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Abstract: Let a,b,c be positive integers such that a> + b? = ¢2,2|b, ged(a,b) = 1. In 1956, Jesmanowicz conjectured
that for any positive integer w, the only solution of (aw)* + (bw)¥ = (cw)? in positive integers is (x, y, z) = (2, 2,
2). In this paper, based on Gaussian integer ring, we show that JeSmanowicz’ conjecture is true for any positive
integer w > 1.

Keywords: JeSmanowicz conjecture; Diophantine equation; Gaussian integer ring; 4k + 1 type prime number

1. Notation
N: Set of positive integers.
Zlij={z=x+yi:xy € N,i = v/—1}:Gaussian integer ring.
x + yi: Pythagorean Gaussian integer, where x,y € N™,x > y,2|xy, gcd(x,y) = 1.
All circles are centered at the origin of the complex plane.

2. Introduction

Leta,b,c € NT satisfy a%> + b* = c?, where 2|b, gcd(a,b) = 1. Such a triplet (a,b,¢c) is called a
Pythagorean triple. In 1956, Jesmanowicz conjectured that for any positive integer w, the only solution
of

(aw)* + (bw)Y = (cw)?,  x,y,z€ NT (1)

in positive integers is (x,y,z) = (2,2,2). This is a unsolved problem on Pythagorean numbers. In the
same year, Sierpinéki[2] proved that the equation 3* +4Y = 5% has x = y = z = 2 as its only solution in
positive integers. Jesmanowicz[1] showed thatwhen (a,b,¢) € {(5,12,13), (7,24,25), (9,40,41), (11,60,61) },
the equation (1) has only the solution (x,y,z) = (2,2,2). Ma and Chen[5] proved that if 4 { mn, then
the equation

(m? — n?)* + 2mn)Y = (m?> +n?)%,y >2

only has the positive integer solution (x,y,z) = (2,2,2). M.Tang[4] showed that Jesmanowicz’ con-
jecture is true for Pythagorean triples (a,b,¢c) = (sz —1,227'+1 22 1 1) Tt should be emphasized
that this is the first paper to prove JeSmanowicz’ conjecture holds on an infinite subset of Pythagorean
triples (a, b, c).

Research shows that ¢ in Pythagorean triple (a,b, ¢), each prime factor of which is a prime number
modulo 4 with remainder 1, and both ¢ and its prime factors can be factorized on the Gaussian integer
ring. Based on these characteristics, we obtain the following result.

Theorem 1. If & = pi'p3 - pi* -+ - pin(m > 1,e, > 1) and the prime factor py = 1( mod 4), then
1) On the circumference with a radius equal to | there are 2™~1 Pythagorean Gaussian integers
q ytnag 8!
K + iﬁk(l <k< 2m71>.
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()2) On this circumference with a radius equal to (/)" (n > 2), there are always 2™~ Pythagorean
Guaussian integers (ay + ify)".

(3) On the circumference with a radius equal to (\/¢)" (n > 2), the real part and imaginary part of the kth
Pythagorean Gaussian integer are polynomials about wy and Py.

Lemma 1. If a positive integer ¢ contains at least one prime factor of type 4k+3, then there is no Pythagorean
Gaussian integer on the circumference with a radius of (1/¢)"(n > 1).

Theorem 2. For each Pythagorean triplet (a, b, c), the Diophantine equation
a* + b = c* (2)
only has the solution (x,y,z) = (2,2,2).
Theorem 3. For each Pythagorean triplet (a,b,c) and any w € N, the Diophantine equation
(aw)* + (bw)’ = (cw)* 3)
only has the solution (x,y,z) = (2,2,2).

3. The Basic Properties of Prime Number

Assuming the prime number p = 1( mod 4). On the integer ring, it can be uniquely represented
asp = a®+ B?, wherea, p € N*,gcd(a, B) = 1, > B. However, on Z[i], p is not a prime number and
has four different factorizations.

= (a+ Bi)(a — Bi) (4)
p=(—a+pi)(—a—pi) (5)
= (B+ai)(B — ai) (6)
= (=B +ai)(—p —ai) 7)

The formula (4) is called the main decomposition formula, and the other three formulas are called

Figure 1. The four conjugate pairs of p

auxiliary decomposition formulas. These complex numbers in the four decomposition formulas are
Gaussian integers on the circumference with the radius equal to /p, as shown in Figure 1. Among
these 8 complex numbers, only « + i is a Pythagorean Gaussian integer, and the other 7 complex
numbers are called the images of « + Bi. Define a transformation function ©(z) that maps the images
to Pythagorean Gaussian integers.

