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Abstract: This work continues the review and illustrative application to energy systems of the “Fourth-Order
Best-Estimate Results with Reduced Uncertainties Predictive Modeling” (4th-BERRU-PM) methodology. The
4th-BERRU-PM methodology uses the Maximum Entropy (MaxEnt) principle to incorporate fourth-order
experimental and computational information, including fourth (and higher) order sensitivities of computed
model responses with respect to model parameters. The 4th-BERRU-PM methodology yields the fourth-order
MaxEnt posterior distribution of experimentally measured and computed model responses and parameters, in
the combined phase-space of model responses and parameters. The 4th-BERRU-PM methodology
encompasses fourth-order sensitivity analysis (SA) and uncertainty quantification (UQ), which were reviewed
in the accompanying work (Part 1), as well as fourth-order data assimilation (DA) and model calibration (MC)
capabilities, which will be reviewed and illustrated in this work (Part 2). The applicability of the 4th-BERRU-
PM methodology to energy systems is illustrated by using the Polyethylene-Reflected Plutonium (acronym:
PERP) OECD/NEA reactor physics benchmark, which is modeled using the linear neutron transport Boltzmann
equation, involving 21976 imprecisely known parameters. This benchmark is representative of “large-scale
computations” such as those involved in the modeling of energy systems. The result (“response”) of interest
for the PERP benchmark is the leakage of neutrons through the outer surface of this spherical benchmark,
which can be computed numerically and measured experimentally. The impact of the high-order sensitivities
of the response with respect to the PERP model parameters is quantified for “high-precision” parameters (2%
standard deviations) and “medium-precision” parameters (5% standard deviations). Analyzing the best-
estimate results with reduced uncertainties for the 1st- through 4th-order moments (mean values, covariance,
skewness, and kurtosis) produced by the 4th-BERRU-PM methodology for the PERP benchmark indicates that,
even for systems modeled by linear equations (e.g., the PERP benchmark), retaining only first-order
sensitivities is insufficient for reliable predictive modeling (including SA, UQ, DA, MC). At least second-order
sensitivities should be retained in order to obtain reliable predictions.

Keywords: predictive modeling; sensitivity analysis; uncertainty quantification; data assimilation;
model calibration; skewness; kurtosis; reducing predicted uncertainties

1. Introduction

This work (in two parts) reviews the recently developed predictive modeling methodology
called “4th-BERRU-PM” [1] and illustrates its applicability to energy systems by considering the
Polyethylene-Reflected Plutonium (acronym: PERP) OECD/NEA reactor physics benchmark [2]. The
acronym 4th-BERRU-PM designates the “Fourth-Order Best-Estimate Results with Reduced
Uncertainties Predictive Modeling” methodology. The 4th-BERRU-PM uses the Maximum Entropy
(MaxEnt) principle [3] to incorporate fourth-order experimental and computational information,

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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including fourth (and higher, if available) order sensitivities of computed model responses to model
parameters, to construct the fourth-order MaxEnt posterior distribution of experimentally measured
and computed model responses and parameters, in the combined phase-space of model responses
and parameters.

The 4th-BERRU-PM methodology encompasses fourth-order sensitivity analysis (SA) and
uncertainty quantification (UQ), which were reviewed in the accompanying work [4]. The 4th-
BERRU-PM methodology also includes fourth-order data assimilation (DA) and model calibration
(MC) capabilities, yielding best-estimate results with reduced uncertainties for the first- through
fourth-order moments (i.e., mean values, covariance, skewness, and kurtosis) of the optimally
predicted posterior distribution of model results and calibrated model parameters. These capabilities
will be reviewed in Section 2, below. The particular forms taken on by the predicted posterior
moments for the illustrative PERP reactor physics benchmark, which comprises a single measured
and computed model response (the total neutron leakage) along with uncorrelated normally
distributed model parameters (total microscopic neutron cross sections) are presented in Section 3.
Section 4 presents the numerical results obtained by applying the 4th-BERRU-PM methodology to
the PERP benchmark, for two representative situations, namely: (a) model parameters having
uniform standard deviations of 2%, which fall within the radius of convergence of the Taylor-series
that represents the computed response in terms of parameter variations, and (b) parameters having
uniform standard deviations of 5%, which are expected to illustrate the results still obtainable outside
the radius of convergence of this Taylor-series. Specific numerical results will be presented for the
following predicted posterior moments: (i) best-estimate leakage response value; (ii) best-estimate
standard deviation for the predicted leakage response; (iii) best-estimate correlations between the
best-estimate posterior responses and model parameters; (iv) best-estimate calibrated values for the
model parameters; (v) best-estimate covariance matrix for the calibrated model parameters; (vi) best-
estimate triple-correlations among the predicted model parameters and leakage response, including
the predicted skewness of the best-estimate leakage response, and the predicted skewness of the
calibrated model parameters; (vii) best-estimate quadruple-correlations among the predicted model
parameters and leakage response, including the kurtosis of the predicted leakage response, and the
kurtosis of the calibrated model parameters. The effects of the order of the sensitivities retained in
these expressions will also be investigated, as follows: (1) only the 1st-order sensitivities are
considered; (2) the first- and second-order sensitivities are included; (3) all sensitivities up to and
including third-order are included; (4) all sensitivities up to and including fourth-order are included.
The computation of high-order sensitivities of the leakage response with respect to the benchmark’s
parameters is representative of “large-scale computations” and has been accomplished by applying
the high-order adjoint sensitivity analysis methodology developed by Cacuci [5,6], which overcomes
the curse of dimensionality [7] in sensitivity analysis. Section 5 concludes this work by noting that
incorporates, as particular cases, the results previously predicted by the second-order predictive
modeling methodology 2nd-BERRU-PM [8,9] and significantly generalizes the results produced by
extant data adjustment [10,11] and data assimilation methodologies [12-16].

2. The 4th-BERRU-PM Posterior Distribution

The 4th-BERRU-PM Methodology [1] uses the MaxEnt principle [3] to combine the first four
moments of the computed response distribution in parameters space (which were reviewed in Part 1
[4]) with the first four moments of the distribution of measured model responses, which are assumed
to be known and are defined below.

(i) The mean (or expected) values for the measured system responses, which will be denoted as
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(ii) The covariances, denoted as , for two measured responses i and '/, for
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i,j=1...,7R . .
»J =5 The covariances c, , of the system responses are considered to

be components of the TRXTR -dimensional covariance matrix of system responses, which will be
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(iii) The triple correlations, denoted as %, for three system responses denoted as n, i and & ,

i,j,k=1,..,TR ti 2t k=1,...,TR

v, -
. The skewness of a response '* is denoted as

(iv) The quadruple correlations, denoted as e , for four system responses denoted as n, i ;T

i, jk,0=1,...,TR =1,...,TR

e A e
", where . The kurtosis of a response "¢ will be denoted as 7« =~ Tu> k

The 4th-BERRU-PM posterior distribution derived by Cacuci [1] using the MaxEnt principle [3] has

the following exponential form:

exp[—Q(r,a)]
4

r

Py (r,o)= VAL Iexp[—Q(r,a)]dadr, (1)

where the subscript “4” denotes “fourth-order,” the superscript “be” denotes “best-estimate,” and

where:
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The Lagrange multipliers in Eq. (2) have the following expressions:
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3. 4th-BERRU-PM Best-Estimate Posterior Means, Variances, Skewness and Kurtosis for
Responses and Parameters
be
P4 (l‘,(l)

The expressions of the first four moments of the 4th-BERRU-PM posterior distribution

obtained by Cacuci [1] are summarized below.

3.1. Input to 4th-BERRU-PM Methodology: 4th-Order Sensitivity and Uncertainty Analysis of Model
Responses to Model Parameters

The vector of best-estimate predicted response, denoted as v é( ot ) , is given by the
following expression:
r 2 J.l‘pi'e (r,0)dadr =r'" +p, (rﬁo),aﬁo) ), )
D
where:
P, (rs(o),uﬁo) ) 2ce (Ce +C )71 [Cﬁyv(rjo) ) +Cj'aw(a(s0) )], (10
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rS(O) Ape e (Ce +C° )71 [EC (r)—reJ 2 [11(0),...,r,50),...,rr(£) ]T ; (12)
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The superscript “(0)” has been used in Egs. (9)—(15) to indicate that the quantities L and %

do not account for the triple and quadruple correlations among computed model responses, but do
take into account the triple and quadruple correlations among model parameters which may have

E (r .
been used to compute the vector of mean values of the computed responses, ¢ ( ), and the matrices

c c (0) (0)
Cr and Co . The quantities L and * fully account for all first- and second-order correlations
()

r o

s 2

)
among computed and measured responses and model parameters. The term ' ( ’ ) contains

the third- and fourth-order correlations involving the parameters and responses.
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The result of interest (“response”) analyzed for the illustrative application of the 4th-BERRU-
PM methodology to the PERP reactor physics benchmark to be presented in Section 3, below, is the
leakage of neutrons through the spherical benchmark’s outer surface; this response will be denoted

A t
= (e ) denotes the vector of model parameters and 7P denotes the total
number of parameters (i.e., 180 microscopic total cross sections) under consideration. Recall from Part

as L(a),where @

1 [4] that the leakage response is considered to admit the following Taylor-series expansion, truncated
to 4th-order, in terms of the parameter variations around the parameters’ nominal/mean values:

L(“):L(“O)Jri{%m} 3 ii{aL a)} da; oa;,

=l 7 1jp=1 oa, 0

1 I8, I8 1P oL
ASEEL I o, a6

s
3o 8ajl 6(1/2605»]'3

1 Ip, Ip TP TP o'L (0.)
+— — = da,.oa, da. o, +¢&,.
41 z z Z z aajl aajz 6&[,3 aaj‘ . i J2 Js ty k

A=lia=ljz=1j;=1

In Eq. (16), the notation e indicates that the functional derivatives within the braces are

computed using the expected/nominal parameter values, while the quantity & comprises all
quantifiable errors in the representation of the computed response as a function of the model
parameters, including the higher-order truncation errors of the Taylor-series expansion, possible
bias-errors due to incompletely modeled physical phenomena, and possible random errors due to
numerical approximations.

The PERP microscopic total neutron cross sections are considered to be uncorrelated and normally
distributed. It is further considered that multiple measurements of the leakage response, if available,

have been averaged correspondingly, so that the 4th-BERRU-PM methodology will incorporate the

. . . e
moments of a single response, with known measured nominal value, denoted as L’ and a known

standard deviation, denoted as SD Consequently, the general 4th-BERRU-PM formulas presented

in Egs. (9)-(15) will reduce, when applied to the PERP benchmark, to the expressions presented

be,i . .
below, where L") denotes the best-estimate predicted mean value of the leakage response, and

i=12,3,4

where the index > indicates the order (first-, up to second-, up to third-, and up to fourth-

order) of the retained sensitivities of the computed response with respect to the benchmark’s total

cross sections.
Only first-order sensitivities are retained (i=1) :
1
1) = +[sD | {[SD“)T var (L)) } [E"@)-r), (17)

where the superscript “U” denotes “uncorrelated parameters”, the superscript “N” denotes

“normally distributed parameters” and where the following definitions were used:

= O«

[Var(L)]lUN AZ{aL( )} ¢, spl 2 [var(L)]lUN (18)

i

EV(L)=L(a’). (19)
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First- and second-order sensitivities are retained ( ) :

) _ pe +[SD(€’)]2 {[SD(E)T +[Var(L)](2’U’N)}71 [E(z) (L”)—L‘”‘], (20)
where:
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First-, second-, and third-order sensitivities are retained (i - 3) :
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First-, second-, third-, and fourth-order sensitivities are retained (i - 4) :
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where:
4UN) a (B.U.N 1 P 54L((l) azL(u) 3
[var ()] & [var (1)]**") + { (e )
2"21 (0e) (0a,) ( ) (27)
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. 180L(a) , 1E0L(a) 2
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3.2. Best-Estimate Posterior Covariance Matrix of Predicted Responses

be A ( be be \
r“ =(n",...n .
The vector of best-estimate predicted response, denoted as ( 1 TR) , is given by the
following expression:

The predicted best-estimate covariance matrix of the predicted best-estimate responses will be

be
denoted as C. , and is defined as follows:
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2 [(r=r")(r—r") pl¥ (r.a)dadr=C; -C;, (C, +C ) C,
’ (29)

2 2
+oLu (n)]+0| (1) [+ o[k (n)]+0| (a:) |
The second-order terms involving the “squared triple-correlations” and "squared quadruple-

) o
correlations” shown in Eq. (29) arise from terms involving the quantity Pulr ( ot ) and are
expected to be negligible by comparison to the leading term. Not explicitly shown in Eq. (29) are
terms involving products of triple correlations among parameters and responses, which also stem
al®

s’s

from the quantity P ( ) and which are also negligible by comparison to the leading term.

