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Abstract: In the last century, statistical process control has been considered a successful methodology for 
monitoring the variability and stability of a process over time. The analysis of variability using functional data 
analysis has become widespread during the early years of the 21st century. The present study proposes the 
implementation of a hybrid methodology called functional process control based on the functional data 
analysis methodology and combines its advantages with those of statistical process control, in order to provide 
a tool for detecting functional deviations. The phases are: (1) stabilization of processes through the 
identification and elimination of special causes of functional variability; (2) improvement of the process to be 
controlled by minimizing the common causes of functional variability; and (3) monitoring of the processes to 
ensure the maintenance or addition of further improvements. 
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1. Introduction 

There are tools developed at the beginning of the 20th century in the field of statistical quality 
control (SQC) widely recognised and used in the scope of industrial processes. These tools are aimed 
at reducing the variability of quality relating to a product or a process. 

The variability of quality represents the deviation of its value with regard to the proposed 
objectives. The causes of variability are divided into two categories, namely: common and special. 
Common or random causes are inherent to the process, whereas the special or assignable causes arise 
due to those that are not part of the process. Since the latter are not part of the process, they can easily 
be removed when identified. A process is under statistical control when there is only random 
variability [1]. In the last century, statistical process control (SPC)―which is part of SQC―has proven 
to be a successful methodology that allows monitoring the variability and stability of essential and 
continuous industrial processes over time [2]. The approach of variability analysis through functional 
data analysis (FDA) is much more recent, and its use widespread as an analysis tool during the first 
years of the 21st century. 

The present study consists of the development of a methodology for the analysis of variability, 
based on the construction of a hybrid method, i.e., functional process control (FPC), that combines 
the advantages of SPC and FDA. The structure of this article consists of a brief description of SPC and 
FDA in order to lay the theoretical and mathematical foundations of FPC, understood as a hybrid 
method that brings together the advantages (i.e., the capacity of detecting atypical values) of the two 
methods previously mentioned. After the theoretical discussion of the method, we present the results 
of its application in a specific case study. Finally, we present the main conclusions drawn from our 
work. 
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2. Mathematical Background 

2.1. Statistical Process Control (SPC) 

SPC charts were first used in 1924 by Walter Andrew Shewhart with the clear purpose of 
improving quality. In his study, Shewhart [3] laid the foundations of what currently constitutes the 
most accepted and used tool for the detection of variability in industrial processes, monitoring them 
over time in order to observe changes in their performance. In addition, the goal of this method is to 
determine whether the process under study is stable and repeatable with respect to the variable to be 
controlled. This way, the ultimate aim of FPC is to improve the stability of the processes in order to 
improve their capacity through the reduction of variability. 

Standard Shewhart’s control charts are perfect tools for the detection of assignable variability. 
On the one hand, their main features are sensitivity in the detection of large deviations of the μ mean 
of a process (three times its standard deviation [σ]), and their insensitivity in the detection of minor 
deviations [4], corrected by the implementation of different sets of supplementary rules [5]. On the 
other hand, there is negative influence, reflected in increased false alarms that warn about changes 
in the mean and effects, such as non-normality of data distribution and the phenomenon of auto-
correlation in temporal series [4,6,7]. It should be added that control charts detect variability, but 
based on a discreet approach to the problem. Shewhart’s control charts can be used to asses data in 
order to determine whether a process is under control or not (Phase 1 of the FPC), or samples taken 
sequentially to detect changes in a process under statistical control (Phase 2 of the FPC).  

The goal in phase 1 is to build experimental control limits based on preliminary sampling. The 
aim is to determine whether the process is under control or not and, thus, use the calculated limits to 
control future production. The calculation process of these experimental limits consists of studying 
the points that are out of control looking for causes of assignable variation, so that they can be 
excluded from the sample and the limits recalculated. This procedure is repeated until all sample 
points are under control, and these limits will be used in phase 2. 