4. Lemmas

Let p be a prime number satisfying p = 1( mod 4), and p = a? + p%, where & > B and
ged(a, B) = 1. For any positive integer n, there is only one Pythagorean Gaussian integer on the
circumference of a circle with radius (,/p)".

Proof. Proof. On Z[i], the primary decomposition of p is

(vP)* = (x+ip)(a —ip).
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n power on both sides of the equation, we have
[(VP))" = [(a +ip) (x — i)]"
[(vP)"]? = (2 +iB)" (a — iB)" 8)

Due to Both (« + iB)" and (« — iB)" have no integer factors, there are only Pythagorean Gaussian
integer ©((a +iB)") on the circumference of radius (,/p)"(n > 1).

This completes the proof of Lemma 4 g
O

According to Lemma 4, we obtain an ordered set

Alypa+ip) = {a+iB,O((a+ip)?), -, O((a+ip)"), - }. ©)

It is not difficult to see that the Gaussian integer ©((« + iB)*) in the set A(,/p,x +ip), its real part,
imaginary part, and radius (\/;7)2" of the circle, form a Pythagorean triple.
For example:

A(V5,2+i) = {2+i,0(2+0)), - ,0(2+1)"), -}

O((2 4 1)?) in the set is a Gaussian integer on a circumference with radius equal to (1/5)?, and its real

and imaginary parts are
RO((2+1)%)] = 4,3[0((2+1)*)] =3

It is evident that (3,4, 5) is a Pythagorean triple.
If ¢ =piip-- p- - pi(k > 1,¢r > 1) and the prime factor p; = 1( mod 4), then there are
2"~1 Pythagorean Gaussian integers on the circumference with a radius equal to /Z.

Proof. Proof. Let
pr = (ax + i) (ax — iBx)

According to Lemma 4, ¢ can be decomposed on Z[i] as
¢= pil pEe P
H[(wk + iBr) (e — i) |

= T+ 8800 e — )]

where

m
Hg ) € {(a + i)™, (ax — iB)*}-
k=
Since there are two choices for g(k), x(&) has 2"~ distinct values, denoted as

x1(8), x2(8), -+ xom-1(8).

Representing these numbers as an ordered set, we have

Circle(\/€) = {ux +ivg : 1 <k < 2" L = R[O(xx(6))], v = I[O(xx(6))]}- (10)
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It follows that there are 2" ~! Pythagorean Gaussian integers on the circumference with a radius equal

to /C.

This completes the proof of Lemma 4 O
O

For example.
¢=5-13-17 = (14 2i)(1 —2i) (3 +2i)(3 — 2i)(1 + 4i) (1 — 4i).
From the above,we get
x1(8) = O((142i)(3+2i)(1+4i)) =33+ 4i
X2(8) =O((1+2i)(3+2i)(1—4i)) =31+12i
x3(&) =O((1+2i)(3—2i)(1+4i)) =23+ 24i
Xa(C) =O((1+2i)(3—2i)(1—4i)) =32+9i

namely
Circle(v/5-13-17) = {33 +4i,32 4 91,31 + 12i,23 + 24i}

If ¢ =pip--pk-- pir(k >1,e, > 1) and py = 1( mod 4), then the number of Pythagorean
Gaussian integers on the circumference with a radius equal to (/)" depends only on the number of
prime factors of ¢ and is independent of the exponent #.

Proof. Proof. Let
pr = (ax +iBr) (ax — ify)
Based on the conditions, we have

€1 ,,62

&= (prpg--pi )
= [ J[(ox + iBr) (ax — i) )"

k=1
(V)] ﬁ [(og + iBr)"* (o — iBr)"*]
k=1
Set
(VO = w(w(E)
where "
w(g") = kH h(k), h(k) € {(ax +iBx)"*, (ax —iBr)"* }.
=1

Based on the values of /(k), we obtain 2" ~! distinct values for w(¢"). Using Lemma 4 and the
expression for wi(&"), we have

wi (") = xg (§)- (11)

By (11) and the ordered set (10), We obtain an ordered set of 2" ~! Pythagorean Gaussian integers on
the circumference with a radius equal to (/¢)"

Circle(\/€') = {wi(€") = (g +ivp)" : 1 < k < 2",y = RO((E))], vx = SOk (€))]}. (12)

This completes the proof of Lemma 4 o O
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Let uy + ivy € Circle(1/Z). Based on Lemma 4, we obtain the ordered set

AW u +ivg) = {ug +ivg, (ug +ivg)?, -+, (ug +ivg)", - 1. (13)

For example.
¢=5-13-17=(142i)(1 —2i)(3+2i)(3 — 2i)(1 + 4i)(1 — 4i)

Circle(v'5-13-17) = {33 +4i,31 + 12i,23 + 241,32 + 9i}
Circle(V/5-13-17") = {©(33 + 4i)", ©(31 + 12i)", ©(23 + 24i)", ©(32 + 9i)"}
Taking 31 + 12i € Circle(+/5-13 - 17), the ordered set generated by it is
A(V5-13-17,31 +12i) = {31 +12i, (31 +12i)%,- -, (31 + 12i)", - - }.

