
Article Not peer-reviewed version

The Effective Potential of Reduced

Models in (21)D+

Leandro O. Nascimento * , Carlos A.P.C. Junior , José R. Santos

Posted Date: 26 April 2024

doi: 10.20944/preprints202404.1706.v1

Keywords: pseudo quantum electrodynamics; Coleman-Weinberg Potential; Spontaneous Symmetry

Breaking

Preprints.org is a free multidiscipline platform providing preprint service that

is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons

Attribution License which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.

https://sciprofiles.com/profile/3255895


Article

The Effective Potential of Reduced Models in (2+1)D

Leandro O. Nascimento 1,2,*, Carlos A. P. C. Junior 1 and José R. Santos 2

1 Federal University of Pará, Belém, Brazil; carlos.chaves.junior@icen.ufpa.br
2 Academic Unit of Physics, Federal University of Campina Grande, Campina Grande, Brazil,

ronaldo.santos@estudante.ufcg.edu.br
* Correspondence: lon@ufpa.br

Abstract: The description of the electron-electron interactions in two-dimensional materials has a dimensional

mismatch, where electrons live in (2+1)D while photons propagate in (3+1)D. In order to define an action in

(2+1)D, one may perform a dimensional reduction of quantum electrodynamics in (3+1)D (QED4) into Pseudo

quantum electrodynamics (PQED). The main difference between this model and QED4 is the presence of a pseudo-

differential operator in the Maxwell term. However, besides the Coulomb repulsion, electrons in a material are

subjected to several microscopic interactions, which are inherent in a many-body system. These are expected to

reduce the range of the Coulomb potential, leading to a short-range interaction. Here, we consider the coupling

to a scalar field in PQED for explaining such mechanism, which resembles the spontanoues symmetry breaking

(SSB) in Abelian gauge theories. In order to do so, we consider two cases: (i) By coupling the gauge field to a

Higgs field in scalar quantum electrodynamics in (3+1)D and, thereafter, performing the dimensional reduction

and; (ii) By coupling a Higgs field to the gauge field in PQED and subsequently calculating its effective potential.

In case (i), we obtain a model describing electrons interacting through the Yukawa potential and, in case (ii), we

show that SSB does not occur at one-loop approximation. The relevance of the model for describing electronic

interactions in two-dimensional materials is also adressed.

Keywords: Pseudo quantum electrodynamics; Coleman-Weinberg Potential; Spontaneous Symmetry Breaking.

1. Introduction

The experimental realization of two-dimensional materials [1] in condensed matter physics has
attracted the interest of the community in high energy physics due to the emergence of Dirac cones
and the possibility of observing some interacting effects [2], such as the Fermi velocity renormalization
[3,4] and mass renormalization [5,6]. When considering the effects of electronic interactions in these
materials, it is useful to consider a dimensional reduction of QED4, namely, PQED, which provides the
physical Coulomb potential among static particles in the spatial plane [7]. Within this approach, several
results, including strong and weak interactions, have been obtained and compared to experimental
data, see Refs. [5,8–12], just to cite a few. Furthermore, the model has also been coined as reduced
quantum electrodynamics in Refs. [13,14]. Although the Coulomb potential has been successful in
describing these effects, we also expect that this electron-electron interaction become screened due
to the microscopic interactions within the two-dimensional material [15]. These interactions should
include impurities and phonons, which would make the model even more complicated and, for the
best of our knowledge, a complete solution is yet to be known [9]. On the other hand, because the
long-range Coulomb interaction is related to a massless photon, hence, a simplest method to generate
a short-range potential is to obtain a massive bosonic field, which is straightforwardly derived from
SSB. Indeed, when considering the Higgs mechanism in QED4, one would obtain a Yukawa interaction
in (3+1)D, yielding a short-range interaction, as expected [16].

The Higgs mechanism for QED in (2+1)D (QED3) would provide the simplest solution for
obtaining a mass term for the gauge field and, therefore, a short-range interaction. However, as
discussed before, this mechanism must be considered in PQED rather than in QED3. In PQED, the
power of the gauge-field propagator is ∝ (p2)−1/2 while in QED it is p−2, where p is the external
momentum. Hence, in order to obtain a Yukawa potential in PQED, one must obtain a scalar propagator
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given by 1/
√

p2 + m2. This, on the other hand, is obtained from the dimensional reduction of QED4
in the presence of a mass term, as it has been shown in Ref. [17].

Here, we consider the coupling of the gauge field in PQED with a scalar field. This is meant to
effectively describe the effects of the many-body system and, essentially, to generate a mass-like term
for PQED and to reduce the range of the Coulomb interaction. Firstly, we review the dimensional
reduction which generates reduced models in both (2+1)D and (1+1)D. In order to do so, we apply the
dimensional reduction in the two-point Green functions of the classical fields, through the equation
of motion. Thereafter, we calculate the effective potential for a reduced scalar model in (2+1)D and
discuss SSB. This quantity shows a behavior similar to the effective potential in a self-interacting scalar
theory in (3+1)D. However, the reduced model does not allow SSB due to its asymptotic limit, leading
to a stable ground state in a symmetric phase. Thereafter, we consider effective models for describing
the electronic interactions for Dirac-like quasiparticles in (2+1)D in terms of a gauge field interacting
with a scalar field. The realization of SSB, however, may occur either in (3+1)D or (2+1)D, providing
two different cases for investigation. In case (i), we conclude that the Yukawa interaction is obtained
whenever SSB occurs in (3+1)D and derive an effective action for describing such interaction in (2+1)D.
In case (ii), which we call as Abelian Higgs PQED (HPQED) in comparison to scalar QED3 [18], we
show that the quantum correction does not provide a SSB, hence, the system remains in its symmetric
phase. These results are obtained in the one-loop approximation, using the so-called background field
method for calculating the effective potential [16].