For the PERP reactor physics benchmark to be analyzed in Section 3, below, the predicted best-
be,i
estimate variance of the predicted best-estimate leakage response, which will be denoted as SD! ),

1=12.3.4, will have one of the expressions provided below, which differ from one another

depending on the order of retained sensitivities.

. e . =1
Only first-order sensitivities are retained (i=1) :

Var™ =[sp© T ~[sp® ] {[SD(E)]Z +[var ()" }_1 [sD“T,

(30)
SD") 2 [yl
First- and second-order sensitivities are retained ( - 2)
Var® =[sp ] =[50 T {[sD T +[var (L)](Z’U’N)}f [sD“T,
(31)
SD(he,Z) é ’Var(be,Z).
First-, second, and third-order sensitivities are retained (i - 3) :
-1
Var®) =[sp ] ~[ s T {[SD(” T +[var (L)](3’U’N)} [sp“7,
(32)
SD(he,3) é Var(be,J) )
First-, second, third-, and fourth-order sensitivities are retained (i - 4) :
Var®® =[sp T ~[sp“ ] {[SD(E)]Z +[var () *) } [sp“T,
(33)

SD(be,4) é }Var(be,ét)‘

3.3. Best-Estimate Posterior Correlation Matrix of the Predicted Best-Estimate Responses and Calibrated
Model Parameters

The predicted best-estimate correlation matrix of the predicted best-estimate responses and
be
calibrated model parameters is denoted as Cor , and is defined as follows:

c Aj(u—m“)( —r*) pi(r,0) dodr=C:, ~C:, (C, +C:,) " C + HOT, (34)

c, 2 [(a-a)(r-r) pl*(r.a) dadr
where b denotes the correlation matrix between the model
parameters and the computed responses, and where “HOT” denotes “higher-order terms” involving
products of triple and quadruple correlations, which are expected to be negligible by comparison to
the leading term. For the particular information available for the reactor physics benchmark to be

analyzed in Section 3, below, the model parameters are not correlated to the experimentally measured
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response, so that Cor =0, Furthermore, the higher-order terms are expected to be negligible by

(be.i)
comparison to the leading term, so that ~«  becomesa IP*I-dimensional vector which will have

one of the expressions provided below, differing from one another depending on the highest-order

of retained sensitivities:
cle) = ¢l {[SD“’ T +[var @] }71 [SDOT: j=1,...7P; i=1,2,3,4. (35)
cle 2 [cor(aj , L)J

leakage response reduces to a column vector (since there is a single response) having 7P
components of the following form:

In Eq. (35), the correlation matrix 1 between parameters and the computed

y oL(a) . . .
cor' )(aj’L):{de}uo ¢ty j=1..,TP; i=12; (36)
. L L
aaj o 2 (8(1/) o

3.4. Best-Estimate Posterior Mean Values of the Predicted Calibrated Model Parameters

The best-estimate fourth-order expression of the mean values of the predicted calibrated model

;
be A be be

| & 2 (0 nc)
parameters will be denoted as b

a2 Iapfe (r,0)dadr =a! +p, (r(o) a(o))
D

, and has the following expression:

s 27s

(38)

7

where
p.(r%.0%) 2 C, [I, () ] v(r")+ [cm ¢, (c+c) ', :|w(u£0) ) @9)

For the particular information available for the reactor physics benchmark to be analyzed in

©) o
r,a
Section 3, below, the higher-order terms represented by the quantity P ( o ) are expected to be
negligible by comparison to the leading term. Therefore, the expression of the best-estimate mean
values of the predicted calibrated model parameters, which will be denoted as

a(be,i) é (al(he,[) a(be,i)

peees O i=1,2,3,4,

+
) , where the index indicates (as before) the highest-order of

retained sensitivities will take on the expressions provided below, will reduce to the following form:

) S
a) =g~ {[SD(”]Z +[Var(L)]("U’N)} [EVr)-r], i=1,2,3,4. (40)

3.5. Best-Estimate Posterior Covariance Matrix of the Predicted Calibrated Model Parameters
The predicted best-estimate covariance matrix of the predicted best-estimate calibrated model
parameters is denoted as Co , and has the following expression:
cr = j(a —a”e)(a—abe ) pi (r,a)dodr
D

-c,,-C, (c.+c) c, +0[(;7 )2]+0[(q¢ )2] (41)

7
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For the particular information available for the reactor physics benchmark to be analyzed in

Section 3, below, the second-order terms involving the “squared triple-correlations” and “squared
©) o
.0,

quadruple-correlations” shown in Eq. (41) arise from terms involving the quantity ( ’ ) and
are expected to be negligible by comparison to the leading term. Not explicitly shown in Eq. (41) are
terms involving products of triple correlations among parameters and responses, which also stem

0 o
from the quantity pz( ot ) and which are also expected to be negligible by comparison to the

leading term. Depending on the highest-order retained sensitivities, the predicted best-estimate

(be,i)
covariance matrix of the best-estimate calibrated model parameters, denoted below as o

i=12.3.4, \ill have one of the expressions provided below:

Cffj”'):CW—CS;"’{[SD(”T [var(L)]‘“”} [T i=123.4 (42)

3.6. Best-Estimate Posterior Triple Correlations among Best-Estimate Predicted Responses and Predicted
Calibrated Model Parameters

The best-estimate predicted triple correlations among three best-estimate predicted responses,

AN , will be denoted as # ( ibe’r:e) for FBtm=1..IR , and have the following
expressions:
/U3 (rk > /benrn[:e)é I(rk _rkbe)(rf, _r/be)(rm _rnl:e)pz[t]e (r,a)dadr
P (43)
Lix = PiCow = PuChs = PiCim — PiPrPus Kslom=1,.., TR
tler(cves) TR (r)-rep (200 . (a4

For the particular information available for the PERP reactor physics benchmark to be analyzed
in Section 3, below, the experimentally measured skewness of the leakage response is not available
so the respective measurement is assumed to follow a normal distribution (implying that its skewness

vanishes, i.e., =0 ), while the higher-order terms in Eq. (43) are negligible by comparison to the

leading term. Thus, the best-estimate skewness of the predicted leakage response, denoted as

ﬂ(be,i) (L(he,i)) .
’ , 1=12.3,4, 5 3 scalar which will have one of the expressions provided below, differing
from one another depending on the highest-order of retained sensitivities:

e ( J(bei) ) — 3,0 (s ]2 _[ U T Ci=1,2,3,4: (45)
where:

[SD(e)] {[SD(e)] Var(L) lUN } 1|:E(i)(LC)—Le]. (46)

The best-estimate predicted triple correlations among a best-estimate calibrated model
be

parameter, % , and two best-estimate predicted responses,
be _ be

(et for k=L..TP q fm=1..TR

be be
re,r -
¢t will be denoted as

, and have the following expressions:

1 (azfe,rfbearf) £ J.(O!k a )( - )(rm —r,i"")pfe (r,a)dadr
y @)
=p (c/em + PP )7

5 {C’;, (crc ),1 [E,(r)-r ]+, (rjo),u@ )}k _ (48)
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For the PERP reactor physics benchmark to be analyzed in Section 3, below, the best-estimate
(he,i)
predicted triple correlations among a best-estimate calibrated model parameter, %, and the best-

,ugbe,i) (al(cbe,[) ,L(be,i) ’L(be,i))

estimate predicted leakage response £ , will be denoted below as , where

the index i=12, 3’4, denotes the order of the highest retained sensitivities. The experimentally
measured skewness of the leakage response is not available for this reactor physics benchmark, so
the respective measurement is assumed to follow a normal distribution. Furthermore, the higher-
order terms in Eq. (47) are negligible in comparison to the leading term. Thus, for each best-estimate

(be,i) _ (be,i) a(he,i)’L(be,i)’L(he,i)
calibrated parameter sk _1""’TP, the best-estimate triple-correlation & ( ‘ )

is a scalar which will have one of the expressions provided below, differing from one another
depending on the highest-order of retained sensitivities:

. . . . . A2
w0 (@), 100, 1) = ) {[SD(E)]Z +[ "] }; k=1,...,TP; i=123,4; (49)
where:
i e o? o)™ i) re e
ﬂpé{cﬁn)}k{[m)} +[var (L)] } (9 -1 (50)
The best-estimate predicted triple correlations among two best-estimate calibrated model
be be be
parameters, % % | and a best-estimate predicted responses, "n, will be denoted as

ﬂshe(“/feaafgarf) for Knl=1..TP 4 m=L..TR

be be be _be\ A be be be be
H (ak a,°.r, ):J.(ak_ak )(aé _aél)(rm T )p4 (r,a)a’adr
D

, and have the following expressions:

(51)
=—p, (¢ +BB)-
For the PERP reactor physics benchmark to be analyzed in Section 3, below, the parameters are
initially uncorrelated: Co=0k#l gng = var (e ). k=1 . Hence, the best-estimate triple-

/u(be,i) (a(be,i)’a(be,i),L(be,i)) k /=1 P (be.i)
correlation g ! , T et between the best-estimate parameters, X ,

o [ i=1,234

, and the best-estimate predicted leakage response > is obtained as a particular
case of Eq. (51) as a scalar which will have one of the expressions provided below, differing from one
another depending on the highest-order of retained sensitivities:

lugbe,i) (a/({be,i)’aibe,i)’ll(be,i)) _ _p(i) (lez[ +ﬁ,£i)ﬂ§i)); k,0=1,.,TP; i=1,2,3,4. (52)

The best-estimate predicted triple correlations among three best-estimate calibrated model
be

be be be be Othe abg a =
a, Hs ( koM ’") for k,f,m—l,...,TPl and have the

parameters, %, % will be denoted as
following expressions:

e (a,fe,afe,a,’;e) 2 j(ak —a,fe)(a[ - afe)(am —aﬁf)pfe (r,a)dadr
) (53)
= i + ByCho + BCis + Bl + BB,

For the PERP reactor physics benchmark to be analyzed in Section 3, below, for each set of three

(be,i) (be.i) (be.i) (be,i)
. . . . /u3 ak 5“[ 7am
parameters (total cross section), the best-estimate triple-correlation ,

k.t,m=1,...TP ,is a scalar which will have one of the expressions provided below, differing from one

another depending on the highest-order of retained sensitivities:

1 (@, al), o)) = B BB ke 05 ms ke lm =1, TP (54)

m
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ﬂgbe,i) (al({be”'),a,(cbe”'),aiqbe”') ) = ,B}E:) l:VaI'(ak)-i-(ﬂ'S) )2} k=0=m k,m=1,..,TP; (55)
Ngbe'i)(a;(cbe’i) a(be D, g ) ,Bk [var( )+(ﬁ$) )2} k#l=m; k,m=1,..,TP. (56)

(be,i)
In particular, the best-estimate skewness of a calibrated best-estimate parameter, “* , is

provided by the following expression:
. 4\ 2
/ébe")( (be.i) ) ,Hk |:3var(ak)+(,b’,£')) }; k=0=m; k=1,.,TP. (57)

3.7. Best-Estimate Posterior Quadruple Correlations among Best-Estimate Predicted Responses and Predicted
Calibrated Model Parameters

The best-estimate predicted quadruple correlations among four best-estimate predicted

be be be be be (rbe rbe rbe rbe) —l TR
responses, 't *'t >"m 7w will be denoted as Ha \Tio ot le |gor k.t,m,n=1,.., , and have
the following expressions:
ur (rk 7 ,rnfe,rbe) J.(rk —rkbe)(r[ —rfe)(rm —rje)(rn —rnbe)pfe (r,a)dodr
D
— e e e e e e 58
- qkémn - pétkmn _pmtkfn - pntk(m _pktfmn + p[pmckn ( )

FPLPCon + PiPuCin + PaPiCon + PuPuCis ¥ PPl + PiPrPP-
In particular, the best-estimate kurtosis of the best-estimate predicted leakage response, denoted
ﬂﬁbe’[) (L(be’i)) i=1.2.3.4. . . . .
below as , »© 2™ is obtained as a particular case of Eq. (58) For the particular
information available for the PERP benchmark, the experimentally measured skewness of the leakage
response is not available, so the respective measurement is assumed to follow a normal distribution

=3| SD*
with 7 [ ] . Consequently, the best-estimate kurtosis of the predicted leakage response,

(be,i) Lhe i)
s ( ), is a scalar which will have one of the expressions provided below, differing from one

another depending on the highest-order (1=1.2.3.4) of retained sensitivities:
A1) = gz w6 o0 [0 T +[ 9] . (59)
The best-estimate predicted quadruple correlations among four best-estimate calibrated model
parameters, a:g,a;e, a'}:fe, a:e, will be denoted as #fe(alfe’afe’a;e’afe) for k,E,m,nzl,...,TP, and

have the following expressions:
e (a,fe,af’e,aie,afl’e) = j(ak —a) )(a'[ —afe)(am —af,’f)(an —afe)pfe (r,a)dadr
D

