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Abstract: This study delves into the performance evaluation of an avant-garde technology in mobile communica-
tions known as Large Intelligent Surface (LIS), poised to be an integral component of the sixth-generation (6G)
networks. This groundbreaking technology has the potential to markedly augment the Signal-to-Interference
plus Noise Ratio (SINR) by orchestrating signals originating from the base station through a network of digitally
controlled reflectors meticulously engineered to modulate the phase of incoming electromagnetic waves. A LIS
can establish a Line of Sight (LoS) within channels that inherently do not have a LoS. In addition, it can also be
optimized to increase transmission security by ensuring that the signal reaches only the target users of the message
with better quality. In this study, analytical expressions were derived to calculate the distribution parameters,
the bit error probability, and the secrecy outage probability. These calculations consider the presence of an
eavesdropper link, highlighting the potential of the LIS to increase the confidentiality of digital communication
systems. The accuracy of the proposed formulas was demonstrated by showing how the performance of the LIS

varies with different design parameters and environmental fading.

Keywords: large intelligent surfaces; reflecting surfaces, mobile communications, nakagami-m fading; mu-mimo

systems

1. Introduction

Mobile communications face several challenges in delivering signals with a good signal-to-noise
ratio (SNR) and high transmission rates to users. One is multipath propagation, which is present
mainly in large urban centers, with increasingly larger buildings and many users sharing the spectrum.
This study proposes the implementation of strategically positioned reflecting surfaces to enhance the
channel SNR and deliver a clearer, less interfered signal.

Large, intelligent surfaces have been one of the biggest innovations in digital communications in
recent years. The term has variants such as large reflecting surfaces or intelligent reflecting surfaces.
They consist of a grid of reflecting units composed of a metamaterial with a controllable reflection
coefficient that can be digitally controlled using an optimization algorithm to strengthen the channel’s
LoS.

According to Zhang et al. [1], a cost-effective and energy-efficient solution is presented to
enhance signal coverage and improve system capacity in mobile communications. However, the
Large Intelligent Surfaces face challenges such as multiplicative fading effects arising from composite
channels between the LIS and base stations and between the LIS and users. Additionally, the LIS
encounters difficulties in enhancing communication systems when a strong direct link is present.
Almekhlafi et al. [2] investigated a scenario where a base station transmits signals to multiple users
using a single antenna. They developed an algorithm to jointly optimize power allocation to users and
phase shifts induced by the LIS. In contrast to other studies that perform optimization processes in a
decoupled manner, the authors propose two solutions: one utilizing linear transformation to reduce the
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number of variables for optimization and another employing an element-wise Karush-Kuhn-Tucker
approach to derive closed-form expressions for phase shifts in a multi-user scenario.

Researchers are actively involved in discussions about the sixth generation and beyond the fifth
generation (B5G) of mobile communications in several countries [3—6]. To meet this advancement, the
community faces a series of challenges, encompassing algorithmic and mathematical complexities, as
well as issues related to hardware and materials [7-10].

Tataria et al. [11] contributed significantly to addressing the challenges associated with the
real-time implementation of LIS. In the same vein, Wang et al. [12] presents a remarkable system
proposal employing a reconfigurable smart reflective surface in a MIMO cognitive radio environment.
Their approaches strive to optimize the system secrecy rate by jointly optimizing base station transmit
beamforming, and RIS reflected beamforming, considering the complexities of dynamic environments.

Despite being a relatively new topic, there are older references in the LIS literature [13]. The term
LIS has gained evidence and prominence and become a relevant bet for the technological industry
and also academic research as a promising alternative to improve spectral efficiency (since it can act
passively, without energy expenditure), decrease the bit error probability, and allow the erasure of
channels for eavesdroppers using beamforming techniques allowing a more elaborate approach of
Physical layer security.

The ability of the LIS to adapt to the channel and generate a resulting channel with different
statistics allows us to, in a way, think of a controllable and adjusted channel. The channel between the
transmitter and the LIS, as well as the channel between the end-user and the LIS, can be generically
modeled using the Nakagami-m distribution, with the m parameter allowing a generic analysis of the
environment’s behavior [14] before considering the presence of the LIS. In addition, it is prudent to
consider a possible direct channel between the user and the transmitter and channels between the
transmitter and an eavesdropper; without losing the generality, we can consider all these channels
as Nakagami-m. However, each one has its parameter m; for users close to the base station, the
parameter m in the Nakagami distribution for the direct channel will be large between the user and
the transmitter and may not even need the LIS, whereas a user outside the LoS may have m = 1 and
fall into the Rayleigh fading scenario (without LoS) where the LIS will create a channel resulting from
the composition of all the links that result in a channel with LoS and a lower bit error rate [24].

The literature on mobile communication network optimization has been limited to two-point
operations, with some strategies only for the transmitter (a base station) and the receiver. However, LIS
changed this reality and created new possibilities to achieve even lower bit error rates, better spectral
efficiency, decreased transmission power, and increased SNR. According to Gong et al., [16] the LIS
allows modifying the channel characteristics and canceling its phase; in addition to projecting the
beam towards the user, the adjustable reflector panels of the LIS can match the signals that reach them,
thus enabling a smart radio environment that learns to beat the channel, even when its characteristics
change.

Wu et al.[17] developed a framework in the form of a tutorial for implementing the LIS; the
authors present the channel model, including the reflectors, discuss hardware aspects and practical
issues related to the system deployment and point out future possibilities for this technology.

Sanchez et al. [18] present performance analyses regarding physical layer security (PLS) in an
environment assisted by LIS, considering the possibility of phase errors. The authors assume that it is
possible to model an equivalent scalar fading channel including the LIS, as shown by recent work [23]
and show that the eavesdropper’s channel is Rayleigh distributed. The fading coefficient is statistically
independent of the channel between the transmitter and the legitimate user; they also present the
scaling laws for the SNR of the legitimate channel and the eavesdropper concerning the number of LIS
reflectors.

Most preliminary articles on LIS present strategies for estimating the channel assisted by the
LIS via least squares and other related methods, considering perfect knowledge of the CSI. However,
this scenario is not close to reality since they are passive reflectors that intelligently reflect the inside
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electromagnetic waves to improve system performance. Nadeem et al. [20] present one of the first
and most relevant contributions in studying a multi-user system assisted by LIS assuming imperfect
CSI. The authors use the a priori knowledge of the fading statistics to feed a Bayesian minimum mean
squared error (MMSE) estimator for the resulting fading, thus proposing a joint design of the precoder
and the power allocation for transmission considering the application of beamforming in the LIS and
show the impact of the channel estimation error on the efficiency of the designed system.

Basar et al. [21] present a script for the analytical calculation of the symbol error probability
(SEP) in the transmission through the LIS in a generic scenario, in addition to presenting alternative
modeling that considers the LIS as an access point (AP), which can or not knowing the phases of the
channel.

The statistical analysis of cascaded MIMO channels poses a considerable challenge, complicating
the modeling of resulting fading due to including both linear and non-linear transformations of
random variables in its definition. However, by using the central limit theorem (CLT), it is possible
to obtain, with great accuracy, the fading statistical model, taking into account the continuous phase
errors committed by the LIS after the phase adjustment. The composite channel is the product of two
channels with distribution Nakagami-m [14] with different coefficients modeling what goes to the LIS
and what goes to the user and a complex phase error modeled as Von Mises distributed. Ferreira et al.
[24] obtained the distribution of the resulting channel considering only one antenna in the receiver; in
this work, we approach a more complex and more comprehensive system model, which includes all
the analyses made by the authors, for a special case in which the number of antennas of the user is
unitary.

