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Abstract: In this paper, we prove the existence of three solutions for a p-Kirchhoff problem with y-Hilfer fractional
derivative. To be more precise, we use the variational method and we prove that the associated functional energy
admits a critical point in each of the three constructed sets, these critical points are weak solutions for a studied
problem. Moreover, by definition of these sets, one of these solutions is positive, the second is negative, and the

third one change sign. At the end of this work, we present an example to validate our main results.
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1. Introduction

In recent years, the notion of fractional calculus has attracted the attention of several authors.
Indeed, fractional calculus has become one of the most interesting tools in many fields, for example in
mechanics as studied in Purohit and Kalla [22], in oncolytic virotherapy as mentioned in Kumar et
al. [9], in motion of beam on nanowire for the interested reader we cite the paper of Erturk et al. [10],
in image processing one can see the monograph of Zhang et al. [44], and in viscoelasticity which is
developed in the article of Mainardi [39]. Other important applications like physics, epidemiology,
and engineering can be found in the papers [4,11,24].

Because fractional differential operators are very important, several papers involving different
derivatives, we cite for instance the papers of Ben Ali et al. [5], Chamekh et al. [29], Ghanmi and
Horrigue [31,32], Horrigue [34], Torres [25], and Wang et al. [43].

Very recently, several papers developed new derivatives like the derivative with respect to
another function ¢ which is one of the interesting derivatives see [11,24]. This operator generalizes
some classical ones in the literature see [11,37,38].

In the last few years, several authors have concentrated on the study of problems involving the
y-Riemann fractional derivative, we cite for examples the papers of Alsaedi and Ghanmi [1], Da Sousa
et al. [26-28], Almeida [3], Nouf et al. [41], Horrigue [17]. More precisely, Nouf et al. [41] used the
mountain pass theorem to prove that the following problem

Rf(e(e)P 1D (A (oD u()) ) = Ag(t,u()) +h(t,u(), 0 <t <T),
L) = ¢ V(T) =0,

admits a nontrivial weak solution, where tD%lp, on ,1/:, 1856_1); ¥ and Ig(e_l); ¥ are the operators in the

sense of -Riemann.
Alsaedi and Ghanmi [1] studied the following problem

M(x(s)) D™ (Ap (DY7x(5)) ) = AH(s, x(5)) + Gls,x(5)), s € (0,T),

IgJ(re*l)}lp(()) — Ig(efl)rll](T) — O/

1)

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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where 0 < % <p<1,0<0<1,A>0, Ay(t) = |t|P2tis the p-Laplace operator, D;’e’w and Dg’f’w
are the operators in the sense of -Hilfer which are introduce later in Section 2. The authors justified
that the mountain pass theorem ensures the existence of a solution for (2), moreover, by the use of the
Zp-symmetric version of this theorem, the existence of infinitely many solutions is proved.

In this work, we shall study a Kirchhoff problem of the following form:

{ gfo DY x )1 at) DY (8 (DY x() ) = Aglt x() + F (1, x (1), -
Ig+9 1),1P(0> (9—1);¢(T) —0,
where0 < t<T,A>0,0< % < u <1and for some r > 1, m > 0 the function & is defined by
h(s) = ms" 1,
While, the functions f, g : [0, T] x R — R, are such that the following condition holds:
(H) There exist r, g1 and g, such that
1<p<rp<q<qo, @3)
moreover, for each (s, t, x) € (0,00) x [0, T] x R, we have
f(t,sx) =sT71f(t, x) and g(t,sx) = s 1g(t, x)- @

Remark 1. Let F, G are the antiderivatives of the functions f, g respectively with have the value zero at
zero, and let H be the antiderivative of the function h with value zero at zero. If (H) holds, then for each
(s,t,x) € (0,00) x [0, T] x R, we have

F(t,sx) = sTF(t, x) and G(t,sx) = s2G(t, x).
Moreover, there exists C1,C}, Co, Cy > 0, such that

xf(s,x) =qF(s,x) and  Cy|x|™ < F(s,x) < Cy|x|" (5)
x8(s,x) = q2G(s,x) and  C|x|™ < G(s, x)| < Calx|™. (6)

Theorem 2. Under hypothesis (H), there exists A, > 0 such that if A is large enough to satisfy A > A, then
(2) admits three nontrivial solutions. Moreover, one of these solutions is negative, the second one is positive, and
the third one change.

