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Abstract: Semenov-Tian-Shansky has introduced the modified classical Yang-Baxter equation, which is called
the modified r-matrix. Relevant studies have been extensive in recent times. This paper is devoted to study
cohomology theory of modified Rota-Baxter pre-Lie algebras and its applications. First we introduce the concept
and representations of modified Rota-Baxter pre-Lie algebras. We then develop the cohomology of modified
Rota-Baxter pre-Lie algebras with coefficients in a suitable representation. As applications, we consider the
infinitesimal deformations, abelian extensions and skeletal modified Rota-Baxter pre-Lie 2-algebra in terms of

lower degree cohomology groups.
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1. Introduction

Cayley [1] first introduced pre-Lie algebras (also called left-symmetric algebra) in the context
of rooted tree algebras. Independently, Gerstenhaber [2] also introduced pre-Lie algebras in the
deformation theory of rings and algebras. Pre-Lie algebras arose from the study of affine manifolds,
affine structures on Lie groups and convex homogeneous cones [3], and then appeared in in geometry
and physics, such as integrable systems, classical and quantum Yang-Baxter equations [4,5], quantum
field theory, Poisson brackets, operands, complex and symplectic structures on Lie groups and Lie
algebras [6]. See also in [7-15] for some interesting related about pre-Lie algebras.

Rota-Baxter operators on associative algebras were first introduced by Baxter [16] in his study of
probability fluctuation theory, it was further developed by Rota [17]. Rota-Baxter operator has been
widely used in many fields of mathematics and physics, including combinatorics, number theory,
operads and quantum field theory [18]. The cohomology and deformation theory of Rota-Baxter
operators of weight zero have been studied on various algebraic structures, see [19-23]. Recently,
Wang and Zhou [24], Das [25] studied Rota-Baxter associative algebras of any weight by different
methods respectively. Inspired by Wang and Zhou's work, Das [26] considered the cohomology and
deformations of weighted Rota-Baxter Lie algebras. The authors [27,28] developed the cohomology,
extensions and deformations of Rota-Baxter 3-Lie algebras with any weight. In [29], Chen, Lou and
Sun studied the cohomology and extensions of Rota-Baxter Lie triple systems. In [30], Guo and his
collaborators explored the cohomology, deformations and extensions of Rota-Baxter pre-Lie algebras
of arbitrary weights.

The term modified Rota-Baxter operator stemmed from the notion of the modified classical
Yang-Baxter equation, which was also introduced in the work of Semenov-Tian-Shansky [31] as a
modification of the operator form of the classical Yang-Baxter equation. Due to the importance of
Rota-Baxter algebras and modified Rota-Baxter algebras, Zheng, Guo and Qiu [32] studied properties
of extended Rota-Baxter operators. Recently, Jiang and Sheng have been established cohomology and
deformation theory of modified r-matrices in [33]. Inspired by [33], modified Rota-Baxter algebraic
structures have been widely studied in [34-36].

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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However, there was very few study about the modified Rota-Baxter pre-Lie algebras. The purpose
of the paper is to study the cohomology of a modified Rota-Baxter pre-Lie algebra and its applications.
In precisely, we introduce the concept of a modified Rota-Baxter pre-Lie algebra, which includes
a pre-Lie algebra and a modified Rota-Baxter operator. And then, we propose a representation of
a modified Rota-Baxter pre-Lie algebra. We define a cochain map Y, and then the cohomology of
modified Rota-Baxter pre-Lie algebras with coefficients in a representation is constructed. Finally,
as applications of our propose cohomology theory, we consider the infinitesimal deformations and
abelian extensions of a modified Rota-Baxter pre-Lie algebra in terms of second cohomology groups.
In addition, we prove that any skeletal modified Rota-Baxter pre-Lie 2-algebra can be classified by the
third cohomology group.

The paper is organized as follows. In Section 2, we introduce the concept of modified Rota-Baxter
pre-Lie algebras, and give its representations. In Section 3, we establish the cohomology theory of
modified Rota-Baxter pre-Lie algebras with coefficients in a representation, and apply it to the study of
infinitesimal deformation. In Section 4, we discuss an abelian extension of the modified Rota-Baxter
pre-Lie algebras in terms of our second cohomology groups. Finally, in Section 5, we classify skeletal
modified Rota-Baxter pre-Lie 2-algebra using the third cohomology group.

Throughout this paper, K denotes a field of characteristic zero. All the vector spaces and
(multi)linear maps are taken over K.

2. Representations of Modified Rota-Baxter Pre-Lie Algebras

In this section, we introduce the concept of modified Rota-Baxter pre-Lie algebras motivated
by the modified r-matrices in [33] and give some examples. Next we propose the representation
of modified Rota-Baxter pre-Lie algebras. Finally, we establish a new modified Rota-Baxter pre-Lie
algebra and give its representation.

First, let’s recall some definitions and results about pre-Lie algebra and its representations from

[2].

Definition 2.1. [2] A pre-Lie algebra is a pair (P, ®) consisting of a vector space P and a binary
operation @ : P x P — P such that for a,b,c € P, the associator

(a,b,c) =(aeb)ec—ae(bec),
is symmetricin a, b, i.e.
(a,b,c) = (b,a,c), or equivalently, (1eb)ec—ae(bec) = (bea)ec—be(aec). (2.1)

Given a pre-Lie algebra (P, ), the commutator [a,b]° = aeb — b ea, defines a Lie algebra
structure on P, which is called the sub-adjacent Lie algebra of (P, ) and we denote it by P*.

