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1. Introduction

We consider the multi-dimensional H- integral transform ([1], formula (43)):
a;, ;)1 p

o= Tpmn ] €
(H)(x) 0/Hp,q [ U (o By

where (see [1-3], ch. 28; [4], ch. 1; [5,6]) x = (x1, X2, ..., xn) € R"; t = (1,12, ..., tn) € R", R" be the n-
n n

1f(t)dt, x> 0; (1)

dimensional Euclidean space; x -t = Y x,t, denotes their scalar product; in particular, x - 1= Y x,
n=1 n=1
for 1= (1,1,...,1). The 1nequa11ty x > t means that x; > t,...,x, > t;, and inequalities >, <, < have

o) [eoNee]

similar meanings ; f f f f by N = {1,2,...} we denote the set of natural numbers, Ny = NJ {0},

=Np X ... X No,k = (kl,kz, k) € NG (ki € Ng, i =1,2,...,n) is amulti-index with k! = k! - - ky,!
and k| = k1 + ..+ ky R = {x € R",x > 0}; for x = (xy,x,...,k,) € R D* = %;
dt = dty - -dt,; t° = 92 5 f(t) = f(t,t2,...,tn); C" (n € N) be the n-dimensional space

of n complex numbers z = (21,22, -+ ,2n) (z]- eCj=12-,n); A= (M, Mg, Ay) € CF

m = (my,my, ..., my) € Nfand my = my = ... = my;n = (ny,7,..., 1) € Njand 7y =7 = .. =
g p = (P, P2 pn) ENjand pr = p2 = . = p; = (91,92, qn) E Njand g1 = g2 = ... = qu

(0<m<q0<n<p)
a; = (ail,aiz, ain), 1<i< p, 4, iy, .-, i, cC (il = 1,2,...,p1;...;in =1,2,.., pn);
b; = (bj,, bj,, .., b;,), 1 < j < q,bj,,bj,, b5, €C (1 =1,2,00, G150 = 1,2, 0, qn);
@ = (wj, iy, ... oc,-n), 1<i<p, ..t €R (1 =12,.,p1.500 =1,2,..,pn);

B = (Bjr Bjyr s Bju ) 1 < 7 < Bjis Biys oo By €RY (1 = 1,2, 4150 = 1,2, )
The function in the kernel of (1)

Hg‘ (;‘ [xt

(alzl"z Lp my, 1
(b]/,B])lq HHpkquk itk

(ﬂik, véik)l,pk ] )

(bjk’ﬁjk)quk
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is the product of H-functions H}';" [z]:
Hy''[z] = Hy'' |z (3i0i)1p | _ x /7'[21,;1"(5)2’5115, z#0, ©)

(b], ,Bj)qu 27ti ]
where
m n
(@) 1:[1T(bj+/3js) Er(l—ai —a;s)
Hyg (s) = Hpg l(bl., 1' Lp |s] = ;* Z*q . (4)
],'B] Lg IT T(a; +a;s) TI T(l—b]-—/%js)

i=n+1 j=m+1

In the representation (3) L is a specially chosen infinite contour, and the empty products, if any, are
taken to be one.

The H-function (3) is the most general of the known special functions and includes as special
cases elementary functions, special functions of hypergeometric and bessel type, as well as the Meyer
G-function. One may find its properties, for example, in the books by Mathai and Saxena ([7], Ch.
2), Srivastava, Gupta and Goyal ([8], ch. 1), Prudnikov, Brychkov and Marichev ([9], Section 8.3),
Kiryakova [10] and Kilbas and Saigo ([11], Ch.1 — Ch.4).