Once reliable control limits have been obtained, the next phase is the operation with control 
charts in real time for monitoring the process. This phase is called phase 2 of the FPC, and it is the 
time in which the different sets of rules are used to interpret the charts through the detection of 
deviations and patterns. With respect to phase 2, in general terms, it is correct to assume that the 
process will be reasonably stable, since changes in it should be smaller, given that really large sources 
of assignable variations were eliminated in a systematic manner in phase 1. Therefore, Shewhart’s 
control charts―which are not very sensitive to small to moderate changes in the average of the 
process to be monitored―should be complemented with supplementary rules [8-12] due to the risk 
of increased number of false alarms [2,12,13]. 

2.2. Functional Data Analysis (FDA) 

High dimension and functional data are gaining importance in the field of classification due to 
the technological advances that allow their capture and treatment. The fundamental goal of FDA in 
the present study was the detection and elimination of variability [14]. Traditionally, FDA has been 
applied to sets of observations of random and continuous processes monitoring discrete points [15]. 
The use of functional data entails some peculiarities at the time of their treatment, mainly due to three 
features, namely: dimension; correlation; and the fact of working in functional spaces. The main 
obstacle is treating these data computationally, because the problem should be addressed resorting 
to the discretisation of the function, or its expression in a reduced base of the functions space 
(smoothing), with the consequent loss of information. 

It is necessary to make some observations about the procedure to determine functional outliers. 
In the first place, the purpose behind this procedure is identifying the atypical functional values, such 
as the curves whose depths are the lowest extreme values by virtue of the distribution of the 
considered functional depth (FMD, HMD) [16]. This concept is used to obtain the cut-off point (C). 
Secondly, the main contribution of the procedure is identifying those curves that require greater 
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attention. This way, once that a set of atypical values is detected, it is fundamental to identify the 
reasons by which these paths have a different behaviour than the rest. 

FDA has the following advantages in comparison to other traditional statistical methods used 
for the detection of outliers [17,18]: 

Independence from the statistical data distribution, since the analysis is not performed with the 
original data, but with constructed functions. 

Single-unit temporal analysis. The analysis of the temporal axis is set as a single unit. The sample 
is analysed taking into consideration the units of entire time, i.e., there are no specific values recorded 
in particular cases. 

Analysis of trends. These techniques not only allow determining atypical values, but also the 
analysis of situations in which the goal is detecting small deviations. 

Homogeneity analysis. The atypical values are not determined, but only those that exceed a 
determined limit without a possible conclusion with regard to whether it is a single or a periodic case; 
i.e., different points do not exceed the cut-off point, but small deviations occur constantly. 

3. Functional Process Control (FPC) 

The main purpose of the present study was the implementation of a hybrid methodology called 
FPC, based on the FDA methodology combined with the advantages of FPC, thereby generating a 
toll to detect large and small functional deviations. The three phases of the FPC proposed as the 
backbone of the methodology are: (1) stabilisation of the process through the identification and 
elimination of special causes of functional variability; (2) active improvement of the process through 
the minimisation of the common causes of functional variability; and (3) supervision of the process 
to ensure the maintenance of the improvements, and the incorporation of additional improvements 
as different opportunities arise (Figure 1). 

 

Figure 1. Functional Process Control methodology. 

3.1. Identification and Elimination of Special Causes of Functional Variability; Stabilisation of the Process 
(Phase 1) 

Similarly to phase 1 of the SPC, the goal is to build experimental control limits based on 
preliminary samples. In the case of FDA, control limits correspond to the cut-off point that determines 
the functional outliers from the distribution of functional depths. The calculation process of this new 
cut-off point consists of studying the functional outliers in order to find the causes of assignable 
variation. If an assignable cause is identified for an outlier, it is excluded from the original functional 
sample and the cut-off point is again recalculated. This procedure is repeated until the original 
functional sample does not exhibit outliers, adopting the cut-off point as the starting point for phase 
2 (Figure 2). 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 10 April 2024                   doi:10.20944/preprints202404.0740.v1



 4 

 

 
(a) (b) 

Figure 2. (a) Phase 1 of Functional Process Control methodology; (b) Phase 2 of Functional Process 
Control methodology. 