This paper is organized as follows. In Sec. II, we review the concept of reduced models, using the
classical equation of motion. In Sec. III, we calculate the effective potential for a reduced version of the
Klein-Gordon theory in (2+1)D. In Secs. IV and V, we consider the effects of considering both SSB and
the dimensional reduction in QED4 plus a Higgs field. In Appendixes A–C, we show some details of
the calculations.

2. The Reduced Models

In this section, we derive a reduced model that describes the Yukawa interaction in (2+1) dimen-
sions at classical level. In order to do so, we start with the Yukawa action in (3+1) dimensions, whose
Euclidean action is given by

L4D =
∂µ φ∂µ φ

2
+

m2 φ2

2
+ gφψ̄ψ + LM[ψ], (1)

where g is a dimensionless coupling constant, φ is a real and massive Klein-Gordon field, ψ is the Dirac
field, and LM[ψ] is the matter action. This model shall be relevant because it will work as a simple
example for calculating the dimensional reduction in theories with SSB.

The equation of motion for φ is promptly obtained from Eq. (1) and reads

(−□+ m2)φ(x) = J(x), (2)

where □ is the d’Alembertian operator and J(x) ≡ −gψ̄ψ(x) works as an external source for the scalar
field. The solutions of Eq. (2) are obtained by inverting the differential operator, i.e,

φ(x) =
∫

d4y G4D(x − y)J(y), (3)

where

G4D(x − y) =
∫ d4kE

(2π)4
eik(x−y)

k2
E + m2

(4)
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is the Fourier transform of the scalar-field propagator. Equation (4), within the static-limit, provides
the Yukawa potential. Hence, after using k2

E = k2
0 + k2

1 + k2
2 + k2

3 with k0 → 0 [16], we find

V(r) =
∫ d3kE

(2π)3
eikr

k2
E + m2

=
e−|m|r

4πr
, (5)

where the inverse of m is the interaction length of the model and r2 = (x1 − y1)
2 + (x2 − y2)

2 + (x3 −
y3)

2, as expected.

2.1. From (3+1)D to (2+1)D

For calculating a reduced model, we consider that the dynamics of the matter field is constrained
to the (2+1)-dimensional space-time. This is obtained by assuming that J(y) = J(y0, y1, y2)δ(y3) ≡
J3D(y)δ(y3). Thereafter, we perform a dimensional reduction of the two-point Green function of
the scalar field. Hence, we obtain the scalar-field propagator at x3 = 0, i.e, φ(x) → φ3D(x) ≡
ϕ(x0, x1, x2) = φ(x0, x1, x2, x3 = 0). Furthermore, we also adopt the notation, where the x in ϕ(x)
always do represent the coordinates in the spacetime where the field is defined, hence, for ϕ(x), we
have x = (x0, x1, x2). On the other hand, for φ(x), it follows that x = (x0, x1, x2, x3). The same holds
for loop integrals and propagators in momentum space. After using these conditions in Eq. (3), we find

φ3D(x) =
∫

d3y G3D(x − y)J3D(y), (6)

where

G3D(x − y) =
∫ d3kE

(2π)3
eik(x−y)

2
√

k2
E + m2

(7)

is the Fourier transform of the scalar-field propagator in (2+1) dimensions. This also procudes the
Yukawa potential in Eq. (5). Indeed, after using k2

E = k2
0 + k2

1 + k2
2 with k0 → 0 in Eq. (7), we find

V(r) =
∫ d2kE

(2π)2
eikr

2
√

k2
E + m2

=
e−|m|r

4πr
, (8)

where r2 = (x1 − y1)
2 + (x2 − y2)

2.
The main idea of a reduced model is to obtain a theory that yields the reduced propagator in

Eq. (7). This may be obtained from

L3D =
∂µϕKE[□]∂µϕ

2
+ gϕψ̄ψ + LM[ψ] (9)

with

KE[□] ≡ 2
√
−□+ m2

−□
=

∫ d3kE

(2π)3 eikx
2
√

k2
E + m2

k2
E

. (10)

This model describes the dynamical effects of the Yukawa interaction in the plane and some of its
quantum effects have been discussed in Ref. [17] when coupled to the Dirac field. Obviously, the
Coulomb interaction is promptly obtained by using m → 0 within these calculations. The case of
dimensional reduction to (1+1)D is discussed in App. A.

The derivation of the reduced models is more convenient to be performed in the Euclidean
spacetime [7]. However, for calculating the Coleman-Weinberg potential, we rather consider the action
in the Minkowski space for the sake of comparison with well known results in the literature.
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3. The One-Loop Effective Potential of a Reduced-Scalar Model in (2+1)D

In this section, we discuss the Coleman-Weinberg effective potential of a general scalar action in a
D-dimensional spacetime with a Pseudo-diferential operator. When considering an interaction term
U[ϕ], our toy model action reads

LD =
∂µϕK[□]∂µϕ

2
+ U[ϕ], (11)

where the kernel K[□] is an arbitrary pseudo-differential operator in the Minkowski spacetime. The
calculations using Eq. (11) shall be useful for our purposes in the next sections, where we discuss the
SSB for two-dimensional materials in the light of the PQED formalism.

