Pre prints.org

Article Not peer-reviewed version

On Induced Topologies by ldeal, Primal,
Filter and Grill

Milan Matejdes
Posted Date: 7 March 2024
doi: 10.20944/preprints202403.0390v1

Keywords: ideal; prima; grill; filter; local function; finer topology; compatibility; codense system

Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.




Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 March 2024 d0i:10.20944/preprints202403.0390.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
On Induced Topologies by Ideal, Primal, Filter
and Grill

Milan Matejdes

Department of Mathematics and Computer Science, Faculty of Education, Trnava University in Trnava, Priemyselnd 4, 918 43
Trnava, Slovak Republic; milan.matejdes@truni.sk

Abstract: In this paper the one-to-one correspondences and equivalences between ideals, primals, filters and grills
are introduced. It is shown the local functions and the topological spaces induced by them are the same. From this
point of view, the topological properties with respect to one topology can be derived from topological properties
valid in the corresponding topology.

Keywords: ideal; prima; grill; filter; local function; finer topology; compatibility; codense system

MSC: 54A05; 54A10

1. Introduction

Many topologies with important applications in mathematics have been defined using some
additional mathematical structure. For example, if a topological space (X, ) and an ideal Z on X are
given, a new topology (called an ideal topology) can be obtained by an ideal-associated local function.
The ideal topological spaces are extensively studied, see [4,5,7,8,10]. A similar concept was used for a
grill [9,13-17], a filter [3,11,12] and a primal [1,2,6].

In general, we can consider four systems, namely an ideal Z, a primal P, a filter 7 and a grill G
on a topological space (X, T), see Definition 1. A derivation of a new topology that is finer than the
original topology 7 is as follows: The local function A7, AL, A%, AZ, see Definition 1, derived from
Z,P,F,G and T defines the Kuratowski closure operator clz, clp, clr, clg, see Definition 3. In the final
step, a new topology on X is defined, denoted by 17, Tp, Tr, g, respectively, see Theorem 9. If we
look at the achieved results, we can see a striking similarity. In fact, the local functions and topologies
generated by this way are equivalent.

The main concept of the article is as follows: Using correspondence between two systems (Theo-
rem 1-6), it is possible to define their equivalence, see Definition 2. Two equivalent systems generate
the same topology (Theorem 10), and the results achieved in one topology can be used in a topology
determined by an equivalent system. In the last part, we will show the application of this equivalence
on examples of compatibility and codense topologies.

Definition 1. Let X be a nonempty set. A nonempty system L, P, F, G of subsets of X is said be an ideal, a
primal, a filter, a grill on X if it satisfies the following conditions

(1) X¢I (1) X¢P

(2) AcZandBCA=BeZ (2) AcePandBC A=BeP
(3) AcZTandBeI = AUBeZ B) ANBeP=>AcPorAcP
(1) o¢ F (1) 2¢g

(2) Ac FandACB=BeF (2) AcGandACB=Beg

3) Ac FandBe F = ANBe F (3) AUBeG=A€cGorBeg
respectively. Furthermore, if T is a topology on X, for A C X we define four local functions
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Ar={xeX:ANU ¢ Iforany Uc 1,x € U},
Ap ={x e X: (X\A)u(X\U) e Pforany UecT,x€cU},
Ar={x e X: (X\A)U(X\U) ¢ Fforany U € T,x € U},
Ag={xeX:AnU e Gforany U € 1,x € U}.

An ideal topological space, a primal topological space, a filter topological space, a grill topological
space is a topological space (X, 7) with an ideal Z, a primal P, a filter F, a grill G and it is denoted
by (X,7,Z), (X,T,P), (X,T,F), (X,7,G), respectively. Let I, P, F, G be a family of all ideals, primals,
filters, grills on X, respectively. Put X = IUPUFUG. If Z € X, then (X, 7, 2) is called a Z-
topological space.