= G+ Bl + Bl Bilisn + Bl + BB+ BuBcly BBl + BCE (€0)
+ﬂlfﬂnckam + ﬁmﬂnckal,' + ﬂkﬂ[ﬂmﬂn N
For the particular information available for the PERP benchmark, the best-estimate predicted

be be
Hy (ak ,a[ ,a 0( )

quadruple correlations become particular cases of Eq. (60), as follows:

yfe(a,’je,afe,af,afe):ﬂ BOBIBY . fztemen; i=1,2,3,4; (61)
. . A \2
W (el ol al) = BB [(ﬂ,ﬁ')) +c,f‘}; k=t=m=n; i=1,273,4 (62)

. . A\ 2
yfe<ak ak,ak,al ) ,b’,f’),b’,f’)[(ﬂfn’)) +cfn};k¢£:m¢n; i=1,2,3,4; (63)
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;d%af¢ﬁ2a3¢¢ﬁ=ﬂpﬂﬁ:Uﬁﬁz+¢};k¢f¢m=n;i=Ll&4; (64)
(o al al o) = g BV :(ﬁ,fi) )2 +3cf} k=(=m=#n; i=1273,4 (65)
e (a al o o) = B Y :(ﬁf>)2+3cf} k=l=n=m i=12734 (66)
ﬂfe(alfe’afe,aje,afe): ;fi) ﬂji) [( y))3+3cf}k¢€:m=n; i=12,3,4. (67)

In the above formulas, “ denotes the variance of parameter % .In particular, the best-estimate
be
kurtosis of a calibrated best-estimate parameter % is provided by the following expression:

A (al ) =3(c ) +(87) +6(87) i k=t =m=n=1..TP; i=1,2.3,4. (68)

The best-estimate predicted quadruple correlations among a best-estimate calibrated model
be be b be

parameter, % and three best-estimate predicted responses, ool T will be denoted as
be _ be
lmn=1,..,TR

(et ) k=1, TP

and , and have the following expressions:

e (a,fe ek ) 2 j(ak —a) )(r/ -7 )(rm - )(rn - )pi’e (r,a)dadr
’ (69)
= _pitlfmn - Iomt:fn + IBkt;mn + clfnp[pm + ﬂk (pnc;m - pfcrenn - pmc;n - pnpépm )
For the particular information available for the PERP benchmark, the experimentally measured
skewness of the leakage response is not available, so the respective measurement is assumed to follow

3[sp T

a normal distribution with 7- ~ . Thus, the best-estimate quadruple correlation between

be ﬂ(be,i) (abe’L(be,i))
the predicted leakage response and a parameter %, " ¢

by particularizing the expression the provided below:

, is a scalar which is obtained

(be.i)

(L) = €6, + B (Pl = PiCon = PuCls = PaPP)- (70)

The various particular cases are obtained by following considerations analogous to those used
when obtaining the expressions shown in Egs. (61)—(68).

The best-estimate predicted quadruple correlations among two best-estimate calibrated model
be be be
parameters, X , and two best-estimate predicted responses, "n 7w will be denoted as
be _be  be

ﬂfe(a,fe,an Ny ,rm) for k,t=1,.,TP and mn=1,..TR

be
af
7

, and have the following expressions:

u (a,fe,a:,’e,rfe,r,f,’e ) 2 J(ak —a,fe)(a[ —afe)(rm —rn'f)(r,1 —rn”e)pfe (r,a)dadr
° (71)
= CluPi P + BB, (ij T PP )

The various particular cases are obtained by following considerations analogous to those used
when obtaining the expressions shown in Egs. (61)—(68).

The best-estimate predicted quadruple correlations among three best-estimate calibrated model

be be

be be
% % % and one best-estimate predicted response, ", will be denoted as

parameters,

be  be

“ (a’fe’a‘be’a”’ o ) for k:tsm=1..TP ong n=1...TR , and are have the following expressions:
i (e el ay i) 2 (o —a ) (@, —al)(a, —ai )(r, =) Pl (r,0) do.dr

? (72)
= p, (¢t B = Bec, = Bocts + BBB,)-
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The various particular cases are obtained by following considerations analogous to those
employed when obtaining the expressions shown in Egs. (61)—(68).

It is evident from the expressions obtained above that the triple and quadruple correlations
among the best estimate predicted responses and calibrated model parameters do not vanish in

be

general. Therefore, the fourth-order posterior distribution P (r.a) of the predicted responses and
calibrated model parameters is not a multivariate Gaussian distribution. In particular, if all of the a
priori triple and quadruple correlations among responses and model parameters are neglected, then
all of the posterior results obtained in this Section reduce to the results predicted by the 2nd-BERRU-
PM (“second-order best estimate results with reduced uncertainties —predictive modeling)

methodology conceived by Cacuci [8,9].
The 4th-BERRU-PM methodology enjoys unrivalled computational efficiency, since the only
e c -1
matrix inversion involved is the computation of (C " C”) , which in the case of a single response
(i.e., the benchmark’s leakage response) reduces to the trivial reciprocal of a scalar, which for the

D 2 L (i.U.N)
PERP benchmark is the quantity [0 ] +[varW] ™ Also, the 4th-BERRU-PM methodology

predicted posterior parameter-response correlations are not obtainable by any of the extant data
assimilation methods.

4. Application of the 4th-BERRU-PM Methodology to the PERP Benchmark: Best-Estimate
Predicted Moments of the Posterior Distribution of Responses and Parameters

This Section presents the results obtained by applying the 4th-BERRU-PM methodology to the
PERP benchmark when several relatively imprecise experimental measurements of the benchmark’s

e 6
leakage response have been performed, having a mean value L'=194x10" neutrons/sec, and a

relatively large standard deviation SD’ =10% _ These values were chosen in order to examine the
effects of applying the 4th-BERRU-PM methodology to a case when the mean value of the
measurements is “one experimental standard deviation” away from the computed values of the
leakage response (since L'=L x110% )-

Two cases will be considered regarding the precision of the model parameters, namely:
parameters having uniform standard deviations of 2%, which are expected to provide physically
meaningful results, within the radius of convergence of the Taylor-series provided in Eq. (16); and

parameters having uniform standard deviations of 5%, which are expected to illustrate the results

still obtainable not far outside the radius of convergence of the Taylor-series provided in Eq. (16).

The results to be presented in this Section will illustrate the effects of the parameters’ standard
deviations on the following moments of the (MaxEnt) posterior distribution of model parameters,
computed and measured response, as follows:

Subsection 4.1, below, will present results for the optimally predicted best-estimate leakage response

e,i . . L. be,i
value, denoted as i and the predicted best-estimate standard deviation, denoted as sp' ), for

£ ; it will be shown that sp" is smaller than either the originally measured of computed

response standard deviations.
Subsection 4.2, below, will present results for the best-estimate predicted correlations, denoted

(be,i)
as Cor , between the best-estimate posterior responses and model parameters.

Subsection 4.3, below, will present results for the calibrated best-estimate predicted values,

be, i
denoted as ¢ e , for the model parameters.
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Subsection 4.4, below, will present results for the best-estimate values of the components of the
(be,i)

predicted covariance matrix, denoted as Coa , of the calibrated model parameters.
Subsection 4.5, below, will present results for the predicted values of the posterior triple-
correlations among the predicted model parameters and leakage response, including the predicted

(be,i) (be,i)
skewness of the best-estimate predicted leakage response, denoted as " ( ), and the predicted
(be,i) (a(be,i)

skewness, denoted as ' ° g ), of the calibrated model parameters.
Subsection 4.6, below, will present results for the predicted values of the posterior quadruple-

correlations among the predicted model parameters and leakage response, including the predicted

(be.i) (be.i)
kurtosis, denoted as * ( ), of the best-estimate predicted leakage response, and the predicted
(be,i) (a(be,i)

Hy k

kurtosis, denoted as ), of the calibrated model parameters.

The best-estimate moments mentioned above depend on the index =14 \hich will be used
to indicate the order of the highest-order retained sensitivities in the respective expressions. The
effects of the order of the sensitivities retained in these expressions will also investigated, as follows:
@ i=1: only the 1st-order sensitivities are considered; (ii) i=2 . the first- and second-order
sensitivities are included; (iii) = 3. all sensitivities up to and including third-order are included; (iv)

=4 all sensitivities up to and including fourth-order are included.

4.1. Effects of Sensitivities and Parameter Standard Deviations on the Predicted Value of the Best-Estimate
Leakage Response and Its Corresponding Best-Estimate Standard Deviation

The results to be presented in this Subsection will illustrate the effects of the parameters’
be,i .
standard deviations on the best-estimate leakage response value, denoted as £ , and the reduction

of its accompanying predicted best-estimate standard deviation, denoted as sp" , where the index
i=1...4 jndicates the order of the highest-order retained sensitivities. Three cases will be considered
regarding the precision of the model parameters, as follows:

Subsection 4.1.1 presents results for parameters that are known with “high precision,” having
uniform standard deviations of 2%, which are expected to provide physically meaningful results,
within the radius of convergence of the Taylor-series provided in Eq. (16).

Subsection 4.1.2 presents results for parameters that are known with “medium precision,”
having uniform standard deviations of 5%, which are expected to illustrate the results still obtainable
not too far outside of the radius of convergence of the Taylor-series provided in Eq. (16).

Subsection 4.1.3 presents results for parameters that are known with “low precision,” having
uniform standard deviations of 10%, which are expected to illustrate the results obtainable outside
the radius of convergence of the Taylor-series provided in Eq. (16).

4.1.1. “High precision” parameters, having uniform relative standard deviations SD =2%

The results of applying Egs. (17)-(33) to the PERP benchmark, in conjunction with the

experimental information mentioned above (i.e., L =1.94x10° with SD = 1O%) are illustrated in
Figures 1-4, below, when considering that the parameters have been measured precisely, having
uniform relative standard deviations of 2%. The results presented in Figure 1 include only the first-
order sensitivities of the leakage response with respect to the model parameters (total microscopic
group cross sections). The results presented in Figure 2 include the first- and second-order
sensitivities. The results depicted in Figure 3 include first- through third-order sensitivities, while the
results depicted in Figure 4 include all sensitivities up to (and including) fourth-order. The numerical
values of the results depicted in Figures 1-4 are tabulated in Table 1. The results depicted in Figures
1-4 are tabulated numerically in Table 1, below.
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3.0x10° +
R Le iSD(e) B L(be,l) iSD(be,l)
2 20x10° + 11T
& T
5 EO )+ spl)
= 10x10° T

0.0 x 10°

1*-order sensitivities

Figure 1. Parameter relative standard deviations SD=2% . (i) experimentally measured response and

e (e)
its standard deviation L *SD (blue); (ii) expected value of computed response and its standard

M ze )
deviation £ (L) 5D (green) including only first-order sensitivities; (iii) best-estimate predicted

. . . . (be.1) (be) . .
leakage response and its predicted best-estimate standard deviation L™ +8D (red) including

only first-order sensitivities.

3.0 x10° T
o £ +sp® T e £ spl*?)
E © 1+ TiT
£ 20%10 lll 2
: 6
1.0 x10° +
0.0 x 10"

142" order sensitivities

Figure 2. Parameter relative standard deviations SD=2% . (i) experimentally measured response and
e (e)
its standard deviation £ *SD (blue); (ii) expected value of computed response and its standard

@) e )

ES (L) +SD (green) including first- and second-order sensitivities; (iii) best-estimate
(be,2) (be,2)

L +SD (red)

deviation

predicted leakage response and its predicted best-estimate standard deviation

including first- and second-order sensitivities.
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3.0 %100 +

Le +SD(e) L(b€,3) iSD(be,3)
6 | - TIT
2.0 %10
I ;
E® ey spt

L(a), (n/s)

20x10" 1

0.0 x 10
1542md437_order sensitivities

Figure 3. Parameter relative standard deviations SD=2% . (i) experimentally measured response and

e (e)
its standard deviation L *SD (blue); (ii) expected value of computed response and its standard

G)(re ®)
deviation £ (£)+SD (green) including first-, second, and third-order sensitivities; (iii) best-
estimate predicted leakage response and its predicted best-estimate standard deviation

(be.3) (be.3)
L7+ 8D (red) including first-, second, and third-order sensitivities.

3.0 % 10° 7
EW )+ sp¥

20x10° F

HH
HH

1
Le iSD(e) L(be,4) iSD(be’4)

L(a), (n/s)

1.0 10° T

0.0 x 10
1st2nd 4 3rd gt order sensitivities

Figure 4. Parameter relative standard deviations SD=2% . (i) experimentally measured response and
e (e)
its standard deviation £ *SD (blue); (ii) expected value of computed response and its standard
e EW)+sp@ . s e e .
deviation - (green) including first- through fourth-order sensitivities; (iii) best-estimate

(be,4) (be,4)
predicted leakage response and its predicted best-estimate standard deviation L™7+5D (red)

including first- through fourth-order sensitivities.