Definition 2.2. (i) Let (P, ®) be a pre-Lie algebra. A modified Rota-Baxter operator on P is a linear
map M : P — P subject to

MaeMb=M(Maeb+aeMb)—aeb, Va,becP. (2.2)

Furthermore, the triple (P, e, M) is called modified Rota-Baxter pre-Lie algebra, simply denoted by
(P, M).

(i) A homomorphism between two modified Rota-Baxter pre-Lie algebras (P, M;) and (P2, M)
is a pre-Lie algebra homomorphism F : P; — P such that F o M = M o F. Furthermore, F is called
an isomorphism from (P;, M1) to (P, Mp) if F is nondegenerate.

Example 2.3. An identity map idp : P — P is a modified Rota-Baxter operator.

d0i:10.20944/preprints202404.1411.v1
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Example 2.4. Let (P, ) be a 2-dimensional pre-Lie algebra and {ej, €2} be a basis, whose nonzero
products are given as follows:
€10€p) — €], €r0€) =€),

Then, for k € K, the operator

is a modified Rota-Baxter operator on P.

Example 2.5. Let (P, ®) be a pre-Lie algebra. If a linear map M : P — P is a modified Rota-Baxter
operator, then —M is also a modified Rota-Baxter operator.

Definition 2.6. [13] Let (P, ) be a pre-Lie algebra. A Rota-Baxter operator of weight -1 on P is a linear
map R : P — P subject to

RaeRb =R(Raeb+aeRb—aeb), YabecP.

And then, the triple (P, o, R) is called Rota-Baxter pre-Lie algebra of weight -1.

Proposition 2.7. Let (P, e) be a pre-Lie algebra. If a linear map R : P — P is a Rota-Baxter operator of
weight -1, then the map 2R — idp is a modified Rota-Baxter operator on P.

Proof. For any a,b € P, we have

(2R —idp)a e (2R — idp)b

= (2Ra—a) e (2Rb — b)
=4RaeRb—2Raeb—21eRb+aeb
=4R(Raeb+aeRb—aeb) —2Raeb—2aeRb+aeb
= (2R —idp)((2R —idp)aeb+ae (2R —idp)b) — aeb.

The proposition follows. [

Recall from [13] that a Nijenhuis operator on a pre-Lie algebra (P, o) is a linear map N : P — P
satisfies

NaeNb=N(Naeb+aeNb— N(aeb)),

for all a,b € P. The relationship between the modified Rota-Baxter operator and Nijenhuis operator is
as follows, which proves to be obvious.

Proposition 2.8. Let (P, ) be a pre-Lie algebra and N : P — P be a linear map. If N> = id, then N is a
Nijenhuis operator if and only if N is a modified Rota-Baxter operator.

Definition 2.9. [8] Let (P, o) be a pre-Lie algebra and V a vector space. A representation of P on V
consists of a pair (e;, ), where ¢, : P x V — Vand e, : V x P — V are two linear maps satisfying

ae (beju)—(aeb)eju=>be (aeju)—(bea)e u,
ae;(ue,b)—(aeu)e,b=ue,(aeb)— (e, a)e.bVabcP,ucV.
Definition 2.10. A representation of the modified Rota-Baxter pre-Lie algebra (P, e, M) is a quadruple

(V; e, 8., My) such that the following conditions are satisfied:
(i) (V; e, ®,) is a representation of the pre-Lie algebra (P, ) ;

d0i:10.20944/preprints202404.1411.v1
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(ii) My : V — V is a linear map satisfying the following equations
Ma ey Myu =My (Mae;u+ae; Myu) —aeu, (2.3)
Myu e, Ma=My(Myue,a+ue, Ma)—ue,a, (2.4)

forae Pandu e V.

Example 2.11. (P;e; = o, = o, M) is an adjoint representation of the modified Rota-Baxter pre-Lie
algebra (P, e, M).

Next we construct the semidirect product of the modified Rota-Baxter pre-Lie algebra.

Proposition 2.12. If (V; e;, 8., My) is a representation of the modified Rota-Baxter pre-Lie algebra (P, e, M),
then P @ V is a modified Rota-Baxter pre-Lie algebra with the following maps:

(a+u)ey, (b+v):=aeb+ae;v+ue.b,
M® My (a+u) = Ma+ Myu,

fora € Pandu € V. In the case, the modified Rota-Baxter pre-Lie algebra P @® V is called a semidirect product
of Pand V, denoted by P x V.= (P @V, ex, M® My).

Proof. Firstly, it is easy to verify that (P @ V, e, ) is a pre-Lie algebra. In addition, for any a,b € P
and u,v € V, by Equations (2.2)- (2.4) we have
M® My (a+u)e, M@ My(b+0)

= (Ma + Myu) e (Mb+ Myv)

= Ma e Mb+ Ma e; Myv + Myu e, Mb

=M(Maeb+aeMb)—aeb+ My(Maeju+ae; Myu)—ae u

+ My(Myue,b+ue, Mb)—ue,b
=M&My((a+u)ex MEMy(b+0v)+MSMy(a+u)e (b+v)) —(a+u) ey (b+0),

which means that (P &V, e, M & My ) is a modified Rota-Baxter pre-Lie algebra. [

Proposition 2.13. Let (P, e, M) be a modified Rota-Baxter pre-Lie algebra, Define new operation as follows:
aeyb=Maeb+aeMb,VabeP. (2.5)

Then, (i) (P, epr) is a pre-Lie algebra. We denote this pre-Lie algebra by Pyy.
(ii) (Pam, M) is a modified Rota-Baxter pre-Lie algebra.

