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Abstract: Theoretical studies on the generation of nondiffracting and nondispersive light pulses and their
experimental implementation are one of the renowned problems within electromagnetics. Current technologies
enable creation of short-duration pulses of a few cycles with high power and fluency. An application of these
techniques to the field of nondiffracting and nondispersive pulses requires a proper mathematical description of
highly focused vector pulses. In this work, we study vector optical bullets in a dielectric medium with different
polarization structures: linear, azimuthal, and radial. We report the differences caused by the vector model
compared to the scalar model. We analyze effects caused by superluminal, subluminal, or even negative group

velocity on properties of vector optical bullets inside a dielectric material.

Keywords: optical bullets; focus wave modes; polarization; diffraction; dispersion; nondiffracting beams; nondis-

persing pulses

1. Introduction

Engineering of structured light is on the rise nowadays due to the wide range of possible ap-
plications and benefits not only within optics, but also within physics in general [1]. This interest is
caused by a large degree of controllable phenomena such as optical traction [2,3], optical spinning [4],
self-healing [5], imaging [6] and nondiffractive nondispersive propagation [7].

The diffraction of light beams is one of the obstacles in the way of laser communication, infor-
mation transfer, and long-distance laser interactions. As the beam propagates, its spatial components
experience dephasing due to diffraction, so the spatial profile is distorted: the size increases and the
intensity drops [8-10]. The nondiffracting beam is a beam that circumvents diffraction spreading
through constructive interference in a zone called the Bessel zone. The most well-known example of
such a beam is the Bessel beam [11,12]. However, other beams are also known- the elliptical Mathieu
[13], the parabolic Weber [14], or the Airy beam [15]. These examples propagate infinitely large dis-
tances and possess infinite energy, however, giving them a Gaussian envelope results in finite energy
optical beams resisting diffractive spreading over finite distances [16].

Moving to pulsed beams [17], yet another obstacle appears for long-distance laser applications.
Due to the dispersion of the material, the phase velocities of different temporal components with
different wavelengths are not the same [8]. For this reason, they propagate differently [18], so the pulse
experiences dispersive broadening and other shape distortions [19]. This was found to be overcome
using the nonmonochromatic superposition of nondiffracting beams with a predefined spatiotemporal
dispersion within the pulse [20,21]. Joint dispersion and diffraction resistance of such pulsed fields has
allowed to call them optical bullets. Among such examples of pulsed nondiffracting and nondispersing
beams are pulsed Bessel beams [22], focus wave mode [23], and X-waves [24-26] and spatio temporal
light sheets [27,28], which got their extension to the elliptical and parabolical X-waves [29] and to the
nonlinear optics [30,31].

Yet another degree of freedom, which becomes more noticeable within the field of structured
light, is the polarization of the electromagnetic field. This advance is constantly increasing since the
realization that inhomogeneous polarization enables a sharper focus of light [32,33], which can be
conveniently understood using a multipolar description of light [34,35], valid also for pulsed fields [36].

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 April 2024 do0i:10.20944/preprints202404.0502.v1

2 of 22

As the numerical aperture increases, the scalar description of the optical field becomes invalid [37-40].
Even for linearly polarized light, a noticeable longitudinal component appears and even detectable
cross-polarization is observed [41]. The longitudinal component is especially noticeable in radially
and azimuthally polarized light [42], which is created using polarization controllable optical elements
[43,44].

The concept of an inhomogeneously polarized nondiffracting beam was successfully introduced
by Bouchal [45], although some insight into the topic was already present in the book by Stratton
[46] and the method of construction of such polarized structures is discussed in great detail by Morse
[47]. The extension of the concept of nondiffracting X-waves from the scalar domain to the vector
domain was introduced [48] and extended to vortical properties with an arbitrary frequency spectrum
[49]. Vector light sheets of nondiffracting light were also recently studied, [50,51]. Moreover, vector
parabolical, elliptical optical bullets were considered [52,53]. These advances are especially interesting,
given the applications of pulsed beams polarized radially and azimuthally for material processing
[54,55], together with the applications of nondiffracting beams [56,57].

We have already investigated highly nonparaxial vector Bessel-X pulses [58], introducing an-
alytical expressions and revealing novel properties introduced by inhomogeneous polarization. In
this work, we move on to the investigation of another type of optical bullets - vector focus wave
modes, which are generalizations of the X-waves and Bessel-X pulses inside a dielectric dispersive
medium. For this purpose, we selected one of the glass materials and analyzed the dispersion relation
of the spatiotemporal spectra [21]. The general expression of the spatiotemporal spectra describes
the cone angles of forward propagating Bessel beams that result in the pulsed signal propagating
in the Bessel zone with controllable velocity V, which can be superluminar [59,60], subluminar [61],
or even negative (i.e. propagate backward) [25]. These conditions may require high cone angles of
superposed Bessel beams, so a valid vector description is required. We introduce to the optical bullets
this vector description and study electromagnetic structure of resulting pulsed fields in a glass, relating
the duration to the transverse size of the beam, central frequency and propagation velocity of the
optical bullet.