This study investigates the fading distribution of a LIS-aided channel with multiple transmitters
and users enabling the increase of SINR, allowing the strengthening of a LoS or improving spectrum
sharing. It examines the impact of channel parameters (the number of LIS reflectors, users, the Von
Mises error concentration parameter, and the number of transmitter antennas) on the bit error proba-
bility and the secrecy outage probability. The aim is to assess the impact of LIS design on performance
and help design the system based on quality and information security metrics, evaluating performance
that can be calculated directly through simple algebraic expressions involving the parameters of the
statistical modeling of the system.

2. System Model

This work considers a base station composed of M uncorrelated antennas and K uncorrelated
users represented as an antenna array, as shown in Figure 1. The base station sends the same message
to all users; however, it applies a normalized precoding vector for each one of the fading channels.

Large Intelling Surface
oo a

[nizg O
H e cMN P
oo - E‘&

GE\W
Base station \w
N \1/ Users

Eavesdropper

Figure 1. System model with an eavesdropper link.

The signal received by the uncorrelated antenna array at the user side is

y = (GMe"H" + H' )¥ +1, (1)
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where H € CM*N is the channel between each one of the uncorrelated antennas at the base station
and each one of the LIS reflectors, G € CN*K is the channel between the LIS reflectors and the users,
® c CN*N is the phase matrix with the phase shifts applied by the LIS in the incoming signals,
H; € CM*K s the direct link between the base station and each user. The eavesdropper link is
w € CM*1 and will be considered only for the secrecy outage probability analysis. Therefore, it will be
neglected in the first analysis.

One possible strategy to cancel the channel phase is to apply a precoding matrix at the base
station; in this case, the sub-optimal solution is the normalized hermitian of the overall channel.

Let

Y = HPG + Hy, 2)

whose dimensions are Y € CM*K and the elements of the matrix Y are the vy vectors.

The scalar elements of H have a Nakagami distribution with parameters my and Q, the elements
of G have a Nakagami distribution with parameters m g and ()¢ , the elements of H; follow the complex
normal distribution with mean zero.

The mean of a variable T with Nakagami-m distribution with parameters m and () can be
calculated by

E[T] = W(QY (©)

and the second order moment E [T?] = Q.
The transmitted symbols after the application of the precoder are

¥ = PAs, 4)

where P is the power gain and A is the precoding matrix, and for analysis purposes the s symbols are
generated as complex normal distributed s ~ CN(0, Ig).

The sub-optimal precoding matrix, considering complete knowledge of the Channel State Infor-
mation (CSI) is given by

Y
A= ﬁ—, 5)
Yr
where .r is the Frobenius norm. The precoding vector for each user is given by

PUk
= -=—, 6
T K vy ©)

and each one of the vy has dimensions v, € CM*1,
The scalar definition of each element of the vy vectors is

N N
vk =Y Y hip®pa8ak + hay ks @)
p=1g=1
after the application of the LIS, these coefficients can be rewritten as
N N ,
v = Z Z ’hlp‘ ‘qu‘61(5(h)/1p+5(g),qk_(?ﬂq) + h(d),kl/ 8)
p=1g=1

where 6 1, = arg(h), gpg = arg(¢pq) and 64 4 = arg(gqx) are the phases of each channel.
To nullify the overall channel phase, the phase shift applied by the LIS panel must be equal to

Ppq = On)ip +9(g),9k — Opq
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where 6y is the residual error of the LIS phase correction.
The elements of the overall channel matrix for each user are
N N '5
ve =Y Y- [yl |gar]e + hiay ©)
p=1g=1
where
hy = [hlp,th .. .hMp]
and by, = [h(d),kl, hayi - - h(d)/kM] are the lines of the matrix H;.
The norm of the overall channel for each user can be written as
, MIN N 5 2
v =) Y, Z‘thngk‘ej "+ Ry (10)
I=1|p=14=1
and the SINR at the user antenna k will be
v ag|?
"= , (11)
Y |vfai? 407
i=0,i#k
where the terms
H, |>_P 2
’vk ak‘ UK (12)
Therefore )
P v
M= (13)
¥ L vl+a}
i=0,i#k
The SINR can be rewritten as 7
k
Yk = % ’ (14)
g+ Y Zi
i=0,i#k
where Z; = v;%.
Since the summation terms of the equation (10) are complex variables, then
pM
Zi ==Y lrul, (15)
K 1=1
where
N N 5
=3 Z‘hlp’ ’qu‘e] "+ Ry - (16)
p=1gq=1
Considering that the complex number rj; = cjx + jsj; thus
pM 0
Zk= % Y lew + jsiel”, (17)
1=1

in which

N N
k=) ) ‘hlp) ‘qu‘ cos pg + R{ha)u}, (18)
p=1g=1
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N N
Sik = 2 Z ’hlp‘ ‘qu‘ sinépq + s{h(d),kl}' (19)
p=1gq=1
By substituting the imaginary and real parts of the complex scalar ry, it follows that
PR B <
ve' = ) Cikt ) Sik (20)
I=1 I=1
since the real and imaginary parts of the direct path /) ;; are Gaussian and uncorrelated.
M M
Letbe Cp = ) CZZk and 5 = Y, slzk, therefore we can rewrite v;2 as
I=1 =1
Ri = v = Gk + Sk, (21)
then
Zy = BR (22)
k — K ks
consider that «
F. = 0'% + Z Zi. (23)
i=0,ik
Therefore, the SINR can be written in terms of these two coefficients as
Z
= =K 24
= E (24)

Since Zj is the sum of squared Gaussian random variables, it is reasonable to assume that Z; is
Gamma distributed with parameters a7 and B7. The term F; is the sum of Gamma random variables,
and it is supposed to be also Gamma distributed with parameters ar and Br.

The SINR 74 is the ratio between the variables Z; and F; and also is supposed to be Gamma
distributed. This study proposes an approximation for the SINR distribution to obtain the error and
secrecy outage probability. Although not an exact solution, the approximation is very accurate, even
for small values of M, N, and K.

The parameters of the SINR distribution can be obtained by calculating the moments of . Since
Yk is the ratio of Z; and Fy, therefore the statistics of the numerator Z; and the denominator F, must be
evaluated.

The variables Z; and F; are correlated, and because of this, the covariance between them must be
taken into account.

According to Kendall et al., [22], the mean of the ratio between the Gamma random variables will
be

iy = Elm] = £Z, (25)
HE

where yiz = E[Z;] and pr = E[F].
The variance can be approximated by

2 2 2
var(yg) = <yz> U—% _z(cov(Zk, Fk)) + % , (26)
HF Hz HzKHF K

where 0 = var(F;) and 0% = var(Zy).
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The term cov(Zy, F) = E[ZFi| — E[Zk]E[Fy] can be computed as cov(Zy, F;) = E [Zk Zf;k Zl} -

E[ZK]E [Zl@k Zl} = Zﬁék(E [ZkZ;] — E[Z(|E[Z;]), by considering the definition of the covariance and
considering that all the coefficients Z; are equally distributed, then

cov(Zy, F) = (K= 1)cov(Z;, Zy), Vi # k. (27)

Given the covariance cov(Zy, Fy), the variance of 7, can be derived as

2 (1z\*| 9% (K—1)cov(Z;, Z)\ | oF
=== |52 + 1 (28)
93 1z HzKHF HF
where (7% is an approximation for var (7).

Since jir = (K —1)uz thus

2 _ 1 2 , of
oy = K-1752 07 —2c0v(Z;, Zy) + K-17|" (29)

with the overall channel moments, the fading parameters «,, and B, can be computed as follows

2
Hy Hy
y =12/ Pr= (7%/ (30)

where &, and ., are the shape and rate parameters of the SINR ;.