2. Main Results

In the following two parts we present sixteen operators H% (Theorem 1-6) between pairs of
systems Z1,Zy € {]1, P, I, G} and their properties and compositions are studied. Next, the equivalence
between 21, Z, € X is defined (Definotion 2). The equality of local functions and the equality of
generated topologies are proved, provided that Z; and Z; and equivalent.

Define four identity operators

HE:T— Iby HN(Z) =T, HE : P — Pby HE(P) = P,
HE:F—FbyHL(F)=F,  HE:G— GbyHE(G)=G.
In the next six theorems the proofs of items (1)—(10) are left to the reader. The rest will be proven.
Theorem 1. Let 7, P be an ideal, a primal on X, respectively. Define
HL: I = PbyHL(Z) ={ACX:X\A ¢TI}
HE P — TbyH (P)={ACX:X\A¢&P}

Then HY, p(I),H ( ) is a primal, an ideal on X, respectively and
()AGHH(I)@X\AgI (5) AEHI(P) & X\A &P
(2) A¢HL(Z) < X\A€T (6) AZHI(P) = X\A€eP
(3) X\AeHL(I) = A¢T (7) X\AeH(P)=AgP
(4) X\AgHL(T) = AeT (8) X\A¢gH!(P)= AcP
(9) Hp(H{ (P)) = Hp(P) =P (10) H{ (HR(Z)) =H{(T) =T
(11) A = AL (12) A p) = Ap

Proof. We prove H(Z) is a primal. Since @ € Z, X ¢ HL(Z).

Let A € HL(Z) and B C A. Then X\ A ¢ 7. Since X\ A C X\ Band Z is an ideal, X \ B ¢ Z, so
B € HL(Z). Let AN B € HL(Z). Then (X \ A) U (X \B) = X\ ANB ¢ T. Since T is an ideal, X \ A or
X\ Bisnot from 7. So A € HL(Z) or B € H(Z). That means Hf,(Z) is a primal.

We prove Hf (P) is an ideal. Since @ € P, X ¢ H{ (P).

Let A € HY(P) and B C A. Then X\ A ¢ P. Since X\ A C X\ Band P is a primal, X\ B ¢ P,
soB € HY(P). Let A,B € HY (P). Then X\ A ¢ P, X\ B ¢ Pand (X\ A)N(X\B)=X\AUB ¢ P.
So AUB € H{ (P). That means HE (P) is an ideal.

(11): x € A’Q%»(I) if and only if (X \ A) U (X \ U) = X\ ANU € H}(Z) for any nbhd U of x if and
onlyif ANU ¢ 7 if and only if x € A7.

(12): x € A;%)(P) if and only if AN U ¢ HF (P) for any nbhd U of x if and only if X\ ANU =
(X\A)U(X\U) € Pifand onlyif x € A}. O
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Theorem 2. Let 7, G be an ideal, a grill on X, respectively. Define
HL I GbyHL(Z) ={ACX:A¢T},
HE: G — Iy HE(G) ={ACX: A &G}

Then HY (Z), HE(G) is a grill, an ideal on X, respectively and
()AEHH()<:>A¢I (5) AcHE(G) = A¢g

(2) A¢HL(I) < A€eT (6) AZHS(G) = Aeg

(3) X\AeHL(I) & X\AZT (7) X\A€HE(G) = X\A¢G
(4) (8)

4) X\A¢HL(Z) & X\AeI (8) X\A¢HP(G) & X\Aeg

(9) HG(HF(G)) =HE(G) =¢ (10) HF(H5(T)) = Hi(Z) =Z
(11) A;%(I) = AL (12) A;%E(g) = Aj

Proof. We prove HL (Z) is a grill. Since @ € Z, ® ¢ HE ().

Let A € H.(Z) and A C B. Then A ¢ T. Since T is an ideal, B ¢ Z, so B € HL(Z). Let
AUB € HL(Z). Then AUB ¢ I. Since T is an ideal, A or B is not from Z. So A € HL(Z) or
B € HL(Z). That means H, (Z) is a grill.

We prove HE (G) is an ideal. Since X € G, X ¢ HF(G).