Proof. (i) For any a,b,c € P, by Equations (2.1) and (2.2), we have

(aoprb)epc—aep (beyc)
=M(Maeb+aeMb)ec+ (Maeb-+aeMb)eMc— Mae(Mbec+beMc)
—aeM(Mbec+be Mc)

=M(Mbea+beMa)ec+ (Mbea+beMa)eMc— Mbe(Maec+aeMc)
—beM(Maec—+aeMc)

= (bepya)eyc—bey (aepc)

Thus, (P, e) is a pre-Lie algebra.
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(ii) For any a,b € P, by Eq. (2.2), we have

Ma ey Mb =M?a e Mb + Ma e M?b
=M(M?aeb+ Mae Mb) — Maeb+ M(MaeMb+ae M?b) —aeMb
=M(Ma ey b+ Maeyb)—aeyb.

Hence, (P, M) is a modified Rota-Baxter pre-Lie algebra. [

Proposition 2.14. Let (V; e}, 8., My) be a representation of the modified Rota-Baxter pre-Lie algebra (P, e, M),
Define two bilinear maps o{VI :PxV = VandeM:V xP = Vby

uofVIu :=Maeju— My(ae u), (2.6)
uoﬁwa =ue, Ma— My(ue,a),VacP,ucV. 2.7)

Then (V; oM, oM) is a representation of a pre-Lie algebra Ppy. Moreover, (V; oM, oM, My) is a representation

of a modified Rota-Baxter pre-Lie algebra (Pyy, M).

Proof. First, by direct verification, (V; M, M) is a representation of the pre-Lie algebra Py;. Further,
foranya € P and u € V, by Eq. (2.3), we have

Ma ofVI Myu
= M?a ) Myu — My (Ma ¢; Myu)
= My (M?a ;1 + Ma o) Myu) — Ma ey u — M%(Ma e; 1+ a e Myu) + My (a e u)
= My (M?a e;u+ Ma e Myu — My (Ma e;u+ ae; Myu)) — (Mae;u— My (a e u))
= My (Ma oM u+ aeM Myu) —aeMu.

Similarly, by Eq. (2.4), there is also Myu oM Ma = My (Myu oM a + u oM Ma) — u ¢M a. Hence,
(V; o{VI, oM, My ) is a representation of (Py;, M). [

Example 2.15. (P; ofVI = oM = oM M) is an adjoint representation of the modified Rota-Baxter pre-Lie
algebra (Py1, M), where

aeMb:=Maeb— M(aeb),
foranya,b € P.

3. Cohomology of Modified Rota-Baxter Pre-Lie Algebras

In this section, we develop the cohomology of a modified Rota-Baxter pre-Lie algebra with
coefficients in its representation.

Let us recall the cohomology theory of pre-Lie algebras in [14]. Let (P, ®) be a pre-Lie algebra
and (V; e, ®,) be a representation of it. Denote the n—cochains of P with coefficients in representation
V by

ChLie(P, V) := Hom(P®", V).
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The coboundary operator 6 : Chy .. (P, V) — CiiL(P, V), foray, - - ,a,41 € Pandg € Chy (P, V),
as

og(ay, ..., an41)

. n .
(=1 a;e1g(ar, ..., 0 ,ap1) + Y (=1 g(ar, ..., a3, ..., an,4;) & Gyt
i=1

'M:

Il
—_

i
*Z Z+1 111,...,ﬁi,...,an,aioan+1)+ Z (fl)iﬂg([ai,aj]c,al,...,ﬁi,...,ﬁj,...,an+1).

1<i<j<n

(3.1)

Then, it has been proved in [14] that 6> = 0. Let us denote by Hjy;.(P, V), the cohomology group
associated to the cochain complex (Cf;;.(P,V),d).

We first study the cohomology of the modified Rota-Baxter operator.

Let (P, e, M) be a modified Rota-Baxter pre-Lie algebra and (V; e;, e,, My ) be a representation
of it, Recall that Proposition 2.13 and Proposition 2.14 give a new pre-Lie algebra P and a new
representation Vyy = (V, o, ﬁVI) over P). Consider the cochain complex of Py, with coefficients in
VMZ

(Cprie(Pm, Vi), 0m) = (€321 Cprie (P, Vi), Om)-
More precisely, Cf;.(Pm, Vm) := Hom(Py", Vi) and its coboundary map 6y : Cpy,o(Pam, Vi) —
ChLie(Pm, Vm), foraq, - - - ,a,11 € Prand f € CJ,.(Pum, Vi), is given as follows:

§Mf(a1, ey {1"+1)

= Y (0 (May o flay o Ty i) — My (g flay e B ai0)))
i=1

n
+Z l”( flay, ..., a3, ... an,0;) & May 1 — My (f(ay,..., 4. . an,a)o,anﬂ))

i=

=
>_n

—Z l“ flay,...,a,...,ap, Maj®a, 1 +a;e Ma,q)
i=

+ Z l+]f Malou +a10Ma Ma]-oui—a]-OMai,al,...,ﬁi,...,ﬁj,...,an+1). (32)
1<i<j<n

Definition 3.1. Let (P, e, M) be a modified Rota-Baxter pre-Lie algebra and (V;e;, e,, My ) be a
representation of it. Then the cochain complex (C;;.(Pm, Vi), dum) is called the cochain complex
of modified Rota-Baxter operator M with coefficients in Vj;, denoted by (Crpo (P, V),m). The
cohomology of (Cyirpo (P, V),0m), denoted by H rpo (P, V), is called the cohomology of modified
Rota-Baxter operator M with coefficients in V).

