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Article
Anisotropic Generalization of the ACDM Universe

Model with Application to the Hubble Tension

Qyvind G. Gren

Oslo and Akershus University College of Applied Sciences, Faculty of Technology, Art and Design, P.O. Box
4 St. Olavs Plass, NO-0130 Oslo, Norway

Abstract: I deduce an exact and analytic Bianchi type I solution of Einstein’s field equations which generalizes
the isotropic ACDM universe model to a corresponding model with anisotropic expansion. The main point of
the article is to present the anisotropic generalization of the ACDM universe model in a way suitable for
investigating how anisotropic expansion modifies observable properties of the ACDM universe model.
Although such generalizations of the isotropic ACDM universe model have been considered earlier, they have
never been presented in this form before. Several physical properties of the model are pointed out and
compared with properties of special cases such as the isotropic ACDM universe model. The solution is then
used to investigate the Hubble tension. It has recently been suggested that that the cosmic large scale anisotropy
may solve the Hubble tension. I consider those earlier suggestions and find that the formulae of these papers
lead to the result that the anisotropy of the cosmic expansion is too small to solve the Hubble tension. Then I
investigate the problem in a new way, using the exact solution of the field equations. This gives the result that
the cosmic expansion anisotropy is still too small to solve the Hubble tension in the general Bianchi type I
universe with dust and LIVE (Lorentz Invariant Vacuum Energy with a constant energy density which is
represented by the cosmological constant) and anisotropic expansion in all three directions — even if one
neglects the constraints coming from the requirement that the anisotropy should be sufficiently small, so that
it does not have any significant effect upon the results coming from the calculations of the comic
nucleosynthesis during the first ten minutes of the universe. If this constraint is taken into account, the cosmic
expansion anisotropy is much too small to solve the Hubble tension.

Keywords: universe model; exact solution; Hubble tension; cosmoly

1. Introduction

In the present article I solve Einstein’s field equations and calculate exact analytic expressions
for the co-moving volume, the Hubble parameter and the shear scalar as functions of time for the
general Bianchi type I universe model with anisotropy inn all three directions. The solution is
presented in a form suitable for investigating how anisotropic expansion modifies observable
properties of corresponding isotropic universe models.

I subsequently apply these solutions to the question whether the expansion isotropy of the
universe as determined from the Planck observations, solves the Hubble tension.

The Hubble tension is the fact that early universe measurement and calculations to determine
the value of Hubble’s constant and late time measurements have given results with a difference which
is larger than the uncertainties of the determined values. A recent review of late time measurements
have been given by Adam Riess and co-workers [1] with the result that the Hubble constant is Ho =
73.04 £ 1.04 km s Mpc. The most recent result using supernovae and quasars was announced 30.
August 2023 by T. Liu et al. [2]. They found Ho = 73.51 + 0.67 km s Mpc™. A review of the early
universe measurements have been given by the Planck team [3] with the result Ho = (67.4 + 0.5) km
s71 Mpc. Further references are found in these articles.

A large number of articles have been published with proposed solutions to the Hubble tension,
but so far no solution has been generally accepted. A review [4] with 709 references have recently
been published by Maria Dainotti and co-workers.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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I here discuss the proposal by V. Yadav [5] that the cosmic anisotropy can solve the problem. O.
Akarsu et al. [6], [7] have given constraints on the anisotropy of a Bianchi type I spacetime extension
of the standard ACDM universe model. They found that the present value of the anisotropy
parameter is restricted to €_; < 1078 (95% C.L.) from CMB+Lense data, and that the introduction

of spatial curvature or anisotropic expansion, or both, on a generalized ACDM universe model, does
not offer a possible relaxation to the Ho tension. The results of the present analysis based upon an
exact solution of Einstein’s field equations, confirm this result.

In Figure 1 and Table 3 of ref. [5] it is indicated that the Hubble tension is solved in the context
of an anisotropic Bianchi type I universe model. However it is not explained where this solution
comes from. It is tempting to think that it is the anisotropy of the expansion which solves the Hubble
tension. In the present paper I investigate whether this is the case.

The method which is used here to determine the effect of the anisotropy of the expansion upon
the value of the Hubble’s constant, i.e. the present value of the Hubble parameter, is the following.
First a formula giving the evolution of the Hubble parameter for the considered anisotropic universe
model is written down. Then the anisotropy is assumed to vanish, and the corresponding formula
with vanishing anisotropy written down. These formulae connect the Hubble parameter at an
arbitrary point of time with its value at the present time, i.e. the Hubble constant, for an anisotropic
and the corresponding isotropic universe model. The initial value is chosen as the value determined
from the Planck-observations of the temperature fluctuations of the cosmic microwave background
radiation. These measurements determined the value of the Hubble parameter at the point of time
380 000 years after the Big Bang. This value is fixed and is independent of whether the cosmic
expansion is assumed to be anisotropic or isotropic. Hence this is the initial value in both the
evolution equation of the Hubble parameter in the anisotropic and the isotropic case. Then these
equations are used to calculate the present values of the Hubble parameter, i.e. the values of the
Hubble constant, in an anisotropic- and an isotropic universe. Finally the difference of the values of
the Hubble constant with anisotropic and isotropic expansion is calculated and compared with the
difference of the values from early and late time measurements which makes up the Hubble tension.

2. Anisotropic Generalization of the ACDM Universe Model

The Bianchi type I universe models are the only universe models of the Bianchi type that reduce
to flat, isotropic FLRW universe models in the case of vanishing anisotropy. Hence they are
candidates for generalizing the FLRW universe models to universe models permitting anisotropic
expansion.

2.1. Field Equations for the Bianchi Type I Universe Models

A 55 years old article [8] by P. T. Saunders deserves to be mentioned as a pioneering work. He
considered a general Bianchi type I universe model allowing for different expansion factors in three

orthogonal directions with scale factors a, (t ), a, (t), a, (t) Using units with the velocity of light

¢ =1 the line-element has the form
ds’ =—dt’ +a; (t)dx’ +a; (t)dy* +a; (t)dz* (1)
The average scale factor, a(t) , and co-moving volume, V(t) , are
1/3 3
a(t)=(a0,0,)" , V=0a’=a,0,0,.(2)

The scale factors are normalized so that the co-moving volume at the present time is V(to) =1.

The redshift of observed radiation from a source emitting the radiation at a point of time t, is

=—1 1.