The partition function of the model is defined as usual and, therefore, reads

Z =
∫

Dφ exp
{

i
∫

dDxLD[ϕ]

}
. (12)

The main idea of the one-loop expansion is to expand the action in Eq. (12), using Eq. (11), up
to order of h̄, see App. B for more details. Thereafter, we replace the quantum field by its vacuum
expectation value (VEV), i.e, ϕ(x) → ⟨ϕ(x)⟩ = ρ, which is acceptable for describing the ground state
of the model through its effective potential Veff(ρ). Therefore, we have

Z = e−iVeff(ρ)Ω, (13)

where Ω =
∫

d3x is a constant factor, namely, the spacetime volume. Having these steps in mind and,
after some algebra, one finds

Veff(ρ) = −U(ρ)− i
2

∫ dDk
(2π)D ln[k2K(k2) + U′′(ρ)], (14)

where U′′(ρ) means the second derivative of U[ρ]. Note that the first term in the rhs of Eq. (14) is the
classical potential and the second term is the quantum correction (in order of h̄). Eq. (14) is how far we
may go for an arbitrary kernel K.

3.1. The case D = 4 and K = 1

This is the most standard case and the effective potential reads [16]

VKG
eff (ρ, µ) = −U(ρ)− (U′′)2

64π2 ln
[

4πµ2

−U′′

]
, (15)

which is derived through the dimensional regularization scheme. Note that µ is a renormalization
point and that VKG

eff (ρ) is expected to be unchanged by a scale transformation in µ. For a classical
potential U[ρ] = λρ4/4! with λ < 0, we conclude that the VEV of the field does not vanish and it is
double degenerated. hence, the discrete symmetry ϕ → −ϕ is broken by the ground state [16]. Our
main goal is to understand what are the effects of considering a pseudo-diferential operator in a scalar
action, regarding the mechanism of SSB. Thereafter, we apply these results for PQED with a Higgs
field.

3.2. The case D = 3 and K = 2/
√
−k2

This is the case where K[□] = 2(□)−1/2 in Eq. (11). This corresponds to a reduced Klein-Gordon
model. Here, we calculate its effective potential, using both the dimensional regularization and the
cutoff regularization. As it shall be clear later, both these methods provide the same logarithmic term
for the effective potential.
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3.2.1. The dimensional regularization scheme

Within this regularization scheme, Eq. (14) is written as

Veff(ρ, µ) = −U(ρ)− iµ3−D

2

∫ dDk
(2π)D ln[k2K[k2] + U′′(ρ)]

≡ −U(ρ) + V1(ρ, µ), (16)

where µ is an energy scale included in order to preseve the units of the integral and V1 is the quantum
correction. In App. C we calculate this correction and obtain

Veff(ρ, µ) = −U(ρ) +
(1/2)D−1Γ[D]2πD/2(−U′′)3

(2π)D4DΓ[D/2]

×
(

µ

−U′′

)(3−D)

Γ[1 − D]. (17)

Expanding Eq. (17) around D → 3, we have

Veff(ρ, µ) = −U(ρ)− (U′′)3

48π2

×
[

1
2(3 − D)

+
3
4
− γ

2
+

1
2

ln
(

µ

−U′′

)]
, (18)

where γ ≈ 0.58 is the Euler’s constant. Finally, we use the minimal subtraction scheme (where the
pole of the Gamma function is neglected as well as some extra constants) in Eq. (18) and find the
renormalized effective potential, namely,

Veff(ρ, µ) = −U(ρ)− (U′′)3

96π2 ln
(

µ

−U′′

)
. (19)

Note that Eq. (19) resembles the effective potential of the scalar model in (3+1)D, given by Eq. (15). In
particular, it has an energy-scale term which depends on µ. This is a surprisingly conclusion, because in
an usual scalar theory in (2+1)D, such term does not exist. Obviously, the pseudo-differential operator
plays a central role for this result. Next, let us consider the cutoff regularization scheme, which shall be
useful when we include a finite lattice regulator, as it occurs for effective models in condensed matter
physics [16].

3.2.2. The cutoff regularization scheme

In this case, we also perform the Wick rotation to the Euclidean spacetime, i.e, dDk → idDkE and
k2 → −k2

E. Thereafter, we include an ultraviolet cutoff Λ in the integral, where 0 ≤ kE ≤ Λ in Eq. (14).
Furthermore, for solving this integral, we use that∫

k2
EdkE ln[2kE − U′′] = − 1

12

(
k2

EU′′ + kEU′′2
)

− U′′3

24
ln[2kE − U′′]

+
k3

E
3

ln[2kE − U′′]− k3
E
9

. (20)
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Next, using Eq. (20) in Eq. (14) and expanding this for Λ ≫ U′′, we find

Veff(ρ, Λ) = −U(ρ)− U′′3

288π2 − U′′2Λ
32π2 − U′′Λ2

16π2

− (U′′)3

96π2 ln
(

2Λ
−U′′

)
. (21)

Note that the coefficient of the logarithmic term, i.e, −(U′′)3/96π2 is the same as in Eq. (19). This
is an relevant feature for calculating the beta functions of the theory in Eq. (11), when considering
the continuum limit, i.e, Λ → ∞ [16]. Here, because the dimensional reduction is related to two-
dimensional materials, we consider the case when Λ ∝ 1/a is a large but finite constant, where
a ≈ 10−10m is the lattice parameter for a typical crystal. For example, in graphene and other two-
dimensional materials, we have Λ ≈ 1eV [1].