Our paper is devoted to the study of H- transform (1) on Lebesgue-type weighted spaces £; 5 of
functions f(x) = f(x1,x2, ..., ) on RY, such that

Ay — 2:vp-—1
ﬁ:{/Rlx%w 1{...{/}R 21Ty

1
+ +

I1f

211
[A B (g, oy 1) Py} - Y 12 < oo,
7= (v,v2,...,vn) ERL 1y =15 = .. =1y,and 2 = (2,2,...,2).
In this paper we apply the results from [2] to obtain mapping properties such as boundedness,
the rang and representations for the H- transform (1).
Research results for transformation (1) generalize those obtained earlier for the corresponding

1
T

one-dimensional transformation ( see [11], Ch. 3):

[e9)

(Hf)(x) = [ 1y

0

‘ (air ai)l,p

b pr, f(Hdt,  x>0; )

xt

in the space £, 5 of Lebesgue measurable functions f on Rl = (0, %), such that

[P <o vem).

The H- transform (5) generalizing many integral transforms: transforms with the Meijer G-
function, Laplace and Hankel transforms, transforms with Gauss hypergeometric function, transforms
with other hypergeometric and Bessel functions in the kernels. One may find a survey of results and
bibliography in this field for one-dimensional case in the monograph ([11],Sections 6-8). Note that a
very important class of transforms under consideration is a class of Buschman-Erdélyi operators, they
have many important properties and applications, cf. [1,12-16]. And topic of this paper is also in a
very tight connection with transmutation theory, cf. [17-21].

2. Preliminaries

The properties of the H-function H;,'f’q" [z] (3) depend on the numbers ([11], formulas 1.1.7-1.1.15):
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n 14 m q q p
f=;M*ZwﬁiﬁerﬁﬁA=gﬁf;M 6)
i= j= j= i=

i=n+1 j=m+1

P A g
‘SZH"‘i ]Hﬁj]; )

i=1 j=1
q p —q
p=Y k- Yo+ ®)
j=1 i=1
m p n q
af:Zﬁ]-— Z ai;a§:2ai— 2 Bj; aj +ay =a", aj —a; = A; )
j=1 i=n+1 i=1 j=m+1
m q n 14
(::Zb]'— Z b]'—FZIZi— Z a;; (10)
j=1 j=m+1 i=1 i=n+1
c*:m+n—PT+q. (11)

An empty sum in (6), (8), (9), (10) and an empty product in (7), if they occur, are taken to be zero and
one, respectively.

There holds the following assertions.

Lemma 1.([11], Lemma 1.2) For o, t € R, there holds the estimate

|H;ﬂ’g(0'+l'f)| ~ C|t|AU+Re(y) exp—n[\t|u*+Im(§)sign(t)]/2 (|i’| N OO) (12)
uniformly in o on any bounded interval in R, where
C _ (zn)c* exp_c*_Ag._Re(y) 50— IEIDC1/27R8(L1,‘) ﬁ 'BRe(b])—l/z (13)
! ]
i=1 j=1

and ¢ and c* are defined in (10) and (11).
Theorem 1.([11],Theorem 3.4) Let &« < { < B and either of the conditions a* > 0 or a* = 0 and
Al +Re(p) < —1are hold. Then for x > 0, except for x = 6 when a* = 0 and A = 0, the relation

+ico
mn [x (uP' ‘XP) ] — L ’Y/Z 1 (uP’aP) ‘t x—tdt (14)
b4 (bp, Bp) Zm%ioo P\ (by, Bp)
holds and the estimate
|Hm,n |:x (ap/ DCP) :| | < Agx_g (15)
P (bp, Bp) 1"~

is valid, where A¢ is a positive constant depending only on (.

A set of bounded linear operators acting from a Banach space X into a Banach space Y denote by
X, Y].

Multidimensional Mellin integral transform (91f)(x) of function f(x) = f(x1,x2,...,Xn), X =
(x1,x2,...,x,) € R", is determined by the formula

(Mf)(s) = / F(OEdt, Re(s) =7, (16)
0

do0i:10.20944/preprints202404.0536.v1
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s = (sl, S2,...,8n) € C". The inverse multidimensional Mellin transform has the form
1 Y1+ico Yn+ico
m- 7/ / x 3¢(s)ds, 17
(Mm1g)(x) = B oo i X 88) (17)

x € R, v; =Re(s;) (j =1, ,n). The theory of multidimensional integral transformations (16) and
(17) can be recognized, for example, in books ([4], Ch. 1; [22,23]).