V()
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The directional Hubble parameters and the average Hubble parameter are

, 1 1V
H=—L , H=—(H,+H,+H,)=——. (4
2 SR +H) =20 @)
The average deceleration parameter is
H vV
q=—1—F=2—37 . (5)
Asusual g>0 means deceleration of the cosmic expansion, and g<0 means acceleration.

It has also been usual to introduce the shear scalar,
o’ = (1/6)[("{1 —H, )2 +(Hz —H, )2 +(H3 —H, )ZJ , (6)

which is a kinematic quantity representing the anisotropy of the cosmic expansion. Yadav [5] have
shown that

o=0,/V (7)

independently of the energy and matter contents of the universe. Equation (5) is a kinematical
relationship in the Bianchi type I universe models.
Saunders first considered a Bianchi type I universe filled by cold matter in the form of dust with

density p,, and vanishing pressure, radiation with density p,, and dark energy of the LIVE-type
[8] having a constant density, p, , which can be represented by the cosmological constant A, and a
pressure p=—p, .
For the line element (1) Saunders showed that a first integral of Einstein’s field equations

R.-(1/2)g,,R=xT, , ()
can be written in the form
K» 3 3
H=H+r D K=0 , > K=3K*,(9)
i-1 i=1

where K, are integration constants and K is defined in the last equation. Integration of this equation

and use of Equation (3) gives
1
a,=V"exp| K, | =dt |. (10
: p( I j (10)

Inspired by Saunder’s article and the introduction of the inflationary era in 1980 into the
description of the universe, I worked out the article [9] with the title “Expansion isotropization during
the inflationary era”. There I showed among others that if one defines an average expansion
anisotropy by

1&(H-HY
A_E,;(—H j,(ll)

one obtains
K> =HV?A.(12)
Hence the constant K is a measure of the expansion anisotropy of the universe. The relationship

between K° and o’ is
2
K? =§vzaz. (13)

It has later become more usual to introduce an anisotropy parameter
2 2
o o, A
Q = =—2—=— (14
e w2 Y
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In this paper we shall use the parameter Q_ and not A. Using Equation (6) the anisotropic
generalization of Friedmann'’s first equation takes the form
2
o,
3H2 =K‘(PA+PM+/7R+IOZ)+V_2' (15)
where p,, p,,, Pz, P, are the densities of LIVE, cold matter, radiation and Zeldovich fluid

respectively. A consequence of Einstein’s field equations is the laws of energy and momentum
conservation in the form

T =0.(16)

Assuming that there is no transition between matter and dark energy, this gives the equations
of continuity for LIVE, cold matter, radiation, and stiff Zeldovich fluid with equation of state p=p

. V. 4v .V
pr=0, pM+VpM:0 ’ pR+§VpR:O ’ pz+2sz:0-(17)
Hence

Pr=Pro=constant , p,=p,,/V , p; :pRO/V4/3 r Pz= Pz /V? (18)

where p,., P00, Proa@nd pg, are the present values of the average density of LIVE, cold matter,
radiation and Zeldovich fluid.
It has become usual to express Equation (14) in terms of the present values of the density

parameters of LIVE, cold matter, radiation, the stiff fluid with Q, = (K /3H; ) Pro s
Q= (K/3H§)pM0 , Qg = (K/3H§ )pRO , Q0= (K/3H§)p20 , and the anisotropy parameter,

Q_,=0./3H.. Here H, is the present value of the average Hubble parameter, i.e. the Hubble

constant of the anisotropic universe model. From Equation (12) and the expression for _, we have
K*=2HQ,_, . (19)

Inserting these parameters into Equation (14) and putting t equal to the present time t, gives
Q0+ +820 +€2,, +Q =1 (20)
Furthermore inserting also Equation (17) into Equation (14) and using that 3H = vV/v gives

H = (Qu+ Q0 )V 2+ Qv P +Q,, V7 +Q, |H; - (21)

Note that the anisotropy appears with the same dependency upon the scale factor as a Zeldovich
fluid. Hence the effect upon the expansion of the universe of the Zeldovich fluid is equivalent to that
of the anisotropy of the expansion. In this section the stiff fluid will therefore be neglected, but it will
be mentioned in the next section in the discussion of previous works on the Bianchi type I universe
models.

If the expansion of the universe is anisotropic, the anisotropy (and the stiff fluid) would have
dominating influence upon the expansion of the universe very early in the history of the universe.

Saunders was interested in those epochs of the universe which it was possible to observe in the
sixties — rather late in the history of the universe. Then then the radiation term was much less than
the matter term in the expression (21). So he chose to integrate this equation for an era of the universe
where the contribution of radiation could be neglected. He found three solutions; one for A>0, one
for A=0, and one for A<O0.Since A represents the density of LIVE we are here only interested
in the case A >0. In this case Equation (21) reduces to

. ) 1/2
V=3H,(Q,V* +Q,,V+Q,,) " . (22)



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 March 2024 d0i:10.20944/preprints202403.1651.v1

For later comparison we shall consider 4 special cases before this equation is integrated in the
general case. We start by presenting the isotropic ACDM universe model, following [9], which is
presently used as the standard model of the universe.

2.2. The ACDM Universe Model

Putting Q_, =0 in Equation (22) and integrating gives

Q .
Voo = —22sinh’t . (23)
QAO
where
2

3{Q,,H,

Inserting Q,,=0.3 and Ho = 67.4 km s Mpc! gives t, ~12.5-10° years. The age of this

universe is
Q
t como = taarsinh /ﬁ .(25)
QMO

~13.8-10° years. The emission point of time of an object with

t, = . (24)

with €,,,=0.3 this gives
redshift z is

t/\CDM

. Q 1 t
t\come = tarsinh A |, =R (26)
Quo (1+2) arsinh [~-A0

MO

=13.8-10° t, =11.4-10°

,0=03, Q,,=07 _ 4 trcom gives

Inserting years and

1.
Encome = 11'4'109ar5inh[%§3/2] years. (27)

We shall later need the recombination time calculated from this universe model. It corresponds
to a redshift z,. =1090 giving t, s =4.8-10° years. This is not the standard value i.e. the

recombination time when radiation is included in the universe model. It will be calculated below.
Inversely, the redshift of radiation emitted at a point of time t, is

153 )"
zz['—j -1, ffzt—f. (28)

~

sinht,
The Hubble parameter is

Hocom = Qo Ho cotht . (29)