3.2.3. The vacuum stability of the reduced-scalar model with a ϕ4-self-interaction

For a more straightforward application, let us consider a classical potential given by

U[ϕ] =
M2ϕ2

2
+

λϕ4

4!
, (22)

where M is the bare mass term and λ is the bare coupling constant. The analysis of the vacuum stability
of Eq. (21) is similar to the stability given by the effective potential in Eq. (15), where we consider λ < 0
in order to have a real-valued effective potential. In Figure 1, we plot Eq. (21), using Eq. (22). From
this, we may conclude that the ground state of the system remains symmetric at ρ = 0, hence, no SSB
occurs.
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Figure 1. The effective potential of the reduced-scalar model. We plot Eq. (21) with M = 0, λ = −0.5,
and Λ = 1.0. Note that the local minimum in ρ = 0 is the only acceptable ground state whether we
assume that ρ is always much less than Λ.

Although it is interesting that the reduced model has a similar structure for the 180

effective potential, in comparison to the scalar field in (3+1)D, a few comments have to be 181

addressed. (i) Our example holds for the Z2 symmetry ϕ → −ϕ, however, SSB is defined 182

for continuous symmetries, hence, our calculation works only as a first approximation for 183

calculating SSB. Despite this, the generalization for a complex field is simple and the results 184

are clearly the same; (ii) The effective potential of the scalar field in (2+1)D does not have 185

the logarithmic term [18], which is a striking difference in comparison to both the higher 186

dimensional model (see Eq. (15)) and our reduced-scalar model (see Eq. (21); (iii) Because 187

we are assuming a finite Λ, hence, our effective potential is also finite and we do not need 188

to deal with divergencies. 189

Next, we shall consider a scalar version of PQED with a complex scalar field. This 190

also provides a more physical situation, allowing us to make predictions regarding the 191

interactions between quasiparticles in two-dimensional materials. 192

4. From SSB to the dimensional reduction 193

The static approximation of PQED describes a system of electrons interacting through 194

the Coulomb potential. However, due to screening effects within the two-dimensional 195

material, it is expected that the Coulomb potential becomes a short-range interaction 196

[19]. This mechanism, however, must be considered either before or after the dimensional 197

reduction of the Gauge field. This lead us to two important cases, which we shall consider 198

Figure 1. The effective potential of the reduced-scalar model. We plot Eq. (21) with M = 0, λ = −0.5,
and Λ = 1.0. Note that the local minimum in ρ = 0 is the only acceptable ground state whether we
assume that ρ is always much less than Λ.

Although it is interesting that the reduced model has a similar structure for the effective potential,
in comparison to the scalar field in (3+1)D, a few comments have to be addressed. (i) Our example
holds for the Z2 symmetry ϕ → −ϕ, however, SSB is defined for continuous symmetries, hence, our
calculation works only as a first approximation for calculating SSB. Despite this, the generalization for
a complex field is simple and the results are clearly the same; (ii) The effective potential of the scalar
field in (2+1)D does not have the logarithmic term [18], which is a striking difference in comparison
to both the higher dimensional model (see Eq. (15)) and our reduced-scalar model (see Eq. (21); (iii)
Because we are assuming a finite Λ, hence, our effective potential is also finite and we do not need to
deal with divergencies.
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Next, we shall consider a scalar version of PQED with a complex scalar field. This also pro-
vides a more physical situation, allowing us to make predictions regarding the interactions between
quasiparticles in two-dimensional materials.

4. From SSB to the Dimensional Reduction

The static approximation of PQED describes a system of electrons interacting through the Coulomb
potential. However, due to screening effects within the two-dimensional material, it is expected that
the Coulomb potential becomes a short-range interaction [19]. This mechanism, however, must be
considered either before or after the dimensional reduction of the Gauge field. This lead us to two
important cases, which we shall consider next. First, let us assume that the SSB occurs in (3+1)D and
then we perform the dimensional reduction. Thereafter, we consider the opposite case, where the
Higgs field is included in PQED.

We start with QED4 and include a Higgs field, hence, our action in the Euclidean spacetime reads

LHQED4 =
1
4

F̄µν F̄µν −
1

2α
(∂µ Āµ)2 + |Dµ φ|2 + U[|φ|] + ψ̄(i/∂ − m)ψ + eψ̄γµψĀµ, (23)

where Dµ → ∂µ + igĀµ, with µ = 0, 1, 2, 3, is the covariant derivative and g is the dimensionless
charge of the complex scalar field φ. Āµ is the gauge field and F̄µν = ∂µ Āν − ∂ν Āµ is its field strength
tensor. Furthermore, α is the gauge fixing parameter. Because of charge conservation, this parameter
is not relevant for our purposes, hence, we simply neglect this term. φ is a massive complex scalar
field coined Higgs field and U[|φ|] represents its self-interacting potential. ψ is the Dirac field, which
is meant to describe the quasi-particles in the two-dimensional material [5,9], and m is its bare mass
while e is the dimensionless electric charge.

The standard approach for SSB in Eq. (23) is to consider a polar representation of the scalar
field, i.e, φ(x) = ξ(x)eiθ(x). Furthermore, we assume that U[|φ|] = µ2ξ2/2 + λξ4/4!, where (µ, λ) are
known constants. After some algebra, we conclude that the scalar field θ(x) may be removed from the
model by a gauge transformation, namely, Āµ → Āµ − ∂µθ/g [16]. Hence, we find

LHQED4 =
1
4

F̄µν F̄µν + ∂µξ∂µξ + U[ξ] + g2ξ2 Āµ Āµ + ψ̄(i/∂ − m)ψ + eψ̄γµψĀµ. (24)

Finally, we consider that the Higgs field is in the broken phase and take its lowest-order solution, given
by ξ(x) → ρ0. Therefore,

LHQED4 =
1
4

F̄µν F̄µν + g2ρ2
0 Āµ Āµ + ψ̄(i/∂ − m)ψ + eψ̄γµψĀµ. (25)