(i) /e (i) (be, i) (be, i) P—
Table 1. Results for £ (LYESD™ ang L7 £SD , ! L..4 , for response measurement

L =194x10° s SD =10% and parameters’ SP=2%

Values of

Values of
Order of Sensitivities 4 5D Values of 1000 4 gpite)

(neutrons/sec) (neutrons/sec) (neutrons/sec)

Ist-order (i =1) 1.765 x 106 + 3.698 x 105 1.903 x 106 + 1.719 x 105
. 1.941 x 106 +
1st + 2nd-order (1 =2) Logl 0y 94971064276 x 105 1.943 x 106 + 1.768 x 105
. X
1st + 2nd + 3rd-order (¢ =3) 1.949 x 106 + 6.288 x 105 1.942 x 106 + 1.855 x 105

EV(Ly+sD"

Considered
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1st + 2nd + 3rd + 4th-order (

=4 2.045 x 106 = 7.157 x 105 1.948 x 106 + 1.874 x 105
)

The results presented in Figures 1-4 and Table 1 indicate that the application of the BERRU-PM
methodology yields a best-estimate value for the predicted leakage response which is in-between the
experimentally measured and computed values of this response (but closer to the more precisely
known experimental value), with an accompanying predicted standard deviation which is smaller
than either the measured or the computed standard deviations. Since the standard deviations (of 2%)
for the model parameters are within the radius of convergence of the Taylor-series that represents
the computed response in terms of parameter deviations, the contributions stemming from the
higher-order sensitivities are expected to diminish with increasing order. This expectation is
confirmed by the results shown in Figures 1-4 and Table 1, which indicate that the impact of the
second- and higher-order sensitivities on the best-estimate predicted leakage response and
accompanying predicted standard deviation are small.

4.1.2.”. Medium Precision” Parameters, Having Uniform Relative Standard Deviations SD = 5%

Figures 5-8, below, depict the results of applying Eqgs. (17)—(33) to the PERP benchmark, in
conjunction with the same experimental information as mentioned above (i.e., L =194x10° with

SD =10% ), but considering that the parameters have been measured with a precision (qualified as

being “medium”) which is typical of cross section measurements, having uniform relative standard
deviations of 5%. The results presented in Figure 5 include only the first-order sensitivities of the
leakage response with respect to the model parameters (total microscopic group cross sections). The
results presented in Figure 6 include the first- and second-order sensitivities. The results depicted in
Figure 7 include first- through third-order sensitivities, while the results depicted in Figure 8 include
all sensitivities up to (and including) fourth-order. The numerical values of the results depicted in
Figures 5-8 are tabulated in Table 2.

5.0 x 10° T
—~ 4.0x10° +
wv
=
= 3.0x10° T
S I¢+ SD®© T L(be,l) iSD(be,l)
= 2.0 10° E ¥
10x10° + E(l)(Lc)iSD(l)
0.0 x 10°

1%-order sensitivities

Figure 5. Parameter relative standard deviations SD=5%. (i) experimentally measured response and

e (e)
its standard deviation +SD

EV@)zsp"

(blue); (ii) expected value of computed response and its standard

deviation green) including only first-order sensitivities; (iii) best-estimate predicted

L(be,l) + SD(be,l

)
leakage response and its predicted best-estimate standard deviation (red) including

only first-order sensitivities.
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50%10° T
R R 10° 4
2 ] E® )+ sp?
E 30x10 +
S 6 L T
= 20x10 1T

1¢ + Spl L fleed) o gpy(be2)
1.010° T
0.0 x 10"

142" order sensitivities

Figure 6. Parameter relative standard deviations SD=5%. (i experimentally measured response and

e (e)
its standard deviation L 5D

E® )+ sp®

(blue); (ii) expected value of computed response and its standard

)
(green) including first- and second-order sensitivities; (iii) best-estimate
(be.2) (be.2)
L +SD (red)

deviation

predicted leakage response and its predicted best-estimate standard deviation
including first- and second-order sensitivities.

7
1.2>x10 T
6 | -
» 8.0x10
=
% 3) ¢ (3)
- 6 E®)(15)%SD
2 40x10° T )
= T (Bed) (be.3)
e (e) e, e,
0 L +8D L +SD
0.0 < 10
6 L
—4.0 < 10 ‘ 4 e
18422443 _order sensitivities
Figure 7. Parameter relative standard deviations SD=5%: (i) experimentally measured response and
its standard deviation L + 8D (blue); (ii) expected value of computed response and its standard

G)re ®)
deviation £ (£)+SD (green) including first-, second, and third-order sensitivities; (iii) best-
estimate predicted leakage response and its predicted best-estimate standard deviation

(be.3) (be.3) ) . ) . e s
L™ +£8D (red) including first-, second, and third-order sensitivities.

|
1

1.6 % 10

12%10 +

(4) e (4)
90 10° - EWI)+ 8D

L(a), (n/s)

4010 T 1°+SD@ [t 1+ gped

0.0 % 10" -

—40x10°+- o
134-2244-34-4%_order sensitivities
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Figure 8. Parameter relative standard deviations SD =5%. (i) experimentally measured response and
its standard deviation L +SD" (blue); (ii) expected value of computed response and its standard
@ e 4)
deviation £ (£)*5D (green) including first- through fourth-order sensitivities; (iii) best-estimate
predicted leakage response and its predicted best-estimate standard deviation L% £ sp (red)
including first- through fourth-order sensitivities.
E(i)(Lt‘) + SD(i) L(”f’f) + SD(be’i} i=1..4
Table 2. Results for - and - , w27, for response measurement
L =1.94x10° s SD'=10% and parameters’ S0 =5%.
Values of N ; Values of
Order of Sensitivities Values of £ “(r)+sp" " iy
_ L +sp" L9+ sp"?
Considered
(neutrons/sec) (neutrons/sec) (neutrons/sec)
. 1.934 x 106 + 1.899 x
Ist-order (£ =1) 1.765 x 106 + 9.246 x 105
105
. 1.955 x 106 + 1.928 x
1st + 2nd-order (1 = 2) 2.914 x 106 + 1.629 x 106
1.941 x 106 + 105
. 1.941 x 105 1.943 x 106 £ 1.939 x
1st+2nd + 3rd-order (¢ =3) 2.914 x 106 + 5.103 x 106 05
1st + 2nd + 3rd + 4th-order ( 1.945 x 106 + 1.940 x
. 6.681 x 106 +7.386 x 106
i=4) 105

As indicated by the results shown in Figures 5-8 and Table 2, the contributions stemming from

@) ge ()
EV(L)ESDT increase with increasing order of

the higher-order sensitivities to the quantities
sensitivities retained, thus confirming the expectation that the parameter standard deviations are
sufficiently large to cause divergence of the Taylor-series that is used to represent the expected value
and the standard deviation of the computed response in terms of parameter standard deviations.
Nevertheless, the application of the BERRU-PM methodology yields a best-estimate value for the
predicted leakage response which falls in-between the experimentally measured and computed
values of this response (but closer to the more precisely known experimental value), with an
accompanying predicted standard deviation which is smaller than either the measured or the
computed standard deviations. These results indicate that the application of the 4th-BERRU-PM
methodology can produce physically useful/meaningful results even when the Taylor-series

expansion of the response in terms of parameter standard deviations diverges slightly.

4.1.3.”. Low precision” parameters, having uniform relative standard deviations SD=10%

Figures 9-12, below, depict the results of applying Egs. (17)-(33) to the PERP benchmark, in
conjunction with the same experimental information as mentioned above (i.e., L*=1.94x10° with

SD =10% ), but considering that the parameters have been measured with low precision, having

uniform relative standard deviations of 10%. The results presented in Figure 9 include only the first-
order sensitivities of the leakage response with respect to the model parameters (total microscopic
group cross sections). The results presented in Figure 10 include the first- and second-order
sensitivities. The results depicted in Figure 11 include first- through third-order sensitivities, while
the results depicted in Figure 12 include all sensitivities up to (and including) fourth-order. The
numerical values of the results depicted in Figures 9-12 are tabulated in Table 3.
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Figure 9. Comparison of EV(L)+ 5D (in green), RN (in red), and L+5p® (in blue),
=1.94x10° SD =10%

for response measurement for response measurement r n/s, , and
parameters SD=10% Only the 1st-order ( =1 sensitivities are considered.
1410 T
1210 + T
e
= 80x10° T E® )+ sp?
S 60+10° T
40510" T e+ 5pl© 1%2) 4 gplte)
2.0 10° =l=
0.0 < 10" -

15420 _order sensitivities

. . (i), re @ . (be.i) (be,i) . e (e .
Figure 10. Comparison of EV(L)£ 5D (in green), L™+ 8D (inred), and L'+SD (in blue),
e _ 6 (e) _
for response measurement for response measurement L'=194x10" p5 SD7=10% = ang

parameters SD=10% The 1st + 2nd-order (1= 2 ) sensitivities are included.

6.0 10" T
4.0x10" + T
g 2010 T+ EOey+sp®)
5 0.0 x 10 a =
= o1l 4 I¢+SD© be3) 4 gp(bed)
—40x10 L .

1424+3"_order sensitivities

(i) re () be,i be, i e (e)
Figure 11. Comparison of EV(L)£ 8D (in green), £+ spt? (in red), and L'+£8D (in blue),

L =1.94x10° SDY =10%

for response measurement for response measurement n/s, , and

parameters SD=10% The 1st + 2nd + 3rd-order (i= 3 ) sensitivities are included.
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Figure 12. Comparison of EV(L)+SD (in green), L9 £ sp" (in red), and L +8D" (in blue),
for response measurement for response measurement L =1.94x10° n/s, SD' =10% , and
parameters SD =10% The 1st + 2nd + 3rd + 4th-order (i= 4 ) sensitivities are included.
(i) ¢ 7e i e,i e,i P
Table 3. Results for £ (L)+SD v and £ & spte! ,tE L...4 , for response measurement
L=1.94x10° s SD'=10%  and parameters’ SD=10%
Order of Sensitivities Valu;s (O)f Values of £ Oy+sp? (z/ezluzs (()bf )
L' +SD" L +8p"™
Considered
(neutrons/sec) (neutrons/sec) (neutrons/sec)
. 1.939 x 106 + 1.931 x
1st-order (! = 1 ) 1.765 x 106 + 1.849 x 106
105
. 1.946 x 106 +1.940 x
1st +2nd-order (1 =2) 6.363 x 106 + 5.675 x 106
1.941 x 106 £ 105
. 1.941 x 105 1.941 x 106 +£1.941 x
1st+2nd + 3rd-order (¢ =3) 6.363 x 106 + 3.561 x 107 05
1st + 2nd + 3rd + 4th-order ( 1.942 x 106 + 1.941 x
. 6.662 x 106 + 5.562 x 107
i=4) 105

The results presented in Figures 9-12 and Table 3 confirm the expectation that parameter
standard deviations of 10% cause massive divergence of the Taylor-series used to represent the
expected value and standard deviation of the computed response in terms of parameter standard
deviations. Nevertheless, as indicated by the last column in Table 3, the application of the BERRU-
PM methodology yields a best-estimate value and reduced predicted standard deviation for the
predicted leakage response which is close to the more precisely-known experimental values. These
results indicate that the application of the 4th-BERRU-PM methodology predicts results that remain
physically useful/meaningful even when the parameters uncertainties (measured by the respective
standard deviations) are sufficiently large to cause indisputable divergence of the Taylor-series
expansion of the response in terms of parameter deviations. However, since parameter standard
deviations of 5% already cause the Taylor-series of the response, cf. Eq. (16), to diverge, and since
microscopic cross sections are generally known with a precision of 5% or better, only parameter
standard deviations of 2% and 5% will henceforth be considered for the subsequent illustrative
applications of the 4th-BERRU-PM methodology to the PERP benchmark.
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4.2. Effects of Sensitivities and Parameter Standard Deviations on the Predicted Values of the Best-Estimate
Correlations between the Leakage Response and the Most Important Parameters

The components of the vectors c.’ , i=l,...4 , of best-estimate correlations among the
benchmark’s leakage response and parameters are computed using the expression provided in Eq.
(35). The impact of the parameters’ precision and of the sensitivities of various orders will be
illustrated below in Subsection 4.2.1 (for “high precision parameters” having uniform relative
standard deviations of 2%) and, respectively, Subsection 4.2.2 (for “medium precision parameters”
having uniform relative standard deviations of 5%). All of the numerical results presented in this

(be,i) .
Section for the components of the vectors Cor , l_l""’4, are in units of “[parameter units] x

[response units]”, i.e., [barns x neutrons/sec], where 1 barn=10-24 cm2.

4.2.1. “High Precision” Parameters, Having Uniform Relative Standard Deviations SD =2%

When only the first- and second-order sensitivities are considered, the numerical results for the

c) =12

components of the vectors e , are computed using the expression provided in Eq. (36).