2.1. Error Probability

The error probability of a LIS-aided communication system was derived by Ferreira et al. [23],
considering that the transmitted symbols are M-QAM signals transmitted through a Gamma fading
channel, in this scenario, the probability will be

SQAM N 4 3’)’10g2M
P (7)~log2MQ< roet). G1)

Since the mu-MIMO LIS channel is considered as Gamma distributed, therefore this expression
PEQAM('y) will be used. The parameters <y are identically distributed and therefore pRAM (ve) =
MM () = P ().

2.2. Secrecy Outage Probability

Secrecy outage probability is a metric used in communication systems to quantify the likelihood
of unauthorized information disclosure. It represents the probability that the confidential information
transmitted between parties becomes susceptible to interception or eavesdropping. A lower secrecy
outage probability indicates a higher level of security, where the confidential information is less likely
to be compromised during transmission.

The SOP is the probability that the instantaneous secrecy capacity, C, be less or equal to a given
capacity threshold, In (1 + 1y, ), which is expressed as

1+ o r(1+vg)(1+yp)-1
SOP = Pr 1n<(1+')/§)) <In(1+ 'Yth)] = /0 /0 foe (W) foyp, () dudw, (32)

do0i:10.20944/preprints202404.0422.v1
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the instantaneous secrecy capacity can be written as
In(1+ —In(1+ >
C— { (I1+7p) =In(1+7e) 710 'YE, (33)
0 YD < VE

where E is the SINR of the channel between the source and the eavesdropper and p is the SINR of
the channel between the source and the correct destination (the user).
Ferreira et al. [24] derived the exact formula of the SOP for a Nakagami-m distributed eavesdrop-

per channel as (34).
e k pa+k ,0+k
. (_1) ;B ’)/fh
SOP = k§O T()T(k+1)
nm’”Z*“’kv*z"’Q*"’F(m-i-%)csc(n(oc+k+2m))zﬁz(m,m-&-%;%(k+2m+zx+1),%(k+2m+a+2);—%)
x( T(—k—atl)
7_[3/20”‘Tﬂ‘m%(—u—k)va+k(2csc(%7t(a+k+2m))21—"2(%(—k—tx),%(—k—a—i—l);i,%(—k—2m—tx+2);—#) (34)
2T (m) +k
_ Vi sec( 3 r(a+k-+2m)) zﬁz(%(7k70c+1),%(7k7¢x+2);%,%(7k72m71x+3);7%) ))
W Q . 4
where v = %

3. Numerical Results

This section demonstrates the performance of the LIS for a multi-user system through simulations
using the Monte Carlo method and analyzing the validity of the proposed approximations for various
analysis scenarios in terms of the number of antennas at the LIS panel, the number of users in the
system, the number of antennas at the base station, and the Von Mises parameter for the phase error
distribution.

In this study, the SINR was simulated for each user using the parameters of each channel involved
in the total link, being the Nakagami-m channels from the base station to the LIS, from the LIS to the
user, and the complex normal direct channel from the base station to the user, which may be strong
for near-field communications and weak for far-field communications. The SINR histograms were
generated by the Monte Carlo method, simulating the resulting channel several times, and the contours
of the histograms are shown close to the PDF of the Gamma distribution.

3.1. Probability Distribution

For 10° iterations of the Monte Carlo method, it is shown in Figure 2 that the probability density
function of the SINR is close to the Gamma distribution.
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Figure 2. Probability distribution function via Monte Carlo.

Figure 2 shows a comparison between the exact Gamma distribution and the simulated PDF of
the SINR via the Monte Carlo method for m = 2() = 1, K = 16 users, and M = 2 for different values
of the number of reflectors N.

It is possible to note that the SINR follows a gamma distribution for a wide variety of parameters
in such a way that the analytical calculations of the moments and the statistical parameters of the SINR
are valid for the formulas proposed for the Probability of bit error and the Secrecy outage probability.

3.2. Bit Error Probability

One possible way to demonstrate that the LIS can improve the SINR is by showing how the bit
error probability varies, increasing the number of antennas at the base station, the number of reflecting
elements, and the concentration parameter of the phase error distribution.

Figure 3 illustrates how the bit error probability decreases when the number of reflectors increases.
This scenario has four users, eight transmitting antennas, the Nakagami parameter m = 2, and the Von
Mises x = 2. Notably, although the bit error probability is low, the values do not change significantly
from N = 32 to N = 64 as much as from N = 16 to N = 32 reflectors. This may be because the channel
already has LoS. Additionally, and beyond a certain number of reflectors, the SINR becomes optimal
with the assistance of LIS, which is something this type of analysis can help discover.

1072
2
%
-4
.8 10
o
S o N=16 simulated
| ——N=16 theoretical
10°| o N=32 simulated

——N=32 theoretical
* N=64 simulated
——N=64 theoretical ‘ ‘ | !
4 6 8 10 12 14 16 18 20
SNR (dB)

Figure 3. Error probability varying with N.
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Figure 4 demonstrates that increasing the number of system users raises the bit error probability
when keeping the number of LIS reflectors, base station antennas, and the Von Mises parameter
constant. In this scenario, the transmission of 16-QAM signals was considered. One strategy to
mitigate the increase of the error probability is to use many reflectors to enhance the LIS’s capacity to
serve more users with higher SINR and consequently reduce the bit error probability.

107

=
o
0

Error Probability
5

10

o K=2 simulated
——K=2 theoretical
o K=4 simulated
——K=4 theoretical
* K=8 simulated
——K=8 theoretical

-10 -5 0

5 10 15 20

SINR (dB)

Figure 4. Error probability for m = 2, 16-QAM.

For the scenario depicted in Figure 7, in which signals from the 4-QAM constellation are trans-
mitted, the approximation of SINR by the gamma distribution continues to hold, and the bit error
probability remains higher when the system accommodates more users.

When there is no Line of Sight as in Figure 6, where the scenario with SINR channels following
a Rayleigh distribution (Nakagami with m = 1) is analyzed, it is noticeable that the exact bit error
probability continues to approximate the simulated bit error rate closely. In this case, a higher SINR
was required compared to Figure 5 to reduce the bit error rate promoted by the LIS. In this simulation,
the number of reflectors was kept constant. However, it is worth noting that one case deals with the
4 — QAM constellation and the other with the 16 — QAM constellation.

=
o
N

=
o
&

Error Probability
5

o K=2 simulated
——K=2 theoretical
o K=4 simulated
——K=4 theoretical
* K=8 simulated
—— K=8 theoretical

-20 -15 -10 -5

0 5 10 15 20
SINR (dB)

Figure 5. Error probability for m = 2, 4-QAM.
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8 108
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5 10 o K=2 simulated
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10° | ——K=4 theoretical
* K=8 simulated
106 |——K=8 theoretical | | |
20 -15  -10 5 0 5 10 15 20
SINR (dB)

Figure 6. Error probability for m = 1 (Rayleigh), 16-QAM.

Regarding the Von Mises parameter, it is notable that the bit error probability decreases faster
for larger values of «, as observed in Figure 7. The worst-case scenario is when x = 0 and the error
distribution is uniform. In this case, large and small phase errors have the same probability density
and occur when the phase error has been poorly corrected.

10
1072
2
E
8 103
e
o
5 10| © k=0 simulated
] x=0 theoretical
05| ° £=0.1 simulated
£=0.1 theoretical
* =1 simulated
10° k=1 theoretical !
-5 0 5 10 15 20
SNR (dB)

Figure 7. Error probability for different x values.

If the phase error is concentrated around the mean (in this study, the mean phase error is zero),
the PDF of the phase error approaches a delta function at the origin. In this case, the SINR will be
higher because the sum of phasors will be greater if their phase is zero, and the complex exponential
vanishes, leaving only the magnitudes.

