrinsic
charm quarks, that is statistically inconsistent with Equation (91), will falsify the assumptions
used to obtain Equation (91);

3. A consensus experimental estimate of proton rms charge radius that is statistically inconsistent
with Equation (133);

4. A consensus experimental estimate of W boson mass, mW , that is statistically inconsistent with
Equation (95), will falsify the assumptions used to derive Equations (101) and (139);

5. A consensus experimental estimate of neutron magnetic moment, µn, that is statistically inconsis-
tent with Equation (142), will falsify the assumption expressed by Equation (98);

6. A consensus experimental estimate of neutron magnetic moment, µn, that is statistically inconsis-
tent with Equation (143), will falsify the assumption expressed by Equation (99).
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EFT effective field theory
GDH Gerasimov-Drell-Hearn
GSQV ground state quantum vortex
LEWI low energy weak interaction
QCD quantum chromodynamics
QED quantum electrodynamics
QFT quantum field theory
QGP quark-gluon plasma
ZIP zitterbewegung inertial power

Appendix A. Folding a Paper Optimal Möbius Band
The minimum aspect ratio of a smooth embedded paper Möbius band has long been conjectured

to be
√

3 [36]. However, a mathematical proof has only recently been published [38]. A source of
confusion is that Reference [38] explicitly shows how to fold a paper optimal Möbius band with an
inside "T" join, but not an outside "T" join. This would not be an issue if the inside "T" join was easy to
tape and it was obvious how to refold with an outside "T" join. However, we found neither of these
objectives to be without frustration. We note that Figure 1a of Reference [38] is helpful in using paper
differently shaded on each side. Using such paper greatly helps demonstrate that the folded structure
is indeed a Möbius band.

Kori Verrall independently rediscovered how to fold a paper optimal Möbius band with an
outside "T" join. We correctly assumed this to be known classically, which is confirmed by Figure 14.9
of Reference [37]. While the fold lines and instructions in Figure A1 are not fundamentally different
to Figure 14.9 of Reference [37], they add clarity and simplicity. Note that the folded optimal paper
Möbius band has three layers. A symmetric folding technique, as shown in Figure 1a of Reference [38],
necessarily results in a symmetric structure–with the join in the middle of the three layers. In contrast,
an asymmetric folding technique, as shown by Figure 14.9 of Reference [37] and Figure A1 in this paper,
can result in an asymmetric structure–with a "T" join on one of the outer layers. Note that Figure 1b, of
Reference [38], shows an optimal Möbius band formed via an asymmetric folding technique where an
outside edge join is formed from an original symmetric trapezoid shape.

Young children can easily be taught to fold and tape an optimal paper Möbius band with an
outside "T" join. First provide them with any paper rectangle with a

√
3 aspect ratio. None of the

fold lines need to be preset. Instruct them to first make the fold labeled "fold first," in Figure A1, by
touching any two diagonal corners together. The other two folds then become intuitively obvious
and can be made in either order. This folding technique is not obvious from the instructions provided
in Reference [37]. It is presumably known classically, but we are unaware of this technique being
described anywhere in the available literature.
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Figure A1. Each of the four charge arcs of an unbound GSQV proton may be continually regenerated by a virtual
optimal Möbius band. Each optimal Möbius band has aspect ratio λp/Rp =

√
3, where Rp is the radius of each

charge arc. A paper optimal Möbius band, with an external "T" join, may be constructed using the fold lines (dash
dot) and instructions indicated.

Kori Verrall’s folding technique may be generalized to construct any possible smooth embedded
single-twist Möbius band from a paper rectangle:

1. Make the first fold by touching any two diagonal corners together;
2. Press flat to form a structure similar to the left-hand diagram of Figure A2;
3. It is straightforward to demonstrate, that if and only if H ≥ R, the two sides of length R may be

joined to form a smooth embedded single-twist Möbius band;
4. While the resultant structure need not be pressed flat, pressing flat facilitates joining the two sides

of length R. This is shown in the right-hand diagram of Figure A2.

𝑅 

 
H 

𝑅 

 

 

 

 

R 

Figure A2. How to construct any possible smooth embedded single-twist Möbius band from a paper rectangle.
The original back surface is shaded. The folds shown in the right-hand diagram are only possible for H ≥ R.

Clearly H is half the length of the diagonal of the original paper rectangle. Therefore,

2H =
√

λ2 + R2, (A1)

where λ is the length, and R is the width, of the original paper rectangle. The requirement H ≥ R
implies √

λ2 + R2 ≥ 2R, (A2)

which implies λ ≥
√

3R. This provides an additional proof that the minimum aspect ratio of a smooth
embedded paper Möbius band is

√
3 [36,38].
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Appendix B. Lynch’s equations from Pappaus’s centroid theorems
The distance from the center of a circular arc, of radius R and half-angle ϕ ∈ (0, π), to its centroid

is given by the well-known formula

xa =
R sin ϕ

ϕ
. (A3)

The distance from the center of this circular arc to its chord center is given by the well-known formula

C = R cos ϕ. (A4)

Therefore, the distance from a circular arc’s chord center to its centroid is given by

Ra = xa − C =
R sin ϕ

ϕ
− R cos ϕ = R

(
sin ϕ

ϕ
− cos ϕ

)
. (A5)

The arc length of this circular arc is given by the well-known formula

s = 2Rϕ. (A6)

Applying Pappaus’s centriod theorem, the area, A, of the surface of revolution formed by revolving a
circular arc about its chord is given by

A = 2πRas = 4πR2ϕ

(
sin ϕ

ϕ
− cos ϕ

)
= 4πR2(sin ϕ − ϕ cos ϕ), (A7)

which is Lynch’s surface area equation for the geometric lemon for ϕ ∈ (0, π/2) or geometric apple for
ϕ ∈ (π/2, π).

The distance from the center of a circular segment, of radius R and half-angle ϕ ∈ (0, π), to its
centroid is given by [173]

xs =
4R sin3 ϕ

3(2ϕ − sin 2ϕ)
. (A8)

Therefore, the distance from a circular segment’s chord center to its centroid is given by

Rs = xs − C =
4R sin3 ϕ

3(2ϕ − sin 2ϕ)
− R cos ϕ. (A9)

The area of this circular segment is given by [173]

As =
R2

2 (2ϕ − sin 2ϕ). (A10)

Applying Pappaus’s centriod theorem, the volume, V, of the volume of revolution formed by revolving
a circular segment about its chord is given by

V = 2πRs As =
4
3 πR3

[
sin3 ϕ − 3

4 cos ϕ(2ϕ − sin 2ϕ)
]
, (A11)

which is Lynch’s volume equation for the geometric lemon for ϕ ∈ (0, π/2) or geometric apple for
ϕ ∈ (π/2, π).
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