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Abstract: The only cases where exact distributions of estimates are known is for samples from exponential families,
and then only for special functions of the parameters. So statistical inference was traditionally based on the
asymptotic normality of estimates. To improve on this we need the Edgeworth expansion for the distribution of

the standardized estimate. This is an expansion in n=1/2

about the normal distribution, where 7 is typically the
sample size. The 1st few terms of this expansion were originally given for the special case of a sample mean. In
earlier work we derived it for any standard estimate, hugely expanding its application. We call an estimate @
of an unknown vector w € RP, a standard estimate, if E @ — w as n — oo, and for r > 1 the rth order cumulants
of @ have magnitude n!~" and can be expanded in n~!. Here we give another huge extension. We give the
expansion of the distribution of any smooth function of W, say t(®) € RY, giving its distribution to n=5/2. We do
this by showing that (@), is a standard estimate of +(w). This provides far more accurate approximations for the

distribution of #(®) than its asymptotic normality.

Keywords: Edgeworth expansions; parametric inference; standard estimates; chain rules for cumulant coefficients;

channel capacity

1. Introduction and summary

Suppose that @ is a standard or Type A estimate of an unknown w € RP with respect to a given
parameter n. Thatis, E @ — w as n — oo and for r > 1, its rth order cumulants have magnitude nl=r
and can be expanded as

o0
= =x(@h,...,2") = Y n® ki for1 <iy, ..., i, <p, 1)
e=r—1

where the cumulant coefficients k1 =" = k]g " do not depend on 7, or at least are bounded as n — c. So
k§ = w". For example (1) holds for @ a function of a sample mean. We show that if #(®) is a smooth
function of a standard estimate ®, then it is a standard estimate of #(w). This is done for @ unbiased in
Theorem 3.1, and for @ biased in Theorem 4.1. More generally we call @ a Type B estimate if E @ — w
asn — oo, and forr > 1,

o . .
k= E n=4/2 E}i*r for1 <iy, ..., i <p, E}fr = b
d=2r—2

For example this type arises when considering 1-sided confidence regions. If (@) is a smooth function
of a Type B estimate, then it is a Type B estimate of #(w). So for a Type A estimate, b} " is k} =" for
d = 2e and 0 for d odd. # is typically the sample size or the minimum sample size if there is more than
one sample.

§3 and §4 show that a smooth function of @, say (), is a standard estimate of t = t(w). They
give the cumulant coefficients of #(®) in terms of those of @ and the derivatives of f(w). §3 does
this for @ unbiased and §4 for @ biased. So they can be thought of as chain rules for obtaining the
cumulant coefficients for ¢(@) from those of @. We give the cumulant coefficients needed for Edgeworth
expansions of f to O(n5/2). Those to O(n~!) were given in Withers and Nadarajah (2022). Those to
O(n~"/?) use the rth derivatives of t(w). §5 specialises to univariate t(w) with examples. Theorem 4.1

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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and Corollary 5.4 correct a3 = Kéljz and ayp on p67 and p59 of Withers (1982). §2 extends the shorthand
bar notation above and gives the foundation theorem.

We now summarise the expressions for Edgeworth expansions of @ for standard and Type B
estimates in terms of the cumulant coefficients k! =" and E;*’ given in Withers and Nadarajah (2010b,

2012a, 2014a):

Prob.(Yyy < x) Z n"2p,(x , Py, (X Z n~ " pr(x), 2)
where Y = n'/2( — w — byn=V?), (by); = bi, Py(x) = Py (x), 3)
Py(x) = By(e(—9/09x)) ®y(x) forr > 1, (4)

2 .

iq...0y
=Zlbr+ff b, /1y byl = bl )
r=

®y (x) is the multivariate normal distribution with zero mean and covariance V = (b12), B, (e) is the
complete ordinary Bell polynomial of Comtet (1974):

Bi(e) = ey, Ba(e) = ex + €3, By(e) = e3 +2e1ep + 63,
By(e) = eq + 2e1e3 + €3 + 3eZer + ef.

This gives the 5th order Edgeworth expansion for the distribution of Y;,;,, that is, it gives (2) to O(n~5/2).
Note that (5) uses the tensor summation convention of implicitly summing iy, ...,i, over their range
1,...,p. For example

for 9; = 9/9x; and 9 = 0;

Pi(x) = e1(—3/0x)) @y (x) = ) byif (=d1) ... (=9;) Pv(x)
= ki (=91) @v(x) + k37> (=01)(—02)(~93) Py (x)

for a standard estimate. For a standard estimate, by = 0 in (3) and the cumulant coefficients needed for
P(x), pr(x) of (2) are ki = w1,

forr=0: k}%; forr=1:kj, k} % forr=2: k%, ki % (6)
forr=3: ki, ki3, ky°; forr=4: k¥, k4, kiC. (7)

So to obtain the 5th order Edgeworth expansion for the distribution of n!/2(t(w) — t(w)) for @
a standard estimate, we just need to replace the coefficients in (6) and (7) where they appear in
Py(x), r < 4, by those of t(@) given in §3-§5.

(9) of Withers and Nadarajah (2010b) gives P (x) for the more general case where Py(x) is the
distribution function of Y € R” which depends on n but is asymptotic to ®y(x) and has a Type B
expansion. One can choose Py(x) so that the number of terms in each P,(x) greatly reduces: see
Withers and Nadarajah (2012d, 2014c, 2015). When @ is lattice, further terms need to be added: see
for example Chapter 5 of Bhattacharya and Rao (1976), Cai (2005), and for the density of Yy, p211 of
Barndoff-Nielsen and Cox (1989), §5 of Daniels (1983), and §6 of Daniels (1987). Corollary 1 of Withers
and Nadarajah (2010b) gives the tilted Edgeworth expansion for ¢(@), sometimes called the saddlepoint
approximation, or the small sample expansion as it is a series in 7! not just n~1/2. It is very useful for
the tails of the distribution where Edgeworth expansions perform poorly. Cumulant coefficients are
also needed for bias reduction, Bayesian inference, confidence regions and power. See Withers (1984)
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and Withers and Nadarajah (2008, 2010a, 2011b, 2011c, 2012b, 2012f, 2014b, 2014c, 2015) for examples.
For a history of Edgeworth expansions, see §7.

In summary, this paper gives high order expansions for the distribution of a vast range of estimates,
by obtaining the cumulant coefficients needed for any smooth function of a standard estimate. This
provides unprecedented accuracy for these distributions and avoids the need for simulation methods.

2. Foundations

Given w = (wl,- -+ ,wP) € RP and an estimate @, suppose that E @ — w as n — co and that for

r > 1, its rth order cumulants have magnitude n'~’. Giveniy,---,i;in1,2,---, p, we write these
cumulants in shorthand as

KU =kt = (@, ., d') = O(n! ") as n — oo. 1)

For example if @ = X is the mean of a random sample of size n, then (1) holds since k!~" =
nl”K(Xil, cer, Xi’) where X! is the ith component of X. By Theorem 2.1, (1) holds if @ is a smooth
function of one or more sample means. Let t : R? — R be a smooth function in a neighbourhood of w
with jth component #/ = #/(w), j = 1,- - ,q and finite partial derivatives

K. =t

disip -

=0,0; - Hr(w), B, = t{’.‘h fors <r

where 9; = 9/9w'. We reserve i’s as superscripts for the cumulants of @ and subscripts for partial
derivatives of t(w). We reserve j’s as superscripts for the components of ¢(w) and for the joint cumulants
of f = t(®). This bar shorthand allows us to shorten expressions by suppressing the i’s and j’s. We
write the cumulants of f = t(®) as

RY=" = Khvir = k(Bh, .., ) where £ = (@), B =t (). )
For example
k2 = khi2, K12 = KNz = covar(@) = (k'?), and covar(F) = (K'?).
are O(n~!). We now show that
R'? = |R'2 + O(n~2) where {K'? = £1#3 k'2, that is, K/ = t{}l t{fzkiliz,

using the tensor sum convention. The rest of this section and all proofs can be skipped on a 1st reading.
Theorem 2.1 gives the cumulants of = t(®) when @ is unbiased.

We shall use the notation YN f/1/2"* to mean summing over all N permutations of f, jp, - - - giving
distinct terms.