3.3. Secrecy Outage Probability

To simulate the Secrecy Outage Probability (SOP), the SINR corrected by the LIS was generated,
and an additional eavesdropper channel with a Nakagami distribution with LoS access to the LIS
signal was considered. This additional channel has a Line of Sight. The summation was truncated at
index 100 to calculate the SOP, and the approximation closely matched the simulated SOP values via
Monte Carlo. It was assumed that the Von Mises concentration parameter is ¥ = 2, and the direct link
has unity variance.
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It can be observed in Figure 8, where an eavesdropper channel with m = 2 and () = 1is
considered, that the higher the number of reflectors, the lower the SOP will be. This demonstrates that
the LIS contributes to the confidentiality of information.

100 -

o N=2 simulated
N=2 theoretical
o N=4 simulated
N=4 theoretical
+ N=6 simulated
N=6 theoretical

10t

102

Secrecy Outage Probability (SOP)

SINR (dB)

Figure 8. Secrecy Outage Probability.

4. Conclusions

This study shows that Mu-MIMO channels formed by links with Nakagami-m fading, when
assisted by Large Intelligent Surfaces, have a SINR with Gamma distribution and can considerably
reduce their bit error probability by increasing the number of reflectors or the efficiency of the phase
optimization algorithm (related to the x parameter of the phase error distribution).

The worst case, considering the Nakagami-m fading channel is the Rayleigh fading (for m = 1),
this study shows that Rayleigh channels can be converted to Gamma fading channels by applying the
phase shift matrix of the LIS. It was also shown that creating a line of sight in scenarios where a LoS
did not exist was possible. This study presented the probability distributions of SINR compared to the
PDF of the Gamma distribution. It showed that the exact formula for the probability density is very
close to the one generated by the histogram obtained from the channel simulation.

It was possible to show that the LIS can enable a low secrecy outage probability, even for a few
reflecting units and low bit error probability values, when increasing the number of LIS elements or
improving the quality of phase correction. Our study assumes complete knowledge of the channel
state information. It considers phase errors due to the behavior of the reflecting panel when attempting
to correct the phase of many signals simultaneously (and not being able to optimize this for all) or due
to the influence of the superposition of electromagnetic signals.

Appendix A. Statistical Parameters of Z;

Appendix A.1. Expected Value of Z

The expected value of Z; will be

p_|¥
Elzi] = £ LZIrzkl ] (A1)
=1

since the expected value is a linear operator, then
pM 1  PM ’
E[Z] = E;E[WJ ] = ?E[|7’lk| }/ (A2)

where the term E [|rlk|2} must be calculated, but first of all the terms E[cj;] and E[s] are needed.
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The expected value E|[cj| of the real part of rj; can be defined as
E[Clk = E[Z Z‘hlpngk‘COS(qu-f—m{h kl}] (A3)
p=1q=

since E [%{h(d),kl}] = 0 and the summation terms are independent and equally likely. Therefore

E[cy] = N2E thPH E ng"H E[cos dpy] = N2puppigny. (A4)

The moments of the fading channels are y;, = E thp

},Ch = E“}lzpﬂ/ Hg = Eﬂqu }, Cg =
“qu‘ }Xh = E| ‘hlp xg = E[ ‘qu ,€¢ = E| lqu s BR{ng} = E[%{h kl}] =0

SR = {éﬁ{h Kt } s {hg, [\Y{h(d),kl}} =0, 850,y =E [\Y{h(d),kl} } and most of then
will appear in the followmg equatlons.
The expected value E[sj| of the imaginary part of rj; can be computed as

, €p = E ‘hlp

Elsy] — E[z 5y i + 501 kl}] (a5)

p=1gq=1

since E [S{h(d),kl }] = 0 and the summation terms are independent and equally likely, then

Efsu] = NE ||| E[|gge|| Elsin6y] = N2puupigh, (A6)

but the Von Mises variable ¢ has a pdf that is symmetric about zero, and the phase errors are zero
mean, so Vp.B, = E[sin pd] = 0, therefore

Elsi] = N2pypgPr = 0. (A7)

The expect value E [|r1k|2] of the magnitude of rj; can be obtained as

e[| - £[a] £} o

where ] )
E[c] = ( L qE g 5] cos -+ R{ca, kl}> , (A9)

e _ )
E|sh| =k ( L qZ(th\ 8ot sin g + S (g kz}> : (A10)

by expanding the terms (A9), it follows that

E[Clk] - EKZ Z‘hlpngk)COS‘quJHR{h k1}>

p=1g9=1

N N
<Z Y Vb | gek| cos Spe + é]?{h(d),kz}ﬂf (A1)

b=1e=1
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that can be rewriten as
o] = 2| 5 2 5 55 (i cnt) o cnt)| < 00+
[ﬁ%{h kz}g;\th\\qu\cosépq + E| R{hg) kz}Zlelehzbllgeucosébe, (A12)

and since

=le=1

[%{h K} Z E’hlpngk‘ C055pq] = El {hay Z Z|hlb||gek|C055be]r (A13)

and the expected value is a linear operator so

N N N N
E[szk} =) ; ; ;Ethp"qu)|hlb||gek|C055Pq COS%} + E[%{h(d),kl}ﬂ +

=
—_

=
<
[\

2E {%{h kl}] Z ZE |hip||8ek| cos dpe], (Al4)
=le=1

by separating the independent coefficients, it follows that

[Czk] % % ﬁ % Ethp‘|hzb|]Engk

p=1g=1b=1e=1

|gek|} E[cos 0pg cos dp| + E [%{h(d),kl}z} +

2E[R{h(g kz}}zzmhm [8ekl|Elcos éy,]. (A1)

b=1le=1

To compute E [Clzk] , four situations must be considered, N? times the event p = b and g = e will
occur in the summation, N?(N — 1) times the event p = b and g # e will occur, N>(N — 1)? times
p # band g # eand N?(N — 1) times p # b and q = e, then

E{(ﬁé‘hm“qu)COS‘SP‘I+§R{h(d),kl}>2 =N} (N-1) (( Hg‘?kH) kosaﬂ])z)
+N2<Eﬂhlp‘ ] “qu‘ ]E[COS 5,,,1}) +N3(N —1) (Eﬂhlr’ﬂ (EngkH)Z(E[COS‘SW])2>

+N*(N ( E ‘hlp ‘hlpH)zEquk‘z} (E[C055Pq])2>+
E[%{h Kt } +2E {%{h(d kl}} bzl iE [hup || E[|gek | E[cos pe].  (A16)

Therefore

2 N?
E [Clk] = 5 Gnbg(1+az) + N?(N = 1)&u2a} + N* (N — 1) (V}%@g“%)Jr

N*(N—1)? (#ﬁ#ﬁ“?) +2N2V§R{h(d)}ﬂhﬂq“1+§§R{h(d)}- (A17)
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The expected value E[s7 ] of the squared magnitude of s can be calculated as

2
E{Slk} =k {(21 Z(thngk’ sindpg + S{hy), kl}) ] (A18)
p=1q=

that can be rewritten as

[Slk] =L [i i ZXV: i(‘hlp‘ ‘qu‘ Sin5pq)(|hlb||gek| sin &y, ) | + E[%{h(d),kl}z} +

p=1g=1b=1e=1

+EIS

N N N N
E [%{h(d),kl} Y. ) ‘hlpngk‘ sin dpq Ryt Yo Y 1l gex] Sin(sbe]- (A19)
p=1q=1 b=1le=1

After expanding and simplifying the terms, it follows that

[s,k] i ibi iE thp‘|hzb|] E ngk‘ |gek|} E [sin 8pq sin &y | + E [g{h(d),kl}z} +
p=1q=1b=1c=
26 S gy )] 32 3 EllinlJEgecl Elsini], (420

b=1e=1

that can be simplified to

NZ
E[sh] = S-ane(1—a2) + NA(N = 1)3uid % + N*(N = 1) (wieeh? ) +
N*(N —1)? (V%P‘%ﬁ%) + ZNZP‘%{h(d)}Vth,Bl + 85,y (A21)
and since 1 = 0. Therefore
21 _ N?
E [Slk} = 5 6nbg(1 —a2) +Can - (A22)