The deceleration parameter is
3 1

Arcom =3

2 cosh’t
Hence there is a transition from decelerated expansion to accelerated expansion at the point of

1=%(1—3tanh2f). (30)

time
1
tycoms = tAartanhﬁ, (31)

giving t, .y, =7.5-10° years. The corresponding redshift is
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1/3
Q
Z(tACDMl) = [ZQAO j -1,(32)

MO

giving 2(tycom ) =067
It follows from eqs.(18) and (23) that the density of the cold matter decreases with time as
Pa
=—"=.(33
P = Ginht 3)

There is a transition from a mass dominated era to a LIVE dominated era ay a point of time t,

given by ,o(t3 ) = p, . Hence
t, =t,arsinh(1), (34)

giving t,=11-10° years. The corresponding redshift is
1/3
z(t,) =(%j -1, (35)
QMO
giving z(ta) =0.33. Due to the strong repulsive gravitational effect of the negative pressure of LIVE,
the transition to accelerated cosmic expansion happens before the universe becomes LIVE dominated.

2.3. The Kasner Universe

For later comparison we shall consider 3 special cases before this equation is integrated in the
general case. The empty anisotropic Bianchi type I universe has Q,,=Q,,, =0 and is called the Kasner

universe. For this universe €_, =1, and Equation (21) reduces to
V, =3H,,. (36)

Integrating with V(O) =0 and Ve (tK 0) =1 gives

Vi :(t/tKO)’ (37)

where t ., =1/3H,,is the present age of this universe.
Using that

1 t
j—dt:tkoln— . (38)
v t,

Equation (9) give the directional scale factors g, in the form

¢ %+KIIK0
a = (—J . (39)
tKO

The Hubble parameter of the Kasner universe is
1
H, =—.(40
« =3 (40

The Hubble horizon is a surface around an observer separating an internal region where the
expansion velocity is less than the velocity of light relative to the observer, from an external region
where the expansion velocity is larger than that of light. The radius of the Hubble horizon is

1
r,=——,(41)

H(t)
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giving

r, =3t (42)
for the Kasner universe. It follows from Equations (4) and (36) that the deceleration parameter of the
Kasner universe is g, =2, which means non-vanishing cosmic expansion deceleration. This may be

somewhat surprising since this universe is empty and the corresponding isotropic universe, the
Milne universe, has deceleration equal to zero and hence vanishing cosmic deceleration as expected
for an empty universe. Hence the anisotropy induces a deceleration of the cosmic expansion.

In this connection it may be noted that the isotropic Milne universe is not a special case of the
Bianchi type I universe models because these models have vanishing spatial curvature, while the
Milne universe has negative spatial curvature.

2.4. The LIVE-Dominated Bianchi Type I Universe

Let us first consider the LIVE-dominated isotropic case with Q_, =Q, =~ =0. This is the De Sitter
universe. Then Equation (22) reduces to

Vos =3Hos0 QAOVDS' (43)

This universe model does not permit the initial condition V(O)zO. Integration with the

boundary condition V(tO ) =1 gives the co-moving volume

V. = e3Hoso(f—fo)l (44)

DS

and constant Hubble parameter H=H,, .

The anisotropic LIVE dominated Bianchi type I universe is particularly relevant as a model of
the early part of the inflationary era since the relationship (6) implies that even a very small
anisotropy at the present time means that the anisotropy may have been great, and even dominating,
during the first part of the inflationary era. It was thoroughly described in ref. [8], and here we shall
only recapitulate the main properties of this model.

In this model Q,,, =0. Then the solution of Equation (22) takes the form In this connection it

may be noted that the relationship (6) implies that even a very small anisotropy at the present time
means that the anisotropy may have been great, and even dominating, during the first part of the
inflationary era. In this case the solution of Equation (22) takes the form

V,, = /% sinh(2f).  (45)
AO

It follows from Equations (4) and (44) that in the LIVE-dominated universe, the Hubble
parameter is

Hy, = y/Q o Hispo coth(2f), (46)

which is similar to the corresponding formula (28) for the Hubble parameter in the ACDM universe,
but with coth(Zf ) instead of cotht .

In the calculation of the directional scale factors, g, from Equation (9) we need the integral
n(tanhf) . (47)

j Topo L
V' 3JQ. H,

The resulting expression for a, can be simplified by introducing the constants

1 K,
p==|1+———| .(48
3[ JQGOHO] 9
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3
Using that ZKI. =0 , Q_H2=0;/3 and Equation (13) with V,=1 we find that the
i=0
constants p, fulfil the relationships

3 3
2p=1, >pi=1,(49)
i=1 i=1

This leads to the following expression for the directional scale factors

Q 1/6 . E_p. .
a. :[4 Uoj sinh” tcosh® "~ t . (50)

i
AO

in agreement with Equation (23) in ref.[8]. This LIVE-dominated Bianchi type I universe model has
been generalised to include viscosity by Mostafapoor and Gren [10].
The relationships (49) mean that p, and p, canbe expressed in terms of p, as follows

b= 1P )1 |+ p=3[1-p,- 3, + (AP, |- G

There are two cases, p,=-1/3, p,=p,=2/3 and p,=1, p, =p, =0 with two equal scale

factors in this very early LIVE and anisotropy dominated era. The first one has scale factors

o " 1 [0 )" sinhf
a,=a, :(4—"(’] cosh”®t , a, :[— A0 ] S . (52)
Q

o 2\ Q cosh'*t

o0

The second case has scale factors

. - Q_, cosht
a,=a,=sinh™’t , a,=2 |20 —— (53)
Q,, sinh”t

The behaviour is similar to the general case discussed above, when the universe also contains
cold matter.