2. Materials and Methods

Nondiffracting and nondispersive wave packets usually are introduced within the frame of
the cylindrical coordinate system and are perceived as a coherent superposition of monochromatic
solutions of the respective cylindrical coordinate system. For such a coherent superposition to have
nondiffracting and nondispersive properties, the wave vectors and frequencies within the wave packet
have to correlate with each other. This requirement results in a wide range of different wave packets
that are resistant to diffraction and dispersion. In this work, our aim is to investigate the so-called
optical bullets, which are characterized by the following relation:

ke (w) = %n(w) cosf = % +1, (1)

where k; is the z component of the wave vector k = (kp, 0,kz), ko is the transverse component of the
wave vector, w is the wave frequency, c is the speed of light, n is the refractive index of the material, 6
is the angle between the z axis and the k vector, V is the group velocity of the focus wave mode, and
is the propagation constant. This dependency introduces the spatial-temporal relationship between
the wave vector and the wave frequency. It can be visually perceived as the angular dispersion law for
different frequencies:
e

n(w) + wn(w) |’

)

6(w) = arccos
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Substituting the relation between the vector k and the frequency of the wave into the general expression
of the superposition of monochromatic waves results in the following integral expression:

E(p, ¢,2,t) = 7 /OOO S(w)Jm (kop)e™Pe ™ dw 3)

where T = t — z/V and m is the topological charge of the focus wave mode, (p, ¢, z) are cylindrical
coordinates.
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Figure 1. (a) Angular dispersion of the optical bullet inside the BK7 glass, when v = 1.25um, and
V/c:0.7 (1),0.75 (2),0.85 (3), 1 (4), 1.4 (5). (b) Angular dispersion of the optical bullet within the BK7
glass, when v = —0.628um, and V /c: 0.629 (1), 0.63685 (2), 0.645 (3), 0.65495 (4), 0.685 (5), (c) Angular
dispersion of the optical bullet within the BK7 glass, when V /¢ = —1.2, and v: 671 (1), 77 (2), 87t (3),
97t (4), 107t (5). The frequency is normalized to the value of wy = 1.7716 PHz

The scalar focus wave modes are well known and have been studied. Our aim here is to construct
their vector counterparts. Vectorial solutions of the Maxwell equations are constructed from solutions
of scalar wave equations using the method given in Reference [46,47]

M(r ) = V x aE(5,£), N(rt) = %v X M(x, 1), 4

where V is a nabla operator and a is a predefined vector [47]. Applying this operation to Equation (3)
leads to the following expressions for transverse electric (TE) optical bullets:

M(r,t) = em/ S(w)My(r;w)e “Tdw, ()

0

and transverse magnetic (TM) optical bullets:
N(r ) = e / S(w)No(r; w)e “Tdw. ©)

0

Vector functions M(r, w) and Ny(r, w) are basis vector functions of cylindrical coordinate sys-

tems obtained from Equation (4). Their exact expressions and physical interpretations depend on the
choice of the vector a.

When a = e, the expressions resulting for My(r, w) and Ny(r, w) are

My(r,w) = i%]m (kop)2p — Iy (kop) g elkzztime 7)
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where [}, is the first derivative of the Bessel function of the m-th order. This expression describes an
azimuthally polarized Bessel vortex beam.

k R k L T ks
No(r w) = [lkzl’/" (kop) 2o — %fm (kop)2g + < Jm (kpp)ez] elfezHime (8)

This expression describes a radially polarized Bessel vortex beam, compare with Ref [45].
When a = ey, the resulting expressions for My(r, w) and No(r, w) are

Mo(r, @) = {iszm (kop)2y — ls'm @11y (kop) +im cos q)]’"(:‘fp)] 2, }eikzmmfp ©)

where ey is the unit vector of the Cartesian coordinate system. This expression describes a linearly
polarized (in the y-direction) Bessel vortex beam.
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Figure 2. Intensity distributions of transverse electric (TE) linearly polarized Bessel-X pulses and its
individual components(Ey, (c), Ey, (d), Ez, (e)) in the transverse plane. The white arrows represent
the orientation of the electric field. The frequency w, = 4 X 101° Hz. Topological charge m = 0, pulse
duration dt = 100fs, V/c = 0.63685, v = —0.628.

im

1 (k
No(r,w) = }C({_I’”(pf)p)(cosq) + imsin @) + Jun (kop) [pz(sinq) — im cos @) + k2 cos (p] }ép

! k .
+ | (Kop) sin g + Mim cos ¢ — Ju (kop) (m; cos ¢ + k% sin 4’) ey
! ° (10)
k Lo
+ ]1/11 (kpp) ik; cos ¢ + ]m(ppp)kzm sin ¢] éz) elkzZ+1m(p,
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where ]/, is the second order derivative of the Bessel function of the m-th order. This expression
describes a linearly polarized (in the x direction) Bessel vortex beam, see Reference [45] for a slightly
different definition.

Substitution of these four different basis functions into Equations (5, 6) gives integral expressions
for vector optical bullets inside a dielectric material. The selection of the vector a = e, gives us
azimuthally and radially polarized optical bullets, and the selection of the vector a = e, gives us
linearly polarized (in the ¥ and x directions) optical bullets. In general, these expressions cannot be
analytically integrated, but integration can be performed under some strict conditions. For example, in
the vacuum, when 7y = 0 and the spectral envelope S(w) has a particular expression

S(w) = exp [—Atz(w - wc)2/4} , (11)

then the integrals from Equations (5, 6) can be analytically evaluated to azimuthally and radially
polarized pulsed Bessel-X vortices [58].
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Figure 3. Intensity distributions of transverse magnetic (TM) linearly polarized Bessel-X pulses and
its individual components(Ey, (c), Ey, (d), Ez, (e)). The white arrows represent the orientation of the
electric field. Frequency w. = 4 x 10! Hz. Topological charge m = 0, pulse duration dt = 100fs,
V/c =0.63685, v = —0.628.