Next, we use Eq. (25) for calculating the dimensional reduction. Note that whenever ρ0 ̸= 0 we
may conclude that the Gauge field has acquired a mass-like term. The dimensional reduction, on the
other hand, will follow exactly the same steps as we did in Sec. II. This also may be performed through
the generating functional of the current-current correlation functions, as it has been done in Ref. [7] for
PQED. Hence, it follows that the reduced version of Eq. (25) is

LHRQED =
1
4

F̄µνKE[□]F̄µν + ψ̄(i/∂ − m)ψ

+
1

2α
Āµ∂µKE[□]∂ν Āν + eψ̄γµψĀµ, (26)

which is fully definied in (2+1)D and

KE[□] =
2
√
−□+ 2g2ρ2

0

−□
. (27)
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Despite our notation, the gauge field in Eq. (26) is not the same as in Eq. (23). This model describes
the Yukawa interaction between Dirac-like electrons that are confined to move, for example, in a
two-dimensional material [17]. Furthermore, because of the SSB, the interaction become short-ranged
and given by

V(r) =
e−

√
2gρ0r

4πr
, (28)

which is obtained similarly to the calculations in Sec. II. The mechanism we use in this section does
not allow us to discuss further about SSB. Indeed, it occurs in the higher dimensional model and we
simply performed the dimensional reduction. Nevertheless, we could also consider that the Higgs
mechanism is driven in (2+1)D instead of in (3+1)D. In this new case, we should also ask whether the
effective potential is minimized in the broken phase or not.

5. From Dimensional Reduction to SSB

In this section, we consider a different path for discussing SSB in PQED. Here, we start with
PQED and then include a Higgs field, in the Minkowski spacetime, for calculating the SSB. In this case,
we may use some results in Sec. III regarding the loop integrals. Therefore, we have

LHPQED = −1
2

Fµν(□)−1/2Fµν + |Dµϕ|2 − 1
2α

(∂µ Aµ)2

(□)1/2 + U[|ϕ|], (29)

where the subscript HPQED stands for Higgs-PQED, Dµ → ∂µ + ieAµ, with µ = 0, 1, 2, is the covariant
derivative, and e is the dimensionless electric charge of the complex scalar field ϕ. Aµ is the gauge
field of PQED, Fµν = ∂µ Aν − ∂ν Aµ is its field strength tensor, and α is the gauge-fixing parameter. ϕ

is a massive complex scalar field, coined Higgs field, and U[|ϕ|] represents its symmetry-breaking
potential. We neglect the Dirac term, because it does not play any role regarding the SSB and may be
included later.

The model in Eq. (29) has been investigated in the perturbation theory in Ref. [19], within the
symmetric phase. Here, we shall discuss its broken phase in the light of the effective potential. For
the sake of simplicity, we assume the Feynman gauge, where the longitudinal part of the gauge-field
propagator vanishes. As matter of fact, the effective potential in scalar QED4 is also gauge-dependent.
Nevertheless, the physical predictions, such as the ratio between the masses of both gauge and scalar
fields, are expected to independent on α [16]. Using the one-loop approximation, we may expand the
action as

LHPQED = Aµ(□)1/2 Aµ − ieAµ[ϕ
∗(∂µϕ)− (∂µϕ∗)ϕ]

− ϕ∗□ϕ + e2 Aµ Aµ|ϕ|2 + U[|ϕ|]. (30)

Next, we consider the one-loop approximation for calculating the effective potential. Similar to the
calculation in Sec. III, we assume that the scalar field may have a nonzero VEV, such that ⟨ϕ⟩ = ρ and
⟨Aµ⟩ = 0. Using these assumptions in Eq. (30), and after neglecting some irrelevant constants, we find

VHPQED
eff (ρ) = −U(ρ)− i

∫ d3k
(2π)3 ln[k2 + U′′]

− 3i
2

∫ d3k
(2π)3 ln[(−k2)1/2 + e2ρ2]. (31)

Eq. (31) is the main result of this section and should be compared to the standard scalar-QED
in (2+1)D [18]. In order to do so, we must replace (−k2)1/2 → (−k)2 for describing the Maxwell
propagator. In this case, we may conclude that the quantum corrections to the effective potential
are finite in the sense that they do not have the logarithmic term, which depends either on µ or Λ,
depending on the regularization scheme. Here, nevertheless, the third term in rhs of Eq. (31) provides a
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logarithmic term, such as in the previous case of the reduced-scalar model. This term is clearly related
to the pseudo-differential operator.

5.1. The Higgs term

The second term in the rhs of Eq. (31) is the Higgs-field contribution to the effective potential.
Within the cutoff regularization, after going to the Euclidean space, it yields

1
2π2

∫ Λ

0
k2

EdkE ln
[
k2

E − U′′
]
. (32)

After solving the integral over kE, keeping only the ρ-dependent terms, and expanding for Λ ≫ U′′,
we find

− (U′′Λ)

2π2 − (−U′′)3/2

6π
. (33)

A Maxwell-like propagator for the gauge field would essentially provide a similar result.

5.2. The PQED term

The third term in the rhs of Eq. (31) is the PQED contribution. Using the same assumptions as
before, it yields

3
4π2

∫ Λ

0
k2

EdkE ln
[
kE + e2ρ2

]
. (34)

Solving the integral over kE and expanding for Λ ≫ e2ρ2, see Eq. (20), we have

(e2ρ2)3

12π2 − 3Λe4ρ4

8π2 +
3Λ2e2ρ2

8π2 +
3(e2ρ2)3

24π2 ln
(

Λ2

(e2ρ2)2

)
. (35)

Note that due to the pseudo-differential operator we have obtained a logarithmic term that resembles
the standard effective potential in the scalar QED in (3+1)D [16].