(be.l) (be,2)
For the PERP benchmark, each of the vectors ~«  and Cor has 180 components, as there are 180

parameters corresponding to the microscopic total cross sections for all 6 isotopes in the benchmark

[4]. When only the 1st-order sensitivities are considered, the numerical results for the components of
(he,l)
the vector e for the top 10 parameters (ranked in the order of the magnitude of their 1st-order

relative sensitivities) are presented in Table 4. When both the 1st-order and 2nd-order sensitivities
(be,2)
are considered, the numerical results for the components of the vector Cor™ for the top 10

parameters (also ranked in the order of the magnitude of their 1st-order relative sensitivities) are
presented in Table 5.

(be.t)
Table 4. Results for the components of ~¢  when only the 1st-order sensitivities are considered for

the top 10 parameters, with uniform parameters relative standard deviations SD=2%

Ranking
of
; 1 2 3 4 5 6 7 8 9 10
parame
er
Paramet
=30 =12 =17 =16 =13 =18 =19 =20 =21 =14
O'g» O-fis0:6 O-;g,,isozl O-fiso:6 o-tg,iso:6 O—tg,isozl O—fisozé O-tg,is0:6 O-tg,iSOZG O—fisoz6 O-fisozl
er t,iso
(c) -19533 -1339  -1009 -1495 -1520 -1469 -1391
Cc> -6496 —6458 -6176
ar 0 6 2 9 7 2 2

cl’) 42191 1403 2894 2180 1395 3231 3285 3173 3005 1334
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(be,2)
Table 5. Results for the components of ~¢  when the 1st- and 2nd-order sensitivities are
considered for the top 10 parameters, with uniform parameters relative standard deviations SD =2%
Ranking
of
1 2 3 4 5 6 7 8 9 10
paramet
er
Paramet
=30 =12 =17 =16 =13 =18 =19 =20 =21 =14
O'g» O-fis0:6 O-;g,,isozl fisozG o-tg,iso:6 O—tg,isozl tg,is0:6 tg,is0:6 fisozG tg,is0:6 fisozl
er t,iso
(c2) -19533 -1339  -1009 -1495 -1520 -1469 -1391
C,. -6496 -6458 -6176
: 0 6 2 9 7 2 2
Cgfre 2) 33379 1110 2289 1725 1104 2556 2599 2511 2377 1055
Comparing the results presented in Tables 4 and 5 indicates the following conclusions:
() — ole2)
(i) Even though the original correlations Car” =€ between the model parameters and
the computed leakage response were negative, the best estimate correlations are
(be,l) (he,Z)
positive, i.e., the components of Co” and Co areall positive.
(be,l) (be,Z)
(ii) The absolute values of the components of ~« and “~e  are all considerably
() _ ~(c.2)
smaller than the absolute values of the original correlations e ~ Ca

(be.1)
(iii) The values of the components of Co are larger than the corresponding components
(be,Z)
of Cor , which indicates that the inclusion of the 2nd-order sensitivities reduces the
best-estimate correlations between the best-estimate parameters and the predicted best-
estimate leakage response.

When the third- and, respectively, fourth-order sensitivities are also included in addition to the
(e:d)
first- and second-order sensitivities, the numerical results for the components of the vectors o,
=34 are computed using the expression provided in Eq. (37). The numerical results thus obtained
(be.3) (be,4)
for the components of the vector Cor and, respectively, Cor , for the top 10 parameters (ranked
in the order of the magnitude of their 1st-order relative sensitivities), are presented in Tables 6 and 7,

respectively.

(be.3)
Table 6. Results for the components of ~*  when sensitivities up to 3rd-order are considered for

the top 10 parameters, with uniform parameters relative standard deviations SD=2%

Ranking
of
paramet
er
Paramet
580

1,is0=6

-1
o

1,is0=6

g=16 g=14
O; O-t,im:l

g=13
1,is0=6 o

g=18
t,iso=1 o

g=19
t,is0=6 o,

2=20
1,is0=06 o,

g=21
t,iso=6 o,

g=12
O t,is0=06

O-tgiso t,iso=1
er ’
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(3 81943 -1346 -1013 -1503 -1528 -1476 -1398
C\“ -6519 -6481 -6199
ar 0 4 6 9 8 7 1

cd 27793 567 1171 882 564 1309 1330 1285 1216 539

(be.4)
Table 7. Results for the components of ~*  when sensitivities up to 4th-order are considered for

the top 10 parameters, with uniform parameters relative standard deviations SD=2%
Ranking
of
1 2 3 4 5 6 7 8 9 10
paramet
er
Paramet
=30 =12 =17 =16 =13 =18 =19 =20 =21 =14
O'g- O-t%iso:() O-fim:l O-fisozﬁ O-fis0:6 O-fisozl O-fisoz() Gfiso=6 O-fisozﬁ O-fisoz() Gfiw:I
er t,iso
(c.4) -31943 -1346 -1013 -1503 -1528 -1476 -1398
Cc\> -6519 -6481 -6199
o 0 4 6 9 8 7 1

C(OZM) 21889 447 923 695 444 1031 1048 1012 958 425

Comparing the results presented in Tables 4-7 indicates the following conclusions, in addition
to the conclusions drawn from the results presented in Table 4 and 5:

. L . C(c,3) — C(L‘,4) C(c‘,l) =C(c,2)
(i) All of the components of the original correlations "« erand e ar

between the model parameters and the computed leakage response are negative.
Furthermore, including the 3rd- and 4th-order sensitivities causes the absolute values of

(¢.3) _ ~(c.4)
the components of e~ Cor” tobe larger than the corresponding components of the
(1) _ cled)
vector o ar .

(be,i) .
(if) The components of the vectors Cor , i=1,..,4 , representing the best-estimate

correlations among the benchmark’s best-estimate leakage response and best-estimate

parameters, are all positive.

(iii) The values of the components of o are larger than the corresponding components
of c.” , which in turn are larger than the components of cr YS), which in turn are
larger than the components of cir . This sequence of inequalities indicates that the

inclusion of the successively higher-order sensitivities reduces successively the
corresponding best-estimate correlations between the best-estimate parameters and the
predicted best-estimate leakage response.

4.2.2. “Medium Precision” Parameters, Having Uniform Relative Standard Deviations SD =5%

When the parameters are considered to be characterized by uniform relative standard deviations

(be,i) .
of 5%, the numerical results obtained for the components of the vectors Cor , i=1

""’4, of best-
estimate correlations among the benchmark’s best-estimate leakage response and the top 10
parameters (ranked in the order of the magnitude of their 1st-order relative sensitivities), are
presented in below in Tables 8-11, respectively. As before, when only the first- and second-order
sensitivities are considered, the numerical results for the components of the vectors CE:;I) , i=12 ,
are computed using the expression provided in Eq. (36). Similarly, when the third- and fourth-order
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I . : cl) i=34
sensitivities are also included, the numerical results for the components of the vectors o , * =
, are computed using the expression provided in Eq. (37).
(be.1)
Table 8. Results for the components of ~¢  when only the 1st-order sensitivities are considered for
the top 10 parameters, with uniform parameters relative standard deviations SD=5%
Ranking
of
1 2 3 4 5 6 7 8 9 10
paramet
er
Paramet
2=30 g=12 g=17 g=16 g=13 g=18 g=19 g=20 g=21 g=14
O'g O-t,is0:6 O-t,isozl Gl,iso=6 Gl,iso=6 Gl,isozl O-t,isozé O-l,isozé O-t,iso=6 O-t,is0:6 O-t,isozl
er t,iso
C( el) -12208 -4059 -8372 6307 —4036 -9349 -9504 9182 8695 -3859
o 12 8 4 5 2 4 3 3 2 8

C(be’]) 51544 1714 3535 2663 1704 3947 4013 3877 3671 1630

ar

(be.2)
Table 9. Results for the components of ~«  when the 1st- and 2nd-order sensitivities are

considered for the top 10 parameters, with uniform parameters relative standard deviations SD =5%
Ranking
of
1 2 3 4 5 6 7 8 9 10
paramet
er
Paramet
=30 =12 =17 =16 =13 =18 =19 =20 =21 =14
O'g O-fiso=6 O-t%isozl O-tg,iso=6 O-tg,iso=6 O-fim:l O-fis0=6 O-fis0=6 O-fis0=6 O-fisaz6 O-fisazl
er t,iso
C(C 2) -12208 —4059 -8372 -6307 -4036 -9349 -9504 -9182 -8695 -3859
ar 12 8 4 5 2 4 3 3 2 8

C(be’z) 17091 568 1172 883 565 1309 1331 1285 1217 540

(be.3)
Table 10. Results for the components of ~«  when sensitivities up to 3rd-order are considered for

the top 10 parameters, with uniform parameters relative standard deviations SD =5%
Ranking

of

1 2 3 4 5 6 7 8 9 10

paramet

er
Paramet

2=30 g=12 g=17 g=16 g=13 g=18 g=19 g=20 g=21 g=14
O'g O-t,iso:é O-t,iso:l O-t,iso:G O-t,iso:G O-t,iso:l O-t,iso:6 o-t,iso:6 o-t,iso:6 O-t,iso:é o-t,iso:l

er t,iso
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-60684 -4151 8640 -6479 4128 -9662 -9821 -9478 -8963 —3952
ar 75 2 1 3 1 6 7 3 8 8

cled gy 60 125 94 60 140 142 137 130 57

(be.4)
Table 11. Results for the components of ~¢  when sensitivities up to 4th-order are considered for

the top 10 parameters, with uniform parameters relative standard deviations SD=5%
Ranking
of
1 2 3 4 5 6 7 8 9 10
paramet
er
Paramet
=30 =12 =17 =16 =13 =18 =19 =20 =21 =14
O'g- Gfisozﬁ Gfisozl O-fis0:6 O-t%iso:() O-fisozl O-fisozﬁ O-fisozﬁ O-fisozé O-t%iso:() O-fisozl
er t,iso
C(C 1) -60684 —4151 -8640 —6479 -4128 -9662 -9821 -9478 8963 -3952
ar 75 2 1 3 1 6 7 3 8 8
C(be’4) 4189 29 60 45 28 67 68 65 62 27

Comparing the results presented in Tables 8-11 with the corresponding results presented in
Tables 4-7 reveals that the larger parameters standard deviations ( SP=5% ) accentuate the
characteristics displayed by the corresponding results for the smaller parameter standard deviations
(SD =2% ), as follows:

(i) Comparing the results in Table 8 with the results presented in Table 4 reveals that the

(1)
components of the correlations Cor” for SD=5% are considerably larger in absolute

(1)
values than the components of the correlations Cor” for SD=2% Conversely (and

(be,l)
consequently), the components of the best-estimate correlations e  for SD =5%
(be,l)

are considerably larger in absolute values than the components of the correlations ™«
for SD=2% _Similar conclusion can be drawn by: (a) comparing the results in Table 9
with the results presented in Table 5; (b) comparing the results in Table 10 with the
results presented in Table 6; and (c) comparing the results in Table 11 with the results
presented in Table 7.

(if) All of the conclusions previously drawn from the results obtained for the smaller
parameter standard deviations (SD =2% also hold for the larger parameters standard
deviations (5P =5%), so they will not be repeated here, other than to note that these
conclusions are even more evident/accentuated by the contrast between the original

(c:i)

values for the correlations €« (between the model parameters and computed leakage

response) and the predicted best-estimate values for the posterior best-estimate
(be,i)
correlations, Co , between the calibrated best-estimate parameters and the best-

estimate predicted response. In particular, the starkest contrasts among the original and
predicted posterior values for the parameter-response correlations are evidenced by the

(c4)
results presented in Table 11: the original components of the vector Cor” all have large
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0(105 —107)

negative values of the order of , while the posterior best-estimate

' - 0(10-10°)
correlations have positive values of the order of .

The overall conclusion that follows from the results presented in Tables 4-11 is that the larger
the parameter standard deviation and the higher the order of retained sensitivities, the larger the
negative values of the original correlations among the model parameters and the leakage response,

c (be®)

and the smaller the positive values of the best-estimate predicted posterior correlations among the
best-estimate posterior calibrated model parameters and the predicted posterior leakage response.