3. Vector Optical Bullets in Dielectric Material

In this section, we systematically investigate and present a comparison of linearly polarized
optical bullets with their radially /azimuthally polarized counterparts in the dielectric material. We
selected a BK7 glass for this investigation, but note that these steps can be easily applied to any other
material whose dispersion can be described using a Sellmeier formula [62]. The angular dispersion of
the focus wave modes is described by Equation (2). The properties of such dispersion curves have
already been extensively studied in the literature, see Reference [21], so we shall briefly recall them
without diving into the problematics.

An example of angular dispersion curves for BK7 glass is shown in Figure 1 for a few selections of
group velocities V /c and parameters <. In the first case, we select a positive value of v = 1.25um and
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change the group velocity values V /c. As a result, we observe the angular dispersion that increases
monotonically with frequency. The main feature of these dependencies is that the range of frequencies
where the optical bullet exists changes with velocity; see Figure 1a. In the second case, we select
one particular negative value of v = —0.628um to plot the angular dispersions for 5 different values
of the group velocity, see Figure 1b. This case is especially interesting as a demonstration of the
rich and complex dependencies of the angular dispersion. Moreover, for some values, we observe
monotonically decreasing angles for single-wave components, which after reaching the inflection
point start to increase. At a particular value of the group velocity V /¢, the inflection point touches the
frequency axis. A further change in the group velocity results in the dispersion curve splitting into
two parts; see Figure 1b. In the last example, we selected a negative group velocity V/c = —1.2 to
show the possibility of creating a backward propagating optical bullet inside the dielectric material;
see Figure 1c and plot dispersion curves for a selection of parameters 1.

Before proceeding to the analysis of numerical simulations, we note that the situation depicted in
Figure 1b is the most interesting and most studied in the literature, as for the scalar optical bullets,
the rich dynamics of spatiotemporal profiles is observed. Usually, the optical bullets have a spatial
profile that resembles the capital Latin letter X; for this reason, the optical bullets are very often called
mistakenly X-waves or Bessel-X pulses, although the latter solutions are obtained as a particular case
of the focus wave modes with parameter v = 0 and very specific and distinct expressions of the
spectral envelope S,. Yet another example of the transformations in the spatiotemporal profile of the
nondiffracting and nondispersive focus wave mode is the change to the capital Latin letter O, caused
by specific angular dispersion due to which the peripheral intensities merge together; see References

[21,24,63].
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Figure 4. Intensity distributions of azimuthally polarized Bessel-X pulses and its individual
components(Ey, (c), Ey, (d), E, (e)) in the transverse plane. The white arrows represent the ori-
entation of the electric field. Frequency w, = 4 x 10'® Hz. Topological charge m = 0, pulse duration
dt =100fs, V/c = 0.63685, v = —0.628.

Motivated by this particular case having great attention in the literature we select one particular
angular dispersion curve from the Figure 1b, when v = —0.628 and V/c = 0.63685, as this is the



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 April 2024 d0i:10.20944/preprints202404.0502.v1

7 of 22

case with most changes in the spatiotemporal profile of the vector optical bullet. For this study, we
introduce the rectangular shape of the spectral envelope S(w) = IT(w, — w/dw), where

dw

0, if |(U| > 2
WN_J1 _d
H<dw) =935 if|lw =%, (12)
1, if|w| < %,

where the dw is the spectral width of the rectangular spectral envelope, w, is the central frequency of
the wave packet. For the rectangular spectral envelope, the spectral width dw can be related to the
temporal duration df using the expression dw = 5.56/dt [64].

In further numerical simulations, we numerically integrate Equations (5, 6) using the aforemen-
tioned expression for the spectral envelope. For our convenience, we select one particular value of
the pulse duration dt = 100 fs and two particular values of the central frequency, one giving us an
example of the so-called X spatiotemporal profile, and another giving us an example of the so-called O
spatiotemporal profile.
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Figure 5. Intensity distributions of radially polarized Bessel-X pulses and its individual components(Ey,
(¢), Ey, (d), Ez, (e)) in the transverse plane. The white arrows represent the orientation of the electric
field. Frequency w, = 4 x 10'%. Topological charge m = 0, pulse duration dt = 100fs, V/c = 0.63685,
v = —0.628.

We start our simulations by choosing a = ey, which gives us two linearly polarized optical bullets.
The case of the transverse electric optical bullet(the main component is the y component). We present
the results in Figure 2. The longitudinal intensity profile of the vector optical bullet is depicted in
Figure 2a. We note a distinct cross profile, which is the cause of the most used name for the optical
bullets, and a clear resemblance to the capital X letter is observed. In Figure 2b we depict the total
intensity profile of the transverse electric optical bullet in the T = 0 plane. The streamlines depict the
orientation of the electric field. In Figure 2c-e, we demonstrate individual electric field components
of the vector optical bullet. The component x is absent due to the transversality of the electric field
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with respect to a = e;. The main dominant component is the ¥ component, and the main effect of
vectorization of the scalar optical bullet is the appearance of the z component, see Figure 2e.