Let A € HP(G) and B C A. Then A ¢ G. Since Gisagrill, B ¢ G, so B € H¥(G). Let
A,B ¢ H]}G(g). Then A,B ¢ G. Since Gisagrill AUB ¢ G.So AUB € H%}(g). That means Hj?’(g) is
an ideal.

(11): x € A*; _ifand only if ANU € HL(Z) for any nbhd U of x if and only if AN U ¢ Z if and
HG(I) y G y y
only if x € AZ.
(12): x € AH%"(Q)
onlyifx € Az. O

if and only if ANU ¢ HP(G) for any nbhd U of x if and only if AN U € G if and

Theorem 3. Let F, G be a filter, a grill on X, respectively. Define
HE :F = GoyHE(F) = {ACX:X\A¢F},
HE:G - FbyHS(G) = {ACX:X\A¢G})

Then HE (F), HS (G) is a grill, a filter on X, respectively and

()AeHF( )& X\AZF (5) AcHE(G) = X\A¢G
2) AZHE(F) & X\AeF (6) A¢ZHE(G) & X\A€g
(3) X\AeHL(F)eA¢gF (7)) X\AeHE(G) = A¢G
(4) X\AgHE(F)eAeF (8) X\A¢gHE(G) = Acg

(9) HG(HF(9)) =HE(G) =g  (10) HE(HG(F)) =Hg(F) = F
(1) Al ) = AF (12) Al g = 45
Proof. We prove H{. (F) is a grill. Since X € F, @ ¢ HE (F).

Let A € HL(F)and A C B. Then X\ A ¢ F. Since Fisafilterand X\ B C X\ A, X\ B & F, so
BeHE(F). Let AUB € HE(F). Then X\ AUB = (X\ A)N (X \ B) ¢ F. Since F is an filter, X \ A
or X \ Bis not from F. So A € HE (Z) or B € HE (). That means H{, (Z) is a grill.

We prove H% (G) is a filter. Since X € G, @ & HE(G).
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Let A € H¥(G)and A C B. Then X\ A ¢ G. Since Gisa grilland X\ B C X\ A, X\ B € G, so
B € HZ(G). Let A,B € H%(G). Then X\ A ¢ G, X\ B ¢ G. Then (X\ A)U(X\B) =X\ ANB ¢ G.
So, AN B € H(G). That means HZ (G) is a filter.
(11): x € ALE(}-) if and only if A N U € HE (F) for any nbhd U of x if and only if X\ ANU ¢ F
ifand only if x € A%.

(12): x € A*Hﬁ@'(g) if and only if X\ ANU ¢ HZ(G) for any nbhd U of x if and only if ANU € G if

andonlyifx € A;. [

Theorem 4. Let F, P be a filter, a primal on X, respectively. Define
HE:F = PbyHE(F) ={ACX:A¢F},
HE:P - FbyHE(P)={ACX:A¢P}
Then HE(F), HE(P) is a primal, a filter on X, respectively and
(1) AEHE(F) = A¢F (5) AEHE(P) < Ag P
2) A¢HE(F) = AeF (6) AZHL(P) < AP
(3) X\AeHY(F) = X\AgF (7) X\AcHL(P)=X\A¢gP
(4) X\AZHE(F) & X\AeF (8) X\A¢HL(P)=X\AeP

(9) HE(HR(P)) =Hp(P) =P (10) HR(HG(F)) = HR(F) = F
= A% (12) Ay = 4
Proof. We prove HE(F) is a primal. Since X € F, X & HL(F).

Let A € HE(F)and B C A. Then A ¢ F. Since F is a filter, B ¢ F, so B € HE(F). Let
ANB € HE(F). Then ANB ¢ F. Since F is a filter, A or B is not from F. So A € HE(F) or
B € HE(F). That means HE(F) is a primal.

We prove HE(P) is a filter. Since @ € P, @ & Hi(P).

Let A € HL(P)and A C B. Then A ¢ P. Since P is a primal, B ¢ P, so B € HL(P). Let
A,B € HZ(P). Then A, B € P. Since P is a primal, AN B € P. So AN B € H5(P). That means H%(P)
is a filter.