We will need the following spaces. As usual, by L;(R") we will understand the space of functions
f(x) = f(x1,x2,..., xy), for which

NP
15l ={ [, r0Pax} < oo, 5= (paparp) 1< 7 <

If p = oo, then the space Lo (R") is defined as the collection of all measurable functions with a finite
norm

£ lLe(mry = esssup|f(x)],

here esssup | f(x)| is the essential supremum of the function | f(x)| [24].

We need the following properties of the Mellin transform (16).

Lemma 2. ([2], Lemma 1) Let V = (v, v, ..., V) € R", v1 = vp = ... = vy,. The following properties of
the Mellin transform (16) are valid:

(a) Transformation (16) is a unitary mapping of the space £ 5 onto the space Ly(R").

(b)For f € £ 5 there holds

11+iR 1/2+1R vy +iR
F(X) = —— lim / [ emp) sk s, (18)

(271i)" R0 Jy; —iR y—iR
where the limit is taken in the topology of the space £, 5 and where,
n
if F(v+it) = [ Fi(v; +itj), Fi(v; +it;)) € Li(-R,R), j = 1,2,...,n, then
i=1

11 +iR  pvp+iR v,,—l—lR
/ / . / s)ds =i / / / (v+it)d
1n—iR Juy vy —iR

(c) For functions f € £, 5 and g € £,_; 5 the following equality holds

1 V+ico s
/ F)300dx = s [ () () (D) (1~ s)x*ds. (19)

V—100

n [2] we consider the general multi-dimensional integral transform ([2], formula (1)):

(Kf) (x) = ExP@H)/ﬁ%x@H)/ﬁ / k[xt]f(t)dt (x > 0), (20)
0

where the function k|[xt] in the kernel of (20) is the product of some one type special functions:
k[Xt] = k[xltl] . k[X2t2] s k[xntn].
Transformation (20) satisfies the following theorem.

Theorem 2.([2], Theorem 1) Let U = (v1,v3,...,vy) € R" (v; = vp = ... = vy,), h = (hy, hy, ..., hy) €
R, and A = (A1, Az, ..., Ay) € C".
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(a) If the transformation operator (20) satisfies the condition K € [£_5

v,27

right side of (20) k € £ 5. Ifwe set for v; # 1 — (Re(A;) +1)/hj,j =1,2,.

21_7,5], then the kernel on the

(M) (1 —74it) = — 2O
A41—(1—v+it)h
6(t;
=11 ) (1)
=1 A] + 1-— (1 — 1/]' + lt])h]
almost everywhere, then function 6 € Leo(R"), and for f € £ 5 there holds the relation
(MKSf)(1—v+it) = 0(t)(Mf) (v —it) (22)

almost everywhere.

(b) Conversely, for given function 6 € Leo(R"), there is a transform K € [£;5, £, ;5] so that the equality
(22) holds for f € £;5. Moreover, ifv; # 1 — (Re(A;) +1)/hj, j = 1,2, ..., n, then transformation Kf (20) is
representable in the form (20) with the kernel k definite by (21).

(c) Based on statements (a) or (b) with 6 # 0, K is one-to-one transformation from the space £; 5 into the
space £, 5, and if in addition 1/6 € Leo(R"), then K maps £, 5 onto £, 5, and for functions f, g € £;5
the relation

[ soosoax— [ 23)
0 0

is valid.