To compute the expected value E[Z] substituting (A8) in (A2) then

E[Z] = % (E[] +E[sk]). (A23)

After substituting (A17) and (A22) in (A23) it follows that

hz, = ElZ) = Pff( 1651+ a2) + NA(N — 1)Epad + NA(N — 1) (ggad) +

NZ
N?(N —1)? (Vh:uq“l) + 2N gy g1 + SR ) 2§h§g(1—“2)+53{h(d)})- (A24)

Appendix A.2. Variance of Z,

To compute the variance of Zj, consider that

P M
a%k =var(Zy) = var(K Zrlk|2>, (A25)

I=1

in terms of the real and imaginary parts, the equation can be rewritten as

2 2 M M
7= (%) vr( L sk ) (426)
=1 =1
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since the variance of the sum of random variables can be computed in terms their covariances, then

2

O'%k = (2) [var(Cy) + var(Sy) + 2cov(Cy, S¢)], (A27)

where y
var(Cy) = var (Z c12k> = M(M — 1)cov(cy, cix) + Moar(cy), (A28)

1=1

M
var(Sy) = var (Z slzk> = M(M — 1)cov(sy, six) + Movar(sjx), (A29)

=1

and

c0v(Cy, Sk) = E[CiSk] — E[CiE[Sk]. (A30)

To compute the previous variances, the covariances cov(cj, cjx) and cov(sy, i) are needed,
consider that

cov(cy, cix) = Elepci] — Elci] Elcir] — cov(ep, cir) = Elcikeir] — (Elen])? (A31)

and
cov(sy, si) = Elsisi] — Elsix] E[sie] — cov(sp, sik) = Elsiesie) — (E[si])? (A32)

since the expected value E[Cy S| can be obtained as

I=1 \p=14=1

M /N N 2
E[CiSy] :E[(Z<Z Z‘hZPngk(cmpq+m{h(d),k,}> ) X ...

M /N N 2
(Z(Z Z’hlPngk‘smépﬂ"'%{h(d),kl}) ]) (A33)

I=1 \p=1g=1
thus

N N
E[clkcik] =E [(2 Z ’hlp‘ ‘qu’ Ccos 5]917 + éR{h(d),kl}) X ...

p=1g=1

N N
(2 Y|yl ‘8qk’ cos dpg + SR{h(az),ki}ﬂ . (A34)

p=1g=1

To compute the expected value E|[cjccj], it is needed to change the summation indexes as

8k

N N
Elejkeir] = E l( Y. ) ‘thl

p1=1q=1

COS (squl =+ éR{h(d),kl}) X ...

ngk

(£ Xl

pzZl L]2:l

€08 Opag, + §R{h(al),ki}ﬂ . (A35)
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After applying the product and considering the independent indexes, it follows that

N N N N
Elewe] = E[ Z Z Z Z ’hllﬂl |ip, | Enk ‘ngk €OS Opyg COS Opygy | +
p1=1q1=1pr=1g=1
N N N N
El%{h(d),ki} Z Z ‘hlpl 8q1k cosdpyq, | +E §R{h(d)rkl} Z Z ‘hil’z’ 8ok COS Opyg, | +
p=tm=l1 p2=1g2=1
E{%{h(d),kl}%{h(d),ki}}r (A36)
by expanding the previous equations, then
N N N N
Elewean] = ). 3. Y L Ethm |hiP2‘]EHg'hk g%k}E[COS&Plfh COS dpyq, ] +
p1=1q1=1p=1gr=1
N N
E[%{h(d)/ki}} Zl ZlEthm ]EHg‘hk }E[COS‘SMJWL
Pi=iq=
N N
E[R{nayud] X Y Ellhips|]E[|02k]] Ecos 0pngs] +
p2=142=1
E {%{h(d),kl}%{h(d),ki}] (A37)

Assuming that | # i
Elcikcix] = 2N? X MR {1} (Hnpqr) + ‘u%ﬁ{h(d)}+

N2(N — 1) (E“hlm 2] (E[|2au

el

| el

N2 <E “hl,,l

]) (Elcostpg)])?) +
| (El(cosdg))?) +

]) (El(costyng)))*) +

1 E[ (cos 0py)’] ),vz £i, (A38)

N*(N — 1)(15“;1,,,1

N2(N — 1)2<EUh,pl

Tl

which can be simplified to

NZ
Elencir] = —5-Cnbg(1 +a2)+
NA(N = 1)&gad + NA(N = 1)&dgat + N2 (N =128 pidad+
2N 5 i) (uttar) + 1y V1 #0. (A39)

The term E[sjs;x], assuming that I # i can be computed as follows

N N
E[Slksik} =E [(Z Z ‘hlp‘ ’qu‘ sinépq + %{h(d),kl}> X ..

p=1g=1
N N
(Z ) Byl ‘qu‘ sin dyg + %{h(d),ki}>
p=1q=1

(A40)

7
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by expanding the previous equation, then
Elsusit] = E[ )y Z Z Z ‘hlm ips | |200k] | 02| 51 8 51 B | +
pi=1qm= 1P2 L=
l\’"{h it Z Z )hlm 8quk | SN 0pygy | + E|S{hg) i} Z Z |ip, | |85,k | SN Opag, | +
p1=1q1=1 p2=1g2=1
E{\f{h(d),kl}%{h(d),ki}}r (A41)
and can be rewritten as

Elsusik] i i i iEthm

{hipz” E nglk ‘ngk }E[Smémfh Sin Jpag | +
[‘y{h kz}} Z Z thpl] {gqlk}E[SinJPMl]"i_
ri= 1th 1
E[ 3oy ,,2 q; E{ i |1 8] E 55 8] +

E{%{h(d),kl}%{h(d),ki}}r (A42)

by substituting the statistical moments of the random variables, it follows that

) 2 2
Elsysik) = N E[’hlpl }Englk

Jeltsnna])

NP =) (B[] (e g )" (Bl 07 ) 4
N2 = 1) (& i ] [ s ] (L)) +
NP = | ] ] BLsina) ) +

2N? % g,y (HattgBr) +
that can be simplified to

;4 S{n d)},forl #1i, (A43)

2
Efsusic] = —-Enlg(1 — a2) + N*(N = 1)&upgpt + N*(N — 1)58gBt + N*(N — 1)*Cppugpi+
2N? X piyn, ) (HatigBr) + Vé{h(d)},forl 71, (Ad4)
since B1 = 0 therefore
2
Elsusi] = —5-nlg(1— a2) + gy, 3 forl # 1. (A45)
2 (d)
The covariance cov(cy, cjx) can be computed as

cov(ci, cix) = Elcieir] — (Elci])? (A46)
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then

N2
cov(ck, Cix) = TCth(l +a) + N*(N — 1)§h#§0‘% + N*(N — 1), Zeai+

N2(N = 1)%Gupigad + 2Npupgn, ) (Hnpgar) + B,y — N pipgad,  (A47)

and covariance cov(sy, sj;) can be calculated as

N2
cov(si, sik) = Elsusix] = —-8nle(1 = a2) + 1,y (A48)
The variances var(cj;) and var(sj;) can be computed as
var(cy) = E [clzk] — (Elen))?, (A49)

that can be rewritten as

NZ
var(cy) = —-nlg (1 +a2) + NA(N = 1)&uplad + N*(N — 1) (j3gga? ) +
N*(N —1)? (Vﬁ#f}‘"%) + 2N2P‘§R{h(d)}ﬂhﬂq“1 + SRy} — N*uzuzai, (A50)

since

var(sy) = E [Szzk} — (Els])* =E [slzk]' (A51)
then
NZ
var(sig) = —-Gnbg (1 —a2) + o, - (A52)