In particular, when (P; o{VI = oM — oM, M) is the adjoint representation of (P, M), we denote
(Cyreo (P, P),dm) by (Ciirpo(P),dm) and call it the cochain complex of modified Rota-Baxter opera-
tor M, and denote H;rpo (P, P) by Hirpo(P) and call it the cohomology of modified Rota-Baxter
operator M.

Next, we will combine the cohomology of pre-Lie algebras and the cohomology of modified
Rota-Baxter operators to construct a cohomology theory for modified Rota-Baxter pre-Lie algebras.


https://doi.org/10.20944/preprints202404.1411.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 April 2024 d0i:10.20944/preprints202404.1411.v1

7 of 16

Let’s construct the following cochain map. For any n > 1, we define alinearmap Y : Cp;,.(P, V) —
CI’\1/IRBO(7>' V) by

(Yf)(ay,...,an)
[5]+1

= Z ( ) flay,...,Maj,...,Maj, ,,...,a)

i=1 1<j1<<Jpi_p<n
— Y Myf(ay,...,Maj,...,Maj, .,...,a,)),if nis an even, (3.3)
11 <+ <jpi—3<n

(Yf)(ar,...,an)

[5]+1

= Z ( Z flay,...,Maj,...,Maj, ... a4,)

i=1  ISh<-<jri1<n

— ) Myf(ai,...,Maj,...,Maj, ,,...,a,)),if nis an odd, (3.4)

11 < <fpj—2<n

~—

Nl

Nl=

among them, when the subscript of j,;_3 is negative, f is a zero map. For example, when n = 1, by Eq.
(3.4), themap Y : Cb; ;. (P, V) = Cirpo(P, V) is as follows:

(Yf)(a1) = f(May) — My f(a1). (3.5)
Lemma 3.2. The map Y is a cochain map, i.e., Y 0§ = 0pr 0 Y. In other words, the following diagram is
commutative:
0 4
Chrie(P, V) ——= Cie(P, V) Corie (P V) Clr;ﬂril(Pf V)
5 5 ly ¥
é 1
Curso(P. V) — Ciirso(P, V) Chrso(P/V) — Cirso (P, V)

Proof. It can be proved by using similar arguments to Appendix A in [28]. Because of space limitations,
here we only prove the case of n = 1. Forany f € Cp,,(P,V) and a,b € P, by Equations(2.2)-(2.7),
(3.1)-(3.3) and (3.5), we have

Y(6f)(a,b)
= (8f)(Ma, Mb) — My ((3f)(Ma,b) + (5f)(a, Mb)) + (6f)(a,b)
= Ma o) f(Mb) + f(Ma) e, Mb — f(Ma e Mb) — My (Ma e, f(b) + f(Ma) e, b — f(Ma eb)

T aey F(Mb) + f(a) o Mb — f(as Mb)) +a; f(B) + f(a) o, b— f(awb) (36)
and
om(Yf)(a,b)
= Ma e, (f(Mb) — My f(b)) — My (a &, (f(Mb) — My f(D))) + (f(Ma) — My f(a)) e, Mb
— My ((f(Ma) — Myf(a)) e,b) — f(MaeMb+aeb)+ Myf(Maeb+aeMb) (3.7)

Further comparing Equations (3.6) and (3.7), we have (3.6)=(3.7). Therefore, Yo d =y 0Y. O

Definition 3.3. Let (P, e, M) be a modified Rota-Baxter pre-Lie algebra and (V;e;, e,, My ) be a
representation of it. We define the cochain complex (C{yrpprie (P, V), 9) of modified Rota-Baxter pre-
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Lie algebra (P, o, M) with coefficients in (V; e;, ®,, My ) to the negative shift of the mapping cone of Y,
that is, let

CurspLie (P, V) = Chpie(P, V) and Ciirppric (8, V) = Chie(P, V) @ Cf/ﬂzlso(P/ V), ¥n =2,
and the coboundary map 9 : Crppric (P, V) — Céirppric (P, V) is given by

A(f) = (6f,—Yf),¥f € Cyrppric(P, V);

for n > 2, the coboundary map 9 : Cfrgpric(P, V) = Cikbprie (P, V) is given by

A(f,g) = (0f, —0mg — Yf),V(f. &) € CyrppLic(P, V).

The cohomology of (Cyrppric(P,V),0), denoted by H} rpprie(P, V), is called the cohomology of
the modified Rota-Baxter pre-Lie algebra (P, e, M) with coefficients in (V; e;, 8,, My ). In particular,
when (V; e, 8, My) = (P; e, = o, = o, M), we just denote (CyrppLic(P, P),9), HimprLie (P, P) by
(ChirerLie(P),9), HirprLie (P) respectively, and call them the cochain complex, the cohomology of
modified Rota-Baxter pre-Lie algebra (P, ¢, M) respectively.

It is obvious that there is a short exact sequence of cochain complexes:
0 = Cypo (P, V) — Cimrpprie (P, V) — Cprie(P, V) = 0.
It induces a long exact sequence of cohomology groups:
- = Himeerie(P, V) = HpLie (P, V) = Hirpo (P, V) = Hyfkgprie(P, V) = Hpfio (P, V) = -
At the end of this section, we use the established cohomology theory to characterize infinitesimal

deformations of modified Rota-Baxter pre-Lie algebras.