Theorem 1. Suppose that E © = w and that (1) holds. Then forr > 1land1 <ji, ..., j» <gq, K- of (2)
satisfies

R = Z KT where (KT = (KN = O(n¢) asn — oo, 3)

e=r—1
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and the leading ,K'~" are as follows.

ok} = 1, that is, oKt = th,

1KY = B,k12/2, that is, (Kt = 1} | K22 = f v k22,

i, i=1

ZKl — fl ]2173/6 + El E12E34/8,

that is, )KIt = ¥}, . K25 /6 4 ¢, Khi2kis /s,
SRV =B K424+ Bk 3k45 /12 + 1 k2K /48,
4RV = F_5k'7°/120 + B} (K140 /48 + K1 3k46/72) + B, k' Pk*k /48
+H_g K12E3E0K78 /384,

KlZ — {l EZ klZ K12 — T11%3 ]’clf?) /2 + T12 ]‘{121’(34 /2 where

2
2 ) = 2
3_2t t3' 4:Zt t4+t t24’2t bc d_ta btc d+tu htc dr
K12 UlZ kl —4 + T12 kl 3k45 T1136 k12k34k56/4 where

up?, = Ztl 313 /6 4+ B, /4,
2
25 = Z(ﬂ JB/6+ 5%245%/4 + FpyB5/2 + Flysta3 /4),
T2 = Ztl ste/2+ Zt1235t46 +H 3 6+ 2‘?%35{%46/3/

K73 =HBE K3 + T] 7] kK28 where T] 7)) = Zt B,
3K1 3 Tl 3k1 4/2+T1 3kl 3k45+T1 3k12k34k56 where

T2 = Zt 4t3t5/2+2t145t2E§/2+2E1 B E§/2+ZE1 55,

1-3 3
T, ¢ = Zt1235t4t6/2 + Ztl sEste + 215135’54"L /2 + 38558,
sKUH=F - B R+ T2 RS 4 T2 KPR where

12 12
1-4 2 234 -4 1 P57 A1 2 B
T\ 75 =) fubhE, T2 = Zt135t2t4t6+2f13t25f4f ,
1-4 1-4 71-5 14 F1-4756 | /14 [1-374—6 | 14 [1-3745767
SR — A 5 /0 4 Ulmd R4 4 4 RI3RA6 4 T4 SRS

+ T} ¢ K2Rk where U}*é = Zﬂz%ﬁf‘l,

Ui~ = Zt125t3fst6/2+Zt156t253t4/2+Zt12t35t4t4/2+Zt15t26t3t4)
Vig= 2t124t3fgf‘é/2 + 25%2%4’%{‘6}/2 + 25%4%5{:%%/

T - zf%mf%fgf‘;/z n if%mf%fgfé/z + Eaﬂz&fgf‘m + Y PaiBn 2
+ Z HasBeBal7 /2 + Zt146 BB + Z FasBsBE7 + Zt146 37b0/2

+ Z t456t17E2t3 + Zt12t34t56t%/2 + Z t14t25t36t§ + Ztl4t26t57t4)

e g = Zt1235752t3t4/2 + Z‘,‘51235f47t3f4/2 + Zt1357 t3t8/2

A 2 B A 2 B A1 2B A1 2B H
+ Z Biostasstets /2 + Z Fiastoartels /2 + Z Biostasterts /2 + Z ti3stosaterts
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12 3
A4 2B 123

+ ) Fastarhagle /2 + ) Habstyfes,
SRS = B BRI T R0 4 U1oD ROk 6 4 T RL3RRS
T3 F2B5FS where

15 R 2845 115 e 285
T\ 2o = ) HsbRER, U~ =) HBRER,

15 R 285 S 0 845 S 2 8
T, 7 = Zt146t2t3t5t7 + Zt14t26t3t5t + Zf14t56t2t3t /

1-5 475 374 475
T g= Zt1357t2t4t t /5+Zt135tz7t of3 +Zt13fz5f47t ts,
S0 = F BRI 4 TS RISRT 4 1S BT 4 T8 AR

Ulfé ]‘(173]'(476]278 T176 ]'(173]'(45]'(671289 + T11:160 ]‘(121'(34]256]‘(781‘{9,10 where

1-6 1 2 BHABG 71 2 3747576

T, g = Zt157t2t3t4t6 +Zt15t27t3t4t6t8 + Zt15t67t2t3t4t ,
360 90

1-6 _ 71 RBH@5H 1 2 BrB56 71 2 B56

Uy g = Zt147t2t3t5t6t8 + ) BB BERE + ) b igbiEE,

60 360 360
1-6 _ 71 RBH56 A1 2 BB A 2 BB
T5=Y, t1468t2t3t5t7t9 + ) FluelasREBEG + ) | Fyslag BB

180 720
+ ) FiesTis 30 + Zt B + ) HaBel3s 300
360
+y f§6f3 HEE,
120 90
T 5 = Zt13579fzf4f4ESf + Y Hasrbaolatelatio + 3 Fastarolatelatso
360 360

+ Y HastiFiofelatyy + Z Flasbrtaolatelio + Y FiaBastazeotalso-

NOTE 2.1. For N in YN, see p48 of James and Mayne (1962). The understanding here is that Y-~ in terms like
T1 . only make sense for N < r! in the context where they occur. For example, writing (abc) = t%tb  and
recallmg that YN only permutes superscripts but leaves subscripts alone, we have

T =) = %(123) = (123) + (213) + (321) (4)

with N = 3 not 3! since

3Z!(lzss):(123)+(132)+(213)+(231)+(321 +(312) = Zsk

say, when multiplied by k'?k>*, as in oK' =3, gives Y°0_, S say, where for k = 1,2,3, S, = S}, . For
example Tlljf k12k3* in ,K'=3 above is shorthand for Y3 t1 BE; k12K, For,

Sy = BABE k2B = BE2 k4 = S| = T) ) k% = S| + S5 + Si.

PROOF This follows by replacing A]i_r = Af:lm i\ by f%fr/ rl = t‘]lll i\ /! in James and Mayne
(1962). ]
Similarly one may easily obtain 4K'2, ;K3 from p51-53 of James and Mayne (1962). The tensor form
2K} = t1,k12 can be viewed as a molecule or molecular form of 2 atoms, F1, and k}?, linked by the double
bond 1,2, that is, i1, 5. oK' is a linear combination of f% _3 k173, 2 atoms linked by the triple bond 1,2,3,
and secondly k! £}, k3%. The last expression has the structure of CO,, with 2 identical atoms each

linked by a double bond to a central atom. Just as such bonds are depicted in chemistry to illustrate the
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structure of a molecule, they can be very useful here to illustrate the difference in structure of similar
mathematical expressions. S’1 of Note 2.1 is a linear molecular form with the 4 single bonds 1,2,3,4 and
4 distinct atoms, tl, fl, f%z, and k12. Other expressions have more complex structures. Twice the last
term in oK% is le k12k3% = S12 4- 821 1+ S where 512 = k12 1?1 k34 fﬁ is linear with a double bond, 1
and 2, then 2 smgle bonds, 3and 4; S = £}, k!2 £, k*3 forms a square or rectangle with 4 single bonds
1,2,4,3 on successive edges of the square. These pictorial forms are a very useful way to distinguish
similar expressions in YN fijz2

§6 provides the ‘more complicated” terms referred to (but not given) on p49 of James and Mayne
(1962) when @ is biased. It can be used for an alternative proof of Theorem 4.1 below. From Theorem
2.1, Edgeworth expansions can be obtained for the distribution and density of the standardized form

of t(®),
Yur = n'2(E— 1) = 2 (@) — H(w)), ®)

of the form
Prob.(Yy < x) Z Pru(x), py, (x 2 Pru(x (6)

where Py (x), prn(x) are O(n™"/2). The ,K'~" of Theorem 2.1 needed for Py, (x), pru(x) are as follows.

For Pon(x),pon(x) : 0K1 = iﬂ, 1K12. For Pln(x), pln(x) : 1K1, 2K1_3.
For Py, (x), pan(x) = 2K12, 3KY7%. For P3,(x), pau(x) : 2KY, 3K173, 4K172.
For Py (x), pan(x) 1 3K'7%, 4K'7%, 5K17°.

3. Cumulant Coefficients for (&) when E & = w

We now show thatforr >1,1<j, ..., j, <gq, K=" of (3) can be expanded as

Kl*?‘ = Kjl*jr = K(fjl,. . .,fj") = Z nfngfr (1)

e=r—1

Replacing {k! ="} by {K'~"} in the righthand side of (4), written RHS(4), gives the Edgeworth expan-
sion for Yy of (5). For 7t a product of cumulants of type (1), let (7r)g be the coefficient of n7¢ in the
expansion of 7. For example (k!~7), =k},

(E12E34)3 _ ]E%ZI‘{%AL 4 7(%2]_(‘;’4, (7(12]_(34)4 — 7(%2]_(%4 4 E%ZI‘{EZL =+ 7(%2]_(%4,
(12173]_(45)4 _ l_(§7312%5 + ]}%)7312451
(RI2R¥4E56), — RIZESE + K2R + RIZRMES. @)

We now give the elements of the expansion (1) when E @ = w.

Theorem 2. Suppose that W is an unbiased estimate of w satisfying (1) and that t(w) has finite derivatives.
Then (1) holds with bounded cumulant coefficients

. . e
R7T=K"= ) K 3)
k=r—1
K}:{ = r— 1Kl 4 Kl "= r—lK}ﬂ"i‘ rK}ﬂ’/

r—1’
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The leading coefficients needed for P,(x), p,(x) of (4) for the distribution of Yyt of (5) are given in the T, U,V

notation of Theorem 2.1 as follows.