2. Preliminaries

This section is devoted to introducing some important results that will be used in the proof
of Theorem 2. All results introduced in this section and other related results can be found in [11]
and [24]. To this end, hereafter, the Euler gamma function will be denoted by I'. 4 and b will denote
real numbers such that —co < a < b < co. The function i will denote a C! function on [a, b] which is
positive and satisfy ¢’(s) > 0 for all x € [a, b]. For a given x, y, we will adopt the following notation
P(x) —P(y) = Px(y)- Finally, if 1 <6 < oo, then L°(a,b) will denote the set of all measurable function
X on [a, b], such that f |x (1)) dt < oo.

Definition 3. ([11,24]) Let x € L'([a, b)). then the left fractional integral of x with respect  is defined by

Lx() = 5 [ Ow0" o,

d0i:10.20944/preprints202403.1687.v1
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and the right fractional integral of x with respect , is defined by

) = g [ ¥ O

Definition 4. ([26,28]) Let x € Ll([a, b]). Assume that 0 < 6 < 1, and the integer n is such that n — 1 <
u < n, then the left-sided -Hilfer fractional derivatives of order y and of type 0 is defined by

- 1 d\" a-emn-
D) = 0 () 1)

and the right-sided y-Hilfer fractional derivatives of order y and of type 6 is defined by

0, 0(n—u), 1 d\" 1-0)(n—u),
lel* IIJX(X) = IbEH y)l/}(lp/(x) dx> IlE* o H) LPX(x)r

We note that the first key in the manipulation of the weak formulation of an equation in the
variational approach is the integration by parts, the following formula can be found in equation (16)

in [27]
b

[ 1x()6() ds = /Lth(S)lP/(S)Ig'¢<£’(fs))> -

Also, there is an analog formula for the derivative which is presented in the following lemma.

Lemma 5. [[27]] If the function x is absolutely countinous on [a, b] and if the function a is of class C' on [a, b]
with a(a) = a(b) = 0. Then for each 0 < y < 1and each 0 < 6 < 1, we have

" Dot = [ xow o D (55 ) 7)

The following remark plays an important role in manipulating the inequalities in Section 3.

Remark 6. ([19,27]) Assume that 0 < y < 1andr > 1. Let q such that % + % =1, then forall x € L"(a,b),
we have

(i) I ;‘ ¥ is bounded in L"(a,b), in addition, we get

wp ¥ (a) —9(a))*
||Ia+ X”L’(a,b) < WHXHU(M)/

where :
Il = ([ xora)”
(ii) If p € (%,1), then we have %13; I;;‘p;((t) = 0, moreover
1

a)h—r
e < — 2O s
T()((p—1)g+1)7

where

[Xlleo = ess sup [x(d)]-
a<é<b
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3. Proof of Theorem 2

This section is devoted to proving the main result of this work, our main tools are based on
variational methods, to be more precise, we construct three disjoint sets and prove that the energy
functional admits one critical point in each set, after that, we prove that every critical point is a
weak solution for the main problem. We begin by defining the space F as the closure of the space
C ([0, T], R) according to the following norm

==

6,
Il = (100 m) + 10DE X020y )

We recall from [27] that the space / can be equivalently defined by:
0, (6-1), 0(6-1);
F={xeror): Dy*xerr (o) 1" V) = 1 V¥ (1) =0},

Remark 7. ([19,271)The following properties hold:

(i) Fisa Bunach space which is also reflexive and separable.
(i) If1—pu > < orzfl >u > =, then, for all x € F, we get