3.2. Minimisation of Common Causes of Functional Variability; Active Improvement of the Process (Phase 2) 

The development of phase 2 of FPC (Figure 2) consists of: (1) determining the distribution of 
functional depths resulting from phase 1; (2) studying the possible adjustment of functional depths 
distribution calculated for a continuous probability distribution using methods based on probability 
charts and goodness-of-fit tests; (3) calculating the parameters and main statistical data of the 
continuous probability distribution corresponding to the adjustment; (4) applying the supplementary 
rules resulting from phase 2 of the SPC to control minor deviations; and (5) creating the standard 
Shewhart’s control charts with additional rules for the depths obtained after phase 1. In case 
goodness-of-fit measures are not obtained in step 2, Box-Cox or Johnson type transformations will be 
applied to normalise the distribution of depths. This way, it will be possible to obtain the empirical 
distribution corresponding to the distribution of depths if the previous transformation is not possible. 

3.3. Assurance and Incorporation of Improvements; Supervision of the Process (Phase 3) 

The processes should be monitored after they are stabilised and under statistical control, because 
this is an essential part of the closing phase of any continuous improvement cycle. The phase 3 of the 
FPC should be substantiated on the basis of the two most known and used improvement cycles, 
namely: the plan-do-check-act (PDCA) cycle; and the Deming, or define, measure, analyse, improve 
and control (DMAIC) cycle. 
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4. Case Study 

Data in Table 1 are simulated corresponding to 36 functional depth values (data set 1). 

Table 1. Original functional depth values (data set 1). 

𝒙𝒙𝒊𝒊 depth 𝒙𝒙𝒊𝒊 depth 𝒙𝒙𝒊𝒊 depth 𝒙𝒙𝒊𝒊 depth 𝒙𝒙𝒊𝒊 depth 𝒙𝒙𝒊𝒊 depth 

1 13.5204 7 16.6678 13 2.9559 19 18.4929 25 16.2287 31 17.3496 
2 15.8839 8 18.1767 14 9.5881 20 15.6908 26 15.8974 32 16.6767 
3 16.3648 9 17.9244 15 17.7082 21 18.5709 27 17.2823 33 18.2437 
4 18.2735 10 15.1164 16 17.5014 22 15.2829 28 17.9691 34 17.4502 
5 17.3438 11 9.0141 17 18.4583 23 16.0418 29 19.6242 35 17.9479 
6 17.3479 12 5.2713 18 19.0259 24 12.0369 30 18.3613 36 18.5836 

4.1. Phase 1 of FCP 

For the data set of functional depth (Table I), the original cut-off value, after steps 1 and 2 
(smoothing and bootstrapping process, respectively), was equal to 10.12 (Figure 3). 

 
Figure 3. Functional outliers for the original cut-off value (C = 10.12); data set 1. 

Thus, the identified functional outliers 11, 12, 13, and 14 (red points) corresponded to the 
functional outliers from the original functional set (step 3.1), and a new functional sample had to be 
calculated. As a result, the new functional depths and the new cut-off values were equal to 11.07 
(Figure 4). 

 

Figure 4. New cut-off value (C = 11.07) and new functional depth sample (data set 2). 
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At this moment, since functional outliers were not obtained, the functional depth sample (data 
set 2) was the starting point for phase 2 of FPC (Figure 2). 

4.2. Phase 2 of FCP 

For phase 2, the functional depth sample (data set 2) obtained in phase 1 had to be fitted (step 1) 
by means of hypothesis testing to a known statistical probability distribution. In order to choose the 
best option, some probability distributions were tested (Figure 5). 

 

Figure 5. Phase 2: depth distribution fitting for data set 2. 

Results of the hypothesis test and the determined depth distribution could be fitted as: 
Logistic distribution (p-value = 0.080), log-logistic distribution (p-value = 0.031), smallest 

extreme value (p-value >0.25), and Weibull distribution (p-value >0.5) 
Normal after Johnson transformation (p-value = 0.767) 
In this case study, and as an example, we chose the smallest extreme value as the best 

distribution fit (Figure 6). In the case of functional depths, it is necessary to take into account that it 
was a data set superiorly delimited and with the probability that the data were towards the higher 
upper tail than towards the bottom tail. After step 1, the parameters of the fitted distribution had to 
be calculated (step 2). 