The variance var(Cy) can be calculated by

o8, = var(Ce) = M(M — 1) [ 681+ a2) + NN — Dt +
N2(N = 1)¢pZgad + N*(N = 1)28upgad + 2N ugn ) (Hntqen) + V2§R{h(d)} - N4V%V§‘Xﬂ +
M [’féhégu +a2) + N (N = )&,pded + N*(N = 1) (gl )+
NA(N = 1)? (434203 ) + 2N2pimg s ibtgas + Enpyy — N*piided]. (A53)

The variance var(Sy) can be defined as
2 N? 2
05, = var(Sg) = M(M —1) 7§h§g(1 — ) + Py | T

NZ
M {zﬁhég(l —a2) + ‘:%{h@}] ., (A54)

and the correlation E[Cy S| is

M /N N 2
E[CS] = E 2(2 Z‘hlpngk‘cosépq—|—§R{h(d),kl}> X

1=1 \p=14=1

1=1 \p=14=1

M /N N 2
(Z(E Z’hlpngk’Sin5pq+§{h(d),kz}> ]) (A55)
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The term E[CySk] can be calculated as
M M » o
E[CkSk] - E Z Sll Z Clzk - Z Z E[Sllkclzk}, (A56)
= 1=11,—=1
the term E [512] kclzzk} can be computed as
) N N N N
E[sllkclzk} =El| L Z Z Z ‘hllpl M, py | |81k ‘ngk SiN dp, g, SN Opyq, +
p1=1p2=1q1=142=1
(g{h(d),kll}) +23{ha) p, } Z Z ‘hllpl Eqk Sm5p1¢h>
pi=1gq1=1
N N N N 2
DD Z‘hlzps My, | |8gsk )g%k €OS Opyg5 COS Opyqy + (%{h(d)rklz}) T
p3=1ps=1q3=1q:=1
28R a) iy } 21 21 My || 8gsk Cos%qs) , (A57)
p3=143=

then yc, s, will be given by (A58).

Hes, = M(M —1) [(N —1)*b1ob1g + N?b1abi7baga? + Nbisboyiigxgbas + Nbiabozpgxebos+
2b1abazegbag + biopybaaxnbas + 4bs il Xggbas + 2N* (N — 1) piEeebog + biobizbag+
bsbosabog + N*(N — 1)boa&abog + N2 (N — 1) pglaxebos + N*Enegbog+
(N = 1)N*Zpgn, 1 b2sbao + N2Cp ) Snlebao + N2 (N = 1)Eg s,y basad + Eplgbr) +
CRinggy ) + 88 qn, 1 b2e + N*(N — 1)53{;1@}#%%“% + ng{h(d)}} +M {(N —1)*b1ob1s+
N2biabi7boond + NbiabozpigXgbos + N2b1aboriigxebas + 2b12ba7€gbag + biobozpigxbas+
biapnbasxnbas + 2N*(N — 1)y xnegbos + b12ﬂ§)(hﬂh§gbzg + 4bgpe xntnxgbos + bgbazeybog+
N2(N — 1)byepbag + N?(N — 1) pgeyxgbos + N2eegbog+
(N - 1)N2§m{h(d)}§hli§b29 + Cé}%{h(d>}N2§h§gb29 + Nz@%{hM)}((N — 1)bysaf + Eulgbr)+

CR{ngyt T U8 n ) b24 + N*(N — 1)5%{11(@}#%1@06% + 2€§R{h(d)}] (A58)

The terms b; can be computed as b; = $(1+a2) , by = L(3+4as+ay), by = a2(1+ ay),

by = 1(Bay + az)ay, bs = bia?, bg = N2bs, by = (N> — 1)N2a}, bg = (N —1)2N?, by = N(N — 1),
b0 = (N —1)N2af, b11 = N(N-1)3,02 =N*(N-1)3,03=(N—-1)3 b4 = (N—-1)% b5 =
pebiad, big = Hpxupty, by = #hﬁhgg#g, big = uplnitg, bio = Milepz, bao = Higbio, b = Huxuy,

by = wnxnC2 b = Gep2, boy = 124302, bys = Eup2, bae = 2br1ad, byy = Eupd, bog = 0352,
by = 152,
Given jic,s,, it follows that
c0v(Cy, Sk) = peys, — HCuhs;s (A59)

therefore, the variance will be

P 2
07, = (K) [‘Tcz:k +03, +2(Hcys, — ucmsk)]- (A60)
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Appendix B. Statistical Parameters of F;

Appendix B.1. Expected Value of F

Since

K
2
—0',7—|— Z Zi,
i=0,i#k

then the expected value of Fy can be calculated as

E[R] =02 +E

i=0,i#
since the expected value of Z; was previously computed, therefore

E[R] =0, +(K—1)—

PM [ N?
K

NZ
N*(N —1)? (Vh[”q“l)+2N H g} Pg®1 + Gy + 5 Gnbg (1 — a2

Appendix B.2. Variance of Fy

The variance var(Fy) can be defined in terms of the statistics of Z; as

i=0,i

5 ZZ] — 2+ (K- 1)E[Z)],
k

do0i:10.20944/preprints202404.0422.v1
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(A61)

(A62)

=8 (1+ @) + NAN = 1)aipidad + NN = 1) (ihcgad) +

)+ Cs{h@}]- (A63)

K K
a%k = var(Fy) = var (0’% + Zl> = var( Z Zi> , (A64)
£k i=0,i7k

since the terms are independent and equally likely, then

var(F.) = K(K — 1)cov(Z;, Zy) + Kvar(Z;), (A65)
considering that
cov(Zi, Zt) = E[Z;Zi] — (E[Zi])? (A66)
where
P\2
E[Z;Zi] = (K) E[R;Ry], (A67)
that can be rewritten as )
P
E[ZiZ;] = <K> E[(Ci + 5i)(Ci + S1)l, (A68)
by expanding the product, it follows that
P2
E[Zizt] = (K) E[(CiCt + 5,5+ C;S: + SiCt)], (A69)
since E[C;S¢] = E[S;C¢], then
E[(CiCt + §iS¢ + C;St + SiCt)| = E[CiCt] + E[S;S¢] + 2E[S;Ct]. (A70)
Fori #t
M ) M ) M M
E[CC=E| ), ci; ), ciy Z Z [Cllzclzt} (A71)
h=1 = 1=15=1
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by expanding the terms, it follows that

|841i]|842i] €08 p1g, COS Gy, +-

hllr’z

hllpl

N N N N
wmk%zzzz

p1=1p2=1q1=1q2=1

|gq1i’ cos ‘5171'11) X

hllPl

2 N N
(@?{h(d),iz1 }) + 2R h gy, } le qu
1=1q1=

2
|895t |84t | €O8 Bpyq5 €08 Ipyq, + (%{h(d),tzz}) +

hlz p3 h lpy

N N N N
@222
p3=1ps=14q3=14g4=1

hiyp,s ’gq3t| cos 5?3%)] - (A72)

N N
2R{h@aym,t Y, Y

p3=143=1

By expanding the terms of E [clz1 Z.clz2 ;], the expected value can be rewritten as (A73).