(11): x € AI:E(J-') if and only if (X \ A) U(X\U) = X\ ANU € HE(F) for any nbhd U of x if
and only if X\ ANU ¢ F if and only if x € A%.

(12): x € AH%(P) if and only if X \ AN U ¢ HE(P) for any nbhd U of x ifand only if X\ AN U =
(X\A)U(X\U) € Pifand onlyif x € A}. O

Theorem 5. Let G, P be a grill, a primal on X, respectively. Define

HS:G - Py FS(G) ={ACX:X\A€G},

HE P = GbyHE(P)={ACX:X\ A€ P}

Then HS (G), HE (P) is a primal, a grill on X, respectively and
(1) AeHG( G) e X\AeG (5 AcHE(P)&X\AeP
(2) AZHE(G) & X\NAZG  (6) AZHG(P) =& X\AZP
(3) X\A€HS(G) = AeG (7)) X\AeHL(P)= AP
(4) X\AgHZ(G) = AgG (8) X\AZHG(P) = AEP

(9) HE(HE(P)) =HE(P) =P (10) HG(HE(G)) =HE(G) =¢

(11) Al (g = A (12) Aty =4

Q*
9 *
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Proof. We prove Hg’(g) is a primal. Since @ ¢ G, X ¢ H%(Q).

Let A € HS(G)and B C A. Then X\ A € G. Since Gisagrilland X\ A C X\ B, X\ B € G, so
BeHE(G). Let ANB € HE(G). Then X\ ANB = (X\ A)U(X\ B) € G. Since G is a grill, X\ A or
X\ Bis from G.So A € HS(G) or B € HS(G). That means HS (G) is a primal.

We prove HE (P) is a grill. Since X ¢ P, @ ¢ H% (P).

Let A € Hi.(P) and A C B. Then X\ A € P. Since P isa primaland X\ B C X\ A, X\ B € P,
so B € HE(P). Let AUB € HE(P). Then X\ AUB = (X \ A) N (X \ B) € P. Since P is a primal,
X\ Aor X\ Bis from P. So A € HZ(P) or B € HE (P). That means HE (P) is a grill.

(11): x € AHG(g) if and only if (X \ A) U(X\U) = X\ ANU € HS(G) for any nbhd U of x if
andonly if ANU € G ifand only if x € Ag.

(12): x € Al 2 (p )1fandonly1fAﬂU € HE (P) for any nbhd U of x if and only if X\ ANU =

Hg
(X\A)U(X\U) € Pifand onlyif x € A}. O

Theorem 6. Let F, I be a filter, a ideal on X, respectively. Define
HE:F - Tby H (F) = {AC X: X\ A€ T}
HL: I FbyHL(ZT) = {AC X: X\ A €T}

Then HE (F), HL(T) is an ideal, a filter on X, respectively and

(1) AeH{(F) & X\AeF (5) AeHL(I) e X\Ael
(2) AgHI(F) e X\A¢F (6) A¢HL(Z) = X\A¢T
(3) X\AeH (F)eAecF (7) X\AcH (T)eAeT
(4) X\A¢gHI(F) e A¢F (8) X\A¢HL(I) = A¢T

(9) HI(H(Z)) =H{(Z) =T  (10) HL(H[(F)) =HE(F) = F
(11) A':ﬁF(f) =A% (12) A;%(I) = Az
Proof. We prove Hf (F) is an ideal. Since @ ¢ F, X ¢ HI (F).

Let A € HI (F) and B C A. Then X\ A € F. Since X\ A C X\ Band F is a filter, X\ B € F,
so B € HE(F). Let A,B € HF(F). Then X\ A, X\ B € F. Since F is a filter, (X \ A) N (X \ B) =
X\ AUB € F.So AUB € HI'(F). That means H (F) is an ideal.

We prove HL(Z) is a filter. Since X ¢ Z, @ ¢ HL(Z).