It follows from Equations (7), (14), (45) and (46) that in this universe model the anisotropy
parameter varies with time as

Q

o

=—7 - (54

cosh?’ (2f) &9
Hence, initially the universe had the maximal value € (0):1 equal to that of the empty
=380000 years or =3.0-10" was

determined using the isotropic ACDM universe model. It will be shown below that the upper bound
on the anisotropy of the cosmic expansion is so small that the effect of the anisotropy upon the

Kasner universe. The time of recombination, tisore

tISORC

calculated value of the recombination time is negligible. Hence we shall use the value above in the

main part of this article. At the time of the recombination the anisotropy parameter was still
Qa(t,SORC) ~1 . For the present time, fo =t,/t, =1.104, this formula predicts Q_(t,)=0.047
which is much larger than allowed by the observational restriction found by Akarsii et al. [7]. We

shall later see how the inclusion of mass in the universe model modifies this result.
In the early era with t<<t, we can make the approximations sinh(Zf) =2t , Coth(Zf) ~1/2t
in Equations (44) and (45). This gives

1
VBLz3 ant , HBng (55)

in agreement with Equations (36) and (39). At late times, t>>t, , the anisotropy decreases

exponentially, and the universe model approaches the de Sitter universe.
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2.5. The Anisotropic Generalization of the ACDM Universe Model

We now go back to the general case with cold matter, LIVE and anisotropy. Introducing a new
variable

y= ZQAO [V-ﬁ-l Moj,(56)
\/Qi/lo —4Q,,Q, 2Q,,

Equation (22) takes the form

dy
y -1

=3/Q,, H,dt. (57)

Integrating this equation with the initial condition V(O) =0 gives
V= Acosh(2f+C)—B ,

NN . , (58)
A=B\1-4K> , =180 o el g0 B , =t 2z

’ ’ , t, =
20, 7 Q, A te " 3JQuH,
where the cosmological constant is A =xp,, =3Q Ang . The expression (55) shows that for t>>1
this universe goes into an era with eternal exponential expansion.
The present values of the mass parameters of matter and dark energy are Q, =0.7 and
Q,,, =0.3. From the baryonic acoustic oscillations and cosmic microwave background (CMB) data

Akarsu and co-workers [6], [7] obtained the constraint Q. < 1078, Furthermore they wrote:
“Demanding that the expansion anisotropy has no significant effect on the standard big bang
nucleosynthesis (BBN), we find the constraint Qo0 < 102. We shall here use Qoo = 10-18.

The value of the Hubble constant as given by the Planck project is Ho = (67.4 £ 0.5) km s Mpc™'.

This gives AxB~0.21,K_=2.8-10° ,C=1.1-10" , t, #11-10%years. Using that the age of the
universe is t; =13.8-10° years the present value of tis t, =1.25. The universe became transparent
to the CMB background radiation at a point of time t =3.8-10° years, corresponding to
t =3.4-10.

Equation (57) may also be written as

v:%sinhzh /%sinh(Zf). (59)
QAO QAO

This is the most useful expression for the time-dependence of the co-moving volume in the
Bianchi-type I anisotropic generalization of the ACDM -universe model, since it separates nicely the
effect of the anisotropy upon the time evolution of the co-moving volume. The formula (58) for the
co-moving volume of the anisotropic generalization of the ACDM-model is the sum of the co-moving
volume of the isotropic ACDM-model as given in Equation (23) and the anisotropic LIVE-dominated
Bianchi type I universe as given in Equation (45). The expression (59) shows that the universe comes
from an initial singularity with Itl_rBV =0.

Differentiating Equation (59) and using Equation (5) gives the average Hubble parameter of the
anisotropic generalization of the ACDM universe as

H=%,/QAOHO

This expression can be written as

sinh(Zf)+2KU cosh(Zf)
sinh* t +K sinh(Zf)

(60)
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1+2K,, coth(2f)

= 61)
tanht +2K

H= Q,,H,
These expressions show that the universe starts from a Kasner-like era with Hubble parameter
as given in Equation (39). At a point of time
The average deceleration parameter, g, of this universe model is
sinh’ £+ K, sinh(2f)+ 2K
q==6 - ——1,(62)
[sinh(Zt)+2KCr cosh(Zt)]

In the early era with f<<1 this expression approaches that of the Kasner era, q.,=2.
From equations (7) and (58) the time-evolution of the shear scalar is

2
o’ = % _ . (63)

{Q"”"sinh2 t+ /% sinh(ZtA)}
QAO QAO

This shows that the shear scalar decreases exponentially with time. Using Equations (14), (59)

and (60) the expression (12) for the anisotropy parameter can be written as

1
Q,= . (64)
[ cosh(2f)+(1/2k, )sinh(2f) |

Again we see that the initial value of the anisotropy parameteris € _ (0) =1. The two terms in

the denominator are equal at a point of time
t, =(t, /2)artanh(2K, ). (65)

Inserting t, =12.5-10° years and K, = 2.8:107° gives t, =38 years. At this point of time the

anisotropy parameter has the value
Q,(t,)=0.25—K2 ~0.25 . (66)

From then on the anisotropy decreases at an increasing rate, and the value of the anisotropy
parameter at the point of time of the recombination, t,. =380000 years or ch =3.3.107, is

Q, (tRC)=8.3-10_9 . The value at the present time, fo =1.104 , as given in Equation (64), is
Q (t,)=1.5-10"".

We proceed to calculate the directional scale factors in the same way as above for the LIVE-
dominated Bianchi type I universe. We then need the integral

jldt:— L | Qoo [0 comi | o)
Vo 3JQH, (9, \Qu

Again the resulting expression for @, can be simplified by introducing the constants in
Equation (47) fulfilling the relationships (49) and (51). From Equations (9), (33) and (67) we obtain

P; 2
a, :(%sinhf+2 ’%coshf] sinh® " £ . (68)
QAO QAO

Let us here, too, consider the two cases with two equal scale factors. The first oneis p,=—-1/3

giving p, =p, =2/3. In this case the directional scale factors are
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ZIMO ginht +2
AO

2/3 A
a =a,= %sinhfﬁtz %coshf ,a, = sinht (69)
1 2 o) o) 3 1/3
AO AO Q Q -
( /Q"Ocoshtj
AO

The evolution of this model can be separated into 3 periods. There is a transition between the

first two periods at a point of time t, when a, (tl) =a, (t1) . This gives

2,/Q, ,Q
t, =t,artanh—~—22 % (70)

A0~ =4MoO

Inserting Q,,=07 , Q,, =03 , Q=410 and t, =11-10° years gives t, =9240
years. The universe starts from a plane singularity with a, =a, >a, and has a plane like character
for t<t, . For t>t and until t approaches t,, the universe has a, =a, <a, . Then it has a
needle-like character. For t>t, the universe approaches isotropy exponentially.