Pr(0)*

0,
Ixllerom < oy 7126 Yl oy

(ii) If% < yu <1, then for each x € F, we have

W) = 9@ pney

X/l < T
F(u)((p—1)g+1)7

where q is such that % + % =1

It is not difficult to see that if we combine the inequalities in Remark 7 with the definition of the

norm |.||;, one has
1
a)lb—r
@
F(u)(p—1)g+1)7

Next, we introduce the energy functional ¢ : / — R, as follows:

o~ A/OT G(0, x(8))dé — /OTF(zS,)()sz,

xlleo < ®)

P(x )ffllx

where
0,
Ixlwep = oDV Xll o (0,1)-

It is not difficult to see that the functional @ is of class C!, and for each X, ¢ € F,one has

< (0.8~ = mlxllg,” / DU x(s)|” DI x(5) DY 5) s
A [ gl xne)ds+ [ s x(o)Ee) ds.

So critical points of @'(x) are weak solutions for problem (2).
Now, we will adopt the method used in [30] to prove the existence of solutions. To this aim, let us

introduce the following sets:
Si—{xeF / ds>0} )

d0i:10.20944/preprints202403.1687.v1
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5 = {x e Sumlrtff, = [ stsxtomn @ ds+ [ flsx) o i},

and
S$=5,NS5_,

where x* and x~ are given by:
xT = max(0,x), and x~ = max(0, —x).

Lemma 8. For all wy,wy € | withwy > 0and wy < 0, there exist t; 5, tp y > 0 such that ty ywy € S and
tr xwo € Sp. Moreover, )l\irrb t A= /l\irr}) tr o = 0. In particular, if wy and w, are with disjoint supports, then
— —

tyawy + it wo € S.

Proof. To prove Lemma 8, we will only prove the result for S, because the other cases can be proved
analogously.
Letw € F withw > 0, and put

L(w) = (®'(w), w).

Let s > 0, then from hypothesis (H) and Remark 1, we have

T T
L(sw) = ms?"[w] 7, , — A/O g(t,sw(t))sw(t)dt—/o £t sw(t))sw(t)dt

o AT 1 /T
= ms ||w||y9¢—£/0 G(t,sw(t))—q—l/O F(t,sw(t))dt
n
> gP" oAl n-pr _ Calfw P"e‘/i qa—pr

sP(mwll , — P .

Since pr < q1 < g2, we can find s > 0 small enough such that L(sw) > 0.
Again, from hypothesis (H) and Remark 1, we get

Ml . Cillwli
L(sw) < mnwnwﬂ— ql” = e
Allwl|fy
< mnwn},gl,, W—T”‘” 2
CiA||lw
P’/ 0, SPr mq q1—pr
< (Sl (10)

Since pr < g1, then for s large enough, we have L(sw) < 0. Hence, by the Bolzano theorem, we deduce
the existence of s, satisfying L(syw) = 0.
Finally, from equation (10) and the fact that L(syw) = 0, we conclude that

1
—pr
o< < (il )"

which yields to )}im sy = 0, as we wanted to prove. O
— 00

Put
Ki={x€eSy: x>0}, Ko={x€S_-: x<0}, andK=S.

Then we have the following result.
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Lemma 9. Foreach x € Ky. or x € K, there exists B; > 0(j = 1: 4), such that

By < B2 [ 0,(0) + Aglo, () e < pan) < Bl

pOYp:
Proof. Since the proofs are similar for the three cases. So, we will give the proof the result for K. For

this aim, let x € K, then from the definition of S, the first inequality holds for §; = m and B> = 1.
On the other hand, from Remark 1 and equations (3), (5) and (6), we get

. T T
@ (1) Vow— || Fex()ds =4 [ Gls,x(s))ds

= 1111 <m111||?(|5,79,¢ - /OTf(S,X(S))x(s)ds — A/()Tg(s,;((s))x(s)ds>
> 0I1qzl (/OTf(S,X(S))X(S)ds + A/()Tg(s,)((s))x(s)ds>,

Hence, the result follows immediately if we take

I
£
=

=
>

<

Bs= — By, and By = Bam.
qm—1
0
Lemma 10. There exists a constant D such that || x* o9 > D, forall x € Ky or forall x € K.