1
20
10 '
£ .
<0 0.5
<10 '
-20 '
0
-100 0 100 -10 0 10
t-z/V, fs X, pm
(a) a (b)b
1 0.1
10
£ £
= 053 0 0.05
> >
-10
0 0
-10 0 10 -10 0 10
X, pm X, pm X, pm
©c dd (e) e

Figure 6. Intensity distributions of transverse electric (TE) linearly polarized Bessel-X pulses and its
individual components(Ey, (c), Ey, (d), Ez, (e)) in the transverse plane. The white arrows represent the
orientation of the electric field. The frequency w. = 1.6 x 10'® Hz. Topological charge m = 0, pulse
duration dt = 100fs, V/c = 0.63685, v = —0.628.

In the next numerical simulation, we turn our attention to the transverse magnetic focus wave
mode, see Figure 3. The intensity distribution of the transverse magnetic optical bullet in the lon-
gitudinal plane is presented in Figure 3a. Due to the selection of the central carrier frequency w,
in both cases we end up with relatively moderate angles of the angular dispersion curve. For this
reason, the electric intensity distribution in Figure 3a is similar to the one in Figure 2a. The main
difference is revealed in Figure 3b, where the transverse intensity distribution is depicted together
with the streamlines with the electric field. As one can see, the transverse magnetic optical bullet is
polarized in the x direction. A closer look at the individual electric field components, see Figure 3c-e,
shows that the dominating electric field component is the x component, the z component is present as
in the previous case, but it is rotated by 90 degrees. The most notable change is the presence of the
cross-polarized (y component), which is diminishingly small due to the rather modest angles of the
angular dispersion curve.

We start our investigation of inhomogeneously polarized optical bullets (a = e;) by analyzing the
case of azimuthally polarized optical pulse for this purpose we use Equation (7). and obtain individual
electric field components by integration of Equation (5). As in the previous case, we chose the same
parameters to obtain an azimuthally polarized optical pulse with the X letter in the longitudinal plane,
see Figure 4.

First, we note a hollow center of the optical pulse (see Figure 4a), which is caused by the presence
of a polarization singularity on the optical axis of the optical bullet. In this polarization, the singularity
is visualized in Figure 4b, and is common for azimuthally polarized beams. The presence of this
structure results in the x and y components being rotated 90 degrees with respect to each other, see
Figure 4c, d. The intensity structure of the azimuthally polarized optical bullet contains a number of
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concentric rings with clockwise and counterclockwise pace of the electric field rotation; see Figure
4b. Changes in the orientation of the azimuthally polarized light are caused by different phases on
concentric rings when moving away from the center of the beam. As expected, the longitudinal
component is absent in this case, see Figure 4e.
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Figure 7. Intensity distributions of transverse magnetic (TM) linearly polarized Bessel-X pulses and its
individual components(Ey, (c), Ey, (d), Ez, (e)) in the transverse plane. The white arrows represent the
orientation of the electric field. The frequency w, = 1.6 x 10 Hz. Topological charge m = 0, pulse
duration dt = 100fs, V/c = 0.63685, v = —0.628.

The next case, which we study, is the radially polarized optical bullet. We obtain individual
electric field components using Equation (8) which we use to integrate Equation (6). For consistency,
the set of parameters is the same in this integral as in previous cases.

The numerical results are given in Figure 5. The longitudinal intensity distribution of the radially
polarized optical bullet largely resembles the previous case - we observe the presence of the onaxis
intensity minima, though the intensity never reaches zero here, see Figure 5a. The intensity distribution
in the transverse plane together with the depiction of the polarization state is given in Figure 5b. We
observe here the presence of the polarization singularity: the electric field lines are not defined in the
very center of the beam and are oriented either away or towards the center of the beam. Oscillations
in the orientations are caused by phase changes in the concentric intensity structure of the radially
polarized optical bullet. This behavior is well known and expected and is caused by the intensity
distributions of the x and y components, see Figure 5c, d. The x component of the radially polarized
optical pulse is rotated 90 degrees compared to the x component of the azimuthally polarized pulse;
see Figure 4c. The y component also rotates 90 degrees; see Figure 5d. Most notably, we observe
the appearance of the longitudinally polarized z component; see Figure 5e. The presence of the
nonzero z component causes the region of the onaxis polarization singularity to become somewhat
less pronounced. As the maximum value of the z component reaches 10 % of the maximum intensity
on the axis.

Our next aim is to investigate the set of parameters for which the longitudinal shape of the optical
bullet is expected to change from the capital Latin letter X to the capital Latin letter O. For ease of
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comparison, the dispersion curve, which we investigate, is the same as previously, see Figure 1b, curve
(2), but the central frequency has now decreased. This change will lead to larger spatial angles in the
optical bullet, and thus we expect vectorial properties to become more pronounced.

We start the verification of this claim by repeating numerical simulations of the linearly polarized
optical bullet using Equations (5, 6). The linearly polarized transverse electric optical bullet is presented
in Figure 6. We immediately notice the changes in the longitudinal intensity distribution; see Figure
6a. Long-range peripheral arms similar to the X shape are no longer present, compared to Figure
2a. Although the spatial extent of the central part is smaller now and we observe a large number of
needle-like structures when we move away from the center, we can deduce a rhombus-like area with
approximately same levels of intensity; see Figure 6a. This becomes especially obvious when we turn
our attention to the intensity levels of approximately 20 % of the normalized value. Although this
rhombus shape has sharp corners, it can be seen as a distorted O-shaped. Thus, we can conclude that
the spatiotemporal shape of the vector optical bullet experiences the same changes as reported for
scalar optical pulses [21,24].