The other case with two equal scale factors, has p, =1, giving p, =p, =0. Then the directional

. Q ~ o Q . .
a,=a,=sinh”’t , a,= (—’V’Osinht+2 f—"“coshtjsinh 3t.(71)
QAO QAO

The transition time between the two first periods is the same as in the first case, but the behaviour
is opposite. The universe starts from a needle singularity, there is a transition to a plane like era at

scale factors are

t=t,,and for t>t, theuniverse approaches isotropy exponentially.

Also in the general case with different scale factors in all directions, the evolution of this universe
model can be separated in three periods with different behaviour.

1. Anisotropy dominated era. The expression (64) shows that the universe started from a state with

maximal anisotropy, limQ_=1, equal to the constant anisotropy of an empty Kasner universe
t—0

with vanishing cosmological constant, and ends in an isotropic state with € =0. The initial
value of the deceleration parameter was q(O) =2, which means a large deceleration. Hence

the universe must have started by a process not described by this solution, which have given
the universe an initial expansion velocity. At the end of this singular process, which marks the
beginning of the evolution described by anisotropic ACDM universe model, the Hubble
parameter had an infinitely large value. The universe then entered an anisotropy dominated

era with Kasner-like behaviour. In this era f <<1 and we can use the approximations

sinht ~t , coshf ~1. To first order in Equations (59) and (60) then give

Q . 1 1 1
VzZ/—"Ot=3 Q. Ht , Hx~JQ, H, >=— 72
QAO AO0" "0 2 AO Ot 3t ( )

in agreement with Equations (37) and (40).
2. Matter dominated era. The transition to a matter dominated era happened at a time t, when the

two terms of the expression (59) for the co-moving volume had the same size, i.e.

t, =t,artanh(2K, ), (73)
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giving t, =1.4-10" years. The values of the co-moving volume, Hubble parameter and the
anisotropy parameter at this point of time was

3 Q
a0 , H(tl ) MO

Q0 8 ./

giving V(t1 ) =1.1-10" and H (tl) =5.6-10°H, . The redshift of radiation emitted at the time

t, is z(tl)z104.

The value of €2 at the recombination time t,. = 3.8-10° years, i.e. ch =3.3.10°, when the

~1.67, (74)

1

universe became transparent for the CMB background radiation, as given by Equation (64), was
Q, (s )=1.8-10"". This happened quite early in the matter dominated era.

3. LIVE dominated era. The transition from a matter-dominated to a LIVE-dominated era is here
defined by the condition that cosmic deceleration due to the attractive gravity of the matter
changes to accelerated expansion due to the repulsive gravity of the LIVE. Hence the point of

time, t,, of this transition is given by the condition that the deceleration parameter vanishes,

q(t,)=0.

In the case of the isotropic universe this transition happens at a point of time, t given by

ACDM2 7
Equation (32) leading to t,.,,,, =7.5-10° years. Since t, is rather large, t,~0.6, and K, is very
small , we can calculate the influence of the expansion anisotropy upon the value of t, with good
accuracy by linearizing the expression (62) in K_ . This gives
3K
9% ncom = sinhfcgshaf 7

where q,.,, is given in Equation (30). With this approximation the point of time of the transition
from deceleration to acceleration in the anisotropic universe is given by q(tz) =0. It is shown in
Appendix A that this condition leads to the result that the change of the transition time due to the
expansion isotropy is not greater than At, =1.4-10°t, =1.5-10" years. Hence the transition time is

close to that of the corresponding isotropic universe given in Equation (31) The corresponding
redshift is

1/3
Q 2
)=V (t)-1~| 22200 1-—K_ |-1.(76

MO

Inserting the values of the constants gives z( ) 0.67.
In the anisotropic universe the age of the universe is given by applying the normalization
condition V(to) =1to Vin Equation (59). This gives

Q0 (o + 2400 +29,4 )

sinh’t, = -
QMO _4QAOQJO

(77)

To 1. orderin /Q_, this gives
»_Q N(ON
sinh’t, = 1422 | (78)
QMO QMO
In the case of the isotropic ACDM-universe this reduces to

sinh®t, .0 = % . (79)

MO
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in accordance with the standard expression, (25), for the age of the isotropic ACDM universe model.
It follows from Equations (78) and (79) that

o 172
trcomo — T & (Q:O J t,-(80)
Mo

Inserting the values for the constants as given above we obtain t,—t,,,, ~3.5-10" years.

A generalization of the anisotropic ACDM universe model including viscosity of the cosmic
fluid have been considered by N. Mostafapoor and . Gren [10].

3. Review of Some Papers on the Bianchi Type I Universe Models

In this section I shall review some selected articles discussing Bianchi type I universe models in
light of the results in the previous sections.

3.1. Anisotropic Brane Universe Models

C. M. Chen, T. Harko and M. K. Mak [11] have discussed anisotropic brane universe models.
They obtained solutions of Einstein’s field equations describing several types of Universe models. I
shall here focus on the model most closely related to the present work. They argued that the equation
of state most appropriate to describe the high density regime of the early Universe is the stiff
Zeldovich one, with p = p. In the case of ordinary general theory of relativity with no brane their

constant k; =0 . Then their solutions of the field equations reduce to those in section 2.4 above.

3.2. Anisotropic Universe Models with Scalar Field and Phantom Field

In 2008 B. C. Paul and D. Paul published a paper [12] where they investigated some Bianchi type
I universe models with non-vanishing cosmological constant and either a scalar field or a phantom
field. In the case where these fields can be neglected compared to the LIVE represented by a
cosmological constant, their model reduces to the one considered in [8].

8. January 2024 Mark P. Herzberg and Abraham Loeb published a preprint [13] with title
“Constraints on an Anisotropic Universe”. They first considered a matter dominated Bianchi type I
universe. Then Equation (21) reduces to

V=(QuoV +9Q,0)"* 3H,,, - (81)
Integration with V(O) =0 gives
3
V(t)= (ZQMOHMOt +4/Q,, jSQMOHMOt . (82)

This equation shows that there is a transition from an early period where the anisotropy
dominates to a late period where matter dominates at the point of time

—4VQ“°L.(83)

t =
Ao 3QMO HMO

Inserting 1/H,,,=1.4-10 years, Q_ ~10" and Q,,~03 gives t, , ~56 years.
Equations (18) and.(80) show that in the early anisotropy dominated era the matter density decreases
as 1/t, and in the later matter dominated era the density decreases as 1/ t’, as it does in the
isotropic universe.

