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Abstract: It is proved that there exist two odd prime numbers, p; and p;, such that p; + p; = 2r +2(r > 2), where
pn denote the n-th odd prime number, 1 < i, j < n. By the theory of generating functions, we prove that there exist
two positive integers /1; and h; such that i; + h; = r(r > 2), where hy = (pn —1)/2(pn > 3).Then we complete
the proof.

Keywords: generating functions; integer partitions; prime number; the Goldbach conjecture

MSC: 05A15; 11A41; 11P32

1. Introduction

In 1742, Goldbach proposed two conjectures: the binary Goldbach conjecture, which states that
every even integer greater than 2 can be expressed as the sum of two primes, and the ternary Goldbach
conjecture, which states that every odd integer greater than 5 can be expressed as the sum of three
primes [7].

In 2013, Helfgott successfully proved the ternary Goldbach conjecture [6]. The binary Goldbach
conjecture is still unresolved.

For the binary Goldbach conjecture, by the sieve method, since Brun first proved 9 + 9 in 1920 [3].
Currently the best result is due to Jingrun Chen [4], who proved 1 + 2 in 1973, which prompts that
every sufficiently large even integer can be written as the sum of a prime and product of at most two
primes. Obviously, it is difficult to solve Goldbach conjecture by studying prime numbers directly.

The Goldbach conjecture is actually a special type of integer partitions. G.E. Andrews and
K Eriksson use generating functions as products to find the number of partitions of n into multiple
parts [2]. Therefore, in this paper we use the theory of generating functions to prove that there exist
two positive integers h; and hj, such that h; + h;j = r(r > 2), where hy, = (py —1)/2(pn = 3). Then we
complete the proof of Goldbach conjecture.

2. Notation

Pn, Pi, pj: odd prime numbers.

hn, hi, hj: the generator of odd prime numbers, positive integers.
cy: the generator of odd composite numbers, positive integers.
0y, the generator of odd numbers, positive integers.

n,r,s, t: positive integers.

a, at, a;: nonnegative integers.

{pn} {hn}5°, {cn}5°: infinite sequence.

P,H,C,D,O:set.

C'+171:a set containing only ¢;(c; < b1 — 1).

Y(x),H(x), D(x),C(x),O(x): formal power series.

Y' (x): a formal power series containing only a,x" (1 < r < hy,) ; others are similar.

3. Lemma

Lemma 1. If p,, denote the n-th odd prime, then there exist two positive integers h; and hj, such that h; + h; =
r(r > 2), where hy = (pp —1)/2.
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Proof. a. Let {p, }{° denote the odd prime sequence. Let
hy = (pn —1)/2, 1)
and we call /1, as the generator of odd prime numbers. So we have
H={h,}°=1{1,2,35,6,8,9,11,14- - - }.
Similarly, let ¢, be the generator of odd composite numbers. We have
C={c}y =1{4,710,12,13,16,17 - - - }.
Let 0,; be the generator of odd numbers, where the odd numbers do not contain 1. We have
O=H+C=1{1,2,3,4,567--}.

b. Let us construct a generating function for a, , the number of partitions of the positive integer
r(r > 2) which into two generator of odd prime numbers.
Let

Hx) =al + 22+ 3 40 420 4 paln pxln o ()
So, the generating function Y (x) as follows:

Y(x):H(x)z:(x1+x2+x3+x5+x6+...+xhn+xhn+1+...)
.(x1+x2+x3+x5+x6+...+xhn+xhn+1+...). (3)

c. Obviously, it is only necessary to prove that a, > 1(r > 2), and the lemma is proved.

Since the value of 4, cannot be obtained by the theory of generating functions, and Euclid’s proof
demonstrates that the set of prime numbers is countable infinite [5].

S0, let us prove it by mathematical induction.

STEP 1: Easy to know

a1=0,a0=1,a3=2,a4=3,a5 =2,....
Thus, a; > 1(2 <t <5),Whenr =hy =5.
STEP 2: Let us assume a; > 1(2 < t < hy) is true for v = hy(n = 5).