R} =1, that is, Kél =th = th(w). oK} =0fore>1.
For Py(x) : Ki? = |Ki? = BB k12, that is, Kh]2 = /1 42 K,

11 el
For Py(x) : K} = 1K} = EL,k12/2, that is, K] = t]} lzk”l2 /2,
R = K3 =BBE k2 + T 70 k2R3
For Py(x) : K3? = |R}? + 2R for 1R3? = BB kL,
2K12 — T12 kl 3/2 +T 174 k%2k2134/2’
RIS o SRS (] A R 4 TR T PR
For P3(x) : K} = 1K} + oK} for 1R} = B,k3%/2, 2K =B k17376
+ 1 K2R3/, that is, KL = ¢ kb2 /2 4 ¢ kBB /6 4t KD

Wipip «qipi3 vy —iy
3
RIS = 37 (KL or RS — BB RS 4 713 (R4,
k=2
Kl -3 Tl 3 kl 4704 T11:53 E§‘3I_<‘1*5 i Tll:g F12E34E36,
RS = (RS = B+ TR R+ U
+ T 70 Ry RPRY + T PR RRTE.
3
For Py(x) : Ki? = ) WK32 for 1KY2 = BE kL2,
k=1
K12 = 123 ,—(%—3/2 T2, (R1284),/2,
SR = U2, k3 + T{2 5 Ky 3Rk + T2 kR0 /4,
4
K};‘* =Y kKl 4 for 3I<1 = () ’E};_4 + TlljgL (k' 3k%),
k=3
JrTll:g (R128347%6),, Kl 4 ull ékl 5/2+U1 4k1 4f36
1-4 [1-3F4—6 | l—4 13745767 | T1—4 F12F34F56778
+ VT kRO Ty K RPRY + Ty g Ktk ROk,

RI6 = GRI7 = fl B R0 4+ TI8 FLORY 4 Ul =S B4 7 4 T

+ u%:g E%—Sl‘é—ék? i T11:96 E1—3E451‘{67]‘<89 T11 16O k12k34k56k78k9 10
4
Also, for Kl,K%,K1 above, E tfl Z *eKl +0(n ) where

12 kl3l4 /8

6 ]_Cé74l_(?6l_czg

3
Ky=) wKsfor 1Ry =1, K52/2, oKs =H 37 /6 + 1, K" /4,

k=1
3Ky =0 _ K /24 + B g KA 3KP /12 + B k12R3HR36 /48,
4
Ky =Y (K} for 1K} = B k2 /2,
k=1

2Ky = 3k 72/6+ R (KPR + K1 /8,

sKi=H_, k7424 + 8 5 (3K + k%K) /12 + B¢ ki?kR30 /16,

WK} =1 5k 5/120+ 1 (RY K30 /48 + k) 3k 6/72) + B, kb~

L7 RRRRSORTS /384,

KT /48
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PROOF Substituting (1) into «K1~" of Theorem 2.1 gives
(KT = Zg‘;k ng_’n_f say. So by (3), (1) and (3) hold. 0
(R = (KT is VIV of Withers (1982).

NOTE 3.1. (4) made explicit the 3 terms needed in Tll:i’ needed for Py (x) of Theorem 3.1. Similarly Pp(x)
needs the 12 terms

T 2= i(mz}) = (1234) + (1243) + (2413) + (2431) + (3124) + (3142)

+ (3241) + (3412) + (4123) + (4132) + (4231) + (4321)

where (abed) = B, BESFL. It also needs the 4 + 12 terms Tll:é = A + B where

4
A =) "(1234) = (1234) + (2134) + (3124) + (4123) for (abcd) = Fj55 BB,

B= §(1234) = (1234) + (1423) + (1432) + (1324) + (2134) + (2314) + (2413)
+ (3124) + (3214) + (3412) + (4213) + (4312) for (abed) = Fi,Fos TS,

4. Cumulant Coefficients for () when E © # w

We now remove the assumption that @ is unbiased. We use K!~" of Theorem 3.1, and the
shorthand f.,, = 9;, f where again 9; = 3/9w'. There is a key difference with Theorem 3.1: there k!~
was treated as an algebraic expression. But now we must view each of them as a function of w. So
we assume that the distribution of W is determined by w. This is needed to obtain higher order confidence
intervals for t(w) when g = 1: see Withers (1989). We show that for Yy of (5), P»(x), p2(x) need the
1st derivatives k}2 = 9;ki2 for 9; = 8/0w’, P3(x), p3(x) need the 1st derivatives k};%, and so on. The
derivatives of K} ™" are given by Leibniz’s rule for the derivatives of a product. For example

Ki3 = (ABK)s = (i fiBs) ki* + BB ki for iﬂfﬁs = Hsf5 + A3,
12 12
Kz = (A2ki%)3/2 = B _3k17 /2 + Foki3/2,
K%, = i[(fhf%s +RB_)k? + Bk + HaBkis] + BBk,
2
(FBE k)4 = (RBB) 4k + BBE k°, (RBR).4 = RBE, + HE,E + ,BE,

1-3 7127.34 1-3 712734 | 1-3 (712734
(Ty 3 ka7k) s = Ty ps katk + Ty (k°ky7) s,
3
1-3 4 2B, A2 B, A28 (712034 712 734 | 712734
Ty o5 = ) _(Hashaly + Fsbosty + Fsbalys), (ki°Ky*) 5 = kyski® + ki°kys.

Theorem 3. Let @ € RP be a biased standard estimate of w satisfying (1) where k=" depend on w. Then
f = t(®) € RYis a standard estimate of t(w):

[e¢]
(B, ) = Y nta forr >, 1<y, o, i < g, M

e=r—1

whereal " =R+ DY, DIl =0, ()

d0i:10.20944/preprints202403.0195.v1
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for KA of Theorem 3.1, and the other D}~ = Dl needed for Py(x), pr(x) of (4) for Yyt of (5) are as follows.

For Py(x): DI2=0=al2 = K2 = K2 — B £12,
For Py(x) : D} = f%l_c = al =Kl + D} = Bkl + H,k12/2,
For Py(x) : Dy* = = (5 + t1t23) K+ 0B k3] K

= a%z — tli_'% I_(%Z kl 3/2 4T k12k34/2

+ [(FsB + F53) k%z + t%tz ki3] k%-

For P3(x) : D} = K%,l + K(l)lz, Kil =K, K, Ktl),z = 0K + ILKE2 /2 =

) = kL + F (kY2 + KK + K13k /2 + B3 (k3 /6 + KIk2 /2) + L k1%Kk34 /8,
DI = Rl H = (AR F).0 K + (1] KPR B

For Py(x): D3* = K33 + Ki3, K33 = K33 K, Ki5 = K13 k3 /2 + Ki%, kGkg,
Dl 4 K;54k5 Dl 6_0

For E t/1 () to O(n™>) we also need D; = D},j = 3,4, given by

Ds = Ky1 + Ky + Ko, Ko1 = Raaki,
Kyq = (i’l 3k23 + i’23k )/2 + (tl 4k2 —4 + 4k§ 14)/6 +H_ 5k23k45/8 +H_ 5k23k /4
Ky = Ryaky + Ryokiki /2,

2
2Ky = b3k + Faskiyy, 2Ki10 = Fakyt + ) Boakih + Fakihy,
2

Ros = Bk + Fpkik3 4 £ _3kik3kS /6,

Dy =Ksz1+Kyp+ K3+ Koa, K31 = K31H,

Raq = F_3k3 /2 + k3 /2 + Fi_ak3 * /6 + Ba_4k5 1 /6 + Fi_skT k3" /4

+ FaskBK52 /2 + (F1_sK3° + Fa_s5k3 %) /24 + (F_ek5 *R3® + Fa_gks K30

+Feks™ 4k 6)/12 + kBkP (F,— 7k67/48 + 7k, /16),

Rop = Kok} + Ko10kik3 /2,

Ry = F_3k3 /2+t23k2 [2+F_4k5 /64y aks 14/6+t1 skPPkP /8 4+ By _skPKLY /4,

2Rp10 = Fi_4k3* + Z Frak3h + Faukdhy + (530 + Z F3-s5k35° + Fs_sky 15)/3

k330 /4 + ZtB kR3S, /2 + B3 (BLRS, + K34 3%,) /2,
12

Ry 3 = Ky1k} + Kp.12k1 K3 + Ky.103k1 k3K /6,
2

2Ky = b3k + Bkt 2Kian = Fioaky® + ) Fiaakis + Faskia,
iR

o B RTIE — PE r 745
2Ry103 = F15KT + ) (Fiaaski + E3-s5k10p) + Faski)y s,
13
K0,4 = Ell_(zll + (l_(%l_(% + ’_C%E%/Z) + iT1,3I_C%]_(%]_Cg/2 + E1,4I_C%]_C%I_(?I_€%/24
PROOF K" (w) = K'~" and K} ~"(w) = K} =" are functions of w. By (1)