3. £y2-Theory for the Multi-Dimensional H-Transform

To formulate the results for the transform Hf (1) we need the following constants ([1], (57)-(60)),
analogical for one-dimensional case defined via the parameters of the H - function (3) ([11], (3.4.1),
(3.4.2), (1.1.7), (1.1.8), (1 1.10)):

let® = (&1, @y, ..., &y) and ﬁ (‘Bl,ﬁz, . En) where
Re(b; 1—Re(a;
— min [ e(,”)}, my >0, _ min [ e,(a’l)], 71 >0,
i = 1<h=m Ll Pi B = {1=i=ml %
—00, My = 0, o, ﬁl = O,

. Re(b; . 1—Re(a; _
— min [ ﬁ(_]z)}, my >0, _ min [ _( '2)], My >0,
Wy = 1<ja<my 2 B2 = 1<ir<mp i
—o00, my =0, oo, 1y =0,

and so on
. Re(b; . — ; _
N — min {%}, my, >0, _ min [%}, n, >0,
X, = 1<ju<my L Pin Bn = { 1Sin<mn in (24)
—oo, mp =0, oo, My =0;

leta* = (aj,a;,..,a;), A= (A1, ..., Ay) and

n P1 my q1 q1 P1
* —_— . . . _— . .
o =) ai— Y owi+ ) Bi— Y Bp M=) B — ) iy
i=1 =7 +1 j=1 j=mi+1 j=1 i=1

) P2

my P2
a; = Kiy — Z i, + Znsz Z 1312' Ay = Z‘BJZ Z{“iZ’
i=

i=1 i=Tip+1 =1 j=my+1
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and so on
My Pn My qn qn Pn
an= 3 %, = Y w H Y B D BB =) B — X (25)
i=1 i=T,+1 j=1 =1 =1 i=1
let 4 = (p1, po, ..., un) and
91 P1 92 P2
1— 7 292
=Y by =Y+ P = Y b - Y e+ P
=1 =1 =1 =1
qn Pn Pn
o =) bj, =) a, + (26)
j=1 i=1
The exceptional set &7 of a function ﬁgg‘ (s):
a7 a7 (all ) 61 o )1
Hoo(s) = ’Hm'n[ g | i i bk | o 27)
P-q pP-q (b]/,B])lq H P+ 9k ( ]k’ﬁ] )1‘7k

is called a set of vectors V = (v1,1y,...,v,) € R" (11 = 1p = ... = vy),suchthat @y < 1—1; < Ek,
k = 1,2,..n, where the parameters &, Bx(k = 1,2,...,n) are defined by formulas (24), and func-
tions HZ;" g,f(sk) (k = 1,2,...,n) of the view (4) have zeros on lines Re(s;) < 1 — v (k = 1,2,...,n),
respectively (see [1], (61)).

Applying multidimensional Mellin transformation (16) to (1), formally we obtain:

(OmH) () = Fy | 201 I ()1 ), 2s)
(bj/Bj)rq

Theorem 3. Suppose that
Ek<1—1/k<gk,' VkZl/l,k#l(k,lzl,z,...,l’l),' (29)

and that either of the conditions
ap >0 (k=1,2,..,n); (30)

or

ap =0,A¢[1 —vg] +Re(pg) <0 (k=1,2,..,n) (31)

holds. Then we have the following results:

(a) There exists a one-to-one transform H € [£;5, £, 5] so that the relation (28) holds for Re(s) = 1 —v
and f € £;5.
Ifa; =0, A[1 —vi] +Re(pg) = 0 (k= 1,2,...,n), and V does not belong to an exceptional set E;, then the
operator H maps £ 5 onto £,_5.

(D If f € £;5and g € &5, then for H there holds the relation (23):

[ £ (Hg) )dx = [ (HF) (x)g(x)ex. (2)
0 0

(© Let f € £,5, A = (A, Ay, ooy An) € C, = (hy, by, .o hy) € R IfRe(A) > (1 =)k — 1, then
Hf is given by formula:
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(Hf) (X) = Iix! —(A+1)/h
xA+1)/ i gl (—A.h), (ai, "‘i)lrpi ] tdt 33
) p+1,q+1[ ‘ (b], ,Bj)l,qr (—X— 1/h) f( ) ( )
When Re(A) < (1 — 1/) — 1, Hf is given by:
(Hf)(x) = 1-(A+1)/k
m+1,n (ai/“i) , /(_X/E)

X< A1)/ / HE I11q+l[ x 1/%1;, - ﬁj)qu] f(t)dt. (34)