5. Proof of theorem 1

Proof. Proof. Lemma 4 and 4 are the proofs of parts (1) and (2) of Theorem 1, respectively. Here we
focus on proving part (3) of Theorem 1. Consider the mth Gaussian integer (1 + ivg)™ in the ordered
set A(\/C, uy + ivg), where its real part and imaginary part satisfy the following relationship with the
radius (/&)™ of the circle

[(VE)™? = (R(uy + iv)™)? + (I (ug + ivg)™).

We discuss the properties of the real and imaginary parts of Gaussian integer (1 + ivy)™ when m = 2n
and m = 2n + 1, respectively.

(1). The circle with a radius equal to (1/Z)*"(n > 1)
Consider the 2nth term in the set (13)
(tn + i00)*" = (a0 +Bn)"
where «;,, = u% — v%, Bn = 2uy,vy. Correspondingly,
(V&7 = (Rl(an +in)"])? + (S[(an + iBn)"])?
Without loss of generality, set &« = ay, p = Bn, 4 = Uy, v = v,. Expand (« + iB)" as a binomial

n

(a+iB)" = a" + <1>1x”_1(iﬁ) + (;) a"2(iB)2 + -+ (n " 1)04(1',3)"—1 L) (14)

e When n = 0( mod 2), by (14),we have

Rl(a+ip)"] = o — (Z) "B 4 (Z) WA T (n " 2) 2B+ B (15)

S[(a 4 iB)"] = <’11> an1g <§> T I (n " 3> 313 4 <711> wpi—l (16)
According to (15) and (16), we obtain
Ri(a+iB)"] #0( mod a),

Rl(a+ip)"] # 0( mod p),
S[(a+iB)"] =0( mod «ap).
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Therefore, both formulas (15) and (16) are polynomials in terms of « and f, rather than values in the
form of a* and BY.

* Whenn = 1( mod 2), from (14) we get

Rl(a+if)"] = a" — <Z> W2t (n " 3) 3BT 4 (’;) ap=1 (17)

Slw+ip)"] = <711> "B~ (g) W4T (n " 2) 2B+ gt (18)
Suppose that g is even. From « # B( mod 2) and equation (18), we have
S[(a+iB)"] = na" 1B #0( mod p?),

S[(a+if)"] = p" #0( mod «).
Therefore, the equation (18) is a polynomial about « and S.
(2). This circle with a radius of (/Z)**"*1(n > 1)
Considering (13), the 21 + 1 term in the set

(un + ivn)Z"Jrl = (un +ivy) (ay +iBn)"

where «;,, = u,% — v,%, Bn = 2uy,vy,. Correspondingly,

(VE2 = (Rl + iBa)" (un + 1)) + (S (@ + iBn)" (ttn + i04)])*
Seta =y, p = Bu, U = Uy, v = vy, we have

R[(«+iB)" (u+0vi)] = R[(a +iB)"] - u — S[(a +iB)"] - v (19)

S[(a+iB)" (u+vi)] = R[(a +iB)"] - v+ S[(a +iB)"] - u (20)

e When n = 1( mod 2), substituting equations (17) and (18) into equations (19) and (20), we
obtain

R[(« +1B)" (u +vi)] = u [a” _ (;) a2 (n i 3) B3+ <711) “‘Bn—1:|

U|:(1I>“n—1ﬁ_ (Z)an—3ﬁ3+...;(niz)“zﬁn—ziﬁn}

Sl(a+ip)" (u+o0i)] =v [an - (Z) WP F (n - 3) wpT (711) “'Bnl]

+u[<717>“n—1ﬁ (g)“n_3ﬁ3+'"jF(niz)“zﬁn_ziﬁn]

From the above two equations, we obtain

R[(a+iB)" (u +vi)] #0( mod w),

Rl(w+1ip)"(u +vi)] # 0( mod p),


https://doi.org/10.20944/preprints202404.1559.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 April 2024 d0i:10.20944/preprints202404.1559.v1