Kl—”(wn) = Z n—EKel—V(wn) forw, =E® =w+d,,

e=r—1
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where by (1), d,, has i;th component dl = d;l =Yoo n~°kl. Consider the Taylor series expansion
R (w+dy) =K+ K dy + K5 deds /2! + ZKl "n

k12

say. Substituting into (1) gives (1) with

1 c—r+1
a"= ) K Z k7T Ve (3)
k+e=c
Also K}'," = K} " so that (2) holds with

-1 c—r+1 1

D= ) Ki: 4
e=1

1 1 1 2 1
~N1l—7 1l—71 N1l—71 v1l—r
Dr = Krfl,l’ Dr+1 = ZquLlfe,e’ U

An alternative proof can be obtained using §6. This corrects C. = a} given in Appendix B of Withers
(1987). Withers (1982) uses K] v — Kl_’ for ﬁ,lc_r but the expression for K§” on p67, lines 2-3 omitted

the term A“Ab kl] kk That is, the last term in 732 of Theorem 4.1 was omitted. Similarly the results on
p67 forr =3, 4 are only true when the @ is unbiased or the cumulant coefficients of 7 do not depend
on w, as they omit the derivatives of k! ~". The examples given there are not affected as @ is unbiased.
Nor are the nonparametric examples of Withers (1983, 1988) affected, as the empirical distribution
is an unbiased estimate of a distribution. Likewise © is unbiased for the examples of Withers (1989).
M-estimates are biased but the results of Withers and Nadarajah (2010a) are not affected as only
K]f]z, Kjll, K]21]2] 3 are given. No changes are needed for Withers and Nadarajah (2010b, 2011a, 2011b,
2012a, 2012b, 2014b). Applications to non-parametric and parametric confidence intervals were given
in Withers (1983, 1988, 1989) and to ellipsoidal confidence regions and power in Withers and Nadarajah
(2012a) and Kakizawa (2015). For nonparametric problems, F(x) and its empirical distribution F, (x)
play the role of w and ; since it is unbiased, no corrections are needed. Forg =1, a,; = al " were
given for parametric and non-parametric problems in Withers (1982, 1983, 1988), and expressions
for the classic Edgeworth expansion of Y,y in terms of a,; were given in Withers (1984). For g > 1,
ﬁ}_r for parametric problems were given in Withers (1982), and can be obtained easily from a,; given
when g = 1 for 1 sample and multi sample non-parametric problems in Withers (1983, 1988), and for
semi-parametric problems in Withers and Nadarajah (2010a, 2011a, 2014b). All these results can be
extended to samples with independent non-identically distributed residuals, as done in Withers and
Nadarajah (2010 §6, 2011b, 2012b). The extension to matrix W just needs a slight change in notation. For
example in Withers and Nadarajah (2011b, 2011c, 2012b), @ can be viewed as a function of the mean of
n independent complex random matrices, although n is actually the number of transmitters or receivers.
Extensions to dependent random variables are also possible: see Withers and Nadarajah (2012c).

5. Cumulant Coefficients for Univariate ¢(®)

Now suppose that g = 1. Let K, be the coefficient of n~¢ in (K'~". We write K} ™" as K. For
E® = w, (1), (3) and (4) become

0 e
K=wx(f)= ) n K, 2L Ke= ) (K (1)
e=r—1 k=r—1
r r+1

Kr,r—l = r—lKr,r—lr Ky = Z kKrr/ Kr,r+1 = Z kKr,r+1r T
k=r—1 k=r—1
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For E @ # w, (1), (2) and (3) become

0 c—r+1
K = Kr(t) = Z nieare/ r>1; are = Kye + Dye, Dy = Z Kr,cfe,e :

e=r—1

2
Dr,r—l =0, Dy = Kr,r—l,lr Dr,r+1 = Z Kr,r—',—l—e,ez to
e=1

Here we give the cumulant coefficients K. needed for the Edgeworth expansion of Y, of (5) for
Pr(x), r < 4. We do this when E @ = w in Corollary 5.1 and when E @ # w in Corollaries 5.3 and 5.4.
To show more clearly the expressions we need in molecular form, we introduce the following ions,
(expressions with unpaired suffixes),

=ki*h, i = F1p& = IpkPh, Xt = ’231512’2%4, Z1p = h 3%,

E% iy = X1 t4, X1 = i’12Z) 51 = klztz, ¥y = E%_sfzﬁ, Yl = E12g2. (2)

%2]]
—_

sll =

Where a suffix does not have a match then summation does not occur. For example the RHS of
sl = I_c%zfz sums over ip but not i1. Let v,co1,co2, ¢21,022,€23, €11, -+ ,€1,10,€31, - - , €311 be the 27
functions of w given on p4234-4235 of Withers (1989), labelled there as Iz(é), L ((1)) -, I3 (000) By
Corollaries 5.1, 5.3 below, those needed for P (x), r < 2, of (4), that is, for the Edgeworth expansion of
Y,.: of (5) to O(n’3/ 2), are the following molecules.

For Py(x) : v = Ky = i ki2F,.

For Py (x), Ki1 : coz = Fioki; D11 ¢ co = Fiky;

for Kap : o1 = Fibabsk > = B, cp3 = §'F1p3% = 5.

For Py(x), Ky : 11 = Hk32E = £, ¢15 = tlkz_ Fa3, c19 = 12 X2,
c110 = §'F_skP = Zp3kT>;

for Doy : c1p = kikPBals, c16 = kiiiy = k1E10k3Es,

o i riigl-d _ B o712 _ A237
for Kyz @ c31 = tifatataks ™, c3g = § i3, 310 = f1ky "2, c311 = 5575t 3.

Each molecule can be written as a shape. For example cyg is a rectangle. We now give the molecules
Lj, Lij needed for the Edgeworth expansion to O(n’5/ 2), that is, for Py(x) for r = 3,4. Note that Pr(x)
needs the derivatives of t(w) up to order r + 1.

For P3(x), Kip: Ly = Fiok2?, Ly = F_sky 2, Ly = F_4 K2k,
for Kaz : Ly = bl k3 2, Ls = 11S', L = Fishls ky %, Ly = 210 ky B,
L7 = 7'Fus 7_5%5, Lys = Foky 213, Ly = Faki Fsoky °Fs,
Ly = ki°F1_45°5%, Lgp = ki*F_30°, Lgz = X>*z34,
Lgg = X1 t45k?6t61, a sexagon,

Lo —Fr . E L5 A I P P
for Ksy: Lo =t ---t5ky 2, Lig = htatsty k377, L11 = § Y1 = 7 t12if",
Lipy = §'H_35°8, Lipp = biky Piipiis, Ligg = Yo07,

1, =1 =

Lizg =35 5% Fi_y, Ly = §'8°F_30°, Ligs = 0 F1p0” = 0" %y.
For Py(x), Koz : Lia = Fiby k32, Lis = Fioky °F, Lig1 = S'H_skP

) 5247 ;o 7147 ;7147 7137 4
Liep = Z12k3", L171 = X tog. L1g1 = t1_3ky™ “ts, L1go = tiok; “tas, Lio1 = k3 “H1-457,
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Lioy = ki*F1_4k3 s, Ligg = F1_3k3 *Easky', Lios = Fioky °F5_sk7°,

Loor = k%Ki _55°, Loop = Ki2F_4 X3, Logs = ki2F1_sk3Fs_k7S,

Loos = i35 (k1K R3%) Foses

for Kag : Loy =F- - fa kg, Loy = Yok3Fs, Lagp = bt k32,

Loz = §'2125% Loyt = 5257, Loy = i1k i,

Los = Fiok}y °Eshafs, Lagt = fiboks *F3_55°, Lagy = Fibafsky *Ta_k3®,
Logs = Fioky *f3ils, Loes = Fibaky *(F3sfag) K70,

Loy = Bk} 3Ea_4i7*, Lozo = Fioky 2V, Lozs = Bk} (Faafss) k3 Fe,
Logi = k) 3hr_55%8°, Logp = 5"k 477", Logs = ihky “zn,

Logs = Frkby 3Fr 4%, Logs = Yok3PF3_sk{®, Loss = Fioky °Z3a5?,

Logy = Frky >Faski®Zs3, Logs = 7'F13 X%,

Loso = Fioky 3%, Logio = irky ° (Fasfas) kY%,

Logi1 = biky 2 (Faak? F36kS7) Bs7, Laot = ki*F1_55°5'8°, Loy = ki2Fy_40°57,
Lyos = X*F3_65°5°, Loos = k{*F1_ski*Es_65°5°, Laos = ki*(Z13224) k3%,
Lyog = ki1 3ky* %4, Loy = ki? Fi350°Fas K37,

Lyos = X" 45K3°Z61, Lago = X 45 X5;

for Kes : Lag = F1 -+ - Fg ki ®, Lyy = iiybabatalsky °, Lap = FiEafak) Fas,
Las1 = bk *2455°, Lagy = ok *E3ks, Lass = ibaFaky %y,

Lagy = F137'5%0°, Laan = Yoks *Hstiy, Lass = V1k1*Ys,

Lssi = 7°F365'5°5°, Lasy = Fiioky 223457,

Lass = 7' F120%, Lasa = Yak{*F5_75%57, Lass = ihilatizky >,
L3se = {1172]2;—33?3, Lasy = F_57°0%°. Lagy = 51 -+ - 8° F1 5,
Lagy = §'5°5°F_40%, Laez = §'213k F4—6575°, Lags = 021007,
Lags = §'213k; " %4, Laes = T1k1°%o.