Let A € HL(Z) and A C B. Then X\ A € 7. Since X\ B C X\ Aand T is anideal, X\ B € Z,
so B € HL(Z). Let A,B € HL(Z). Then X\ A, X \ B € Z. Since Z is an ideal, (X \ A)U (X \ B) =
X\ ANB€ZI. SoANB € HL(T). That means HL(Z) is a filter.

(11): x € A;F(]__) if and only if ANU ¢ Hf (F) for any nbhd U of x if and only if X\ ANU & F
if and only if x GHA}.

(12): x € AY if and only if X\ AN U & HL(Z) for any nbhd U of x ifand only if AN U & T if

HE(Z)
andonly ifx € A7. O

Proposition 1. Let Z1,Z, € {I,P,F,G}. If Z1 # Z,, then each of the twelve operators H% from Theorem

1-6 is bijective and (H%)_1 = H%, consequently H%; and H% are mutually inverse, so H% o H% = H%i
Proof. It follows from Theorem 1-6 items (9) and (10). O

Proposition 2. HE o HE = HL, HE o HE = HF, HE, o HE = HE, HL o HE = HE.
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Proof. A € Hi(Hp(Z)), HE (HG(F)) & A ¢ Hp(Z), HG(F) & X\ A € I,F & A € Hy(I), H{ (F),
respectively. So, H% o H]}p = H%, Hf’ o H% = HﬁF_

A € Hg(HR(P)), Hp(HF (9)) & X\ A & HL(P), HF (G) & X\ A € P,G & A € HG(P), HE(G),
respectively. So, H% o Hﬁpi = H%, H]}P o HﬁG = H%- O

Proposition 3. Let Z,71,Z; € {I,P,F,G}. The next conditions are equivalent

(1) H%z o H%l = H%; (2) H%l o H7? = Hp?
(3) H%Z oHyl =H,' (4 H%f ° H%Z = H%l
(5) HyloHE =HE  (6) Hy'oH2 =Hp

Proof. (1) & (2):

VA Z ZyN— ZqN — Z Z
HZ, o Hy! = Hy! & (HZ oHy') ! = (Hz)) ! & HE oHZ? = Hj?

Zy

(1) = (3):

HZ oHZ' = H7! & HE' = (HE )1 o HZ! & HE! = HZ2 o H!

(3) < (4):

HZ? o Hy! = HZ' < (H7? o HZ!) ™ = (H7') "1 H2 o HE = HZ
(1) = (5):

HZ oHZ' = H7! & HE =HJ! o (H7') 1 & HE = Hl o HZ

(5) < (6):

Z 7 _ nZ Z Z\-1 _ (4Z -1 Z Ly _ Y2
HJLoHZ = HEZ & (HP oHZ ) = (HE) ' & H o HZ = HP?2 O
Proposition 4. Let Z,71,Z; € {I,P,F,G}. Then for 64 possibilities the equation H%Z o H%l = H% holds.

Proof. By Proposition 2 and Proposition 3, the equation H%Z o H%l = H% holds for 24 possibilities
(2,74, Zy are mutually different):
HEoHL =HL  HEoHE =HE HEoHE =HE HLoHE =HS
HE o HE =HE  HEoHL =HL HEoHS =HE HLoHE =HE
HEoHL =HL HLoH =HE HEoHE =HE HPoHE =HP
HE oHE =HF  HLoHF =HE HEoHE =HE HEoHL =HL
HhoHF =HE HFoHE =HP HEoHE =HE HEoHE = H}
HLoHF =HE  HEoHL =HL HEoHS =HE HFoHE =HF
Other cases for Z1 # 7Z; are trivial:
HZ' o H7? = H72 (12 possibilities), H7! o H7! = H7! (12 possibilities),
H% ) H%; = H%i (12 possibilities), H% o H%i = H%i (4 possibilities).
O

For a composition of finitely many operators, the domain (the codomain) of the resulting oper-
ator is equal to the domain (codomain) of the first (last) operator and the value of local function is
independent on the operators as the following theorem states.