5.3. The Effective Potential

Finally, the effective potential, after taking the two terms, reads

VHPQED
eff (ρ, Λ) = −U(ρ)− (U′′Λ)

2π2 − (−U′′)3/2

6π
+

(e2ρ2)3

12π2 − 3Λe4ρ4

8π2

+
3Λ2e2ρ2

8π2 +
3(e2ρ2)3

24π2 ln
(

Λ2

(e2ρ2)2

)
. (36)

Next, let us discuss the possibility of finding a symmetry-breaking solution in Eq. (36). Let us consider
a classical potential, given by Eq. (22) with M2 = 0. In this case, we find a stable ground state at ρ = 0
and the effective potential resembles Fig. 1. Otherwise, when λ > 0, we do not have a real-valued
potential.

Although our results indicate that HPQED does not admits a SSB at one-loop approximation, we
could also imagine that the scalar field has a nonzero VEV at tree level, i.e, an explicit breaking of
symmetry. In this case, the interaction between the electrons is given by a two-dimensional Fourier
transform of 1/(2

√
p2 + 2e2ρ2

0). Indeed, such result has been considered in Ref. [20] in the light of
superconductivity driven by a topological phase transition. Clearly, this is quite different in comparison
to the Yukawa potential we have discussed in Sec. IV. Indeed, it is not hard to conclude that the resulting
potential behaves as ln(r) for r → 0 and goes to zero as r → ∞. This only proves the need of taking
care between the order of the dimensional reduction and SSB.
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6. Summary

The major relevance of SSB is in describing quantum states of matter, such as ferromagnetism and
superconductivity. This is typically made by considering a Landau-Ginzburg theory [21]. For field
theories, scalar QED4 is a relativistic generalization of the Landau-Ginzburg theory, where the Dirac
field of QED4 is replaced by a scalar field with a self-interacting term [16]. However, when considering
a (2+1)D version of scalar QED, one concludes that the effective potential behaves quite different in
comparison with the higher-dimensional version of the model. For example, its effective potential
trivially obeys the renormalization group equation [18]. Indeed, because the spatial dimension is
reduced by one, hence, the ultraviolet divergences are reduced and all of the beta functions vanish.

In order to have a proper description of the electronic interactions between electrons in a
condensed-matter system, we must consider the reduced version of QED4, namely, PQED [7]. This
dimensional reduction also may be performed to preserve the Yukawa interaction in the plane [17].
Here, we show that the SSB does not occur in PQED, using the one-loop approximation within the
background field method. Although we have considered a real scalar field, the generalization for
the complex field is straightforward. Thereafter, we consider the Abelian version of scalar PQED in
(2+1)D. In this case, we must be careful about the order in which we realize both the SSB and the
dimensional reduction. When the SSB is considered in scalar QED4, hence, after the dimensional
reduction, we obtain a version of PQED that describes the Yukawa interaction between electrons in
(2+1)D. Nevertheless, starting with PQED and coupling it to a scalar field, we realize that SSB is not
realized and the system remains in its symmetric phase. Obviously, our approach is not the only path
for describing screening effects and it only has the virtue that it follows from a quite simple and well
known method, namely, the coupling of the gauge and scalar fields. Indeed, screening effects due
to the fermionic loop are also considered in literature of quantum field theory [16] and may also be
relevant for two-dimensional materials [10].

It would be interesting to investigate the SSB in the Abelian PQED where both the gauge and
scalar fields have a pseudo-differential operator as well as the effect of including a thermal bath. We
shall discuss this elsewhere.
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7. From (3+1)D to (1+1)D

In this case, we have to consider J(y) = J(y0, y1)δ(y2)δ(y3) and φ(x) → φ2D(x; a) ≡ Θ(x0, x1; a) =
φ(x0, x1, x2 = a, x3 = 0). Note that, for the sake of convenience, we have introduced a scale parameter
x2 = a. Similarly to the previous case, we obtain

φ2D(x; a) =
∫

d2y G2D(x − y; a)J2D(y), (37)

where

G2D(x − y; a) =
∫ d2kE

(2π)2 eik(x−y) K0(
√

k2 + m2a)
2π

(38)
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is the Fourier transform of the scalar-field propagator in (1+1) dimensions. K0 is the modified Bessel
function of second kind. Obviously, this also procudes the Yukawa potential in Eq. (5), but the
derivation is more subtle.

The static potential may be obtained by using k2
E = k2

0 + k2
1 with k0 → 0 in Eq. (38), hence,

V(x1; a) =
∫ +∞

−∞

dk1

(2π)
eik1x1

K0(
√

k2
1 + m2a)

2π
. (39)

Next, we use a parametrization in ξ, given by

K0(
√

k2
1 + m2a)

2π
=

∫ +∞

−∞

dξ

2π

eiξa

2
√

ξ2 + k2
1 + m2

. (40)

Using Eq. (40) in Eq. (39) and changing variables to ρ2 = k2
1 + ξ2 and tan θ = k1/ξ, after some algebra,

we find

V(x1; a) =
∫ ∞

0

ρdρ

4π

J0(ρR)√
ρ2 + m2

, (41)

where R2 = x2
1 + a2. Finally, solving the integral over ρ in Eq. (41) and using a → 0, we have

V(x1) =
e−|mx1|

4π|x1|
, (42)

which is the Yukawa potential in (1+1) dimensions.
Similarly to the previous case in Eq. (9), we may define a full action in (1+1)D that generates the

scalar-field propagator in Eq. (38), given by

L2D =
∂µΘL[□]∂µΘ

2
+ gΘψ̄ψ + LM[ψ], (43)

where

L[□] ≡ 2π

(−□)K0(
√
−□+ m2a)

=
∫ d2kE

(2π)2 eikx 2π

k2
EK0(

√
k2

E + m2a)
. (44)

This concludes our general example of reduced models. Our main results are easily generalized for
gauge theories, such as QED4.