These ¢,;s and L don’t use derivatives of l_cg_r, the cumulant coefficients of .

Corollary 1. Suppose that W is an unbiased standard estimate of
w € RP with respect to n, and that q = 1. Then the cumulants of f = t(®) can be expanded as (1) with bounded
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cumulant coefficients Ky. The leading coefficients needed for P,(x) of (4) for the distribution of Yy of (5) are as
follows.

Kigp=t= t(w) For P()(X) : Kyp=v=~0 ]_{%2 b.
For P(x) : Ki1 = co2/2, K32 = 21 + 3cp3.

2
For Py(x) : Ko =Y (Koo, 1Kpp = €11, 2Koo = c15 4 €19/2 + c110,

k=1
Kaz = c31 + 12¢36 + 12¢53 10 + 4¢311-

2

For P3(x) : Kip =) Ko, 1K1 = L1/2, 2Kip = Lo/6+ L3/8;

k=1

3
K33 = Z kK33, 2K33 = Ly 4 6L5, 3K33 = 3Lg /2+ 3Ly + Lg where (3)
k=2
4
L7 = Ly 4+3L7/243 Y Ly, Lg = 3Lg1/2+ 6Lgy +3Lg3 + 3Lga, 4)
k=3

Ksy = Lo +20L19 + 15L11 + 30L15 + Lq3 where (5)

Lip = Lio1 +2L1p0 + 2L123, L1z = L1371 +60(L132 + Li33)-

3 2
For P(x) : K3 =) K23, 1Koz = L14, 2Kp3 = L5+ Y L1k + Li71,

k=1 k=1
20 4
3Ko3 = L1g1/3 4 Liga/4+ ) Ly where Lyg = L191/3+ Y Liog,
k=19 k=2
Lo = Log1/4+ Loop/2 + Loz /4 + Loa /6;
4 2
Kas =) (Kaa, 3Kaa = Loy +12 ) Lo + 12Lo31 + 24Lo47 + 12Logp.
k=3 k=1

3
4Kyy = 2005 + 2Ly + 6 Z Lo7r + Log + Log where

k=1
Lo = 3Lae1 + Losz + 6L263 + 3L264,
11
Log = E ckLogk, ¢c1 = 6,03 = 24,cg = 4, ¢, = 12 otherwise,
k=1

9
Log = Y hiLook, h1 = 2,hy = he = 12,hy = 24,hg = 3,y = 6 otherwise;
k=1

Ke5 = L3g +30L31 + 60vL3p + 60L33 + 90L34 + 60L35 + 6L36f01‘
L3z = L3a1 +3L33 +2L333, L3a = L3a1 +4Lzao + L3gz,
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7
Lss = ) diLssk, di =1, dy =d3 =dy =6, dy =3, ds =2, dg = 12,
k=1

L3 = i exLagr, 61 =1, ep =20, e3 =15, e; =6, e4 = e5 = ¢ = 60.
k=1
Also, Ky = Fiok3? /2 + B3k} 3 /6 + F1_y (K'2K>*)3/8 + 1 sk /24
+ By _sky kP /12 4 g k12K3R30 /48,
Kig = Fipk§? /2 + Fisky 2 /6 + F1_q [(K1263)4/8 + k)4 /24] + F1 5 [k} °/120
+ (K13K%)4/12] + g [(K12R2*50) 4 /48 + k3 *q° /48 + Ky %Ky 6 /72)]
+ By Ky OKPRST 748 + g KIZKIRIOKTS / 384.

PROOF Since g =1, YN becomes N. We write T 7, U7 Vlljsr as Ty

1—s Uq_gs uj_,, Vi_,. By Theorem
3.1 we need the following.

—s/

TP 4/3 = hahly, T{_3/2 = fials, T{_4/2 = hyals + Fiafay,
T} 5/12 = Fiabyksfs, T /4 = Fiastafyfs + 3F13basiats,

Ty 5/3 = Fioaksfs + 3Fiustafs /2 + 3FiaFaals + 3Fiabosts,

T} _¢ = 3F1o35Fafe /2 + 6F1_skaste + 3F1sstasfs + FisFastas,

T} /20 = Fishislile, U7 /15 = Fublslste,

T7_;/30 = iueholatsty + 2Fubaetatsty + 2Fufsehataty,

T} g = Fissybatatels + 60F135Ea7tatsls + 60F13Fastartels. Uy = Fi_3fa/3 + Fiofaa/4,
TP 5 = Fi_4f5/3 + Fioasts /2 + Fioafss + Fuasbas /2,

TP ¢ = Fi_ste + 2F1235ta6 + F1—3Fs—6 + 2F135246/3,

T} /12 = Fubksfs, U /4 = Fiabsfyfs,

U}_¢/2 = 3Fioststafe + 2Fisebafafs + 6F1nFastafs + 3Fisastats,
Vit 6/6 = Fioakslste + Fiofaufste + Fiafoshafs,

T{ 7 = 6F1a6tatsty + Fiusebaaly + 24F104F36EsE7 + 12F104F56E3E
+ 12F145F06 3ty + 12F146E03E5E7 + 24F146E05 3ty + 4F146ts57E0E3

+ 12ty56t17E2E5 + 12F10E34 567 + 12F14F05t36E7 + 12F14F06t57E3,
Ti_g = 2Fiss7Eafets + 12F103startels + 6F1as7haatels

+ 6t103t457t6ts + 6F13507E6 s + 12F103 45 E67E8 + 24H135E04 k6718
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+ 15t135t279f4t6t8f10 + 60t135E27t49t6tsE10 + 60F135E27E89Ests 10 + 60F13E25t47E60 8 E 10

For P(x) : T , K2k3* = 3cps.

For Py(x) : TE 5 ky3/2=c15, TP, K12k /2 = c19/2 + 1105

K3 = c31 + g1 + g2 for g1 = T{_5 ky 2k}° = 12c3,

g0 = Ti ¢ KI2K3*K3® = 4cz 11 + 12¢3 10

For P3(x) : 5Ks3 = Ly 4+ 3LL, Lk = T3, /3 (k2k3%)5 = Fisholy (K12K%4)3 = 2Ls,

Le =T 4/3ki™*, Ly =T 5/3k3 3k,

Ly =5t ky 3k, Ls = Ty_¢ k17K34K3°,

Lgy = Fiosstafe Ki2K3'KTS, Lgo = Fi_sfaste k12k3*K3°, Les = Fisshaale ki2k: k30,

Lgy = Fiafastag K2R HT°.

Ksy is given by (5) with Lig = T} /20 kK 4k38, Ly = U3 /15Ky °k5 76,

Lip =T} /30 ky 3kPPKY7, Lim = Babsky °Fi465%3%, L1z = T;_g K12k R30K78.
2

For Py(x) : oKoz = L5 + L1+ L17/2, L1s = Tt_3/2k3 3, Lig = kzl Lyek,

Ligy = §°h_4k3?, L1y = T4 /2 (K26**)3 Z L7k, Li72 = Li71;

20
5Kz = Y Lyt Lig = Ui 4k * = Lisi /3+ Liga /4,
k=18

4
Lig = Tf sky kP =Y Lioc/giforg1 =3,80 =g3 =84 =1,
=1

Ligy = E3ky *Froasky’, Lios = Faoky sk, Liog = ki Easiky “Fos,
Loo = T7_k1?k3* k30 /4 = Log1 /4 + Looa /2 + Logz /4 + Looa /6,

Looz = ki*Hioas (K{*KY°) Fae.

3Ky = L21 +12Lp +4L, L =Ty /4 (K2*6*)s = Lo + 3Lay,
Ly = Tf /12 (k' 3k%), = (Lzzl + Lo2) by (2),

Lo = Fizshafafe (K2K4K)4 Z Loz by (2), Lask = Loz By (2),
k=1

Loy = Fisbastafe (K'2K%*K%0) 4 = 21041 + Loso;
4Kag = 2Ly5 + 2Lo6 + 6Lo7 + Log + Lo, Los =k U7 _5/4,

Ly = Uf_/2k3 *K°, Loy = Vit /6Ky k3% = Z Loz,

Loy = TRy TR, Lao = T GRIZREIORT
for Kes : Lgy = T /30 kj kY,

Lyp = US /60 k} kY /v, Lag = TP_g/60 ki *k30k78, Loy = U_g/90 K} 3k36k%2,
Las = T{_o/60 Ky KPRYEY, Lag = TP_1o/6 KPRPECRPRY. O
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Example 1. Suppose that E @ = w and t(w) is linear in w. Then Ky, = 0 for e > 1. For r < 4, the K;; needed
for P(x) of (4) for the distribution of Yy of (5) are as follows.

Kip =t = t(w). For Py(x) : Kp1 = v. For Pj(x) : Ksp = co1.

For Py(x) : Kop = 1Ko = c11, Kg3 = c31.

For P3(x) : Kz3 = 2K33 = Ly, Ksq = Lo.
) Ko

For Py(x = 1Ky3 = L14, Ky = 3Ky4 = Ly1, Kes = L3p.