(d) The transform H is independent of U in the sense that, for V and U satisfying the assumptions (29), and
either (30) or (31), and for the respective transforms H on £ 5 and H on £ 5 given in (28), then Hf = Hf for

fegNEs
R n
Proof. Let w(t) = H(1 — v +it)= [] H(1 — vk + itg). By virtue of (4), (24), and the conditions (29)
k=1
the functions Hj 0! (s1), Hp2 42 (52),-.., Hp i (sn) are analytic in the strips & < 1 — 11 < By, ..., &y <
1—-v, < En,vl = 1p = ... = Uy, respectively. In accordance with (12) and conditions (30) or (31),

w(t) = O(1) as |t| — oo. Therefore w € Lo (R"), and hence we obtain from Theorem 2 (b) that there
exists a transform H €[£; 5, £, ; 5| such that

v,2/

(MHS) (s)(1 — v +it) = H(1 — U+ it)(Mf) (v — it)

for f € £, 5. This means that the equality (28) holds when condition Re(s) = 1 — 7 is met. Since

the functions 7-[2111,’,?11 (s1), 7-[;122?22 (52),. Hpi" (s ) are analytic in the strips & < 1 —v; < B, by <
1—vy < Bn,v1 = Va = ... = vy, respectively, and have isolated zeros, then w(t) # 0 almost everywhere.

So it follows from the Theorem 2(c) that H € [£; 5, £, ; 5| is a one-to-one transform. If a; = 0,
Ar(1—vg) +Re(pr) =0 (k =1,2,..n) and ¥ is not in the exceptional set &;; of H, then 1/w € Lo (R"),
and from Theorem 2 (c) we have that H transforms the space £; 5 onto 21 _y,3- This completed the
proof of the statement (a) of the theorem.

According to the statement of the Theorem 2 (¢), if f € L5 and g € £ 5 then the relation (32) is
valid. Thus the assertion (b) is true.

Let us prove the validity of the representation (33). Suppose that f € £; 5 and Re(A) > (1 -
¥)h — 1. To show the relation (33), it is sufficient to calculate the kernel k in the transform (20) for such
A. From (21) we get the equality

e 1
(Mk)(1—v+it) = H(1 V+lt)X+1—(1—V+it)E
n ) 1
:,QH(l_V"Jrlt")/\ﬁlf(1fuk+itk)hk
or,forRe(s) =1-7
(MK)(s) = F(s)——— = T[H(s0)—— . 35)

A4+1—hs 3 k1= Iy
Then from (18) and (35) we obtain the expression for the kernel k

1—vy+iR

k(x) = Hk xp) = 2m HRaoo/1 (IMK) (s) x, sy

v —iR
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1 n 1-y+iR 1 s
= li ———x, kdsy, 36
(27‘[1') Pl 1R~r>rolo 1—y—iR Hk(sk)/\k +1-— hkskxk %k (36)
where the limits are taken in the topology of £, .
According to (4) and (27) we have
— 1 = T(1—(=A)—h
Hs)— —Fi(s) LA (A —hs)
A+1—hs I'(1—(=A—1)—hs)
. Hm n+1 [ (_Xr E)/ (ai/ lxi)l,p |S]
1,q+1 5 =
P (b i) (A1 B)
n = —Ak, ), (a;,, 2 )1
_ ,Hmk,nk-i-l ( k k 1 Y ) 1,pg |Sk ) (37)
LU Pentce | 3 (241,00

Denote by &, Bk (k = 1,2,..,n) the constants «y, .Ek (k = 1,2,..,n) in (24) respectively; by a;
(k=1,2,...,n) the constants a; (k = 1,2,..,n) and by Ay (k = 1,2,...,n) the constants Ay (k = 1,2,...,n)
in (25),respectively; by jix (k = 1,2,...,n) the constants yy (k = 1,2,...,n) in (26) respectively for
Hykitl ) (k= 1,2,..,n) in (37). Then & = & (k = 1,2,..,n); B = min[By, (1+ Re(Ar))/hy]
(k=1,2,.,n);d =a; (k=1,2,..,n); A = A (k=1,2,..,n); iy = g — 1 (k = 1,2,...,n). Thus, it
follows that