Theorem 7. Let Zy € {I,P,F,G}, k=1,...,nand Z € Z,. Then

Zy—1 /) Zy Zy _ \yZy
HZn o HZn,l 0---0 HZ3 o sz = HZ,,

*
Zy_1 yZn—2 Zy 1y
(HZZ 0H22710-~~0HZ30HZZ)(Z)

_ * _ *
= A =A%
n

7n(Z)

Consequently,
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W A=Ay = Ay = A ) = A
@ Ap = Aeip) = Aer) = Aper) = Ar)
(Z) j* —::* E(F) _:*Hg(f) :;Hg(f) :;HﬁF(}')
@ A5 =Ahg0) = M) = Mhzo) = Mo
Proof. For the first equation we use the mathematical induction. If n = 3, it follows from Proposition
4. Suppose the equation holds for n > 3. Then

HZ” ., °oHz Zu-1g H " f ‘o HZ; o HZl HZ” L0 HZl = HZl ,» by Proposition 4. The second equation
follows from the f1rst one and from Theorem 1-6. D

The set {H%; 1 21,2y € {I,P,F,G}} consisting of 16 operators is enclosed under composition.
The results can be interpreted by the next diagram.

T

=

L

RN
II
@%
II
gy a=
'iﬁ

Inverse pairs
c - ) = x 0
Thil Thb5 Th3 Th6 Th2 Th4

3. Applications

We have defined 16 operators, which can be expressed by one notation H%é where 71,7, €
{I,P,F,G}. Between the members of Z; and the members of Z, we can define an equivalence as the
next definition states. Note if Z € X, then Z € Z for some Z € {I,P,F,G}.

Definition 2. Let 21, 2, € X. 24 is equivalent to 2, ifH%;(Zl) = Z, and H%(Zz) = Z where 21 € 7y,
2y € Lyand Z4,Zy € {I,P,F,G}. This relation is denoted by Zy ~ Z;.

Lemmal. Forany Z € X, Z ~ H%(Z) where Z € 7y and 74,7, € {I,P,F,G}. Moreover, ~ is an
equivalence relation.

Proof. Since H%(Z) = H%;(Z) and Z = H%(H%(Z)), Z ~ H%(Z). It is clear ~ is reflexive and
symmetric. Let Z; ~ 2, ~ Z3. Then 2, = Hy!(Z;) and 25 = H2(2;) = H 2 (H}(21)) = HZ (Z))
and Z; = H%(zg,), $0 21 ~ Z;5. O

In the next definition we define a dual operator A% (see [5]) to the operator A% and a closure
clz(-) and an interior int z (-) operator.

Definition 3. Let Z € X. Define the next operators
A = X\ (X\A)%,
clz(A) =AUA%L,
intz(A) = ANA%.
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Lemma 2. Let 2,2, € X. If 21 ~ 25, then A = AL , A% = A% clz,(A) = clz (A), intz,(A) =
intz, (A). Consequently, if T ~ P ~ F ~ G, then A7 = AL = A = Ag,.

Proof. Suppose Z; ~ Z,. Then H%(Zl) = Z,. By Theorem 7, A7 = A",

= A% . Other
HZZ(Zl) 1

equalities are obvious. [

Remark 1. It is well known (see for example [7]) that an ideal topology Tz derived from a topology T on a set X
and an ideal I on X is defined by a Kuratowski closure operator clz(A) = AU A% and vz is finer then T. A
base for Tz is described as B(1,Z) = {G\A:Get,AcZT}andtz = {AC X:clz(X\ A) = X\ A}.

In the literature we can find many properties of local functions. Designation of operators is
different. For example, A}, = A%, A% = ¥(A) in[1] or AF = ®g(A), AG = T'g(A) in [15]. We will
list some of them below regardless of what system Z € Z they apply to.

Theorem 8. Let Z € X. Then

(1) 0% =0,

(2) If A C B, then A% C B%,
(3) (AUB)% = AL UB%,

(4) A5\ BS = (A\B)3\ By,
(5) (A%)% C A%,

(6) If A C B, then A% C B%,
(7) A C (A%)3,

(8) (ANB)% = A% NB%.