 

Figure 6. Phase 2: calculation of depth distribution for data set 2. 

Step 3 consisted of supplementary rules calculation. The calculation and the choice of the type 
𝑇𝑇(𝑘𝑘, 𝑘𝑘,𝑍𝑍) supplementary rules for Shewhart’s control charts had to be based on the magnitude of the 
deviation to be detected and the speed of the desired detection through the comparison of their 𝐴𝐴𝐴𝐴𝐴𝐴𝑜𝑜 
[12,13]. 

In this case, two rules, one for large deviations (𝑘𝑘 = 1) and another for small deviations (𝑘𝑘 = 2), 
were calculated using the solution of the general case. According to the arranged notation, the rules 
were referred to as 𝑇𝑇(1,1,𝑍𝑍1) and 𝑇𝑇(2,2,𝑍𝑍2). 
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The following procedure was used to solve the general case of a 𝑇𝑇(𝑘𝑘, 𝑘𝑘,𝑍𝑍) type rule [2]: 
Choice of the desired 𝑘𝑘 value. 
Choice of the desired in-control 𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖  value (usually 𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖 = 370.4) 
Calculation of the 𝑝𝑝 root of the equation: 

𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖 =
1 + 𝑝𝑝𝑘𝑘

2(1 − 𝑝𝑝)𝑝𝑝𝑘𝑘
 (1) 

Calculation of the d control limit: 

𝑑𝑑 = 𝜙𝜙−1(1 − 𝑝𝑝) (2) 

For 𝑘𝑘 = 1 and in-control  𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖 = 370.4 : 

370.4 =
1 + 𝑝𝑝

2(1 − 𝑝𝑝)𝑝𝑝
 (3) 

After development, the polynomial was: 

740.8𝑝𝑝2 − 739.8𝑝𝑝 + 1 = 0 (4) 

For 𝑘𝑘 = 2 and an 𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖 value = 370.4: 

370.4 =
1 + 𝑝𝑝2

2(1 − 𝑝𝑝)𝑝𝑝2
 (5) 

740.8𝑝𝑝3 − 739.8𝑝𝑝2 + 1 = 0 (6) 

Tables 2 and 3 show equations (4) and (6) solutions. 

Table 2. Probabilities, Lower Control Limit (LCL) and Upper Control Limit (UCL) for 𝑘𝑘 = 1. 𝑇𝑇(1,1,𝑍𝑍1) rule, 

p 1-p LCL UCL 

0.01350 0.99865 10.83 19.88 
0.99730 0.00270 10.01 20.01 

Table 3. Probabilities, Lower Control Limit (LCL) and Upper Control Limit (UCL) for 𝑘𝑘 = 2. 𝑇𝑇(2,2,𝑍𝑍2) rule. 

P 1-p LCL UCL 

0.03748 0.96252 13.94 19.18 
0.99729 0.00271 10.83 19.88 

Figure 7 shows the control chart with warning and control limits, and the most restrictive 
solution ready for last step of phase 2. 

 
Figure 7. Phase 2: Limits calculation for supplementary rules 
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To proceed similarly to phase 2 of SPC, the chart did not include the points corresponding to the 
depths of the functional samples that corresponded to the chosen rational subgroups (hours, days, 
months, etc.) calculated according to the cut-off value obtained at the end of phase 1 of FPC. 

5. Conclusions 

Both: SPC and FDA and the concept of FPC can be used successfully in the search and 
elimination of outliers, in order to reduce any type of variability: common or random [17,19]. But 
when data do not follow a normal distribution and in auto-correlation phenomenon presence, and 
the false alarm rate increases [20], FPC can be utilized effectively in the detection of outliers, also 
contributing major advantages in the detection of specific variability compared to traditional 
techniques such as Statistical Control Process [21], even adding supplementary rules to the traditional 
Shewhart-type control charts. Thus, the functional approach of FPC with supplementary rules 
calculation, greatly enhances the capacity for analysis facilitating massive and systematic analysis of 
the data. 
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