Proof. Since the proofs are similar for the three cases, then, we will prove the result for K, and omit it
for K. Let x € K, then by definition of K, we have

mlxlie, = /fsx dsH\/ (s, x(s))x(s)ds
= a1 [ B xo)ds a2 [ Gl ()

It follows from Equations (5) and (6), that

IN

mllx| Py < mCillxl%, + ATCallxX T,

Cl\xlli,9,¢, (11)

IN

wey < 1,and 6 = gz if [[x||,,6,4 > 1. Since & > pr, then the result follows from
1
equation (11) and by putting D = (%) PO
Next, we will present some important properties related to the manifolds S+ and S.
Lemma 11. Sy and S are sub-manifolds of I of codimension respectively 1 and 2. The sets K+ and K are
complete. Moreover, for every x € S+ or x € S, we have TyF = T, S+ & Ty @ span{x™, x~ }. Moreover, we

have a uniform continuity of the projection to the first coordinate on S+ or S, where T, S denoted the tangent
space at x of S.

Proof. We begin by observing that
S+ CSy and SCS,

where S is given byequatlon (9) and S= S+ ns_.
From the fact that the sets S+, S_ and S are open, it suffice to prove that the sets S+ and S are



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 March 2024 d0i:10.20944/preprints202403.1687.v1

7of 11

regular sub-manifold of F . To this end, we introduce the following C! functions 0+ : M+ — Rand
0 : M — R?, which are defined respectively by:

0 (0) = I — [ s xtoNRG)s 2 [ glo,x(s)x* (),
and
0(x) = (0+(x") e~ (x7))-

Since we have S+ = 0;1(0) and S = ¢~1(0), so we need to prove that 0 is a regular value of o+ and ¢
in order to finish the proof. To this aim, let x € S, then we have

d N d T
el - pri|~t+ 1T +\, T+
orx+ext) = - (m<1+e> I 1oy = (1) [ flsax+ex*Ix <s>ds)

~ag(re [ stx et ()

= mpr(L+ &) Iy,

T )
- [ e aracnt + Lo e s
.y T +V\t aﬁ + + Zd
; gls, x+ex )X’ + 5 (s, x+ex")(x") ds.

From equation (4), we have

s, 0x = (@1~ V(20 and B(s 205 = (32—~ Df 5, 0).

So, using the fact that x Tx~ = 0, we get

0 0
%(srx) (X2 = (@ = 1f (s 0x" and 555,000 = (g2 = Vf (s, 01+
Therefore, from the facts that x € ST and pr < q;, we obtain

d + _ + 1P T + af +3\2
et = mprlc W, — [ A 0xT + 520 G0 ds

A T + 87g + Zd
| 80X+ 5 (s x) ()" ds
T T
= mprla oy~ [ Fs 0T ds = Aga | (s, 20t ds

< (Pr—th)(/on(s,X))c*ds—?\/OTg(wc)x+ dS> <O0.

Hence, (Vo4 (x), x™) < 0, which implies that Vo (x) # 0. So, S is a regular submanifold of F .
The proof for S_ is very similar to the first one and we omit it.

Now, for the case of S, we begin by observing that since (Vo4 (x), x7) <0and (Vo_(x),x ) <
0., then it suffice to prove that (Voy(x),x~) = (Vo—(x),x") = 0 for x € S. This ensure that
(Vo(x), x) # 0 foreach x € M.

Next, we aim to proving that (Vo (x),x ) = 0. to this end, let x € S, then we have
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2 ocerex) = Lm)
d£Q+X X = I X

ag ([ st o)

- —/OTafax(s,X+€X_)X+(5)X_(S)d5

T
W~ [ ot o)

T
—A /0 agIx (s, x +ex )x T (s)x (s)ds
= 0.

Analogous, we can obtain that (Vo_(x),x™) = 0, which implies that S is a regular submanifold.
Moreover, by classical arguments, we deduce The completeness of K+ and K. Next, we shall prove that

TyF = TySy ®@span{x™},
where T, S+ = {v: (Vo4(x),v) = 0}. In fact, let v be a unit tangential vector in Ty f . Put

(Vo+(x),v)

Uy = ~—— L At and vy = v — vy
27 Vo) ' ?