The transverse intensity distribution of the linearly polarized optical bullet is given for this case in
Figure 6b. The electric field lines in this plane are expectedly oriented along the y direction. However,
the intensity distribution of the total electric field has some signs of nonuniformity, with the tendency
to have higher intensities in the direction of the electric field. In the expected manner for the transverse
electric optical bullet, no x component is present, see Figure 6¢. The dominant electric field component
is the ¥ component; see Figure 6d. When we plot the longitudinal electric field component, see Figure
6e, we recognize the cause of the nonuniformity in the total electric field. The maximum value of the z
component reaches 10 % of the intensity of the ¥ component. This increase in the relative strength of
the longitudinal component is mainly caused by changes in the central frequency of the optical pulse,
compared to Figure 2e.

0.5

0.1

0.05
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Figure 8. Intensity distributions of azimuthally polarized Bessel-X pulses and its individual
components(Ey, (c), Ey, (d), Ez, (e)) in the transverse plane. The white arrows represent the ori-
entation of the electric field. Frequency w, = 1.6 X 1015 Hz. Topological charge m = 0, pulse duration
dt =100fs, V/c = 0.63685, v = —0.628.
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In the next set of simulations we move on to investigate the transverse magnetic linearly polarized
optical bullet; see Figure 7. The longitudinal intensity distribution is given in Figure 7a. As in the case
of the transverse electric optical bullet, in this case, we observe a disappearance of the pronounced
X shape in the intensity profile, compared to Figure 3a. This behavior is expected because of the
change in the central frequency of the optical pulse. The transverse intensity distribution is depicted
in Figure 7b together with the streamlines depicting the orientation of the electric field. We note the
appearance of some inhomogeneity in the flow of the electric field, compared to Figure 6b. There are
some particular points in the regions of vanishingly low intensity when the electric field is not oriented
along the x-axis anymore. This behavior is expected when one notices the presence of the component

y in the Equation (10).
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Figure 9. Intensity distributions of radially polarized Bessel-X pulses and its individual components(Ey,
(), Ey, (d), Ez, (e)) in the transverse plane. The white arrows represent the orientation of the electric field.
Frequency w. = 1.6 x 10'> Hz. Topological charge m = 0, pulse duration dt = 100fs, V/c = 0.63685,
v = —0.628.

The intensity distributions of the individual electric field components are given in Figure 7c-e. As
expected, the x component of the electric field is the strongest; see Figure 7c. Most notably, we observe
the appearance of a vanishingly small y component; see Figure 7d. Its maximum value reaches the
single percent digits compared to the dominant x component. The longitudinal component reaches 10
% of the value of the x component. This behavior is comparable to the case of the transverse electric
optical bullet; see Figure 6e.

We investigate radially and azimuthally polarized optical bullets of the O type using the same set
of parameters as we did in the case of linearly polarized FWM. An example of the azimuthally polarized
optical bullet for this particular case is given in Figure 8. The longitudinal intensity distribution is
shown in Figure 8a. As expected, no z-component is present in the beam; see Equation (7), for this
reason the optical pulse has a void-like intensity structure with no axial intensity. In particular, the
general shape of the transverse intensity distribution is a distinct thombus-like shape, resembling the
capital Latin letter O, compared to Figure 4a. The transverse intensity distribution now represents a
large number of concentric rings with oscillating direction of clockwise and counterclockwise electric
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field rotation; see Figure 8b. As the change in the central frequency has resulted in the increase of
spatial angles of the individual Bessel beams, creating a optical bullet, the focus wave mode became
more spatially confined, see Figure 8c, d. The individual electric field components are spatially oriented
in the same way as in the previous case; see Figure 4c, d, but a finer structure with larger number of
rings has appeared. As expected, no z components are present; see Figure Se.

The situation depicting the radially polarized optical bullet is given in Figure 9. The longitudinal
intensity distribution, given in Figure 9a, resembles the intensity distribution of azimuthally polarized
FWM; see Figure 8a, with a noticeable difference. The axial intensity is no longer zero and is on a
level comparable to the general pattern of the beam. This can be especially noticed in the transverse
intensity distribution of the electric field shown in Figure 9b. The central part of the beam is not
hollow anymore, though we observe a polarization singularity with star-like flow of the electric field
streamlines. Due to the phase jumps in the adjacent concentric rings, the orientation of the electric field
is changing from inwards to outwards; see Figure 9b. The individual components of the electric field
are shown in Figure 9c-e. As expected, the two strongest field components are the x and y components;
see Figure 9¢c, d and compared to the previous case, in Figure 5c, d. The longitudinal component
became stronger, when compared to the previous case, please note the change in the colorbar values;
see Figures 5e and Ye.

Lastly, we proceed to the investigation of very specific optical bullets with the spatial dispersion
dependence depicted in Figure 1c. We recall here that these dependencies were obtained from Equation
(1), when requiring that the longitudinal components of the wave vector k, remain positive, i.e. describe
the forward propagating conical beams, whereas the group velocity V of the optical bullet is negative,
thus the result of the superposition of the forward propagating waves is a backward propagating
optical pulse. For this study, we choose one particular set of parameters, see Figure 1c, curve (1). We
note that this specific condition requires rather large spatial angles of the individual components (up
to 71/2) and additionally restricts the temporal frequencies w for which backward propagation of the
pulse is possible.