Definition 3.4. A infinitesimal deformation of the modified Rota-Baxter pre-Lie algebra (P, e, M) is a
pair (e, M;) of the forms
o, —e+eoif, My =M+ Mit,

such that the following conditions are satisfied:

() (o1, M1) € Cirpprie(P),
(ii) and (P[[t]], ®+, M¢) is a modified Rota-Baxter pre-Lie algebra over K[[t]].

Proposition 3.5. Let (P[[t]], e, M;) be a infinitesimal deformation of modified Rota-Baxter pre-Lie algebra
(P, e, M). Then (81, My) is a 2-cocycle in the cochain complex (Ciirppric(P),9)-

Proof. Suppose (P|[t]], o, M) is a modified Rota-Baxter pre-Lie algebra. Then for any 4,b,c € P, we
have
(ae;b)erc—ae;(beyc)=(beia)e,c—be;(aesc),
M;a o; M;b :Mt(Mta o;b+ae; Mtb) —ae;h.

Comparing coefficients of t! on both sides of the above equations, we have

(ae1b)ec+ (aeb)ejc—ae(beyc)—ae(bec)

=(beja)ec+ (bea)ejc—bej(aec)—be(aec),

Mia e Mb+ Ma e Mib + Ma ey Mb

=M(Mjaeb+ Mae b+aeMb+ae Mb)+ M;(Maeb+aeMb)—aeqb.

Therefore, d(e1, M) = (6e1, —6pM1 — Yeq) = 0, that is, (e1, M) is a 2-cocycle. [
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Definition 3.6. The 2-cocycle (o1, M) is called the infinitesimal of the infinitesimal deformation
(P[[t]], ®¢, M) of modified Rota-Baxter pre-Lie algebra (P, e, M).

Definition 3.7. Let (P[[t]], o;, M;) and (P|[t]], o}, M}) be two infinitesimal deformations of modified
Rota-Baxter pre-Lie algebra (P, e, M). An isomorphism from (P[[t]], e}, M}) to (P[[t]], &+, M) is a
linear map ¢; = id + t@1, where @1 : P — P is linear map, such that:

proe; =e0(p @ @), (3.8)
pro My =M; o . (3.9)

In this case, we say that the two infinitesimal deformations (P[[t]], ®;, M;) and (P[[t]], o}, M) are
equivalent.

Proposition 3.8. The infinitesimals of two equivalent infinitesimal deformations of (P, e, M) are in the same
cohomology class in Hzgppr e (P)-

Proof. Let ¢; : (P[[t]], o}, M;) — (P][t]], o+, M) be an isomorphism. By expanding Equations (3.8)
and (3.9) and comparing the coefficients of t! on both sides, we have

o) —e1=¢reid+ide ¢ — p10e =b¢y,
Mj—M; = Mo g —groM=—Yoy,

that is, we have
(o7, M}) — (o1, M1) = (691, —Y 1) = 0(91) € Byyrppric(P)-

Therefore, (o}, M) and (1, M;) are cohomologous and belongs to the same cohomology class in
HirepLie(P)- O

4. Abelian Extensions of Modified Rota-Baxter Pre-Lie Algebras
In this section, we prove that any abelian extension of a modified Rota-Baxter pre-Lie algebra has

a representation and a 2-cocycle. It is further proved that they are classified by the second cohomology,
as one would expect of a good cohomology theory.

Definition 4.1. Let (P, e, M) be a modified Rota-Baxter pre-Lie algebra and (V, ey, My ) an abelian
modified Rota-Baxter pre-Lie algebra with the trivial product ey. An abelian extension (7P, $, M)
of (P, e, M) by (V, ey, My) is a short exact sequence of morphisms of modified Rota-Baxter pre-Lie
algebras

0 —— (V, oy, My) —— (P,8,M) —F— (P,e,M) —— 0

such that Mu = Myu and uév = 0, for u,v € V, i.e., V is an abelian ideal of P.

Definition 4.2. A section of an abelian extension (7P, 8, M) of (P, e, M) by (V, ey, My) is a linear map
s:P — Psuchthatpos =idp.

Definition 4.3. Let (Py, 8, M) and (7P, 8, M) be two abelian extensions of (P, e, M) by (V, ey, My).
They are said to be equivalent if there is an isomorphism of modified Rota-Baxter pre-Lie algebras
F: (Py,é1, M) — (P, 83, My) such that the following diagram is commutative:

0 —— (V/.V/MV) % (751/‘1/]\;11) L (PI.IM> — 0

H dl

0 —— (V/.V/MV) L) (752/‘2/]\;12) L) (PI.IM> — 0.

@4.1)

d0i:10.20944/preprints202404.1411.v1
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Now for an abelian extension (P, 8, M) of (P, e, M) by (V, ey, My) with a sections : P — P, we
define two bilinear maps ¢; : P x V — V, e, : V x P — V by

aeju=s(a)du,ue,a=uss(a), YVacP,uecV.

Proposition 4.4. With the above notations, (V; e;, ®,, My ) is a representation of the modified Rota-Baxter
pre-Lie algebra (P, e, M) and does not depend on the choice of s.

Proof. First, for any other sections’ : P — P, for any a € P, we have
p(s(a) —s'(a)) = p(s(a)) —p(s'(a)) =a—a=0.

Thus, there exists an element u € V, such that s’(a) = s(a) + u. Note that V is an abelian ideal of P,
this yields that

s'(x)éu = (s(x) +v)éu = s(x)éu, uss'(x) =ué(s(x)+0v) = ués(x).