4.3. Effects of Sensitivities and Parameter Standard Deviations on the Predicted Values of the Best-Estimate
Calibrated Model Parameters

The best-estimate predicted values of the calibrated model parameters, ¢ (e , =l 2’3’4, are
computed by using Eq. (40). All of the numerical results presented in this Section for the best-estimate
predicted calibrated parameter values are in units of “barn”, where 1 barn=10-24 cm2. Table 12
presents the results for the best-estimate predicted values for the top 10 calibrated model parameters
(ranked in the order of the magnitude of their 1st-order relative sensitivities) for parameters that are

— 70
measured with “high precision,” having uniform relative standard deviations SD=2% Table 13
presents the results for the best-estimate predicted values for the top 10 calibrated model parameters
(ranked in the order of the magnitude of their 1st-order relative sensitivities) for parameters that are

— {0,
measured with “medium precision,” having uniform relative standard deviations SD=5% For all
e 6
of the results presented in these Tables, the nominal value of the measured response is L'=1.94x10

© — .
n/s, with a measured relative standard deviation SD* =10% The results presented in these Tables
indicate that the calibration (i.e., adjustment) of each of the respective parameter’s nominal value is
negligeable for the realistic values (2-5%) considered for the relative standard deviations for the

parameters.
Table 12. Best-estimate parameter values o , i=1234 for the top 10 parameters, with uniform
parameters relative standard deviations SD=2%
Ranking Parameter o.th_ Nominal value @’ o PeD e e o bed
1 o5 29.542 20346 29550  29.549  29.604
2 o5 6.971 6965 6972 6971 6973
3 oEals 16.182 16169 16183 16183  16.185
4 oEals 12.279 12268 12279 12279 12281
5 o5 7.928 7921 7928 7928  7.929
6 o 18.571 18556 18571 18571  18.574

7 s 19.697 19681  19.697  19.697  19.700
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8 o5 20.158 20143 20158  20.158  20.160
9 ol 20.334 20320  20.335 20334 20.337
10 oo, 9.186 9179 918 9186  9.187
Table 13. Best-estimate parameter values @, ' =523% for the top 10 parameters, with uniform
parameters relative standard deviations SD 25%.

Ranking  p, ameter O-tg,i Nominal value @' a'Peh ahe? a e ate®
1 050 29.542 29302 29985 29.770  30.070
2 e 6.971 6963 698 6973 6975
3 oiale 16.182 16166 16213 16186  16.190
4 oEls 12.279 12266 12301 12281  12.284
5 o5 7.928 7920 7942 7929 7931
6 Ot 18.571 18552  18.604 18574  18.579
7 ol 19.697 19678 19731 19700  19.705
8 o520 20.158 20139 20191 20161  20.166
9 o 20.334 20317 20366 20338 20342
10 o 9.186 9178 9199 9187  9.189

4.4. Effects of Sensitivities and Parameter Standard Deviations on the Predicted Values of the Components of
the Covariance Matrix of Predicted Model Parameters

(bei) =
The components of the predicted posterior covariance matrix Coa , i=1234 , of the best-

estimate calibrated parameters are computed by using Eq. (42). All of the numerical results presented

. . . . . . (bei)  f —
in this Section for the components of the best-estimate parameter covariance matrices Ca, 1 L4

2 2
107 en?
, are in units of “ ] )/ 1.e., [ ] . As before, all of the results presented in this Section were
e 6
obtained by considering that the nominal value of the measured response is L'=1.94x10 n/s, with

(o) _
a measured relative standard deviation SP° =10%
The diagonal matrix of apriori variances for the top 10 model parameters (ranked in the order of
the magnitude of their 1st-order relative sensitivities), which are considered to be uncorrelated,

SD=2%

normally distributed, and having uniform relative standard deviations , is presented in
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Table 14, below. Tables 15-18, below, present the results for the best-estimate predicted values for

the components of the posterior matrices

C(be,i)

i=12,3,4

The results presented in these Tables indicate that the variance of each of the calibrated predicted
parameters has been significantly reduced by comparison to its original value. However, this
reduction is not monotonic but oscillates with decreasing amplitudes as sensitivities of increasingly
higher-order are considered. Furthermore, the originally uncorrelated parameters have become
negatively correlated after the application of the 4th-BERRU-PM methodology. The impact of
sensitivities higher than first-order is small.

Table 14. Nominal values of the components of

parameters relative standard deviations

=20
st

g=21
O-t,iso=6

14
Oty

t,iso=

(bet)
Table 15. Results for Ce

parameters, with uniform parameters relative standard deviations

=30 =12
Ofll_yo:é t,iso=1

0.3491 0.000

0.0000 0.0194
0.0000 0.0000
0.0000 0.0000
0.0000 0.0000
0.0000 0.0000
0.0000 0.0000
0.0000 0.0000
0.0000 0.0000

0.0000 0.0000

=30 =12
ofi;o:6 t,iso=1
-0.007
0.1304
3
-0.007
0.0192
3
-0.015 -0.000

0

Tt
0.0000
0.0000
0.1047
0.0000
0.0000
0.0000
0.0000
0.0000

0.0000

0.0000

=17
Tyisoms

-0.015

0

-0.000

0.1037

SD=2%

=16 =13
Ofll_yo:é t,iso=1

0.0000 0.0000

0.0000 0.0000
0.0000 0.0000
0.0603  0.0000
0.0000 0.0251
0.0000 0.0000
0.0000 0.0000
0.0000 0.0000
0.0000 0.0000

0.0000 0.0000

Offs  Olfaon
-0.011 -0.007
3 2
-0.000 -0.000
4 2
-0.000 -0.000
8 5

ot
0.0000
0.0000
0.0000
0.0000
0.0000
0.1379
0.0000
0.0000

0.0000

0.0000

=18
ot

-0.016
7
-0.000
6
-0.001
1

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.1552
0.0000
0.0000

0.0000

2=20
O-t,iso:é

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.1625

0.0000

0.0000

SD=2%

=19
Of;0=6

-0.017
0
-0.000
6
-0.001
2

g=20
t,iso=6

-0.016
4
-0.000
5
-0.001
1

ot
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

0.1654

0.0000

=21
T pisoms

-0.015
6
-0.000
5
-0.001
1

Cau for the top 10 parameters, with uniform

O
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

0.0000

0.0337

: when only the Ist-order sensitivities are considered; for the top 10

O_g.:I 4

1,150=!

-0.006
9
-0.000
2
-0.000
5



g=16
O-t,iso=6

O_g:13

t,iso=1

g=18
O-t,iso:6
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-0.000

-0.000

-0.000

-0.000

-0.000

-0.000

-0.000
2

-0.000

-0.000

-0.001

-0.001

-0.001

-0.001

-0.000
5

0.0597

-0.000

-0.000

-0.000

-0.000

-0.000

-0.000
4

-0.000

0.0249

-0.000

-0.000

-0.000

-0.000

-0.000
2

-0.000

-0.000

0.1367

-0.001

-0.001

-0.001

-0.000
5

-0.000

-0.000

-0.001

0.1539

-0.001

-0.001

-0.000
5

-0.000

-0.000

-0.001

-0.001

0.1613

-0.001

-0.000
5

-0.000

-0.000

-0.001

-0.001

-0.001

0.1643

-0.000

30

-0.000

-0.000

-0.000

-0.000

-0.000

-0.000

0.0335

(be,2)
Table 16. Results for €«  : when both 1st- and 2nd-order sensitivities are considered; for the top 10

parameters, with uniform parameters relative standard deviations

t,iso=6

Gt,iso=6

=20
T pisoms

=12
t,iso=1

-0.005
8

0.0192

-0.000

-0.000

-0.000

-0.000

-0.000

-0.000

-0.000

-0.000
2

=17
ot

-0.011
9
-0.000
4

0.1039

-0.000
-0.000
-0.000
-0.000
-0.000
-0.000

-0.000
4

=16
st

-0.008
9
-0.000
3
-0.000
6

0.0598

-0.000
-0.000
-0.000
-0.000
-0.000

-0.000
3

=13
t,iso=1

-0.005
7
-0.000
2
-0.000
4
-0.000
3

0.0249

-0.000

-0.000

-0.000

-0.000

-0.000
2

=18
ot

-0.013
2
-0.000
4
-0.000
9
-0.000
7
-0.000
4

0.1369

-0.001
-0.001
-0.000

-0.000
4

SD=2%

=19
ot

-0.013
5
-0.000
4
-0.000
9
-0.000
7
-0.000
4
-0.001
0

0.1541

-0.001
-0.001

-0.000
4

g=20
t,iso=6

-0.013

-0.000

-0.000

-0.000

-0.000

-0.001

-0.001

0.1616

-0.000

-0.000
4

=21
T pisoms

-0.012
3
-0.000
4
-0.000
8
-0.000
6
-0.000
4
-0.000
9
-0.001
0
-0.000
9

0.1645

4

O_g.:I 4

1,150=]

-0.005
5
-0.000
2
-0.000
4
-0.000
3
-0.000
2
-0.000
4
-0.000
4
-0.000
4
-0.000
4

0.0336
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Table 17. Results for CE’b:J): when 1st-, 2nd- and 3rd-order sensitivities are considered; for the top 10
parameters, with uniform parameters relative standard deviations SD 22%.
=30 =12 =17 =16 =13 =18 =19 =20 =21 =14
Ofi;o:6 t,iso=1 05;0:6 05;0:6 t,iso=1 Oft;o:6 OfL—so:6 tg,iSO:G Of;0:6 Ofisozl
=30 -0.004 -0.009 -0.007 -0.004 -0.011 -0.011 -0.010 -0.010 -0.004
oree 01135
’ 8 9 5 8 1 3 9 3 6
12 -0.004 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
F iso=] 0.0193
’ 8 2 2 1 2 2 2 2 1
g=17 -0.009 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O/ iso=6 0.1043
’ 9 2 3 2 5 5 5 4 2
2=16 -0.007 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O-t iso=6 0.0601
’ 5 2 3 2 4 4 3 3 1
13 -0.004 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
ot 0.0250
’ 8 1 2 2 2 2 2 2 1
g=18 -0.011 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O liso=6 0.1374
’ 1 2 5 4 2 5 5 5 2
2=19 -0.011 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
Ot liso=6 0.1546
’ 3 2 5 4 2 5 5 5 2
-0 -0.010 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O oot 0.1620
’ 9 2 5 3 2 5 5 5 2
g=21 -0.010 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O liso=6 0.1649
’ 3 2 4 3 2 5 5 5 2
_14 -0.004 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
t,iso=1 0.0337
’ 6 1 2 1 1 2 2 2
Table 18. Results for c” : when 1st- through 4th-order sensitivities are considered; for the top 10
parameters, with uniform parameters relative standard deviations SD 22%.
=30 =12 =17 =16 =13 =18 =19 =20 =21 =14
Gfi;o:6 t,iso=1 Gf;0=6 Gf;0=6 t,iso=1 Gf;0=6 Of;0=6 fis0=6 Of;0=6 O-tg:im:
30 -0.003 -0.007 -0.005 -0.003 -0.008 -0.008 -0.008 -0.008 -0.003
L io—6  0.1636
’ 8 8 9 8 7 9 6 1 6
-12 -0.003 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
oyt 0.0194
’ 8 2 1 1 2 2 2 2 1
g=17 -0.007 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O} is0=6 0.1044
’ 8 2 2 2 4 4 4 3 2
2=16 -0.005 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
Gt is0=6 0.0601
’ 9 1 2 1 3 3 3 3 1
-13 -0.003 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
ot 0.0251
’ 8 1 2 1 2 2 2 2 1
g=18 -0.008 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
Ot liso=6 0.1375
’ 7 2 4 3 4 4 4 2
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_9 —0.008
O-tg,iso=6 9

o —0.008

006

6

_,;  —0.008
O-t%iso:6 1

L4 —0.003
t,iso=1 6
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-0.000

-0.000

-0.000

-0.000
1

-0.000

-0.000

-0.000

-0.000
2

-0.000

-0.000

-0.000

-0.000
1

-0.000

-0.000

-0.000

-0.000
1

-0.000

-0.000

-0.000

-0.000
2

0.1548

-0.000

-0.000

-0.000
2

-0.000

0.1621

-0.000

-0.000
2

-0.000

-0.000

0.1650

-0.000

32

-0.000

-0.000

-0.000

0.0337

The results for the top 10 model parameters (ranked in the order of the magnitude of their 1st-

order relative sensitivities), which are considered to be uncorrelated, normally distributed, and

having uniform relative standard deviations SD = 5%, are presented in Tables 19-23, below. Table
19 presents the diagonal matrix of apriori parameter variances. Tables 20-23 present the results for

the predicted values for the components of the posterior matrices e ,

Table 19. Nominal values of the components of

relative standard deviations.

s Ofal Ol

€0 21820 0.000  0.0000
o%u 00000 01215  0.0000
ofule 00000 00000  0.6547
o5 00000 00000  0.0000
S 00000 00000  0.0000
o 00000 00000  0.0000
0Ss 00000 00000  0.0000
o520 00000 00000  0.0000
of2le 00000 00000  0.0000
oot 00000 00000  0.0000

0.0000
0.0000
0.0000
0.3769
0.0000
0.0000
0.0000
0.0000
0.0000

0.0000

Co

=13
t,iso=1

0.0000

0.0000

0.0000

0.0000

0.1571

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000
0.0000
0.0000
0.0000
0.0000
0.8622
0.0000
0.0000
0.0000

0.0000

C(he,i)

Ofirs
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.9699
0.0000
0.0000

0.0000

o

i=12,3,4

2=20
t,is0=6

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

1.0158

0.0000

0.0000

for the top 10 parameters with 5% parameter

ot
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

1.0337

0.0000

=14
t,iso=l1

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.2109



(bet)
Table 20. Results for Ce

parameters, with uniform parameters relative standard deviations

=30
T st

=12
t,is0=1

g=17
O-t,iso:6

=30
T pisoms

0.5123

-0.055
5
-0.114
5
-0.086
3
-0.055
2
-0.127
9
-0.130
0
-0.125
6
-0.118
9
-0.052
8

=12
t,iso=1

-0.055
5

0.1197

-0.003

-0.002

-0.001

-0.004

-0.004

-0.004

-0.004

-0.001
8

=17
T pisoms

-0.114
5
-0.003
8

0.6468

-0.005
-0.003
-0.008
-0.008
-0.008
-0.008

-0.003
6

=16
T pisoms

-0.086
3
-0.002
9
-0.005
9

0.3725

-0.002
-0.006
-0.006
-0.006
-0.006

-0.002
7

=13
t,iso=1

-0.055
2
-0.001
8
-0.003
8
-0.002
9

0.1553

-0.004

-0.004

-0.004

-0.003

-0.001
7

=18
T pisoms

-0.127
9
-0.004
3
-0.008
8
-0.006
6
-0.004
2

0.8524

-0.010
-0.009
-0.009

-0.004
0

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 March 2024

=19
ot

-0.130
0
-0.004
3
-0.008
9
-0.006
7
-0.004
3
-0.010
0

0.9598

-0.009
-0.009

-0.004
1

g=20
t,is0=6

-0.125
6
-0.004
2
-0.008
6
-0.006
5
-0.004
2
-0.009
6
-0.009
8

1.0064

-0.008

-0.004
0

=21
T pisoms

-0.118
9
-0.004
0
-0.008
2
-0.006
1
-0.003
9
-0.009
1
-0.009
3
-0.008
9

1.0252

-0.003

33

: when only the 1st-order sensitivities are considered; for the top 10

SD=5%

=14
lodmal

1,1s0=!