Once again, we use Equation (9) to evaluate the linearly polarized transverse electric optical bullets,
see Equation (5). The results of the numerical simulations are given in Figure 10. The longitudinal
intensity distribution of the transverse electric optical bullet is given in Figure 10a. Note that, because
of the relatively high spatial angles, we had to decrease the transverse scale in all subsequent figures.
The general shape of the optical bullet is of the O type. The area of approximately the same intensity
level has a distinct rhombus-like shape. However, the most pronounced effect is observed in the
transverse intensity distribution; see Figure 10b. The concentric ring-like structure that was observed
in previous cases, see Figure 2b and Figure 6b is not present anymore. This change can be understood
by looking at the intensity patterns of individual electric field components; see Figure 10c-e. No x
component is present, but the longitudinal component of the field is the strongest due to the high
spatial angles of the individual plane waves; see Figure 1c.
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Figure 10. Intensity distributions of transverse electric (TE) linearly polarized Bessel-X pulses and
its individual components(Ey, (c), Ey, (d), Ez, (e)). The white arrows represent the orientation of the
electric field. Frequency w, = 4 x 10'® Hz. Topological charge m = 0, dt = 100fs, V/c = —1.2,y = 67t

The linearly polarized transverse magnetic optical bullet for this particular case is evaluated
and presented in Figure 11. The most noticeable difference for the backward propagating TM mode
compared to the TE mode can be seen in Figure 11a. The transverse beam size is considerably larger in
this case, but the longitudinal dimension is the same. The changes are even more pronounced in the
transverse pattern of the optical bullet at its center; see Figure 11b. The streamlines representing the
electric field are not oriented along the x-axis anymore, compared to the previous cases, see Figures
3b and 7b. The intensity distribution is not symmetrical anymore with respect to the beam center
but is elongated along the x-axis. This behavior is a direct manifestation of high spatial frequencies
comprising the backward-propagating FWHM. In a similar fashion, linearly polarized light is elongated
along the direction of polarization in high numerical aperture systems. Moreover, from the flow of the
electric field lines, we conclude that the notable cross-polarized component is present., see Figure 11b.
The individual components of the electric field are given in Figure 11c-e. The x-polarized component
is no longer symmetric, though the concentric rings system is observable in the beam profile. For
this particular case, we observe the strongest cross-polarized y component from all the considered
cases; see Figure 11d. Its maximum value is even comparable to that longitudinally polarized in Figure
11e. The general shapes of these individual components are in line with expectations. We see that the
longitudinal component is elongated along the direction of polarization and that the cross-polarized
component has two perpendicular splits in its concentric ring pattern.

We consider the inhomogeneously polarized backwards propagating optical bullets with the case
of azimuthal polarization; see Figure 12. The longitudinal intensity distribution is given in Figure
12a. Compared to previously investigated cases, the most distinct effect caused by spatiotemporal
dispersion is the change of the transverse sizes and observation of the general shape of O-type; see
Figure 12a. In the transverse plane, we see a large number of concentric rings with clockwise and
counterclockwise directions of the electric field flow; see Figure 12b.
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The longitudinal field component for azimuthal polarization is zero, and the x and y components
are of the same strength, and intensity distributions with one notable difference being a 90 degree
rotation with respect to each other; see Figure 12c-e.
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Figure 11. Intensity distributions of transverse magnetic (TM) linearly polarized Bessel-X pulses and
its individual components(Ey, (c), Ey, (d), Ez, (e)). The white arrows represent the orientation of the
electric field. Frequency w, = 4 x 10'° Hz. Topological charge m = 0, dt = 100fs, V/c = —1.2,y = 67t

The radially polarized backward-propagating optical bullet is depicted in Figure 13. Here, we
observe a distinct difference to the azimuthally polarized optical bullet and compare Figure 12a and
Figure 13a. Whereas the central part of the azimuthally polarized optical bullet is hollow because of
the presence of azimuthal phase singularity, the central part of the radially polarized optical bullet is
the brightest one. The transverse intensity distribution depicts the same trend - the central part still
contains the star-like radial polarization singularity, but the intensity is still highest at its very core; see
Figure 13b. The solution to this riddle is presented in Figure 13c-e, where the individual electric field
components of the optical pulse are given. The x and y components are comparable to each other and
rotated by 90 degrees in respect to one another; see Figure 13c, d. However, in reverse to the previous
cases, the strongest electric field component is the longitudinal one; see Figure 13e. This behavior is
expected due to the choice of the central frequency in the optical pulse, causing the appearance of high
spatial angles 6. Under these conditions, the radial polarization becomes strongly focused, which in
return causes the appearance of very tight small spots with longitudinal polarization [32].