This means that e;, @, does not depend on the choice of s.
Next, for any a,b € P and u € V, by V is an abelian ideal of P and s(a)és(b) —s(aeb) € V, we

have
ae; (beju)—(aeb)e u=s(a)é(s(b)éu)—s(aeb)éu
=s(a)é(s(b)éu) — (s(a)és(b))éu
=s(b)é(s(a)du) — (s(b)es(a))éu

By the same token, thereis alsoz ; (1 e, b) — (10, u) ¢, b = u e, (a0b) — (u e, a) e, b. This shows that
(V; e, 8,) is a representation of the pre-Lie algebra (P, o)
On the other hand, by Ms(a) — s(Ma) € V, we have

Ma e; Myu =s(Ma)éMyu = Ms(a)sMyu = Ms(a)éMu
=M(Ms(a)éu +s(a)éMu) — s(a)éu
=My (s(Ma)éu + s(a)$Myu) — s(a)éu
:MV(MQ o i t+ae MVM) —ae;u.
In the same way, there is also Myu o, Ma = My (Myu e, a+ u e, Ma) — u e, a. Hence, (V; e, e, My)

is a representation of (P, e, M). O
Let (P, 8, M) be an abelian extension of (P, e, M) by (V, ey, My) and s : P — P be a section of
it. Define the following maps w : P x P — V and x : P — V respectively by
w(a,b) =s(a)es(b) —s(aeb),
x(a) = Ms(a) —s(Ma), Va,bec P.

We transfer the modified Rota-Baxter pre-Lie algebra structure on P to P @ V by endowing P & V
with a multiplication e, and a modified Rota-Baxter operator M, defined by

(a+u)e, (b+v)=aeb+aev+ue.b+w(ab), (4.2)
My (a+u) = Ma+ x(a) + Myu, Va,b € P, u,v € V. (4.3)
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Proposition 4.5. The triple (P @ V, 8., My ) is a modified Rota-Baxter pre-Lie algebra if and only if (w, x) is
a 2-cocycle of the modified Rota-Baxter pre-Lie algebra (P, e, M) with the coefficient in (V, ey, My ). In this
case,

0 —— (V,oy,My) —— (P@V,e0,M,) —2— (P,e,M) — 0
is an abelian extension.
Proof. The triple (P @ V, e, My) is a modified Rota-Baxter pre-Lie algebra if and only if for any
a,b,c € Pand u,v,w € V, the following equations hold:

((a+u)ey, (b+0)) ey, (c+w)—(a+u)ey ((b+7v)ey (c+w))

=((b+v)ey,(a+u))e,(ctw)—(b+v)ey, ((a+u)e, (c+w)), (4.4)
My (a+u) e, My (b+0)
=My (My(a+u)ey, (b+0v)+ (a+u)e, My (b+v))— (a+u) e, (b+0). 4.5)

Further, Equations (4.4) and (4.5) are equivalent to the following equations:

w(a,b)e,c+w(aeb,c) —aew(b,c)—w(abec)

=w(ba)e,c+w(bea,c)—be w(ac)—wbaec), (4.6)
Ma e; x(b) + x(a) ¢, Mb + w(Ma, Mb)
=x(Maeob+aeMb)+ My (x(a)e b+ ae x(b)+w(Ma,b)+ w(a,Mb)) — w(a,b). 4.7)

Using Equations (4.6) and (4.7), we have dw = 0 and —dpx — Yw = 0, respectively. Therefore,
d(w, x) = (6w, =dpx — Yw) = 0, that is, (w, x) is a 2-cocycle.

Conversely, if (w, x) is a 2-cocycle of (P, o, M) with the coefficient in (V, e/, My ), then we have
d(w, x) = (6w, —émx — Yw) = 0, in which Equations (4.4) and (4.5) hold. Hence (P @ V, e, My ) is a
modified Rota-Baxter pre-Lie algebra. [

Proposition 4.6. Let (P, &, M) be an abelian extension of (P, e, M) by (V, ey, My ) and s be a section of it. If
the pair (w, x) is a 2-cocycle of (P, , M) with the coefficient in (V, ey, My ) constructed using the section s,
then its cohomology class does not depend on the choice of s.

Proof. Letsy, s, : P — P be two distinct sections, by Proposition 4.5, we have two corresponding
2-cocycles (w1, x1) and (wy, x2) respectively. Define a linear map y : P — V by 7(a) = s1(a) — sa(a).

Then
wi(a,b) = si(a)é1s1(b) —s1(aeD)
= (s2(a) +1(a))#1(s2(b) +7(b)) — (s2(aeb) +y(a b))
= 52(a)8252(b) —sp(a @ b) +s2(a)827(b) + y(a)8252(b) + y(a)é2y(b) —y(aeb)
= 52(a)8252(b) —sp(aeb) +ae; y(b)+y(a)eb—y(aeb)

= wy(a,b) +5y(aeb),

x1(a) = Msy(a) — s1(Ma)
= M(sy(a) +v(a)) — (s2(Ma) + y(Ma))
= Ms;(a) — sy(Ma) + My (a) — y(Ma)
= xa2(a) + My~y(a) — y(Ma)
= x2(a) — Yy(a).

Hence, (w1, x1) — (w2, x2) = (67, =Y7) = 3(7) € Brpprie(P, V), thatis (wy, x1) and (wy, x2) form
the same cohomological class in Hyrpprie (P, V). O

Next we are ready to classify abelian extensions of a modified Rota-Baxter pre-Lie algebra.
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Theorem 4.7. Abelian extensions of a modified Rota-Baxter pre-Lie algebra (P, e, M) by (V, ey, My) are
classified by the second cohomology group H3rpprie(P, V)-

Proof. Assume that (P, 1, M) and (P, 8, M) are equivalent abelian extensions of (P, e, M) by
(V, ey, My ) with the associated isomorphism F : (Py, 8y, My) — (P,, 82, M) such that the diagram in
(4.1) is commutative. Let s; be a section of (Py, 81, M;). As p> o F = p;, we have

p2o(Fosy) =ppos =idp.