STEP 3: Let’s consider the statement with v = h,, 1.
For every n > 1, there is some prime number p with n < p < 2n. It was first proved for all n by
Pafnuty Chebyshev in 1850. [1]. In other words, it has

13 < pn < ppy1 < 2pu(n =5). 4)
Thus, we have

6 < hy < hyq <2hy(n 2 5). (5)
So let

M1 = hy + k(1 <k < Iy). ©6)



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 March 2024 d0i:10.20944/preprints202403.0732.v1

30f5
Obviously, by, +1,hy +2,- -+, hy + k — 1 are the generator of odd composite numbers. Let
D={h,+1h,+2,--+ ,hy+k—1}. (7)
Thus
Chn=l = 14,7,10,- -+ by — L, hy + 1, hy +k—1}. 8)
Consider the formal power series as follows:
Hwor(x) =2t + 2 + 23+ 20+ 4 x4y
=H' (x) + x/tn+1 9)
D(X) :xthrl + xhn+2 + xhn+3 N xthrkfl (10)
Clun = () =x* + &7 + 210 = Pt oy kel
=C"~(x) + D(x) (11)
Oh"“(x) :xl +x2+x3—|—~-~—|—xh" _|_..._|_xhn+1
=0 (x) + D(x) + 21, (12)
Thus, we have
Yhn+1 (x
— HM+n (x)Z
= Ol (x)Z _ Chn+1*1(x)2 _ 2Ch11+171(x) Ny 2 (Y (x)
= 01 (x)? — (C" 1 (x) + D(x))* = 2(C" (%) + D(x)) - (H" (x) + x"r+1)
= OM1(x)? — CM 1 (x)? — 2C" 1 (x) - D(x) — D(x)* — 2C" 7 (x) - H" (x)
—2D(x) - H" (x) — 2C" =1 (x) - 2w+ —2D(x) - xfni1
= OMwi1 (%)% — O (%)% 4 H' (x)2 — 2D (x) - O"n (x) — 2C"m+171 (x) - xlnt1 — D(x)2.
Obviously,
Oln+1 (x)2 — Ol (x)2 = 2l tl gy A2 g otk g 20tk (13)
H' (x)2 = ayx! + apx® + azx® + - + ap, xl o x2 (14)
D(x) - Ol (x) = a2 xS oo g (ko — 1)l ko g g2kl (15)
Chi1=1(x) . xltns1 = bk kT 22k (16)
D(x)? = x2n+2 4 0y +3 | g 2ntd gy 222, a7)

The above data are sorted out in the following table:

Table 1. The values of a;(hy, +1 < t < hy + k).

a Wl 2 3 etk
a OMma(x)2-0M(x)?2 2 4 6 - 2k
b HMw(x)? >0 >0 >0 --- >0
¢ D(x)-O™M(x) 0 1 2 k—1
d Chnﬁ»l*l(x) . xhn+1 0 0 0 0
e D(x)? 0 0 0 0
a+b—2c—2d—e Yhi(x) =2 =2 =2 >2
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As can be seen from the table, we have
ar = 2(hy < £ < hyyq). (18)

Soa; > 1(hy <t < hy4q) is true. Therefore, by principle of mathematical induction, a, > 1(r > 2).
Thus,this indicates that there exist two positive integers h; and h; such that

hi+hj=r (hp = (pn —1)/2,7 = 2). (19)

In addition, considering symmetry, let a, be the number of non repeating partitions of the integer

7,80
;_{(aﬁ—l)/z, 4, =25s—1(s > 1) 20)
a,/2, ar=2s(s > 1),
which proves the lemma. O
4. Demonstration of Goldbach Conjecture
Theorem 1. There exist two odd primes, p; and p;, such that p; + p; = 2r +2(r > 2).
Proof. Consider the sequence
{2r+2,r > 2} ={6,8,10,12,...,2r +2,...}.
With help of Lemma 1, we have
2r +2=2(h; + hj) +2 = (2h; +1) + (2h; + 1). (21)
Since p, = 2h, + 1, so we have
2 +2=p;+p; (22)
Hence there exist two odd primes p; and p; such that
pi+pj=2r+2(r=2), (23)
which proves the theorem. [J
Thus, With help of Theorem 1, for the binary Goldbach conjecture, We have
24+2=4, pi+p;=2r+2(r=2). (24)
For the ternary Goldbach conjecture, We have
2+2+43=7, pi+p+3=2r+2+3=2r+5(r=>2). (25)

This proves the Goldbach conjecture.
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