Inserting Equation (82) into Equation (9) and introducing the constants

1 1 Ki QMO

p; = 3[ “hit J0.. J (84)
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fulfilling Equation (49), leads to

1 3 p; 3 %—p,‘
o= otnds] ot

Herzberg and Abraham Loeb considered a model with two equal scale factors. Again, Equation
(51) shows that there are two possibilities with two equal scale factors: The first one is p,=—1/3

giving p, =p, =2/3. In this case the directional scale factors are

23
3 3/2)Q,,.Huiot
0,=a0,= (5 QyoHot +2 Qoo) r 3= (3/2) e 775 - (86)

3
(2 HM||OQM0t + 2\/ an ]

where H,,,is the Hubble constant with two equal scale factors. Although the initial co-moving

Mijj0
volume vanishes the scale factors a, and a, are non-vanishing at the initial moment and then
forms a plane while a,(0) =0 . Hence this universe model starts from an initial plane like singularity.
There is no transition to a needle like period with a, >a, since a, =a, >a, for all values of t.
The other case with two equal scale factors is p, =1 giving p, =p, =0. Then the directional

scale factors are

-1/3

2/3
3 3 3
a,=a,= 41/3(ZQMOHMOtj , Oy = 41/3(ZQM0HM”J+,/QJO j(ZQMOHMHOtj . (87)

In thismodel lima, =lima, =0 , lima, =o0.Hence there in an initial singularity with a needle
t—0 t—0 t—0
like character. Similarly as in the first case there is no transition to a plane like period since
0, =a, <a, forall valuesof t.
In the isotropic case with €2_, =0 this mass dominated Bianchi type I universe model reduces
to the Einstein de Sitter-universe with mass parameter of the cold matter €,,, =1, and the formulae

for the co-moving volume and the scale factor reduce to

3 2 3 2/3
V(t) = (EHMlsootJ ’ a(t) = (EHMISOOt) -(88)
The age of this universe model is found either from V(to) =1 or by calculating the present
value of the Hubble parameter, and is
2 1
visoo =3
3H

MISO0

. (89)

Similarly one finds the age of the corresponding anisotropic universe model by inserting
V(t0 ) =1 in Equation (82), and using that Q,,, =1-Q_/, giving

\ /1 +Q -, /Q
to = 20 = tyso - (90)
1-Q

To 1. orderin +/Q_, this gives

tyo (1 _M)tM/soo -(91)

Hence the anisotropy of the expansion reduces the age of the universe by

tMISOO - tMO ~ an tMISO . (92)
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Akarsu et al. [6], [7] have found that €, <4-107" . Hence with thusoo =1.4-10" years the

anisotropy decreases the age by less than 28 years.
The average Hubble parameter of the matter dominated universe model with two equal scale
factors is found by differentiation of Equation (82)

_1V _2Q0Het +(2/3)yQ,0 1
3V 30 et +(4/3)4Q0 t

93)

Mil

The directional Hubble parameters of the anisotropic, mass dominated universe model are

_2 Quo
3Q oMot +(4/3)4 Q00

1 2 Mo H3

2 QuoHiet + 24250 1 94)
3Q,Huot +(4/3)yQue t

I may be noted that H, can be written as

H, = (1 +2— "fj“’JHl . (95)

mo" Mo

Hence the difference between H, and H, decreasesas 1/t in agreement with a result found
by Herzberg and Loeb [13].

In the fully asymmetric case they write: “Now let us consider the more general case in which all
the scale factors are different. In this case, we do not have an analytical solution of the above
equations, since the equations are all coupled. Nevertheless, we can solve the equations numerically.”
The reason for this is an unfortunate way of writing the field equations. As shown above there are
analytic solutions in this general case, too, for a matter dominated universe, both with and without a
cosmological constant. These were originally found by Saunders [8] although in another form than
in the present paper.

Herzberg and Loeb [13] also considered a radiation dominated universe with Q,, =Q

026 = [ Quy0® +Q,_ H, . (96)

The solution of this equation with a(O) =0 is

Q Q
a\Q,.0° +Q,_, —Fwarsinh[ /Q_ROGJ =20, H,t . (97)
RO o0

The age of this universe is given by a(to) =1. From this together with Q. +€Q_ =1 we get

t=|1- 2 arsinh /% t””ﬂ,(%)
\IQRO QUO QRO

1

t =— (99
RISOO = 5 1y 99)

0

,=0.

O

Then Equation (21) reduces to

where

is the age of the corresponding radiation dominated isotropic universe. Hence the expansion
anisotropy increases the age a little. With t,. =13.8-10° years, Q, =5-10",Q_ ~10*
Equation (98) gives t,,, —tz, ® afew minutes.

It should be noted, however, that this model cannot give a realistic description of the universe.
It requires that Q)_; =1—Q, . This means that the observed value ., =5-10" requires Q_, ~1

which is 14 orders of magnitude greater than that permitted by the effect of the expansion anisotropy
upon the cosmic nucleosynthesis.
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4. A Simple Bianchi Type I Universe Applied to the Hubble Tension

In this section we shall first consider the most simple universe model of this type where only
one direction expands differently from the others, following M. Le Delliou et al. [14].

A model with a general perfect fluid, including pressure was considered. However, It should be
noted that the pressure of the radiation appeared only in the Einstein equations (3), (4) and (5) in
ref.7, not in the integrated equations. Hence putting p =0, i.e. neglecting pressure, makes no changes
in their results.

The line element has the form (using units so that the velocity of light c¢=1)

ds* = —dt* + az(t)[(l + ¢9(t))2dx2 +dy” + dzz},(loo)

where the scale factor a(t) is normalized so that its present value is @ (to ) =1. The departure from
isotropy is measured by the anisotropic perturbation parameter ¢ .In accordance with observational
constraints Delliou et al. applied the initial condition &, =107 at the point of time of the cosmic
recombination, t_=380000 years, when the scale factor had the value @, =107°. It is shown below
that ¢ is a decreasing function of time, so its present value is &, <10™.