Proof. LetZ := HZ(Z). Then A} = A*HZ(Z) = A%, by Theorem 7. Since all items hold for 7 € I (see
I

for example [7]), they hold for Z e PUFUG. O

Similarly, the next theorem holds for Z € I, so it holds for any Z € X.

Theorem 9. Let Z € X. A family 1z = {A C X :clz(X\ A) = X\ A} is a topology finer then T and the
next conditions are equivalent.

(1) Ae Tz,

(2) i?’ltz(A) =A,

(3) AC iTltZ(A),

(4) A C A%(A),

(5) clz(X\A) = X\ A,
(6) clz(X\ A) C X\ A,
(7) (X\ A)5 C X\ A.

Theorem 10. Let 21,2, € X. If Z1 ~ 2, then Tz, = 1z,. Consequently, if L ~ P ~ F ~ G, then
T7 = Tp = TF = Tg. A simple base for the open sets of Tz, Tp, Tr, Tg is described as follows:

B(t,7) ={G\A:Gert,AecT}

B(t,P)={GNA:Get,A¢gP}

B(t,F) ={GNA:Get,Ac F},

B(t,G) ={G\A:Ge1,A¢&G}, respectively.

Proof. The equality 7z, = 7z, follows from Lemma 2.

By Remark 1, B(7,Z) = {G\ A : G € 1,A € T} is abase for 17. H € B(7,Z) if and only if
H=G\A=GN(X\A)where G € Tand A € T if and only if H = GN B where G € T and
B:= X\ A ¢ P (by Theorem 1 (4)), so H € B(7,P) ifand only if H = GN B where G € Tand B € F
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(by Theorem 4 (5)), so H € B(t,F)ifandonlyif H=G\ A= G\ (X \B) where G € Tand X\ B ¢ G
(by Theorem 3 (4)),so H € B(7,G). O

Definition 4. A set A is Z-small (P-small, F-small, G-small) if A € Z(X\A &P, X\AcF, A¢&G)
and A is locally Z-small (P-small, F-small, G-small) if for any a € A there is a set U € T containing a such
that AN U is Z-small (P-small, F-small, G-small). Let Z € X. Z is said to be compatible with T if any locally
Z-small set is Z-small, denoted by Z ~ T.

Remark 2. Let T ~ P ~ F ~ G. Then T = HY (P), F = HL(P) G = HL(F). So, Ae T X\A ¢
PeX\AeF< A¢EG. That means if 21,2, € Xand 21 ~ 2, a set A is Z1-small (locally Z,-small)
if and only if A is Z;-small (locally Z;-small) and 2, ~ T if and only if Z, ~ 7. Consequently,

(1) If T ~ 7, then HY(Z) ~ 7, HL(Z) ~ 7, HL(Z) ~ T.

(2) If P ~ T, then HP(P) ~ 1, HE(P) ~ 7, HE(P) ~ 7.
(3) If F ~ T, then HE (F) ~ T, Hf (F) ~ T, HE(F) ~ 7.
(4) If G ~ T, then HG(Q) ~ T, Hﬁ(f’(g) ~ T, Hg(g) ~T.

In the theory of ideal topological spaces there are several characterizations of compatibility. For
(X, T,T) the most common equivalent conditions are as follows (see for example [5,7]).

Theorem 11. The next are equivalent

(1) I ~r,

(2) forevery A C X, if ANAY =@, then A € I,

(3) forevery A C X, A\ A% €I,

(4) forevery A C X, if (X\ A)U(X\ A); =X, then A € T,
(5) forevery A C X, AZ\ A€l

Regardless of a concept we work in, a compatibility of Z; can be characterized by another
equivalent system Z, and by operators ()% and (-)%,

Theorem 12. Let Z1, Z; € X. If Z1 ~ 2,, then the next are equivalent

(1) 2y ~7,

(2) forevery A C X, if AN A*Z2 = @, then A is Zy-small,

(3) for every A C X, A\ A% is Zp-small,

(4) forevery A C X, if (X\ A) U(X\ A)%, = X, then A is Zp-small,
(5) forevery A C X, A% \ Ais Zp-small.