That is, F o s is a section of (752, o, ]\712). Denote s, := F 0 s1. Since F is an isomorphism of modified
Rota-Baxter pre-Lie algebras such that F |y = idy, we have

wy(a,b) = s3(a)és2(b) —sz(aeD)
= Fosy(a)#yFos(b) —Fosi(aeb)
= F(s1(a)é181(b) —s1(aeb))
= F(wi(a,b))
= w1(a,b)

and

x2(a) = Ms;(a) — s(Ma)
= M(F o sl(a)) —Fo Sl(Mﬂ)
= M(sy(a)) — s1(M(a))
= xi(a).

So, two isomorphic abelian extensions give rise to the same element in H3rpppie (P, V)

Conversely, given two 2-cocycles (w1, x1) and (w2, x2) , we can construct two abelian extensions
(P& V, ey, My,)and (P @V, e, My,) via Proposition 4.5. If they represent the same cohomology
class in H3rppric (P, V), then there is a linear map ¢ : P — V such that

(w1, x1) = (w2, x2) = 9(1).

Define a linearmap F, : P&V — P@® Vby F(a+u) :==a+1(a)+u, a € F,u € V. Then it
is easy to verify that F, is an isomorphism of these two abelian extensions (P @® V, e, My, ) and
(P& V, 04, My,). O

5. Skeletal Modified Rota-Baxter Pre-Lie 2-Algebras

In this section, we introduce the notion of modified Rota-Baxter pre-Lie 2-algebras and show that
skeletal modified Rota-Baxter pre-Lie 2-algebras are classified by 3-cocycles of modified Rota-Baxter
pre-Lie algebras.

We first recall the definition of pre-Lie 2-algebras from [15], which is a categorization of a pre-Lie
algebra.
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A pre-Lie 2-algebra is a quintuple (Py, P1,h,1p,13), where h : Py — Py is a linear map, I :
Pi x Pj — Piy; are bilinear maps and I3 : Pp x Pp X Pop — P is a trilinear map, such that for any
a,b,c,x € Ppand u,v € Py, the following equations are satisfied:

hly(a,u) = l(a, h(u)), (5.1)
hly(u,a) = lp(h(u),a), (5.2)
Iy(h(u),v) = Ih(u,h(v)), (5.3)
his(a,b,c) =Ip(a, (b, c)) — (la(a,b),c) — (b, l(a,c)) + (l2(b,a),c), (5.4)
I3(a,b,h(u)) = lp(a,lp(b,u)) — L(la(a,b),u) —2(b,la(a,u)) + I (I2(b, a), u), (5.5)
I3(h(u),b,c) = L(u,2(b,c)) — L(l2(u,b),¢) = 12(b, 12 (u,¢)) + I (I2(b, 1), c), (5.6)
I(x,13(a,b,¢)) —Ip(a,13(x,b,c)) + 12(b, I3(x,a,c)) + (I3(a,b,x),c) — I, (I3(x,b,a), )

+ L(Is(x,a,b),¢) —I3(a,b,la(x,¢)) + 13(x,b,12(a,c)) — I3(x,a,l2(b,c)) — I3(la(x,a) — Ir(a,x),b,c)

+ l3(l2 (X, b) - ZZ(b/ X), a, C) - 13(12(0, b) - ZZ(br ﬂ), X, C) =0. (57)
Motivated by [23] and [30], we propose the definition of a modified Rota-Baxter pre-Lie 2-algebra.

Definition 5.1. A modified Rota-Baxter pre-Lie 2-algebra consists of a pre-Lie 2-algebra ‘B = (Po, P1, 1,1z, 13)
and a modified Rota-Baxter 2-operator 9 = (My, M1, M) on ‘B, where My : Py — Po, My : Py — P
and M : Py x Py — Py, forany a,b,c € Py, u € Py, satisfying the following equations:

Mooh =ho M, (5.8)
hMa(a,b) + Iy (Moa, Mob) = Mo (12(Mo(a),b) +I2(a, Mo(b))) — I2(a, b), (5.9)
Ma(h(u),b) + I(Myu, Mob) = M; (Ia(My (u), b) + 12 (u, Mo(b))) — I2(u, b), (5.10)
My (a,h(u)) + I (Moa, Myu) = My (I(Mo(a), u) 4+ I (a, My (1)) — 2 (a,u), (5.11)
M;jly(a, Mp(b,c)) — lp(Moa, Ma(b,c)) + Io(Mob, Ma(a,c)) — Myla(b, Ma(a,c))

— I (My(b,a), Moc) + M1l(Ma(b,a),c) + 1o(Ma(a,b), Moc) — Mylp(Ma(a,b),c)

+ My (b, I(Moa, c) + 1 (a, Moc)) — Ma(a, I(Mob, ¢) + 12(b, Myc))

+ My (Ip(Moa, b) + I (a, Mob) — I,(Mgb,a) — 1(b, Mpa), ¢) — Is(Moa, Mob, Myc)

+ My (I3(a, Mob, Myc) + I3(Moa, b, Moc) + I3(Moa, Mgb, c))

—I3(Moa, b,c) —I3(a, Mgb, c) — I3(a, b, Myc) + Myl5(a,b,c) = 0. (5.12)

We denote a modified Rota-Baxter pre-Lie 2-algebra by (3, ).