(@) <1—v <Bi(k=1,2,..,n);

from Re(X) > (1 —7)h — 1, and either of the conditions:

(b')ay >0 (k=1,2,..n);or

(c)ak—O(k_lz ,n);

Ap(1 = i) + Re(ix) = Ak(1 =) +Re(p) =1 < -1

(k=1,2,...,n) holds. Applying Theorem 1 for x > 0, then the equality

(=Ah), (aj, @)1 ]

H™ n—+1 [Xt 7 B
LAt (bj, B)1q, (A —1,R)

(_Ak/ hk)/ (aik’ ‘Xik)llpk
(bjk/ ﬁjk)quk’ (7Ak - 1, hk)

H " 41
- P+l g+l
1- vk+zR

1
—x " 38
27‘[1 HR—mo/l ve—iR )\k +1-— hkSk Sk (38)

holds almost everywhere. Then, (36) and (38) lead to the fact that the kernel k is given by

k(x) = mntl | (—=Ah), (airi‘xi)l,Pi .
p+1q+1 (bj, Bi)rq, (X —1,70)

and (33) is proved.
The representation (34) is proved similarly to (33). We use the equality
_ 1 = T(hs—A—1
H(s)— = F(s)Lhs=A=D)
A+1—hs I'(hs —A)

_ _gm+1,n (air “i)l,p, (*X/ E) |S
PELATT (X —1, ), (b), Bj)1q
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1 7 aj , o )1 /(_)\k/ hk)
— Hmk+1,nk ( 1er Y )1, pre ‘ il (39)
S e [V AW A

instead of (37).Thus, the statement (c) is proved.

Let us prove (d). If f € £;5;N£&; ; and Re(A) > max[(1 —7)k —1,(1 — )k — 1] or Re(A) <
min[(1 — )k — 1, (1 — ¥)h — 1], then both transforms Hf and Hf are given in (33) or (34), respectively,
which shows that they are independent of v.

Corollary 1. Suppose that & < Py (k = 1,2,...,n), and that one of the following conditions holds:

(@) a; >0(k=1,2,..,n);

Waf=0(k=12,.,n);A>0(k=1,2,..,n);and

G < =2 (k=1,2,..,n);

(caf =0; A, <0(k=1,2,..,n);and

B> =" (k=1,2,..,n);

(daf=0(k=12,..,n);A=0,(k=1,2,..,n);and

Re(py) <0(k=1,2,..,n).

Then the H-transform (1) can be defined on £; 5 with

O < < Pr(k=1,2,..,n);v1 =v) = ... = Vy.

Proof. When 1 — ,gk <y <1-w (k=1,2,..,n),by Theorem 3, if either a; >0 (k = 1,2,...,n)
oraf =0 (k=1,2..,n); A(1 —v)Re(p) <0 (k =1,2,...,n) are satisfied, then the H- transform
can be defined on £; 5, which is also valid when a; < vy < Bx (k =1,2,...,n) . Hence the corollary

is clear in cases (a) and (d). When Ay > 0 and @ < —%’:k) (k=1,2,..,1n), the assumption & < By

(k =1,2,...,n) yields that there exists a vector V = (vy, 13, ..., V) such that 7 < 1 — v < —%fk)

(k=1,2,..,n),and a < 1—v < f%z") (k =1,2,..,n), which are required. For the case (c) the

situation is similar, that is, there exists v of the forms Ek >1—vy > —%’:k) (k =1,2,..,n); and
& <1—v; (k=1,2,..,n). Thus the proof is completed.

4. Conclusion

The multi-dimensional integral transformation with Fox H-function is studied. Conditions are
obtained for the boundedness and one-to-oneness of the operator of such transformation from one
Lebesgue-type weighted spaces of functions to others, and analogue of the formula for integration
by parts are proved. For the transformation under consideration, various integral representations
are established. The results generalize those obtained earlier for the corresponding one-dimensional
integral transform.
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