8. The one-loop approximation

In this appendix, we derive Eq. (14). We start with Eq. (12) and perform an expansion for
ϕ(x) ≈ ϕcl(x), given by

LD[ϕ] = LD[ϕcl ] +
δLD

δϕ
|ϕ=φcl (ϕ − ϕcl)

+
1
2

δ2LD

δϕδϕ
|ϕ=ϕcl (ϕ − ϕcl)

2 + ..., (45)
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where the classical field ϕcl(x) is just a solution of the equation of motion. In particular, from Eq. (11),
note that

δ2LD

δϕδϕ
= (−□)K+ U′′ = G−1

ϕ [−□] + U′′, (46)

where G−1
ϕ [−□] ≡ (−□)K is, essentially, the inverse of the free propagator of the scalar field. Using

Eq. (45) and Eq. (46) in Eq. (12), we find

Z = eiScl[ϕcl]
∫

Dϕ̄ exp
{

i
1
2

ϕ̄[G−1
ϕ [−□] + U′′]ϕ̄

}
, (47)

where ϕ̄ → ϕ − ϕcl . Solving the integral over ϕ̄ in Eq. (47) yields

Z = eiScl[ϕcl] det{−i[G−1
ϕ [−□] + U′′]}−1/2. (48)

Next, we use that det A = exp{Tr} ln A, where Tr is a trace operation over the space of the arbritary
matrix A, i.e, Tr ln A =

∫
dDx⟨x| ln A|x⟩. Therefore,

− 1
2

∫
dDx⟨x| ln[G−1

ϕ [−□] + U′′]|x⟩ =

− Ω
2

∫ dDk
(2π)D ln[G−1

ϕ (k) + U′′], (49)

where Ω =
∫

dDx and an irrelevant −i factor has been eliminated in the first line of Eq. (49). The rhs
of Eq. (49) is the one-loop quantum correction, proportional to h̄, and we write this as ΩV1[ϕcl]. Hence,
using Eq. (49) in Eq. (48), we have

Z = eiScl[ϕcl]+ΩV1[ϕcl]. (50)

Finally, having in mind the constant field configuration where ϕcl(x) → ρ, we find that Scl[ϕcl] →
ΩU(ρ). Therefore, after comparing Eq. (50) and Eq. (49) with Eq. (13), it follows Eq. (14).

9. The D-Dimensional Integral for the Reduced Model

In this appendix, we calculate Eq. (17). Firstly, we must convert the D-dimensional integral to the
Euclidean spacetime, which is easily performed by using k2 → −k2

E and dDk → idDkE. Hence, we find

V1(ρ, µ) =
µ3−D

2

∫ dDkE

(2π)D ln[2
√

k2
E − U′′(ρ)]. (51)

Next, we derive Eq. (14) in respect to U′′, hence, we find

dV1

dU′′ = −µ3−D

2

∫ dDkE

(2π)D
1

2
√

k2
E − U′′(ρ)

. (52)

For solving the integral in Eq. (52), we use the following identity

∫ dDkE

(2π)D
1√

k2
E + A

=
2πD/2

Γ[D/2]
AD−1

(2π)D Γ[D]Γ[1 − D], (53)

where A is an arbitrary constant. Using Eq. (53) in Eq. (52) and integrating over U′′, one finds Eq. (17).
It is interesting to notice that Eq. (53) is not the same as the D-dimensional integral we would find

for the usual scalar theory, where the denominator would be like k2
E + A. Hence, let us briefly derive
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Eq. (53). Let us call ID as the lhs of Eq. (53) and use dDkE = kD−1
E dkE SD, where SD = 2πD/2/Γ[D/2].

Thereafter, we make a variable change to x ≡ A/(k + A) and, after some algebra, we find

ID =
SD

(2π)D AD−1
∫ 1

0
dxx−D(1 − x)D−1. (54)

The beta function B(a, b) reads

B(a, b) =
Γ[a]Γ[b]
Γ[a + b]

=
∫ 1

0
dxxa−1(1 − x)b−1, (55)

where a and b are real positive constants. After using the identity in Eq. (55) into Eq. (54), we find
Eq. (53).

10. The Dimensional Reduction of the QED4 theory coupled with Higgs field

In this appendix, we calculate the dimensional reduction of Eq. (23). Firstly, we expand∣∣Dµ φ
∣∣2 = ∂µ φ∗∂µ φ − igĀµ[φ∗∂µ φ − φ∂µ φ∗] + g2 Āµ Āµ φ2. (56)

Next, we the scalar field is written as φ(x) = ξ(x)eiθ(x), where (ξ, θ) are real-valued functions. Hence,
it follows that ∣∣Dµ φ

∣∣2 = ∂µξ∂µξ + ξ2∂µθ∂µθ + 2gξ2 Āµ∂µθ + g2 Āµ Āµξ2. (57)

After using the gauge transformation Āµ → Āµ − ∂µθ/g, we can eliminate the θ(x) dependence on
the model and obtain ∣∣Dµ φ

∣∣2 = ∂µξ∂µξ + g2ξ2 Āµ Āµ. (58)

This is essentially given in Eq. (24). Furthermore, we consider that the Higgs field is in the broken
phase and take its lowest-order solution, given by ξ(x) → ρ0 and find Eq. (25).