N N N N N N N
Z DD Z Yy E| E
n=1p3=1ps=1q1=1q2=1g3=1q4=1

ngi| |g%t| |gq4tH [cos Opygy COS Opyg, COS Opyg, COS Opaqs) +

x|

1
1=1q3=

hlzm

hllpl hlll’z hlzps

H MZ

E [Clllclzt

H q1i|

N N
SRy 1
p1=1p2=1

2

} E Hgthi| |g172i H E [COS 5%’1‘71 cos Jpzqz] +

hllpl hlllﬂz

E

q
N
|g¢73f| |g‘74f| COS Opq5 COS 5?4174}

hlzP3 h12P4

N
{;R{h(d)} Z
ps=1p

1=

hlzr’s

(Rihaa) (Rl ) |+
p3=

L E|

JE lgglaa+

1q
d

2F [(Eﬁ{hwzl}) Rethiayn, ]
)R

2
lll

N N N N
4E[§R{h(d),jll}%{h(d),tlz } Z Z Z 2: [

p=1q=1ps=1q

HMZ TMZ

|Ellggiloa+

E

} E[[84:i]|8g5¢ [ E[co8 dpyq, cO8 0psgs] - (AT3)

=
=
S
=
S

HM

2F [(éﬁ{h(d)

hlﬂ?l hlzps

Through the recursive expansion of the expression and analyzing the varying scenarios where
the variables might be interdependent or independent, based on their index values, it can be inferred
that, for I1 # Iy, the expected value E[Cl L, 2 ] will be given by (A74). For I; = I, it can be calculated by

(A75).
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E[c} ichi] = bsErn w024 T NboCy, 1y (bos + basad + 2uile) + b1aN?biyeg + biaboo
th(disz‘:{h(d)}(szgghbl + bo5a7) (N — 1)°byg + biabigbo + biabigbio + bisbighio+
b14bigbio + b1abigbig + braN>bi7bs + bizbiobig + bisbizbig + biobo1pizbs + bizbigbio+

b14N?b1gbs + (N — 1)%b17b1g + bizbrebs + bl3bz7ﬂ§b10 + b13b1gbig + b12b17b5 + brobi7bs+
bsbo1pizbs + (N — 1)b17b1g + brgbao + biabighio + bisbiobis + (N — 1)*b1gbig + b1aN>bigbs+

biabizby + (N — 1)%bi7big + bgba1 jigbs + biabizbs + bizbiobig + biobizbs+

Dgpnxnbasbs + biabizbs + (N — 1)%p583b10 + bbarzbs + (N — 1)N2byaby + bgbyrGzbs+
bgbar&zbs + (N — 1) N gt + buapnxnbasbiad + byl xppgat + bobaibag + by1byibos+

boba1 b + bobyibas + N(N — 1)byaby + (N — 1)*Nbieat + bu pinxubis + brapnxubis+

boba1 pighy + bi1bo pgact + 2bobyibas + (N — 1)Nbyoby + brieppiga + 2boeybis+
N(N — 1)ebysbs + boeybpsbias + 2N (N — 1)ebosby + Neylzbo, ly = L (A74)

Elcf i) = D8 (n 41024 + NboGn 1024 + (N — 1)N2€§R{h(d)}(b25“% +2u5ce)+
N2&p iy} (2658nb1 + basad) + ERA()? + Nbragigy ((N2 —1)N?b] + Nsz) +
1
b11y§b27 (bg&é? -+ Nz(N — 1)173 + N2b4) + b]]bgﬂlé <N22 ((N2 — 1)b3 + 2b4>)—|—
b9€h.ug< oG [(N —1)%q + (N - 1)af + le + bob1y (bsbS +2(N —1)bs + N2b4) +
byby7 (bg(Xl + 2byg + b6> + bny%gfgyé <b6(N2 — 1) + N2b4) + bllégﬂ;”% ((NZ _ ])b6 + N2b4> +
b9b17(b7 + b6) + b9b17 (b8b5 + Z(N — 1)b6 + N2b4) + N(N — 1)§g€%]l§(b7 =+ b6)—|-
N(N — 1)82128e (b7 + bg) + boptc2(by + b) + N(N — 1)¢2by; (bga‘% 2k + b6) +
N(N = 1)bo&3 (b7 + bs) + N385 (b7 + be), Vi # . (A75)

Therefore, E[C;C;] can be calculated by (A76).
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pec, = E[GC = M(M —1) [Nb9§m{h(d)}b24 + (N =1)NZgp, y (basad +2p38) +
bsC{n 4y b2a + Nz‘:?)‘t{h } (28484D1 + bysad) + ER(d)*+
Nbwappih (N2 = 1)N263 + N2b ) + buapighar (ba + NA(N — 1)bs + N%by ) +
bibau (NZ; (V2= 1)bs + 2b4)> + boghud (N2} [ (N = 1)%3 + (N = 1)ad + by | )+
bobyy (b8b5 F2(N = 1)bg + N2b4) + bobyy (bglx‘f 4 2byg + bé) +
brapipCt? (Be(N? — 1) + N2by ) + bua&gpidpit ((N? = 1)bs + N2y ) +

bobi7 (b7 + b) + bobuy (bgbs + 2(N — 1)be + N2by ) +

N(N = 1)gg&hpz (b7 +be) + N(N — 1)&7 1385 (b7 + be )+
bopit22 (b7 + be) + NN — 1)g2b7 (st + 2b1g + b ) +

N(N = 1)by&3 (b7 + bg) + N385 (b7 + bé)} + M[b8€§R{h(d)}b24+
Nbolypin, } (D24 + bosat + 2u585) + NZC@R{h(d>} (284Epby + bosa?) + ERK(d)*+
(N —1)°b20 + bigbigbio + biabisbio + biabighio+
biabigbio + brabiobig + b1aN?bi7bs + b1aN?bizas + bisbag
b13biobg + biabizbio + biobo pgbs + biabighio + b1aN’bigbs+
(N —=1)%b17b1g + brabiebs + bisbazpighio + bisbiobio+
b1abi7bs + b1obi7bs + bgboipzby + (N — 1)%b1zbig + brabao+
bizbigbio + bisbiobis + (N — 1)?bigbig + braN>bighs+
biobizby + (N — 1)%bigbig + bgba pgbs + bizbizbs + bisbiobio+
b12bi7bs + bgpnxnbasbs + biabizbs + (N — 1)%4583b1o + bsbarzbs+
(N — 1)N?byby + bsbyrCabs + bsbarlabs + (N — 1)* Nppxuigad + bipunxnbosbiad +
by 1ﬂh7(h14§“% + boba1bog + b11b21bog + bobyy V§b4 + boby1boe+
(N — 1)Nbyby + (N — 1)*Nbygat + by1 i xnb15+
b11pnXnb1s + boba pghs + briboypgat + 2bobyibog + (N — 1)Nboby + bri€ppigat+
boebis + boeybis + N(N — 1)eybasby + boeybosbraf + 2N (N — 1)eybasby + Neylzba | (A76)

The expected value E[S;S;], for i # t

M M M
etssi — | £ £t - £ P el a7

I —1 L=1h=1
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where the expected value E {5121 i5122 t] can be calculated as
E[S’zllslit} - l( )3 Z Z Z ‘hllpl 111y | 1841118421 SIN Opyg, SN Bpyg,+
p1=lp2=lq;=1g=1
N N
(St }) +230ha} L ZPmmkwbm%m>X
p1=1qm=1
N N N N
( XXX ‘hlzm Tiypy |85t | |8aat | 1 Opsgs sin dpq, +
p3=1ps=1q3=1q4=1
(g{h(d)ﬂz}> +2‘Y{h flz} Z Z ‘hlziﬂs ‘g%t| sméﬁsﬂs) . (A78)
ps=1gq3=1

by expanding this equation and removing the null terms, then E [ S1,i51 J can be obtained by (A79).