For, i1y, 0%, %1, 21 are 0, as are most ¢ij, Ly and K2, 3K33, 2Kp3, 3K23, 4Kyg. Soforr =0, - -, 4, for Pr(x)
we only need to calculate these 3 c;j and 5 L;.

Let G, be a gamma random variable with known mean . Its rth cumulant is (r — 1)!7.

Example 2. Linear combinations of scale parameters. Suppose that E & = w and t(w) is linear, the
components of @ are independent, and for 1 < i < p, ®'/w' has a distribution with known rth cumulant
n'~"x,;. Then Kye = 0 for e # r — 1 and

p )
Kr,r—l = Z tTiKri(wl)r'
i=1

For example if ©; /w; is a standard exponential variable then x,; = (r — 1)L.

For s < r and any function f", set Y, f~" = Yoy fsir summed over their range. In
Example 5.3 their range is 1,2; for example in L13, Y3 .2, ol = Zﬁ:l toi ol In Example 5.4 their range
is1, - ,k; for example i1; = ¥, F1p5* = Zi‘;:l F1052.

Example 3. Suppose that fi ~ N1(u,V/n)and V/V = ijr/f = G,/ are independent, where v = f/2
has magnitude n. Set v = vy /n. Then

k(1) = uép + V18,0, 5, (V) = kyn' =" for k, = (r — 1)W="V", and cross-cumulants of @ are zero. Take
p =2, wy =y, wy = V. Then by Corollary 5.1, K,, are given in terms of

st =11V, 8% = toko, ug = tait 1V + taatoka, uy = tiat 1V + toat ok,
ol = Vg, v* = koup,
as follows.

For Py(x) : Koy =0 = t4V + t5ko /2.
2

For Py (x) : cop = ta1 + taoka, co1 = thks, co3 = Y tii(s')2
i=1

For Py(x) : c11 =0, c15 = tootoks, c19 = (t11 V) + (taoka)? + 2t12 Vs,
31 = thka, c36 = thksua, c310 = UiV +uj ko,

2

‘ 2 2
311 = Y (') tii +3Y_(s')?s*ta12 where Y fio = fi2 + for.
i=1 12 2

For P3(x): Ly = Ly = Ls = 0, Ly = to»ks,

Ly = t1111V? + 2t1122 Vo + £.2000K3,

Lo = toathks, Ly1 = zookats, Lyp = y* (tanV + tanoks), L7z = taoksua,
Lys = (VP + kat?y)kato, Lgt = (Viaiii, + katoigisi,) 557
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Lsp = Y (Vtaiy, + kot i, )0, Lgg = V211211 +2Vkot 10210 + K3t 20200,
1

Lsy = Y ki'kP2kPFobxsts,
13

Ly = tSks, Lig = uptks, L1 = (y*)*t22, L1o1 = v Zt.zi1i2§15'2,
2

2 2 1 127 733
Ligy = toksus, Lips =y* Y 0,0, Liz = ) §'5°F_sky 3.
1 1-3

Similarly one can write down the Ls needed for Py(x).

Example 4. Suppose that we have the summary statistics from k samples of size n; from normal populations
with means and variances y;, V;, 1 < i < k. Take p = 2k, w; = p;, wiyx = V;, 1 < i < k. So we have p
independent statistics, iy ~ N (u;, Vi/n;) and Vi ~ ViXJZ‘i /fi = ViGy,/vi, 1 < i < kwhere vy; = f;/2 has
magnitude n, the total sample size. Set

vi=i/n, Ay =n;/n, T, =Vi/A;.

Then «r(71;) = widn + Vi(Ain) “100, 6,(Vi) = kyi(Ain) =" for kyy = (r — 1)} ™", and cross-cumulants of @
are zero. Suppose that t(w) only depends on py,- - - , yg, as in Example 3.3 of Withers (1982). (The notation
there is slightly different.) Then

s' =0Ty, iy = ) o8, 0 = Tyfly, Zip = ) F1_35,
2 3
and by Corollary 5.1, the coefficients needed are as follows.
For Po(x) Ky =v= fls"l = Z[’%fl,
1
For Py (x) T Cpp = Zfllflr 01 =0, cp3 = S_lflzgz = Zitlflflzfz’fz,

1 12

. _ _ _ 2 = = _ S
For Py(x), Koo : c11 =c¢15 =0, c19 = ) FpTiTy, c110 = Y_ BTk T;
2 2

For Ky3: ¢31 =36 =0, c310 = Zﬂ%‘f’l, €311 = Z §1§2§3F1,3.
1 1-3
For P3(x), Kip = L3/6 =Y FimnTiTy/6as Ly = Ly = 0;
12
forKsz: Ly=Ls=Le=1L; =0, Lyy = y_ T1F11235°5, Lgy = Y _ TiF107°,
1-3 12
Lgs =) FoTihzn = Y Thlhnhsls, L = ) T Bk
12 1-3 1-3
for Ksg @ Ly = 0for 10 < k < 14.
For P4(X>, K23 : Li,k = OfOT’i =15,16,18,19, L171 = Zf%zflfz,
12
Lot = Y Ti%Hh12035°, Lop = Y it TaFi1osbs, Loos = Y B T3Fi12bass,
1-3 1-3 1-3

- = .
Loos = ) TiTaT3Hps;
1-3



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 March 2024 d0i:10.20944/preprints202403.0195.v1

18 of 29

Ky = Lyoas Ly = 0 for k = 21,(22,k), (23,1), (24, k), 25, (26, k), (27, k), (28,k),

Loy = Y 5585 H1o3a, Loy = Y, TiF1123075%, Logs = Y T1 0255 Fiosa,

1-4 1-3 1-4
' N2 R o I
Logs = Y TiTob112F234575%, Loos = ) TiZioTo, Looe = Y TiTaTab112k23,
1-4 12 1-3

- - 7 - =3 I
Log7 = Y Ti¥iabip for f1p = Y F1230°, Logg = Y 1o TaFiobosZan,
12 3 1-3

Logg = ) T T3Takiobostalar;
1—4

Kes = 6L3g, as the other components of Kgs are 0. Also,

Kiz =) TiTyT3f112033/48, Kis = ) TiTaT3Tab11203344 /384
1-3 1-4

Corollary 2. Set Y, = v~ V2Y,; = (n/0)V2(t(@) — t(w)). Then
Prob.(Y, < x) =Y n7"/2Py(x)
r=0

where Py, (x) is Py(x) of Corollary 5.1 with K. replaced by K,/ v'/2,

PROOF This is straightforward. O

Looking at Ky, c4p, 0, 52, i3 as functions of w, we denote their partial derivatives with respect to
W3 = wj,, say. by Kre3,Cap3, 0.3, §_23, it3.3 and similarly for higher derivatives. We shall give the ones we
need in Lemma 5.1. When constructing confidence regions, one needs to assume that the distribution
of @ is determined by w. So far we’ve not assumed this. For @ biased, we need

Corollary 3. Let & € RP be a biased standard estimate of w satisfying (1) where k}~" may depend on w. Then
for g =1, = t() is a standard estimate of t = t(w) € R:

[ee]
ke(F)= Y n Car forr > 1, where aye = Kye 4+ Dye, Dypq =0, (6)
=r—

e 1

and the other Dy, needed for P;(x) of (4) for the distribution of Yyt of (5) are as follows.

For Po(x) Dy =0=ay =Kyy=0v= E]I_C?fz.

For Py(x) : D11 = co1 = a11 = co1 + c02/2, az = Kzo = 1 + 3c23,

For Py(x) : Dy =33 k3 = c1p +2c16, 443 = Kys.

For P3(x) : D1y = Ki1,1 + Kiop, Ki1 = Kiia K, Kiop = Fik; + kjFi0k7 /2,
D33 = K4 kY, 454 = Ksa.

For Py(x) : Dos = Koo + Ko1p, Kooy = Kop3 K3, Ko1p = 03 k3 /2 + 054 KIKS,
Dy = Ry3.5 k3, ags = K.