We summarize the investigation of these three particular cases by investigating the effects that
the choice of group velocities V and the propagation constant y has on the spatiotemporal parameters
of the optical bullets, such as effective beam width in transverse and longitudinal directions. In the
case of uniform beam shapes, such as a Gaussian beam or similar modes, the question of the beam
width definition is pretty straightforward. The full width at half maximum of the intensity is the most
commonly used within the field. However, in our case, the complex vectorial nature together with
a rich ring-like structure observed in the variously polarized pulses suggests to look at alternative
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definitions for the beam width. One of the alternatives that is very efficient at accounting for peripheral
parts of the complex optical beams is the so-called second-moment definition.

fprzf(p)dp>l/2
int — %) 13
it (f_wwp)dp (19

where p is the radial coordinate in the plane under consideration and I(p) is the total intensity of the
electric field.
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Figure 12. Intensity distributions of azimuthally polarized Bessel-X pulses and its individual compo-
nents (Ey, (), Ey, (d), Ez, (e)). The white arrows represent the orientation of the electric field. Frequency
we = 4 x 10'° Hz. Topological charge m = 0, dt = 100fs, V/c = —1.2, v = 671

As we have concluded from three cases investigated in the previous part, the spatiotemporal
dependence between frequencies, individual cone angles (see Figure 1) strongly affects intensity
distributions both of individual electric field components and total electric field for vector optical
bullets. Therefore, it is natural to ask ourselves whether these effects can be qualified using standard
metrics, such as beam length. In this numerical experiment, we keep the same duration (df = 100fs)
for all cases and change the central frequency w, of the pulse. We consider linearly polarized TE and
TM optical bullets along with radially and azimuthally polarized ones. The transverse beam width is
evaluated together with the longitudinal extent of the optical pulse using two different definitions:
FWHM and second moment.

The beam widths of the optical pulses using the FWHM definition are given in Figure 14a. First,
we note that for particular parameters V/c = 0.63685 and y = —0.628 the FWHM beam width behaves
very distinctly: the beam width first decreases, up to central frequencies of w./wy = 1, then increases
to the maximum value of 100um at frequency w,./wy ~ 2.4. A further increase in the carrier frequency
wc results in a monotonically decreasing beam size. This behavior can be understood by looking
at Figure 1b, curve (2). The spike in FWHM dependency occurs at the same frequency when the
spatial angles are rather small. When the spatial angles increase, we obtain optical pulses with small
transverse sizes. Most notably, the linearly polarized modes have, for this case, indistinguishable
beam width; see Figure 14a, red curves. The same applies to the radially and azimuthally polarized
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beams, though they are larger than the linearly polarized optical bullets. For this particular case, the
spatial angles 6 are rather modest, so the difference between the azimuthal and radial polarizations is
vanishingly small, as is the case between the linearly polarized TM and TE optical bullets.

1 1 1
05 0.8
e 0.6

0 0.5

3 0.4
-0.5 02

-1 0

-100 0 100
t-z/V, fs
(@) a
1 1 1 1 1
0.5 0.5
IS IS
0.5 :é 0 0.5 :é 0 0.5
= =
05 0.5
0 -1 0 -1 0
-1 0 1 -1 0 1
X, pum X, pum X, pum
() c (dd (ee

Figure 13. Intensity distributions of radially polarized Bessel-X pulses and its individual components
(Ex, (¢), Ey, (d), Ez, (e)). The white arrows represent the orientation of the electric field. Frequency
we = 4 x 10'° Hz. Topological charge m = 0, dt = 100fs, V/c = —1.2, 7 = 67t

We also investigate the beam sizes of the backward propagating focus wave modes, where
V/c = —1.2and v = 67, see Figure 14a, blue curves. In our previous investigation, we observed the
most notable differences between polarizations in this case. As a result, we observe that the FWHM
beam-width dependencies are separate for all different cases of vector FWMs. Most notably, the radial
polarization becomes comparable in the beam sizes to the linearly polarized TE FWM, as the frequency
increases. This is an expected outcome because it is well known that radial polarization could even
result in a tighter focal spot than linear polarization [32]. Radial polarization has beam sizes smaller
than those of the linearly polarized TM mode; see Figure 14a. The largest beam sizes are observed for
the azimuthally polarized FWHM.

The next metric is the definition of the second moment of the beam width. This metric usually
has the characteristic of artificially increasing importance of peripheral parts of the beam. It represents
the radial distance weighted intensity; therefore, if the intensity drops moving away from the center
of the beam slower than the square of the radial distance, it might result in larger beam sizes than
those obtained using the FWHM definition. The result of the numerical estimate of this beam width
for the same set of parameters is given in Figure 14b. We immediately notice differences in the general
trend of the beam-width dependencies of the carrier frequency. Whereas the FWHM beam width was
monotonically decreasing for four cases out of eight, the second-moment beam width depends on
the carrier frequency non-monotonically. For small carrier frequencies, it starts to increase to some
particular value and then drops. In this case, the linear polarization has the largest beam width.
These subtle differences that occur at smaller carrier frequencies w, are observable for the four cases
considered here. Moving to the case of backward propagating FWM, see Figure 14b, blue curves, we
note yet another tendency: the beam widths defined using the second order moment of the beam
behave differently than those defined using the FWHM definition; compare to Figure 14a. This means



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 April 2024 d0i:10.20944/preprints202404.0502.v1

17 of 22

that even though the beam is above the 50 percent level is larger, the total intensity in the beam drops
a lot faster than the radial coordinate for smaller carrier frequencies. The fact that the second-moment
beamwidth increases with increasing central frequency indicates that significant side lobes become
present in the vector FWMs.