hllpz hlzlﬂs hlzm

25 UPIP B P o1 [T

1p2 Pa =1g3=1g4=1

1q
Hg‘hl‘ ‘ngz ] Hg%f’ ’8q4t|] [Sin.0py g, SIN Opyg, SIN pagy SINIp,g,] +

Ea{hyg }Z YLy E |y,

_1192 1q _1'12 1

}Z Z Z Z thzp3

pa=1ps=1g3=144=1

N
[slllslzt} Z

hlle } E Hglhi| |g¢12i H E [sin Opyqy SIN 5}’2@2} +

} E Hglist| |gQ4tH E [Sinér’sﬂs Sin5P4Q4] +

E [(g{h(d),ill })1 E [(9{}1@1),@ }) 2} (A79)

by expanding the terms, it is easy to note that many expressions are equal to zero because of the
expected value of the sine of a zero mean Von Mises random variable. The fourth order trigonometric

h12P4

moment of the phase is E {sin4 5} = 1 —2by + by, since sin*§ = (1 — cos?6)? = 1 — 2cosdcost s,

therefore
E[sfish] = N2eRe3 (1 — 261 + ba) + 2Ny, Gubibon + B Y Al (ABO)
E [Slzlislzzt} = N2epeq(1— 2Dy + bo) + ZNZC%{h<d>}€h§gbz9 + §é{h(d)},v lh =1, (A81)

ps;s, = E[SiSt] = M(M —1) [Nzﬁigé(l —2b1 +bo) + 2N2§%{h(d)}‘:h§gb29 + ng{h(d)}} +
M {N2€h€g(1 — 2b1 + bz) + 2N2§%{h(d)}§h§gb29} . (A82)

The expected value E[S;C¢], considering that i # t, can be computed as

M M M M
E[SiCi] = E[Z ) c%zt] = Y Y E[shic], (A83)

Lh=1 =1 L=1l=1
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where E {slzl iC122 t} can be defined as

M1, py | 18011851 | S Opygy SINOpyg, +

el =£| (L £ £

P1=1p=1q1=1q=1

(3{}1(11),1'11}) +2S{ha)1, } Z Z ’hllpl
pr=lqi=
N N N N
(it
p3=1ps=1gq3=1q4=1

|gq1l| 51“‘5P1q1>

hlziﬂz hlzm

2
|835¢||8gst| €08 Oy, cO8 pyg, + (%{h(d),tlz}> +

2§R{h tlz} Z Z ‘hlzlﬂs

p3=1q3=1

’gﬂlst|C055P3ﬂ3> , (A84)

by expanding and removing the null terms, then E {5121 iclzz t} can be calculated by (A85).

ZETAED D 39 3 3 9l oy |

p1=1p3=1py=1q1=1q2=1q3=1q4=

|

E[ 8 ’ ’31121‘ ‘8q3t ’ |8q4t| [COS Opsqs COS Opyq, ] E[SINOpyq, SiN0p,g, | +
N N

(:%{hw) Z Z Z EHhhm

p=lqm=

hll p1 hlzPs hlzm

hlﬂ’l } E Hglhi| |g¢12i H E [sin Opyqy SIN 51’1'12] +

}ZZZE[

pa=1g3=1q4=1

h12P3 hlzPs

} E [|gq3t| |gq4fH E [COS Opsgs COS 5!’3%] + ‘:%R{h(d)}‘i‘

(N =1)8sn) Z Z Z HAE [180st|[8at|] oF T Cnin,y (A8D)
pa=1g3=1q4=1

by expanding the summations and evaluating the expected values recursively, it follows that for
P4t
E [51211‘61224 = biobyrpgCabag + N?b1abr7baoas + Nbuabyypgobog + Nbigboypg&ebos+
b12by783bos + (N — 1)*b1gbig + biobarEgbos + b1abazbasbog + 4bgbizbag + N (N — 1)&3borbog+
biabizbag + N*(N — 1)§3barbag + bsbyadjbas (bs + N*(N — 1)) + N*(N — 1)z & &jbas+
N?¢hégbos + (N — 1)N2§3<e{h(d)}éh}4§b29 + NZC%{hM)}Cﬁbw + g%{h(d>}N2((N — 1)bysai+
Cnlsbr) + Sy + b8lsiny)b2a + N*(N — 1)§S{h(d)}#i§g“% +28p )y Yh # b, (A86)

and E [s,z1 iclzl t} can be obtained by (A87).

do0i:10.20944/preprints202404.0422.v1
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E [slzliclzlt} = (N —1)*b1gb1g + N?b1ab17bogat + Nb1abyypig&gbog + N*bigboypzlebog+
b12b2783bos + broborigGebas + b12ba783bog + biop&rbasbas + bspiy Stz Gebas + bsxuinepzbos+
N*(N = 1)upxn€zbos + brapg xnpnésbos + 2bspuzéexntinbos + N*(N — 1) xppplzbos + bsbasenbog+
N?(N — 1)basepbas + N*(N — 1)p38g€nbos + N*Exugbos + (N — 1)N2§§R{h(d)}§hﬂ§bz9+
Cye{h(d)}NZCthbw + Cg{h(d)}Nz((N — 1)bosaf + &plgbr) + SR {ng T N*(N — 1)‘:‘\‘;{h(d)}.u%§g“%+
D8Cy gy b2a + 20y 1 Vi A 1 = . (A87)

Therefore, the term E[S;C;] will be given by (A88).

ps,c, = E[SiCi] = M(M —1) {(N — 1)*b1ob1s + N2b1abr7broad + Nb1aborpzGebs + 285 {h gy
NZb14bo7pglebag + biobarEabos + biobarpizEebag + b12barlsbag + biobaybysbag + 4bsbizbog+
N?(N = 1)&3barbag + biobizbos + N*(N — 1)&3barbog + bgboadybos (bs + N*(N — 1))+
N*(N = 1)pu34&ibos + N2&83bos + (N — 1)N2§§}t{h(d>}§h#§bz9 + §m{h(d)}N2§%bz9+
C%{hw)}Nz((N — 1)basas + §uGghr) + CRinggy ) + b8 qn, 1 b2e + N*(N — 1)5%{h(d)}11%§g“ﬂ +
M {(N — 1)*b10b1g + N2b14bi7baoat + NbiabyrpizGebas + N2biabaypig&bas + biobar&abos+
b1abazbas (Hgls + C3) + brapiGnbasbas + bs i CuizGebas + bsxuinGghghas + N*Exulgbos+
N?(N — 1) pnxnCabas + biopgxninGgbas + 2bsizGoXnttnbas + CR{hq) 88 [h gy D2at
N2(N = 1)xnpnCgbas + bsbasenbas + N*(N — 1)basepbos + N* (N — 1)puglgenbas + 28nn )+
(N = D)NCpn, ) Sntghoo + Cngn g} NSngbao + Sy y NP (N — 1)basad + §péghi) +
NA(N = 1)& 1 #hEe03 ] (ABS)

Since )
P
E(Z,Zi] = (K) (Hcic + Hss: +21s,c,), (A89)
it follows that )
P
cov(Z;, Zy) = <K> (Hc.c, + ps;s, +2us.c,) — yzzk. (A90)
Therefore
P2
of, = K(K=1) ((K) (Kcic + psis, +2ms,c,) — H%k> +Kog,. (A91)

Appendix C. Statistical Parameters of 7,

Appendix C.1. Expected Value of vy

The expected value of <y, considering the gamma distribution in

poy = El] = 2, (A92)
HE,

since iz, and pf, are already known, we can compute using the derived expressions.
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Appendix C.2. Variance of
The variance of 7, can be computed considering the moments of F; and Z; as
2 nz \2[ 0% (K —1)cov(Z;, Zy) of
%Z(k> zk—2< >+zk / (A93)
ME Fz, Kz ME HE,

since iz, Kr,, U'%k, U%k and cov(Z;, Zi) were previously derive, these parameters can be substituted
here.
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