The authors have given the following formula for the evolution of the average Hubble parameter
of this anisotropic universe model in terms of the scale factor and the anisotropy parameter and it
rate of change,

11+ 2 3
H=Higo. [ Q0| =2 —1 |+1+ % @01
a l+e¢ 3H, 0o 1+ &,

Hence the Hubble constant of this anisotropic universe model is

2§
H,=H, f1+ —— (102
0 1SO0 3H,500 1+€0 ( )

The last term is much less than one, so we can with sufficient accuracy use a series expansion to
first order in this term giving,

1 g
H,~H,+——=2
0 1SO0 31

. (103)
+ &y

Thus the difference between the Hubble parameter in this universe model with anisotropic
expansion in one direction and in a universe with isotropic expansion is with good accuracy

AHy =(1/3)é,. (104)

The present value of &, coming from observations can be estimated from the formulae in the
appendix of [7]. According to their Equation (A8)
. &
& =—H, (105
0=, (105)
with

A, = QLMO\/QMO (a2 -1)+1-1.(106)

Since @, ~10™ we can approximate this expression with

2
Ay ¥ ———a; . (107)

\/QMO

Hence, since we are only interested in an order of magnitude estimate, we can calculate the value
of the present rate of change of the anisotropy parameter from
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Gy = (1/2)JQu0 a2 e,H, - (108)

Inserting this into Equation (102) gives
AHy = (1/6):/Q,,002,H, - (109)

Using the values from ref.[7], Q,,,=0.3,a,=10", g =10, gives AH,=3.2-10""'H, . This

is a factor 3.2:107° smaller than that needed to solve the Hubble tension. Hence the when the
formulae of ref. [7] is applied to the Hubble tension we find that the anisotropy of the expansion
velocity as deduced from the Planck data is a less than a hundred million times too small to solve the
Hubble tension for this universe model.

This result is in conflict with that of ref. [5]. This may be a result of the special character of the
universe model used to deduce Equation (107) — a model with anisotropy in only one direction, i.e. a
model with minimal deviation from the isotropic models. Hence in order to shed new light upon the
question whether the expansion anisotropy can solve the Hubble tension, I shall in the next section
consider this question from a new point of view, and use the exact solution of Einstein’s field
equations given in section 2 to calculate how much the expansion anisotropy changes the value of
the Hubble constant.

5. The Hubble Tension Analysed by Means of the Anisotropic ACDM Universe Model

The value of the Hubble constant as determined from measurements of the temperature
fluctuations in the microwave background radiation by the Planck team is Ho = (67.4 + 0.5) km s
Mpc1=1/1.45-10"° years. With the above values of the density parameters and the anisotropy
parameter we get t, = 1.25-10" years and K, = 2.8-107°.

We shall now use the exact solution (59) of Einstein’s field equations and the corresponding
expression (61) for the Hubble parameter to investigate whether the expansion isotropy is large
enough to solve the Hubble tension. We define the difference between the Hubble constant in an

isotropic- and anisotropic universe as AH, =H, —H,,, . In order to solve the Hubble tension the

iso
present value of AH, must be at least as large as the difference between the late time and early time
measurements of the Hubble constant, AH, > 5 (km/s)Mpc.

The method takes as a point of departure that the value of the Hubble parameter determined
from the temperature fluctuations 380 000 years after Big Bang, at the time of recombination,
f,SORC =3.3.10" , is one and the same whether the universe is assumed to be isotropic or anisotropic.
It is a model-independent quantity determined directly from observations. Hence putting

H(tisore ) =Hiso (tisore ) in Equations (29) and (61) we get

142K, cotht ..
1+ 2K, coth( 28,5,

0

) HACDMO : (110)

This is the relationship between the Hubble constant in the anisotropic- and the isotropic ACDM
-universe as determined from the Planck measurements determining the value of the Hubble
parameter at the point of time £,. . Hence the difference between the Hubble constant in an isotropic-
and anisotropic ACDM— universe can be expressed as,

2K

AH, =H,—H = - o - H . (113
0 0 TAcomo sinh(2t,SORC)+2Kacosh(2t,50RC) rcowo - (113)

Comparing with Equation (64) this may be written as

AHO =H . como ZQO' (tISORC) . (114)
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It was shown above that € (t This is too

ISORC )

=8.3-10"°. Hence we get AH,=6.7-10"H

ACDMO *
small to be able to solve the Hubble tension.
It is seen from Equation (113) that the value of AH, is determined by the amount of anisotropy

and the recombination time, f,. . The earlier this is determined to happen, the closer will the cosmic

anisotropy be of solving the Hubble tension. We shall now consider how much t,. depends upon
the anisotropy and radiation contents of the universe.

Since f,SORC =3.3-10" is very small and ch in the anisotropic universe is assumed to be of the

same order of magnitude, we can with good accuracy use the approximation sinfRC ~ ch in Equation
(59). This gives

Qo (22 - Q0 2

V(tee )~ QM" (o + 2K, Boe ) m M0 82

AO AO

(115)

Solving this equation with respect to t,. gives

n > 3 n
tac R tisone T Ko =Ky = tisore =K, . (116)

Hence f/smc - ch ~K_, so ch is very close to f/som: . This means that the change of the
recombination time due to anisotropy does not give a significant change of AH, asgivenin Equation
(114).

Next we consider whether the presence of radiation is of greater importance in this connection.

From Equation (21) it follows that dimensionless the point of time of the cosmic recombination for an
isotropic, flat universe with dust, radiation and LIVE is

N 3 e ada
Fisome =20 I G , (117)

4
a0l +82,00+Q00

The last scattering redshift is given by Akarsu et al [6] as z,. =1090. This corresponds to
. =9.17-107". Using this together with the standard values of the ACDM-universe, Q,,=0.7 ,

Q,,=03 and Q. =0, a numerical calculation of the integral (117) without radiation gives
f/smc =4.2-107 corresponding to t... =4.7-10° years in agreement of the result from Equation

(27). Inserting this into Equation (113) with K =2.8-10"° gives AH,=4.7-107 km/s per Mpc.

Including the CMB-radiation, € ,=5-10" , Equation (117) gives tmc =3.2:107

corresponding to t, =3.7-10° years, which is the standard value of the recombination time. This

ISORRC
gives AH,=6.1-10" km/s per Mpc. It is still too small to have any potential for solving the Hubble
tension.

Also if one takes into account the constraint that the expansion anisotropy shall have no
significant effect on the standard big bang nucleosynthesis, which leads to Qo0 < 102 [6], then the
cosmic expansion anisotropy is far from being able to solve the Hubble tension.