PROOF This follows from Theorem 4.1. D, = Eg;gﬂ Ky c—re where K, is the coefficient of n~°
in the expansion of K, (E @) about K. O
For r < s,and any X,_s, let z,N_ s Xr—s sums over all N permutations of i, - - - , is giving distinct terms.
For example

3
Y Fiafoas = Fisfous + Frafass + Fisfosa.
375
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The derivatives of v = K31 and Ky, needed for Corollary 5.3 are given by by
Lemma 1.
—_ 2 — - - =
03 =203+ T3, O34 = Y Osa, where Ty = Fibk}3, @)
k=0
B340 = 2234 + 2F31k{*Faa, T3a1 = 28 (k1%F0s + Ki4Ea3), D300 = F1E2k}3,.
3 3
035 =) O3 sk for U3_50 = 2k§> Y Feabous + 5°F36, (8)
k=0 35
A ;7127 . e I AL
0351 =2 Y _ (hki3Fus + Enkifas), O350 = 2B Y | Fasky’ys, O3-53 = Fifoki3_s,
35 35
2K11.3 = Cons = k12 _5 + F1okiZ, Kapa = cp1.4 + 3¢
113 = C02.3 = k1"t 3 + f12ky 3, K3og = 214 23.4
for cyra = 3Yy + FibEsky 2, cosa = 5'5%Foa + 2by, by = 5411 = %4 + mk4E
Rons = c11.3 + €153 + €19.3/2 + c1,103 for c11.3 = 231 S + F1F2 k33,
3
C15.4 = Y C15k4, C1514 = Fiaky b, cisoa = Fiky *Fo_y, c1534 = Fiky 2 Fos,
k=1
€19.5 = 2C1915 + 21925, C1915 = 53472‘;’11?1125125, C1925 = ,;%:%5;347{%1 Fi2,
3
C1104 = Y CL10kss C1i014 = ki P38y = K2 F_5 (ki Fsq + Fsk1oy),
k=1
11000 = S kPF 4, c1100 = 5 F1_3kTy,
K43_5 = (31.5 + 12C36_5 + 12C3,10_5 + 4C3111_5f01’ C31,5 — 4%51 ]_(:13741?2531?4
+ f1 cee lT4 7(;)_754, C36.5 = 2?51]_(%_3172113 + Elfzb_lgl_é__sa + 9353,554 + Y4(l_(%15fl + ]_Czln f15).
€3,103 = 121]_(%_23122 + 217152;1,3 + 2{19?2]_(%_23 + 23?1]2%2{23,
€311.5 = 35_15_2{1,35_?5 = 35_15_2{1,3{412%?5 + 35_15_2{1,3’;'?4{45. 9)

PROOF For example substitute i35 = f3- 55% + Faak(sFy + FaukilEs into
c36.5 = 2 basky Pis + B (k) 5215 + k) Piias). 0
So now we can write D, needed for Corollary 5.3 in molecular form:

Corollary 4. Assume that the conditions of Corollary 5.3 hold. Then Dye and K, ; given there satisfy

Dy = c12 +2c16 = a22 = €11 + €15 + €19/2 + ¢1,10 + ¢12 + 2¢16.

For D1y, Ki11 = (F1_3 ki + Fpp K133 /2.

Das = (37°Fs4 + FrFafsky ;% + 35182 F104 + 60" F1a + 6i11K1 42 )RS

For Dy3, Kap1 = (2831 S' + By k¥%)KS + (Fuaky 2Fos + By 2Fas + Frkb 2P )]

+ (125 X2 + ks Faaki Fio) RS + [KPF 5 (K Fog + Fskyy) + 5Tk g + 5" B gk kS
Ko1o = (203 + B ERKIS) K3 /2 + [AF k15 Ey + 51 Fiag + F3ki2Eoy

+ bk 5] KiK.

Dyy = [4Fs1 k3 *hafafy + By - - - By k5t + 2485, k) 3Bty + 12F Fyiizky =

+ 1207 (F3_55" + Faukilshy + Fauki'Fis5)] K + 12[20°F,_45* + 2F %2k}

+ 271 k1% Eps + 1201 K15 100) K5 + 12(513%F_sE k3% + 5'8%F sk3tEys) K.
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PROOF a,, were given for i < 4 by Theorem 4.1. Corollaries 5.3, 5.4 agree with a;1, a3, a2, a43
given for Pr(x),r < 2 on p59 of Withers (1982) except that Dy, in a3, was overlooked. O

6. An Extension to Theorem 2.1

Here we remove the condition in Theorem 2.1 that E @ = w and give the extra terms referred to
but not given on p49 of James and Mayne (1962). We use (K!~" of Theorem 2.1, and the shorthand
fun = 9;, f where 9; = 9/0w;. Suppose that for r > 1, the rth order cumulants of (1) can be expanded
as

[ee]
Kr=x(@n,...,a") = Y Ak'Tfor1<iy, ..., i <p, (1)

e=r—1

where k'™ = O(n¢), and that @ — w as n — oo, so that ok! = @'

There is a key difference with Theorem 2.1: there, .k'~" was treated as an algebraic expression. But
now we must view each of them as a function of w. So we assume that the distribution of @ is determined
by w.

The derivatives of .K!~" of Theorem 2.1 are given by Leibniz’s rule for the derivatives of a
product:

KE = (R — (B + By 2 + TR RS,
1K = (Aok'?)3/2 = 3k /2 + k5 /2,
17273 71-3 172273\ 71-3 | 711213 71-3 (7171213 717273 172 13 | 71 1213
(Tll:z:f k12k34)_5 — (Tll:j)S kle?4 + Tlljz (k12k34)_5,
3
1-3 1 1273 | 71 72 13 | 71 1273 712734 712734 | 712734
(T123)s = Y _(Fastaly + Fialosty + Fiafafys), (K205 = k50 + K%k

Theorem 4. Let @ € RP be a biased standard estimate of w satisfying (1). Then t = () € R? is a standard
estimate of t = t(w):

k(B, ..., b)) = Z A forr>1,1<j, ..., iy <q, )
e=r—1
where (" = K"+ D7, , D" =0, 3)

and the other (D' = ,DiIr needed for Py, (x) of (6) for the distribution of Yy of (5) are as follows.

For Py(x): 1D = 0= 1a'2 = 1K"? = K2 = [i15 1k,

For Py(x): D' = 1F'k' = 1a" = F 1K' + F,1k2/2,

For Py(x) : D% = 1K§ 1F = 3> = {5 2k + T{%; 2k /2
+ T2, K21 /2 4+ (5B + 1By) 12+ 1B (KR

For P3(x) : 2D' = 1K} + K3, 1K} = (1K) 5 1K,

oKd = B okt + H, k' K22 =

20" = ok + Fp( 2k + 1k" 1B + 1K 18°) /2

+ B3k 73 /6 + 1K1 1kB/2) + By K12 K38,

3D173 = 2K_1473 1?11 = ({%{%Eg 27(173).4 17(4 + (Tlljf 17(12 1]_(34)_5 1E5.

For P4(x): 3D12 = 2K%2+ 1K%2, 2K%2 = 2K132 1]_C3,
(R = (R 2R/2+ 1KY, 1Bk, 4DV = 3R 185, 5DV 0 =o.
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PROOF K'~"(w) = K'~"and K'"(w) = K=" are functions of w. By (3)

R (wy) = Y (K" (wy) forwy = Ed = w+d,, 4)
=r—

e 1

where by (1), d, has i;th component d}, = dil = Y22, ¢k!. Consider the Taylor series expansion
KU (w+dy) = (K574 (K7 dy + (K dyds /204 = Z R

say. Substituting into (3) gives (2) with

1 1 c—r+1 1
ca = Z kKe_r = Z cfng_r'
k+e=c e=0
Also (K™ = yK'" so that (3) holds with
51 ‘o 51 o1 51 2 o1
D = Z cfeKe_rZ D = r—1K1_r/ r+1D = Z r+1—eKe_r/ O
e=1 e=1

The Edgeworth expansion (6) holds if { ,K!~"} are replaced by { .a'~"}.

7. Discussion

Approximations to the distributions of estimates is of vital importance in statistical inference.
Asymptotic normality uses just the 1st term of the Edgeworth expansion. That approximation can be
greatly improved with further terms. When the estimate is a sample mean, basic results were given
by Chebyshev, Charlier and Edgeworth in the 19th century with major advances in the 20th century
by Cramer, Rao and many others. See Stuart and Ord (1987) for some historical references. For a
derivation of the Edgeworth expansion for a sample mean from the Gram-Charlier expansion, see
Withers and Nadarajah (2009, 2014a) for the univariate and vector cases. These showed for the 1st time
that the coefficients in these expansions were Bell polynomials in the cumulants.

The first extension from a sample mean for univariate estimates was by Cornish and Fisher (1937)
and Fisher and Cornish (1960). They assumed that the rth cumulant of the estimate was «, (%) = nl ="k,
where k; is a constant. However in applications they assumed that @ was a Type A estimate, and
collected terms. It was not until Withers (1984) that explicit results were given a univariate Type A
estimate. Major advances were made in Withers and Nadarajah (2010b). This gave explicit results for
the terms in the Edgeworth expansion of a Type A or B estimate using Bell polynomials, as outlined in
§1. It also allowed for expansions about asymptotically normal random variables. The advantage of
this approach in greatly reducing the number of terms in each P,(x) was illustrated in Withers and
Nadarajah (2012d, 2014c).

For univariate estimates, Cornish and Fisher (1937) also showed how to invert the Edgeworth
expansion to obtain an expansion for the distribution quantiles. This was extended to Type A estimates
in Withers (1984). For extensions to transformations of multivariate estimates, like +(#) = (@ —
)"V~ (@ — w)), see Hill and Davis (1968) and Withers and Nadarajah (2012a, 2012¢). An application
to the amplitude and phase of the mean of a complex sample is given in Withers and Nadarajah
(2013b).

Turning now to smooth functions of a Type A estimate, the 1st univariate results were given by
Withers (1982, 1983). These built on a deep result of James and Mayne (1962). This is why if @ is a Type
A (or B) estimate of w, then a smooth function of @, say ¢(®), is a Type A (or B) estimate of (w).