Itis clear that v, € T) Sy, vy € span{x™} and v = vy + vy.

Similarly, we can prove that T F = T)S_ @ span{x~} and Ty F = TS @ span{x™, x }.

Finally, if we combine the above equations with the estimates given in the first part of the proof,
we conclude the uniform continuity of the projections onto T),S+ and T, S. O

Now, we define the notion of the Palais-Smale geometry.

Definition 12. We say that @ satisfies the Palais—Smale condition at level c if any sequence {x } that satisfies

P(xi) = cand ¢} o(xx) = 0

admits sub-sequence that converges strongly.
Lemma 13. If ¢ > 0 is small enough, then @ satisfies the Palais—Smale condition at c.

Proof. Since the proof is very similar to the proof of Lemma 3.5 in the paper of Alsaedi and Ghanmi [1],
then we omitit. [

Next, in the following lemma, we will prove the Palais-Smale condition for the restricted func-
tionals.

Lemma 14. The functionals @, and @\ satisfy the Palais—Smale condition for energy level c, provided that
¢ > 0is small enough.

Proof. Let {x;} C K, be a Palais-Smale sequence, so we have P, is uniformly bounded and
V&g, (xj)—0as j tends to infinity. We need to show that there exists a subsequence still denoted by
{x;j} that converges strongly in K.

Let vj € Ty,;/ be a unit tangential vector such that

(Vo(x)),vi) = [Ve(xj)ll -1

Now, by Lemma 11, v; = x; + y; with x; € Ty;S+ and y; € span{(x;)+}.
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Since @(;) is uniformly bounded, then by Lemma 9, x; is uniformly bounded in f and hence x;
is uniformly bounded in F. Therefore, we get

IVO(x) | ()1 = (VO(x)), vj) = (VPk, (X)), vj) = 0. (12)

As v; is uniformly bounded and V@, (x;) strongly, the convergence to zero in equation (12) is strongly.
Finally, the result follows immediately from Lemma 13. [

As a consequence of Lemma 14, we have the following result.

Lemma 15. If x € K+ or x € Kiis a critical point of the restricted functionals ®x, or k. Then, x is also a
critical point of the unrestricted functional ® and hence is a weak solution to (2).

3.1. Proof of Theorem 2

From Lemma 15, to prove the Theorem 2, we shall prove that the functionals ®x, and ®x have
critical points. Since the same arguments are used for @y, and Pk, we will give the proof for @k . It
is clear from the definition of K, that @ is bounded below over K. Then using Variational Principle
due to Ekeland, there exists {v]-} C K4, such that

®(v)) —+ inf @(v) := cipand (Vx, ) (v)) = 0.

From Lemma 8 and the estimate given in Lemma 9, there exists wy > 0 such that

pr
uoY

e < Pspwp) < mTS§r||wO||
Now, from Lemma 8, we deduce that c; y — 0as A — 0. Then for A large enough, we have that c; , is
small enough. So by Lemma 13, v; has a convergent subsequence, that we still call v;. Therefore @ has
a critical point in K denoted by v, .

In the same way, @ has a critical point in K_ denoted by v_ ). Put vy = vy yv_ ,, then from
Lemma 15, v, 5, v_  and v, are weak solutions for problem (2). Moreover, by construction, v , is
positive, v_ , is negative and v, changes sign.

Conclusion: In this paper we have investigated the existence and the multiplicity of solutions,
moreover, we have introduced three-manifolds and proved that in each of these sets, the energy
functional admits a critical point which is a nontrivial solution for the studied problem. So by
definition of these manifolds, these solutions are one positive, one negative, and the other change sign.
In the case when 6 — 0, our problem is reduced to the one studied by Nouf et al. [41], and in the case
when (x) = x, our problem is reduced to the one studied by Ghanmi and Zhang [15]. We hope to
develop other works by considering the singular double-phase problem.
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