Proof. Let Z; := H]Izl(Zl) where 21 € Z1 € {P,F,G}. Since Z; ~ 21 ~ 25, Z; ~ 7 if and only if
Z; ~ 7 (by Remark 2), A is Z;-small if and only if A is Z,-small (by Remark 2), A}l = A*Z1 = A*Zz,
A7 = A% = A% (by Lemma 2). Then the next are equivalent (note (ii) < (2), (iii) < (3), (iv) <

(4),(v) = (5))

1 21 ~71
(1) Il ~ T,
(ii) forevery A C X,if AN A* = @, then A is Z;-small,
(iii) forevery A C X, A\ AI 1s Z1-small,
(iv) forevery A C X, if (X'\ A) (X\ A)7, = X, then A is Z;-small,
(v) forevery A C X, A% \A is Z;-small.
(2) forevery A C X, if A NA%L = @, then Ais Z;-small,
(3) forevery A C X, A\ Az is Z-small,
(4) forevery A C X, if (X \ A) (X\ A)%, = X, then A is Z>-small,
(5) forevery A C X, A% \A is Zp-small.
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O

Remark 3. Note, in a primal case (see for example [1]) a compatibility is called "a topology suitable for a
primal”. More precisely, we prove T is suitable for a primal P if and only if HY (P) is compatible with T. Proof:
T is suitable for a primal ‘P if and only if X \ A & P whenever A N A3, = @ (see [1] Theorem 4.2) if and only
if X\ A & P whenever AN A%, = @ if and only if A is P-small whenever AN A:'ﬁp(m = Qifand only if A

is HE (P)-small whenever A N A*HP(P) = @ if and only if HY (P) is compatible with .

I

Definition 5. A set A is Z-big (P-big, F-big, G-big) if A is not I-small (P-small, F-small, G-small),
equivalently A ¢ T(X\Ae P, X\A¢gF, AcG). Let Z € 7. Atopology T is Z-codense, if any nonempty
open set is Z-big.

Remark 4. Let T ~ P ~ F ~ G. Then T = H (P), F = HE(P), G = HE(F). So, A¢ T & X\ A€
P X\A¢gF S AcG. That means if 21,2, € Xand 21 ~ 2, a set A is Z1-big if and only if A is
Z5-big and T is Z1-codense if and only if T is Z;-codense.

From the theory of ideal topological spaces we have the next characterization.
Theorem 13. 7 is Z-codense if and only if X7 = X.

The property of being Z;-codense can be characterized by the operators (-)%, and (+)%, with
respect to another equivalent system Z,.

Theorem 14. Let Z1, Z; € X. If Z1 ~ 2Z,, then the next are equivalent

(1) Tis Zq-codense,
(2) Xz, =X,
(3) @DZ =Q.

Proof. LetZ := HHZZ(ZZ) where 2, € Z; € {P,F,G}. Then Z, ~ Z. By Remark 4 and Theorem 13,
T is Zi-codense if and only if T is Z;-codense if and only if T is Z-codense if and only if X = X7 =

I:HZZ(ZZ) = X%, (by Theorem 7), so (1) <> (2). The equivalence (2) < (3) follows from equation

D *
 =X\X5. O

4. Conclusions

The main result of the work is based on the unification of approaches to the creation of new
topologies derived from ideals, primals, filters and grills. Each approach has its equivalent counterparts
in other approaches, and results valid in one approach can be used in others according to the following
scheme: Definitions, theorems and proof methods in a space (X, 7, Z), Z € X, are valid and usable
in the other three spaces (X, T, H%(Z)) where Z € Z, € {I,P,F,G} and Z; € {I,P,F,G}, Z1 # Z,.
From this point of view, many proofs do not need to be done, and it is enough to do them only once in
one space. On the other hand, such diversity, even if equivalent, can be a stimulus for further research
and applications.
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