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 March 2024 d0i:10.20944/preprints202403.1651.v1

19

6. Conclusion

The main topic of the present paper has been the presentation of the anisotropic Bianchi type I
generalization of the isotropic ACDM-universe model. Considering the equations (59)-(80) the
evolution of this universe model can be separated into three periods. 1. Initially the universe was in
a Kasner like era, where the anisotropy dominated over matter and LIVE. The universe came from a
singular state with vanishing co-moving volume inside the Hubble horizon and infinitely great
Hubble parameter. The anisotropy parameter originally had its maximal value €3_=1.In this period

the deceleration parameter vanished. 2. There was a transition from an early anisotropy dominated
period to a matter dominated era at the point of time t, given in Equation (73). The recombination

time when the universe became transparent to the CMB-radiation took place early in this era. 3.
Transition from a matter-dominated era with cosmic deceleration due to the attractive gravity of the
matter to an era with repulsive gravity of the LIVE, took place at a point of time given in Equation
(34). The predicted redshift at the transition is ztr = 0.67.

It has recently been argued that anisotropy of the universe can solve the Hubble tension. In this
connection the Bianchi type I models are of a unique importance, because they are the only Bianchi
models that contain the ACDM universe model as a special case. Hence they are the proper
generalization of our standard model of the universe.

Einstein’s field equations have therefore here been solved for a general Bianchi type I universe
with cold matter and LIVE with a constant density which can be represented by a cosmological
constant, and the most general model of this type has been presented in a way suitable for
investigations of the effects of expansion anisotropy upon observable properties of the models. In
particular two models have been applied to an investigation of the Hubble tension, one with
deviation from isotropic expansion in only one direction, and a general Bianchi type I model.

In this way I have shown that the expansion anisotropy of the universe model with deviation
from isotropy in only one direction is much too small to solve the Hubble tension. In the case of the
general Bianchi type I a calculation based upon the exact solution of Einstein’s field equations for a
general Bianchi type I universe with dust and LIVE leads to a larger effect of the expansion anisotropy
upon the value of the Hubble constant than in the previous cases. However, even if radiation is
included in the universe model when the point of time of the recombination is calculated, and the
constraints coming from the requirement that the cosmic expansion anisotropy shall not have a
significant effect upon the cosmic nucleosynthesis during the first ten minutes of the history of the
universe is neglected, the permitted anisotropy is still not large enough to solve the Hubble tension.
If this last requirement is not neglected, the permitted anisotropy is much too small to solve the
Hubble tension.

Appendix A. Determination of the Transition Time from Deceleration to Acceleration in the
Anisotropic Universe
The transition time t, from deceleration to acceleration in the anisotropic universe is given with
sufficient accuracy by inserting q(t“2 ) =0 in Equation (72). Hence
- . 3K
qlt,)=q t,)]-——=—>—==0, (Al)
( 2) ACDM( 2) sinht, cosht,

Giving

A - 3K
sinht, cosht, = ——2—. (A2)
A rcom (tz)

Since the effect of the expansion anisotropy is small, we can with good accuracy use a series
expansion of the deceleration parameter about the point of time t,.,,, to first order in the change,

At,, of the transition time t, =t

rcoma T AL, from deceleration to acceleration due to the expansion

anisotropy, in order to simplify the calculation of At, . This gives
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St A7 (a3)
cosh’t, 0y

~ ~

A rcom (fz ) = Grcom (t/\cmwz +At, ) = Arcom (fACDMZ ) + ql(f/\cu/vlz )Afz =0-3

From Equation (31) we have

o 3 L 1
cosht, o, = E , smhtAwMzz\/;,(AéL)

giving

>

2 . n
qACDM( 2) ~—=At, ~1.15At, . (A5)

NE)

Furthermore

cosht, = cosh(f, oy, + At, ) = coshi, g, COShAE, —sinhi, ., SINh AL, & cosht, i, = SINhE, AT,

coshfzz\/g(\/g—AtAz) , sinhf, ~ f%—\/?Afz (A7)

Inserting Equations (A5) and (A7) into Equation (A2) gives to first order in Af,

~ 4 K

t,¥—=—2-~2.6K =1.4-10°. (A8)
J31.15

This gives At, =1.4-10°t, =1.5-10"years.

(A6)
Hence

A

Appendix B. Significance of a Universe Model which is an Exact Solution of Einstein’s Field
Equations

In order to illustrate the point of the heading of this appendix it is useful to consider the
anisotropic extension of the ACDM— universe, i. e. a flat universe with LIVE and dust, neglecting
radiation, since the field equations can be solved exactly in terms of elementary functions for such a
model.

In this case Equation (21) takes the form

b RV +Q,V+Q o B
V 0

Hence

«/Q Vi+Q, V
— AO MO H

iso Qiso *
4

(B2)

Putting H (al) =H (al) =H,osureq iN €quations (B1) and (B2) we get,

iso
VP +Q, V.
A0"1 MO0"1 H

H, = > 0iso 7
VRV + Qi+

(B3)

which may be written

Hy,
H, = == . (B4)

0
Q
\/1+2 o0
QAO‘/I +QMO‘/1
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Now Q_, =4.10" and a, ~10°, ie. 4 =af ~107° and Q,,, ~0.3 . Hence the last term

inside the square root is much less than one, and the first term in the denominator is much less than
the second one. We can therefore with good approximation make a series expansion to first order in
Q) , inthe expression (B4) for H,and neglect the first term in the denominator. This gives

H o0, (B5)

~H ———2 _H.
0 Oiso Qiso *
2gzMOVZI.

Thus the difference in the value of the Hubble constant with and without expansion anisotropy

o0

is

9)
Hy ® —°—H_, (B6)
2gQMO\/Zl

This is much less than that of Equation (114). There is a conflict

AH,=H

0 Oiso
Giving AH,=1.7-10"H,,, .
between this result and that of Equation (114).
The solution of this conflict is hidden in the mathematical properties of the exact solution of
Einstein’s field equations which Equation (114) is deduced from. Using expression (59) for V gives

OV +Q,V+Q =1%sinh(zf)+ Q,, cosh(2f). (B7)

2y,

Hence Equations (4) and (22) lead to the expression (60) for the Hubble parameter. This can be
written in the form (61) and leads to the exact expression (114) for AH,, showing that AH, depends

upon /Q_; andnot Q_ asitlooks like in Equation (B6). This demonstrates that a universe model

c0
which is an exact solution of Einstein’s field equations, is useful for analysing observable properties
of the model, for example whether the anisotropy of the cosmic expansion can solve the Hubble
tension.
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