The longitudinal beam size has also been investigated. The result did not show any change
in that size across all investigated frequencies, and for the sake of brevity, figures covering this
claim are not provided. In the case of V/c = 0.63685 and v = —0.628, the longitudinal beam size
remains constant at 26.01um using the FWHM definition for all polarizations investigated. For the
case of V/c = —1.2 and ¢ = 67, the longitudinal beam size remains constant at 49.05um for all the
investigated scenarios. Using the definition of second-moment beam size, we have determined the
following constant longitudinal beam lengths: 44.35um for V/c = 0.63685 and v = —0.628, and
47 24um for V/c = —1.2 and y = 671.
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Figure 14. Dependencies of FWHM (a) and second-moment (b) pulse widths in BK7 glass for different
values of frequency w, for linear, azimuthal and radial polarizations. The red color represents V/c =
0.63685 v = —0.628, and the blue color V/c = —1.2 v = 67t. Topological charge m = 0, dt = 100fs.

Another key point of interest in this investigation is the relative strengths of the intensity of
individual electric field components for different frequencies. In Figure 15a, we give these dependencies
for V/c = 0.63685 and v = —0.628. The solid lines represent the linear TE polarization and the dashed
line represents the linear TM polarization. For linear polarization, with lower frequency values, we can
see that the z component has an intensity of up to 10%. With increasing frequency, the z component
of the electric field decreases and, around the value of w./wy ~ 1, the z component approaches 0.
For the TE polarization, the y component is nonexistent; for the TM polarization, the x component is
nonexistent. The azimuthal polarization has constant x- and y-components of equal proportions at all
frequencies tested, without a z component of the electric field. Radial polarization has the z component
for low frequencies, which decreases rapidly with increasing frequency, see Figure 15a.
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Figure 15. Normalized intensities of individual components of FWM pulses (Ey - blue, E; - red, E,
- green). Topological charge m = 0, pulse duration dt = 100fs. For the cases: (a) V/c = 0.63685,
v = —0.628, (b) V/c = —1.2, v = 67t. The solid line represents the linear polarization of TE, the dashed
line represents the linear polarization of TM, the dotted line represents the azimuthal polarization, and
the dashed-dotted line represents the radial polarization.

In the case where the vector FWM propagates backwards, thatis, V/c = —1.2 and y = 67, the
dependencies of the normalized intensities of the individual components are more pronounced. The
linear TE optical bullet and radially polarized FWM have strong z-components of the electric fields
that increase with increasing frequency. On the other hand, the linear TM polarization has a strong x
component of the electric field, but with increasing frequency, the maximal intensities of the y and z
electric field components start to dominate, see Figure 15b. From the frequencies of w./wq ~ 1.8, the
intensity of the z component of the electric field slowly decreases, resulting in the increase of the y
component. The azimuthally polarized FWM shows steady and equally strong x and y components
at all tested frequencies, as expected. The radially polarized FWM has the strongest z electric field
component, which increases rapidly with increasing frequency, see Figure 15b.

4. Discussion and Conclusions

We have introduced the vector formalism to the concept of nondiffracting and nondispersing
optical bullets within a dielectric material. Vector optical bullets for different polarizations were intro-
duced: linear polarization, azimuthal polarization, and radial polarization. Two different propagation
velocities V were chosen to showcase the wide variety of spatiotemporal dispersions of vector optical
bullets, one positive and one negative (i.e. backward propagating). The first value of the group velocity
V was chosen because it enforces a particularly interesting dispersion, with cone angles that extend
from small paraxial (i.e. scalar description is valid) to larger values, which require now a proper vector
treatment of the electric field.

For this particular velocity, we selected two different values of central frequencies, showcasing
two possible situations: one giving the so-called X spatiotemporal profile and another giving the
so-called O spatiotemporal profile. We can conclude that the spatiotemporal shape of the vector optical
bullet experiences the same changes as reported for scalar optical pulses with differences arising
from nonzero longitudinal and cross-polarization components. In the expected manner, high cone
angles result in a vector description of the vector FWM, also demonstrating distinct distances between
polarizations.

For the second case, when the forward propagating superposition of Bessel beams creates within
the Bessel zone a backward propagating pulse of negative velocity V, we observed the most notable
differences in the properties of vector optical bullets within the dielectric material. Due to the highly
nonparaxial nature of such exotic waves, the longitudinal component is quite noticeable in the TE and
TM polarized optical bullets, most notable is the appearance of relatively large cross-polarized compo-
nent in the linearly polarized TM mode. As expected no differences did appear in the azimuthally
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polarized optical bullet, but the radially polarized wave was most affected - the longitudinal electric
field component dominates the intensity pattern.

Lastly, we have studied how polarization and spatio-temporal dispersion influence beam sizes of
the optical bullets in the focal plane. For this we have used two distinct metrics - the full width half
maximum and the second-order moment of the beam. As expected, the FWHM beam size gradually
increases, where the central frequency and the group velocity allow the angular dispersion curve to
touch the frequency axis. This has been shown using two different methods to calculate the beam
size: the full width at half maximum and the method of the second moment. For the optical bullets
with negative group velocity the FWHM beam sizes monotonically increase as we move along the
dispersion curve to higher cone angles of the spatial components. The second metric is well known for
its sensitivity to the side lobe energy, so this parameter has revealed a complex dynamics within the
optical bullets showcasing a competition between the main spike of the signal and the side lobes.

We also investigated the normalized maximal intensities of each component for the linear, radial,
and azimuthal polarizations of the TE and TM for the negative and positive group velocity values. The
behaviors are found to be very different for these aforementioned cases. The most notable difference
was caused by rather high spatial angles in the backwards propagating optical bullets, as we investigate
various carrier frequencies.
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The following abbreviations are used in this manuscript:

FWM Focus Wave Modes

TE Transverse Electric

™ Transverse Magnetic
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