In order to perform the dimensional reduction, we set the generating functional of the Green
functions for Aµ, namely,

Z = Z0

∫
DĀµe−

∫
d4x[ 1

4 F̄µν F̄µν− 1
2α (∂µ Āµ)2+g2ρ2

0 Āµ Āµ+ejµ Āµ], (59)

The first two terms of the gauge field action are conveniently written as

1
4

F̄µν F̄µν − 1
2α

(∂µ Āµ)2 = −1
2

Āµ

[
−δµν□−

(
1 +

1
α

)
∂µ∂ν

]
Āν. (60)

Nevertheless, because the theory is gauge invariant we may neglect the gauge-dependent term, for
when it is coupled to a current it vanishes. Next, we use the following identity∫

DφBe−
1
2
∫

dx[φBKφB ]+
∫

dxφB J = det{K}−1/2e
1
2
∫

dx[JK−1 J], (61)

which holds for any bosonic field φB. Furthermore, K is an arbitrary matrix and J is an external source.
Therefore, we have

Z =
Z0

e

∫
D(eĀµ)e

−
∫

d4x
[

1
2 (eAµ)

[−□δµν+2g2ρ2
0δµν ]

e2 (eAν)+jµ(eĀµ)

]

=
Z0

e
det

{
(−□+ 2g2ρ2

0)/e2
}−4/2

e
∫

d4x
[

e2
2 jµ 1

(−□+2g2ρ2
0)

jµ

]
. (62)
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Obviously, we may use the fact that the physics is unchanged by modifying the constant Z0 and obtain

Z[jµ] = e
−
∫

d4x
[
− e2

2 jµ 1
(−□+2g2ρ2

0)
jµ

]
, (63)

where it is defined that Z[0] = 1. Now, we confine the charges to move in a two-dimensional space,
using the condition

jµ =

{
j3D
µ (x0, x1, x2)δ(x3), µ = 0, 1, 2

0, µ = 3
. (64)

Therefore,

1
−□+ 2g2ρ2

0

∣∣∣∣
x3=y3=0

=
∫ d4k

(2π)4
eik(x−y)

k2 + 2g2ρ2
0

∣∣∣∣
x3=y3=0

=
∫ d4k

(2π)4
eik3D(x−y)

k2
3 + k2

3D + 2g2ρ2
0

=
∫ d3k

(2π)3 eik3D(x−y)
∫ +∞

−∞

dk3

2π

1
k2

3 + k2
3D + 2g2ρ2

0

=
∫ d3k

(2π)3
eik3D(x−y)

2
√

k2
3D + 2g2ρ2

0

=
1
2

1
(−□3D + 2g2ρ2

0)
1/2

. (65)

Hence, we obtain the generating functional, given by

Z = e
−
∫

d3x
[
− e2

2 jµ3D
1
2

1
(−□3D+2g2ρ2

0)
1/2 j3D

µ

]
. (66)

Finally, it is fair to conclude that the effective action associated with this generating functional is given
by Eq. (26).
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15. Jablan M.; Soljačić M.; Buljan H. Effects of screening on the optical absorption in graphene and in metallic
monolayers, Phys. Rev. B 89, 085415 (2014)

16. Gomes M. O. C. Teoria Quântica dos Campos, second edition, EdUSP, São Paulo, Brazil, 2015; Schwartz M. D.;
Quantum Field Theory and the Standard Model, first edition, Cambridge University Press, United Kingdom,
2013.

17. Alves V. S.; Macrì T.; Magalhães G. C.; Marino E. C.; Nascimento L. O. Two-dimensional Yukawa interactions
from nonlocal Proca quantum electrodynamics. Phys. Rev. D 97, 096003 (2018).

18. Khalil S. S. Effective potential for scalar QED in (2+1) dimensions. International Journal of Theoretical Physics
35, 2603–2607 (1996).

19. Pará Y.; Alves V. S.; Macrì T.; Marino E. C.; Nascimento L. O. Bosonic interactions in a nonlocal theory in
(2+1) dimensions, Phys. Rev. D 100, 085010 (2019).

20. Kovner A.; Rosenstein B. Kosterlitz-Thouless mechanism of two-dimensional superconductivity. Phys. Rev.
B 42, 4748 (1990).

21. Bernevig B. A.; Hughes T. Topological Insulators and Topological Superconductors. Princeton University Press,
(2013); Shen S.-Q. Topological Insulators Dirac Equation in Condensed Matter. Spring Series in Solid-State
Sciences, (2012); Hasan M. Z.; Kane C. L. Colloquium: Topological Insulators. Rev. Mod. Phys. 82, 3045, (2010).

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 April 2024                   doi:10.20944/preprints202404.1706.v1

https://doi.org/10.20944/preprints202404.1706.v1

	Introduction
	The Reduced Models
	From (3+1)D to (2+1)D

	The One-Loop Effective Potential of a Reduced-Scalar Model in (2+1)D
	The case D=4 and K=1
	The case D=3 and K=2/-k2
	The dimensional regularization scheme
	The cutoff regularization scheme
	The vacuum stability of the reduced-scalar model with a 4-self-interaction


	From SSB to the dimensional reduction
	From Dimensional reduction to SSB
	The Higgs term
	The PQED term
	The Effective Potential

	Summary
	From (3+1)D to (1+1)D
	The one-loop approximation
	The D-Dimensional Integral for the Reduced Model
	The Dimensional Reduction of the QED4 theory coupled with Higgs field
	References