-0.052
8
-0.001
8
-0.003
6
-0.002
7
-0.001
7
-0.004
0
-0.004
1
-0.004
0
-0.003
8

0.2093

(be.2)
Table 21. Results for €« : when both 1st- and 2nd-order sensitivities are considered; for the top 10

parameters, with uniform parameters relative standard deviations

t,iso=6

=30
st

1.6284

-0.018
4
-0.038
0
-0.028
6
-0.018
3
-0.042
4

=12
t,iso=1

-0.018
4

0.1209

-0.001

-0.001

-0.000

-0.001
4

=17
T yisoms

-0.038
0
-0.001
3

0.6521

-0.002
-0.001

-0.002
9

=16
T st

-0.028
6
-0.001
0
-0.002
0

0.3754
-0.000

-0.002
2

=13
t,iso=1

-0.018
3
-0.000
6
-0.001
3
-0.000
9

0.1565

-0.001

=18
st

-0.042
4
-0.001
4
-0.002
9
-0.002
2
-0.001
4

0.8589

SD=5%

=19
ot

-0.043
1
-0.001
4
-0.003
0
-0.002
2
-0.001
4
-0.003
3

g=20
t,iso=6

-0.041
6
-0.001
4
-0.002
9
-0.002
2
-0.001
4
-0.003
2

=21
T pisoms

-0.039
4
-0.001
3
-0.002
7
-0.002
0
-0.001
3
-0.003
0

O_g.:I 4

1,150=!

-0.017
5
-0.000
6
-0.001
2
-0.000
9
-0.000
6
-0.001
3
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g=19 -0.043 -0.001 -0.003 -0.002 -0.001 -0.003 -0.003 -0.003 -0.001
Ot liso=6 0.9665
’ 1 4 0 2 4 3 2 1 4
—20 -0.041 -0.001 -0.002 -0.002 -0.001 -0.003 -0.003 -0.003 -0.001
Of s 1.0127
’ 6 4 9 2 4 2 2 0 3
g=21 -0.039 -0.001 -0.002 -0.002 -0.001 -0.003 -0.003 -0.003 -0.001
O iso=6 1.0309
’ 4 3 7 0 3 0 1 0 2
_14 -0.017 -0.000 -0.001 -0.000 -0.000 -0.001 -0.001 -0.001 -0.001
t,iso=1 0.2104
’ 5 6 2 9 6 3 4 3 2
Table 22. Results for CE’}:73): when 1st-, 2nd- and 3rd-order sensitivities are considered; for the top 10
parameters, with uniform parameters relative standard deviations SD =5%.
=30 =12 =17 =16 =13 =18 =19 =20 =21 =14
1,is0=6 O-tg:iso=1 Gf;0=6 1,is0=6 t,iso=1 1,is0=6 Of;0=6 fis0=6 Of;0=6 t,iso=1
30 -0.009 -0.020 -0.015 -0.009 -0.022 -0.022 -0.022 -0.020 -0.009
O 0.7697
’ 7 1 1 6 5 9 1 9 2
—12 -0.009 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
T iso=1 0.1214
’ 7 1 1 1 2 2 2 1 1
g=17 -0.020 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O} is0=6 0.6544
’ 1 1 2 1 3 3 3 3 1
2=16 -0.015 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
Gt iso=6 0.3768
’ 1 1 2 1 2 2 2 2 1
—13 -0.009 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O ot 0.1570
’ 6 1 1 1 2 2 2 1 1
g=18 -0.022 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
Ot liso=6 0.8618
’ 5 2 3 2 2 4 4 3 1
2=19 -0.022 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
Gt iso=6 0.9695
’ 9 2 3 2 2 4 4 3 1
=20 -0.022 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
OF s 1.0155
’ 1 2 3 2 2 4 4 3 1
g=21 -0.020 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
Ot liso=6 1.0334
’ 9 1 3 2 1 3 3 3 1
_14 -0.009 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -
7 iso=l 0.2109
’ 2 1 1 1 1 1 1 1
Table 23. Results for Cac” : when 1st- through 4th-order sensitivities are considered; for the top 10
parameters, with uniform parameters relative standard deviations SD=5%
=30 =12 =17 =16 =13 =18 =19 =20 =21 =14
Gfi;o=6 ng iso=1 Gig;ozé Gig;ozé ng iso=1 Gig;ozé Gf;so:é o f is0=6 02%;0:6 Gtg,im:l
—30 -0.004 -0.009 -0.007 -0.004 -0.010 -0.010 -0.010 -0.010 -0.004
O 15075
’ 6 2 6 7 9 5 0 4
12 -0.004 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
T iso=1 0.1215
’ 1 1 1 1 1 1 1
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g=17 —0.009 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O ose 0.6545
’ 6 1 1 1 2 2 2 1 1
g=16 —0.007 -0.000 —0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O+ iso=6 0.3768
’ 2 1 1 1 1 1 1 1 1
43 -0.004 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O ol 0.1571
’ 6 1 1 1 1 1 1 1 1
g=1s  —0.010 -0.000 -0.000 -0.000 ~-0.000 -0.000 -0.000 -0.000 -0.000
O-t iso=6 0.8620
’ 7 1 2 1 1 2 2 2 1
g-19 0010 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O-t iso=6 0.9697
’ 9 1 2 1 1 2 2 2 1
o -0.010 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O s 1.0156
’ 5 1 2 1 1 2 2 2 1
g=21 —0.010 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O-t iso=6 1.0336
’ 0 1 1 1 1 2 2 2 1
44 —0.004 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
O ot 0.2109
’ 4 1 1 1 1 1 1 1 1

The results presented above in Tables 20-23 are similar to the results presented in Tables 15-18,
indicating that: (i) the variance of each of the calibrated predicted parameters is significantly reduced
by comparison to its original value; this reduction is not monotonic but oscillates with decreasing
amplitudes as sensitivities of increasingly higher-order are considered.; (ii) the originally
uncorrelated parameters have become negatively correlated after the application of the 4th-BERRU-
PM methodology; and (iii) the impact of sensitivities higher than first-order is small.

Recall that the Taylor-series expansion provided in Eq. (16) is divergent for parameter standard
deviations of 5% and larger. Nevertheless, it is of interest to show that the application of the 4th-
BERRU-PM methodology reduces the standard deviations of the predicted calibrated parameters
even in such rather extreme situations, even if just the first- and second-order sensitivities are
considered. In this vein, Tables 24-26 present the results for the top 10 model parameters (ranked in
the order of the magnitude of their 1st-order relative sensitivities), which are considered to be

SD=10%

Table 24 presents the diagonal matrix of apriori parameter variances. Tables 25 and 26 present the

. . . (be.d) | =
results for the predicted values for the components of the posterior matrices Caa”, ! L2

uncorrelated, normally distributed, and having uniform relative standard deviations

Remarkably, the results presented in these Tables are similar to the results presented in Tables 15-18
(which were obtained for small parameter standard deviations, of 2%), thus indicating that: (i) the
variance of each of the calibrated predicted parameters is significantly reduced by comparison to its
original value; this reduction is not monotonic but oscillates with decreasing amplitudes as
sensitivities of increasingly higher-order are considered; (ii) the originally uncorrelated parameters
have become negatively correlated after the application of the 4th-BERRU-PM methodology.
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Table 24. Nominal values of the components of Ce for the top 10 parameters, for 10% relative

standard deviations.

Gf;oagé z,;}il Gig;;é Gig;l;gé z,;}il 02%;178:6 Gtg;l;zé Gf;oz %

o;g;zgé 8.7280  0.000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
O-tg,ijézq 0.0000 0.4860 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Ot iso—¢ 0.0000 0.0000 2.6187 0.0000 0.0000 0.0000 0.0000 0.0000
O/ iso=6 0.0000 0.0000 0.0000 1.5076 0.0000 0.0000 0.0000 0.0000
O',gisoz 0.0000 0.0000 0.0000 0.0000 0.6285 0.0000 0.0000 0.0000
O, iso=6 0.0000 0.0000 0.0000 0.0000 0.0000 3.4487 0.0000 0.0000
O/ iso—6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3.8796  0.0000
Of;ozgé 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4.0633

g=21

Ot iso—¢ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

ofet 00000 00000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
4.1348

0.0000

O
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

0.0000

0.8437

(bet)
Table 25. Results for €= : when only the 1st-order sensitivities are considered; for the top 10

parameters, with uniform parameters relative standard deviations SD= 10%.
=30 =12 =17 =16 =13 =18 =19 =20
Ofi;o:6 tiso=1 Oig;ozs Oig;ozs tiso=1 Oig;ozs O:fgL—so:6 o, tg, iso=6
=30 -0.229 -0.473 -0.356 -0.228 -0.528 -0.537 -0.518
Ohee  1.8307
’ 4 0 4 0 2 0 8
-12 -0.229 -0.015 -0.011 -0.007 -0.017 -0.017 -0.017
O 0.4784
’ 4 7 9 6 6 9 3
g=17 -0.473 -0.015 -0.024 -0.015 -0.036 -0.036 -0.035
O ic0=6 2.5862
’ 0 7 4 6 2 8 6
2=16 -0.356 -0.011 -0.024 -0.011 -0.027 -0.027 -0.026
O ic0=6 1.4892
’ 4 9 4 8 3 7 8
-13 -0.228 -0.007 -0.015 -0.011 -0.017 -0.017 -0.017
o1 0.6209
’ 0 6 6 8 5 8 2
g=18 -0.528 -0.017 -0.036 -0.027 -0.017 -0.041 -0.039
O} iso=6 3.4083

2 6 2 3 5 1 7

=21
st

-0.491
3
-0.016
3
-0.033
7
-0.025
4
-0.016
2
-0.037
6

—14
lodmal

1,150=!