7 of 9

S[(a+iB)" (u +vi)] #0( mod w),
3[(a+iB)" (u+ i) #0( mod B).
Therefore, equations (19) and (20) are polynomials in & and j, not values of the type a* and pY.

e When n = 0( mod 2), substituting equations (15) and (16) into equations (19) and (20), we
obtain

R[(a +iB)" (1 + vi)] :u{a”— (Z)a”2ﬁ2+( ) gty zp(n” 2) a2~ ziﬁ”}
_U{<T>an1‘3_ <Z>an3ﬁ3+.._ ( n3>a3ﬁn 3i< >aﬁn1}
S +iB)" (u + )] :v[oc”— <Z)1x"_2,62+ <4> "t q:(nnz) 2B zi‘B”]

N

From the above two equations, we get
R[(a +ip)" (u+vi)] #0( mod «),

R[(a+iB)" (u+vi)] #0( mod B),
S[(a+iB)" (u +vi)] # 0( mod «),
S{(w+iB)"(u+0i)] #0( mod ).
Therefore, both equations (19) and (20) are polynomials in & and 8.
O
6. Proof of Theorem 2

Proof. Proof. As is well known, all prime numbers in the form of 4k 4 3 cannot be expressed as the
sum of squares of two coprime positive integers. It is not difficult to deduce that any positive integer
containing at least one 4k + 3 type prime factor also has this property. So, c in the Pythagorean triplet

(a,b,c) must not contain a 4k + 3 type prime factor.

Assume ¢ = qflqu dk --g%(s > 1) and g, = 1( mod 4). According to Lemma 4, there are

25~1 Pythagorean Gaussian 1ntegers on the circumference of a circle with radius /c. Expressing these
integers as an ordered set, we obtain

Circle(ve) = {te = up + i : 1 < k <2571, u, v € N} (21)

According to Lemma 4, we obtain the Gaussian integer set of the Pythagorean type on the
circumference with radius equal to (1/c)"

Circle((v/e)") = {wi(€") = (e +ivg)" : 1 <k <27, ¢" = R(wi ()’ + S(wr(c")?}. (22)
Let n = 2, from (22) we have
Circle(c) = {ay +bi @ ap = uf — 0}, by = 2upvy,, 1<k <2571} (23)
Obviously, a + bi € Circle(c). Suppose that a + bi is the mth number in it, then

AV, um +ivy) = {uy +ivg,a +bi, - ,O((ty + ivy)"), -+ }. (24)
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It is clear that the set (24) is equivalent to the set (13). According to Theorem 1, for any n > 2, the real
and imaginary parts of each Gaussian integer of the Pythagorean type in this set are polynomials in a
and b, that is, a¥ + b¥ = ¢* only when x=y=z=2.

This completes the proof of Theorem 2 [

7. Proof of Theorem 3

circles with a ratio of their radii equal to w, as shown in Figure 2. Let’s assume that ¢ = q;'q,” - - - q5°.
According to Lemma 4, we obtain a set of Pythagorean Gaussian integers on the circumference with a
radius equal to \/cw

Circle(v/ew) = {1 = wew + vpwi = 1 < k <2571, uy, v € NT} (25)

According to Lemma 4, we obtain the Gaussian integer set of the Pythagorean type on the circumference
with radius equal to (y/cw)"

Circle((v/ew)") = {(upw + ivgw)™ : 1 < k < 2" 1}, (26)
Set n = 2, by (26), we get
Circle(cw) = {mw + bwi  :ap = u% — v%, b = 2ueo, 1<k <2571} (27)
Obviously, aw + bwi € Circle(cw). Let’s assume that aw + bwi is the mth number in this set, then
A(Vew, upw + ivyw) = {uyw + ivyw, aw + bwi, - - -, O((upw + ivyw)"), - }. (28)

When we enlarge a circle with radius equal to,/c" to a circle with radius equal to \/cw", the
Gaussian integer (a + bi)" on the original circumference is correspondingly enlarged to (aw + bwi)",
as shown in Figures3 and 4. According to Theorem1 and Theorem 2, the real and imaginary parts of
each Gaussian integer in the set (28) are polynomials in aw and bw, that is,(aw)* + (bw)? = (cw)* has
only one solution for (x,y,z) = (2,2,2).

Figure 2. ®©(c) is magni- Figure 3. ©(c") is magni- Figure 4. ®(c"+/c) is magni-
fied by w times fied by w" times fied by w" /w times

This completes the proof of Theorem 3 [
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