A modified Rota-Baxter pre-Lie 2-algebra is said to be skeletal (resp. strict) if 1 = 0 (resp.
I3 =0,Mp = 0).
First we have the following trivial example of strict modified Rota-Baxter pre-Lie 2-algebra.

Example 5.2. For any modified Rota-Baxter pre-Lie algebra (P,e, M), (Py = P; = P,h = 0,1, =
e, My = My = M) is a strict modified Rota-Baxter pre-Lie 2-algebra.

Proposition 5.3. Let (B3, 9) be a modified Rota-Baxter pre-Lie 2-algebra.

(i) If (B, 0) is skeletal or strict, then (Py, ®9, My) is a modified Rota-Baxter pre-Lie algebra, where
aeyb =1(a,b) foranya,b € P,.

(ii) If (B, M) is strict, then (P1, 1, My) is a modified Rota-Baxter pre-Lie algebra, where u 1 v =
I(h(u),v) = Ip(u, h(v)) forany u,v € Py.

(iii) If (B, OM) is skeletal or strict, then (Py; o), ,, My) is a representation of (P, o, My) where a e; u =
Ir(a,u) and ue,a = Iy(u,a) fora € Py, u € Py.

Proof. The (i),(ii) and (iii) can be obtained by direct verification. O
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Theorem 5.4. There is a one-to-one correspondence between skeletal modified Rota-Baxter pre-Lie 2-algebras
and 3-cocycles of modified Rota-Baxter pre-Lie algebras.

Proof. Let (3, M) be a skeletal modified Rota-Baxter pre-Lie 2-algebra. By Proposition 5.3, we can
consider the cohomology of modified Rota-Baxter pre-Lie algebra (P, ®9, M) with coefficients in the
representation (Py; e, ®,, Mj). For any a,b, c, x € Py, combining Equations (3.1) and (5.7), we have

0l3(x,a,b,c)

=xe;13(a,b,c) —ae;l3(x,b,c)+bels(x,a,c)+I3(a,b,x)e.c—I3(x,ba)e.c+I3(x,ab)e.c
—I3(a,b,xegc) +I3(x,b,aeyc) —I3(x,a,begc) —I3(xega—aeyx,b,c)+I3(xegb—beyx,a,c)
—I3(aegb—beya,x,c)

=l (x,13(a,b,c)) —l(a,I3(x,b,c)) + 12(b,13(x,a,c)) + 1(I3(a, b, x),c) — Ir(I3(x, b,a),c) + (I3(x,a,b),c)
—I3(a,b,1x(x,c)) +13(x,b,1x(a,c)) —I3(x,a,1x(b,c)) —I3(lx(x,a) — I(a,x),b,c)
+I3(Ia(x,b) — Ip(b,x),a,c) — I3(Ix(a,b) — I5(b,a), x, )

=0.

By Equations (3.2) and (5.12), there holds that

(=6mMy — YI3)(a,b,c) = —6pMz(a,b,c) — Yisz(a,b,c)

= — Moa &; M (b, c) + M (a &) Ma(b,c)) + Mob &) Ma(a,c) — My (b e; Ma(a,c))
— My(b,a) e Moc + M1 (Mz(b,a) e, c) + My(a,b) e, Moc — M1(Mz(a,b) e, ¢)
+ My (b, Mpa ey c + a g Myc) — My(a, Mob e c + b ey Myc)
+ My (Moa eg b + a ey Mob — Mob ega — b eg Moa, c) — I3(Mopa, Mob, Myc)
+ My (I3(a, Mgb, Moc) + I3(Moa, b, Myc) + I3(Mpa, Mgb, ¢))
—I3(Moa, b,c) — I3(a, Mgb, c) — I3(a, b, Mgc) + Myl3(a, b, c)

= — [ (Moa, Ma(b, c)) + Milp(a, Mz (b, ¢)) + 12(Mob, Ma(a, c)) — Myl2(b, Ma(a,c))
—Ip(May(b,a), Moc) + M1lp(M;y(b,a),c) + Ip(Ma(a,b), Moc) — M1l (M;(a,b), c)
+ My (b, I(Moa, c) + 1x(a, Myc)) — Ma(a, l(Mob, ¢) + 12(b, Moc))
+ My (lo(Moa, b) + I (a, Mgb) — Io(Mob,a) — I(b, Mpa), ¢) — I3(Mpa, Mob, Myc)
+ My (I3(a, Mob, Myc) + 13(Moa, b, Myc) + I3(Mopa, Mgb, ¢))
—I3(Moa, b,c) — I3(a, Mgb, c) — I3(a, b, Moc) + Myls(a, b, c)

=0.

Thus, 9(l3, Ma) = (63, —6pM, — Yl3) = 0, that is (I3, M2) € Crpprie(Po, P1) is a 3-cocycle of modi-
fied Rota-Baxter pre-Lie algebra (P, o, M) with coefficients in the representation (Py; e, ®,, My).
Conversely, suppose that (I3, My) € C3rpprie(P, V) is a 3-cocycle of modified Rota-Baxter pre-Lie
algebra (P, e, M) with coefficients in the representation (V;e;, e,, My). Then (3,9) is a skeletal
modified Rota-Baxter pre-Lie 2-algebra, where B = (Py = P, P; = V,h =0,1,13) and M = (Mg =
M, My = My, M) with [r(a,b) = aeb,ly(a,u) =ae;u,ly(u,a) =ue,aforanya,b € Py,u € P;. O
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