-0.218
1
-0.007
3
-0.015
0
-0.011
3
-0.007
2
-0.016
7
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2=19 -0.537 -0.017 -0.036 -0.027 -0.017 -0.041 -0.040 -0.038 -0.017
O iso=6 3.8378
’ 0 9 8 7 8 1 4 2 0
-20 -0.518 -0.017 -0.035 -0.026 -0.017 -0.039 -0.040 -0.036 -0.016
Ofsot 4.0242
’ 8 3 6 8 2 7 4 9 4
g=21 -0491 -0.016 -0.033 -0.025 -0.016 -0.037 -0.038 -0.036 -0.015
O/ iso=6 4.0998
’ 3 3 7 4 2 6 2 9 5
_14 -0.218 -0.007 -0.015 -0.011 -0.007 -0.016 -0.017 -0.016 -
7 iso=1 0.8368
’ 1 3 0 3 2 7 0 4
Table 26. Results for Coe” : when both 1st- and 2nd-order sensitivities are considered; for the top 10
parameters, with uniform parameters relative standard deviations SD= 10%.
=30 =12 =17 =16 =13 =18 =19 =20 =21 =14
tiso=6 Gfiso=1 Gtg;o=6 ? iso=6 tiso=1 Gtg;o=6 Ofi_so=6 g, f iso=6  OLiso=6 tiso=1
30 -0.024 -0.050 -0.038 -0.024 -0.056 -0.057 -0.055 -0.052 -0.023
i 7.9885
’ 6 7 2 4 6 6 6 7 4
12 -0.024 -0.001 -0.001 -0.000 -0.001 -0.001 -0.001 -0.001 -0.000
*iso— 0.4852
’ 6 7 3 8 9 9 8 8 8
g=17 -0.050 -0.001 -0.002 -0.001 -0.003 -0.003 -0.003 -0.003 -0.001
O} ic0=6 2.6152
’ 7 7 6 7 9 9 8 6 6
2=16 -0.038 -0.001 -0.002 -0.001 -0.002 -0.003 -0.002 -0.002 -0.001
O iso=6 1.5057
’ 2 3 6 3 9 0 9 7 2
13 -0.024 -0.000 -0.001 -0.001 -0.001 -0.001 -0.001 -0.001 -0.000
O;gisozl 0.6277
’ 4 8 7 3 9 9 8 7 8
g=18 -0.056 -0.001 -0.003 -0.002 -0.001 -0.004 -0.004 -0.004 -0.001
O iso=6 3.4444
’ 6 9 9 9 9 4 3 0 8
2=19 -0.057 -0.001 -0.003 -0.003 -0.001 -0.004 -0.004 -0.004 -0.001
Gt iso=6 3.8751
’ 6 9 9 0 9 4 3 1 8
90 -0.055 -0.001 -0.003 -0.002 -0.001 -0.004 -0.004 -0.004 -0.001
OF s 4.0591
’ 6 8 8 9 8 3 3 0 8
g=21 -0.052 -0.001 -0.003 -0.002 -0.001 -0.004 -0.004 -0.004 -0.001
O iso=6 41311
’ 7 8 6 7 7 0 1 0 7
_14 -0.023 -0.000 -0.001 -0.001 -0.000 -0.001 -0.001 -0.001 -
t,iso=1 0.8430
’ 4 8 6 2 8 8 8 8
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4.5. Effects of Sensitivities and Parameter Standard Deviations on the Predicted Skewness of the Predicted
Leakage Response and, respectively, Calibrated Model Parameters

The most important triple-correlation is the skewness of each individual best-estimate predicted
response and calibrated parameters. The skewness of the predicted best-estimate leakage response,

Skew(be,i) ( L(be,i))
gy

denoted as , where the index denotes the highest-order of sensitivities retained in
the respective computation, is computed using the expression below:

Skew®) (L(be,i)) _ ﬂ3(be,i) (L(be,i) )[SD (L(be,i) )}73 i=1.2.3.4, (73)



(be.i)
where the expression of the triple-correlation *° (

' o SD( L(be,i) )
expression of the standard deviation

78l

the value of the index “i".

Similarly, the skewness of a predicted best-estimate calibrated parameter
Skew!*) (a

will be denoted as

(be.i)
k
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L(he,i))

Skew?s) (aibe,i) ) _ ﬂ}(bc,i) (aibe,i) )|:SD (a‘(,be'i) )j|*3 i=1.2.3.4.

(be,i)
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is provided in Eq. (45), while the

is provided in one of Egs. (30)-(33), depending on

k=1,..,TP,

), where the index “i" denotes the highest-order of sensitivities
retained in the respective computation, and is computed using the expression below:

(74)

(be,i) (be,i)
In Eq. (74), the expression of the triple-correlation & ( g ) is provided in Eq. (57), while

the standard deviation

SD (a,ﬁbe’i) )

which is obtained using the expression provided in Eq. (42).

The numerical results obtained for the skewness

Skew(be,i) (a(be,i)
leakage response, and for the skewness ‘

Skew(be,i) (L(be,i))

(be,i

)
is the square-root of the respective diagonal element of Cu”,

of the predicted best-estimate

) for each of the three most important

predicted calibrated model parameters are presented below in Tables 27 and 28, respectively.

Table 27. Best-estimate values for

SD=2% .
Skewness

Skew e (L(be’[))

Skew(be,i) |:( g=30

O iso=6 )(be,i) :|

Skewbesd) |:(O_g12 )(be»i)}

t,iso=1

Skeuﬂbei>[(

be,i
Table 28. Best-estimate values for Skew! ,

SD=5%

Skewness

Skew?e) (L(be’

(be,i) g=30
Skew l l:(at,isoé
(be,i) =12
Skew'™*"! |:(0tg,iso—1

g=17
t,iso=6

Skew!be:) [(0

be i)
g=17 ( >
O-t,isn=6) i|

i))

)(be»i)
)(be,i)

)(be,i)

Skew""
i=1
8.595 x 10-1
1.805 x 100
1.424 x 10-1
1.263 x 10-1
)
i=1
1.229 x 10-1
1.050 x 100
6.963 x 10-2

6.176 x 10-2

i=1,2,3,4

i=1,2,3,4

i=2

-2.604 x 10-2

-4.713 x 10-2

-4.741 x 10-3

-4.207 x 10-3

i=2

-2.154 x 10-1

-1.079 x 100

-1.267 x 10-1

-1.125 x 10-1

-2.178 x 10-2

-1.334 x 10-2

-1.196 x 10-2

i=3

-1.147 x 10-2

—-4.888 x 10-2

-2.417 x 10-3

-2.149 x 10-3

i=3

=7.916 x 10-1

; parameters relative standard deviations

i=4

-1.224 x 10-1

—-4.508 x 10-1

—-2.654 x 10-2

-2.361 x 10-2

; parameters relative standard deviations

i=4

-5.061 x 10-2

-1.366 x 100

-3.102 x 10-2

-2.781 x 10-2

The results presented in Table 27 are for uniform relative standard deviations of 2% for the
model parameters; recall that the Taylor-series expansion of the computed response in terms of
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parameter deviations provided in Eq. (16) is convergent for such small standard deviations. Recall
that the measurements were considered to be normally distributed (thus having zero skewness);
furthermore, the contribution of the initial skewness of the computed responses enters in the
(0) @
r,a

s 27s

expression of the higher-order term P ( ) in Eq. (44), which was neglected by comparison to
the other terms in this equation. Thus, the skewness of the measured response and the skewness of
the computed responses do not influence the predicted skewness, within the second-order
approximation inherent in the expression of the predicted skewness. When only the first-order
sensitivities are considered, the small positive number for the predicted skewness in Table 27
indicates that the MaxEnt distribution of the predicted best-estimate leakage response is slightly tilted
to the right of the distribution’s mean value. However, when the second- and higher-order
sensitivities are also considered, the MaxEnt distribution of the predicted best-estimate leakage
response becomes tilted just slightly to the left of the distribution’s mean value, but the respective tilt
is negligibly small. These results indicate that results based exclusively on first-order sensitivities are
unreliable. It is therefore paramount to at least consider the second-order sensitivities, in addition to
the first-order ones. The above conclusion holds both for the predicted leakage response and for the
calibrated predicted parameters.

The results presented in Table 28 for uniform parameter standard deviations of 5% indicate that
the conclusions drawn from the results in Table 27 also hold for these larger standard deviations,
which are just outside the convergence radius of the Taylor-series in Eq. (16).

4.6. Effects of Sensitivities and Parameter Standard Deviations on the Predicted Kurtosis of the Predicted
Leakage Response and, respectively, Calibrated Model Parameters

The most important quadruple-correlations are the individual kurtoses of the best-estimate
predicted response and calibrated parameters. The kurtosis of the predicted best-estimate leakage

Kurt(be,i) (L(be,[) )

uin
1

response, denoted as , where the index

retained in the respective computation, is computed using the expression below:

denotes the highest-order of sensitivities

Kurt " (1) = = (1) )[SD(L(be’i) )T L i=1,2,3,4. (75)

(be,[) (L(be,i)>
where the expression of the quadruple-correlation **

SD (L“”"') )

is provided in Eq. (59), while the

expressions of the standard deviation are provided in the corresponding Egs. (30)—(33).

(be.i) _
Similarly, the kurtosis of a predicted best-estimate calibrated parameter %+, k=1...TP

Kurt(be,i) (alghe,i) )

> will

“uin
1

be denoted as , where the index “i" denotes the highest-order of sensitivities retained

in the respective computation, and is computed using the expression below:
. ‘ . ‘ AT
Kurt"™ () = g (" )[SD(a,Eb”) )J ,i=1,2,3,4. (76)

(he,i)
k

(be,i)
In Eq. (76), the expression of the quadruple-correlation * ( ) is provided in Eq. (68)
(he,i)
while the standard deviation ( ‘ ) is the square-root of the respective diagonal element of
(be,i)
@« which is obtained using the expression provided in Eq. (42).

. ) ) Kurt(be,i) (L(be,i))
The numerical results obtained for the kurtosis

Kurt(be,i) (aibe,i) )

of the predicted best-estimate

leakage response, and for the kurtosis , for each of the three most important
calibrated model parameters, are presented in Tables 29 and 30, below.
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Table 29. Best-estimate values for K ) , i=1234 ; parameters relative standard deviations
SD=2%
Kurtosis i=1 i=2 i=3 i=4
Kure# (10) 5.260 4.364 3.599 3.548
ey | (_g=30 (&) ]
Kurt*) | (0£33%) 4.885 3.001 3.002 3.134
ey | [ _g=12 \(bed) ]
Kurt'™® (O—t,isozl) 3.013 3.000 3.000 3.000
ey [ (—g=17 \(be) ]
Kurt (Gt’l‘s():é ) 3.011 3.000 3.000 3.000

Kurt") i=1,2,3,4

Table 30. Best-estimate values for , ; parameters relative standard deviations
SD=5%
Kurtosis i=1 i=2 i=3 i=4
Kurt®eD (L(be”" ) 3.280 3.116 3.009 3.004
ey | (_g=30 \(be) ]
Kurt®*) | (0£3%) 3.695 3.732 3.404 4138
ey | (_g=12 \(bes) |
Kurt® | (a£522,) 3.003 3.011 3.000 3.001
ey | (_g=17 &) ]
Kurt (G,,imzé ) 3.003 3.008 3.000 3.001

The results presented in Table 29 are for uniform relative standard deviations of 2% for the
model parameters; recall that the Taylor-series expansion of the computed response in terms of
parameter deviations provided in Eq. (16) is convergent for such small standard deviations. When
only the first-order sensitivities are considered, the kurtosis of the MaxEnt distribution of the
predicted best-estimate leakage response is somewhat “more peaked” than the initial normal
distribution. However, when the second- and higher-order sensitivities are also considered, the
MaxEnt distribution of the predicted best-estimate leakage response converges to the normal
distribution (for which “kurtosis = 3.00”). The same trend is also observed for the most important
parameters: recall that the parameters were considered to have initially been normally distributed
and uncorrelated, which implies that the distribution of each parameter initially had the value “initial
parameter kurtosis = 3.” The MaxEnt distribution of the best-estimate calibrated parameters also
remains around the value (=3) of the corresponding normal distribution.

The results presented in Table 30 for uniform parameter standard deviations of 5% indicate that
the conclusions drawn from the results in Table 29 also hold for these larger standard deviations,
which are just outside the convergence radius of the Taylor-series in Eq. (16).

5. Concluding Discussion

This work has reviewed the fourth-order “data assimilation (DA)” and “model calibration
(MC)” outputs of the 4th-BERRU-PM methodology, which encompass the fourth-order MaxEnt
posterior distribution of experimentally measured and computed model responses and parameters,
in the combined phase-space of model responses and parameters, as well as the first-order through
fourth-order moments (predicted mean values, covariances, third- and fourth-order correlations,
including skewness and kurtosis of responses and calibrated parameters) of this posterior
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distribution. The mathematical expressions for these moments were applied to obtain specialized
numerical results for the PERP reactor physics benchmark [2], which is modeled by the neutron
transport equation comprising 21,976 uncertain model parameters and is therefore representative of
“large-scale” computational models of energy systems. The result (“response”) of interest for the
PERP benchmark is the leakage of neutrons through the outer surface of this spherical benchmark,
which can be computed numerically and measured experimentally. The fourth-order “sensitivity
analysis (SA)” and “uncertainty quantification (UQ)” which are used as “input” into the 4th-BERRU-
PM methodology, were reviewed in Part 1 [4], which also presented numerical illustrations using the
PERP benchmark.

This work has also quantified the impact of combinations of sensitivities of increasingly higher
order and various values for the standard deviations of the model’s parameters. The impact of the
high-order sensitivities was quantified for “high-precision” parameters (2% standard deviations) and
“medium-precision” parameters (5% standard deviations). Analyzing the best-estimate results with
reduced uncertainties for the 1st- through 4th-order moments (mean values, covariance, skewness,
and kurtosis) produced by the 4th-BERRU-PM methodology for the PERP benchmark has indicated
that, even for systems modeled by linear equations (such as the PERP benchmark), retaining only
first-order sensitivities is insufficient for reliable predictive modeling (including SA, UQ, DA, MC).
At least second-order sensitivities should be retained in order to obtain reliable predictions. For large
parameter uncertainties, it is also advisable to apply the 4th-BERRU-PM methodology sequentially
and repeatedly, using new experimental information in conjunction with the calibrated model
parameters from the previous application of the 4th-BERRU-PM methodology.
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