The extension from a vector to a matrix estimate is just a matter of relabelling: a single sum
becomes a double sum. The first examples of this we know of are in Withers and Nadarajah (2011a,
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2011b, 2011c, 2012b, 2020). The extension to a complex scalar or vector or matrix w was given in these
same papers. The 1st of these 3 papers applied it to the multi-tone problem in electrical engineering,
and the other 4 papers to channel capacity problems where @ is a weighted mean of complex matrix
random variables, and # is no longer a sample size, but the number of transmitters or receivers.

A different type of extension can be obtained by identifying a sample mean @ = X from a
distribution F(x) with its empirical distribution F,(x), and t(w) with T(F), a smooth functional of
F(x), such as the bivariate correlation. T(F,) is a Type A estimate of T(F), and its cumulant coefficient
can be read off those of ¢(). In this way one obtains the Edgeworth expansion for n!/2(T(F,) — T(F)).
See Withers (1983) Withers and Nadarajah (2008, 2010c, 2012c, 2013a)

A caveat on the use of an Edgeworth expansion is that including more terms makes it more
inaccurate in the tails. This is where the tilted expansions, also known as saddlepoint, or small sample
expansions, become essential. Results for the density of Y,,;, for a sample mean, were given in §5 of
Daniels (1983) and §6 of Daniels (1987). Withers and Nadarajah (2010b) shows how the cumulant
coefficients given in this paper can be used to obtain the tilted expansion for the distribution and
density of any Type A estimate.

8. Conclusion

Let @ be a Type A estimate of an unknown parameter w € RP. Its cumulant coefficients are
defined by (1). They are the building blocks of the Edgeworth expansion (2) in powers of n~1/2 for its
distribution of @. n is typically the sample size. Those coefficients needed for the rth term, Py (x), are
given in (6) and (7). Let t(@) € R7 be a smooth function of . Then it is a Type A estimate of f(w) € RY.
This paper gives its cumulant coefficients in terms of those of @ and the derivatives of @. Replacing
the coefficients in (2) by these coefficients provides the Edgeworth expansion of n!/2(t(@) — t(w)) to
n=>5/2.

The tilted Edgeworth expansion for @ needed for accuracy in the tails, was given in Withers and
Nadarajah (2010b) in terms of its cumulant coefficients. Replacing these by those of () given here
gives the tilted Edgeworth expansion for ().

In many practical statistical estimation problems, simulations are a popular way to approximate
distributions. However these generally have the severe limitation that the parameters chosen cannot
represent the whole parametric landscape.

We have given a number of applications to electrical engineering. For example numerical compar-
isons of the 1st 3 approximations to channel capacity for multiple arrays were given in Withers and
Nadarajah (2020). In that case p = 1, so that an expansion for the percentile was possible. Thre are a
host of other practical applications possible to electrical engineering and other fields.

Finally we mention some possible future research directions. Chain rules for (@) can be applied
to obtain the cumulant coefficients of its Studentized form. This can be followed up with expansions for
the coverage probability of confidence regions, and corrections making them more accurate. Cumulant
coefficients can be applied to bias reduction, Bayesian inference, confidence regions and power. The
Edgeworth expansion can give a negative value in the tails of a distribution. Tilted expansions
avoid this. Another way to get around this, is to choose y € R” such that V,,x = Prob.(Yyu, <
x +n~"12y) — dy(x) is O(n~1). For p > 1 such y can be chosen in an infinite number of ways, so that
it may be possible to choose it so that V,,, = O(1n73/2) or smaller. One could also replace n~ /2y by
y(n) = n~12yy + n~ly; say, giving more choices.

Abbreviations

The following abbreviations are used in this manuscript:

MDPI  Multidisciplinary Digital Publishing Institute
DOAJ  Directory of open access journals

TLA  Three letter acronym

LD linear dichroism
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Appendix A: Some comments on the references

Here we give some comments and corrections to some of our papers.
Withers (1982): To the expression for ay; on p.59 add ¢q5 + 2c16 where

12 . 12 .
cpp=10n (01) = tif]'kllj,kk’{, c16 = I11 (00) = l’iklljt]‘kkli.

This correction does not effect applications in which @ is unbiased, as in Withers (1982, 1988).
In the expression on p.60 for (a2)2, Is1 (%g)should be c36 = I3 ((2)8)
On pé61, 4 lines before Table 1, replace n/2)" ! by n/2)' .
On p67 add to Kgb, t?tjbkll]/kk]{. Forr = 3,4 see §4.
On p68 in (A3) replace ("?) by (’;2). Changing to the simpler notation of Withers and Nadarajah

r
(2008), denote the expressions for I (6), o I301 (Sgé) and 13(3%), w31 (éé?) given on p.58-59 by 02 = V =

p
V(w) = tikljt]’/ €01, €02, €21, and ¢23, €11, €15, €19, €1,10, €31, €36, 3,10, €3,11, €22, C12, €14, €17, €32, €34, €35, €38, C39-
So the expressions on pp59-60 become

a11 = co1 +Co2/2, as = cp1 + 3c23,
ay =c11 +c15+c19/2 + €1,10 + 12 + 2c16 by Corollary 5.3,
a43 = c31 + 12¢36 + 12¢3 10 +4c3,11,
(a11)1 = 0 Y(co1 +con/2) — 0 3 (c/2 4 c23), (a32)2 = 0 (ca1 — 3con — 3ca3),
3 , 3 4
(ap)2 =Y VA, (as3)s =) V'B;for
i=1 i—
Ay =c11 —c14/2+c15 — 2017 — ¢19/2, Ay = —(co1 + c02/2) (e + 2c23)
— €32 — 34 + €35 — 2036 — 4C3g + 2039 — 20310 — 2C3,11,
Az =7(co +2c23)? /4, By = c31 — 6¢32 — 6¢34 + 335 — 24c3s — 12¢310 — 8¢311,
B3 = 6(c22 + 2¢23) (—co1 + 3c22 4 3c23).

We now illustrate how the results on p.60 were obtained. Let ¢}, denote ¢;s when t(®) is replaced by
its Studentized form ¢ g (@). Then

(a22)2 = 11 + €15+ €19 /2 + €] 19 + €1 + 2¢1, (A1)
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The first few derivatives of £ (o) (@) at w, and of V(w), are
toi =V 12, by =V 12— V2LV + 1Y) /2,
3 3
toije = V1 2t — V32N (4 Vie+ Vighe) /2 4+ 3V 2 Y 1 ViVie /4,
ijk ijk
V; = 2tiki"ty + K% taty, and

2
Vl] = Zti]'ak{ibtb + 2fiak'ibt]'b +2 Z tiakpllfj]-tb + kﬁf)ijtatb/ where
ij

2 3
Zaibj = a,-bj + ﬂjbi, Zaijbk = a,-]-bk + ﬂikb]' + Lljkbi for ajj = ajj.
ij ijk

Socy; =V len, cjs = Viles — V2My,
o=V lerg —2V2My + V3(VM, + M3) /2,
0=V ler10 — V2 (Macoo + 2My + VM5 + 2Mg) /2 4+ 3V 3 (VM, + 2M3) /4,
o =Vley, =Vl — VE(VMy + co1M3) /2, where

M, = titjk;jkvk = 32 +2c36, My = Vikngj = ¢35 + 4c39 + 4310,
Mz = tikll]V]' =y + 203 =Cx» say, My = tiklljtjkkklvl = (39 + 2C3110,
Ms = k{Vi; = 2¢110 + 2c19 + c14 + 417,
Mg = tik] Vyki't; = 2c310 + 203,11 + c34 + 4c3s,
My = k’lVl = C12 —|—2C16 =
cho = Vo9 +2V 2 (4ess — c310) + V 5,/2,
3 )
C,l,l() = Z Vﬁzbi fOI‘ bl = —C14/2 — 2C17 — (19, b3 = 35%2/2,
i—1

by = —Cpca/2 — c34 + 3c35/4 — 4esg + 2039 — €310 — 2C311-

Substitution into (A1) yields (a2 )>. The other a); = (a,;), given on p.60 are obtained similarly.

Withers (1984):

p393 In the 5 line expression for f4(x, L), replace (x> — x)/30 by (x3 — 3x)/30, and +2473) /7776
by +2473x) /7776.

p394 In (3.4) replace (x*> —1)/2, by (x2 —1)/6,

p394 In line 2 of Section 4, "of Section 2’ should be “of Section 3.

The following corrigendum for a printer’s error appeared in
Withers, C.S. (1986) Jnl. Royal Statist. Soc. B, 48 p258:

The expression —I5(252x> — 1688x> + 1511x) /7776 should be added to the last line on p393.

That also gives g5(y) and g4 () for the last line on p393.

Withers (1987):

p2371 (2.4): ¥, n7C; need not converge. We only require an asymptotic expansion. The same is
true for (3.2) p2375.

p2371, 3rd to last paragraph. Replace "Appendix C, which also” by "Appendix D. Appendix C’

p2372, Example 2.2, line 2. Replace t2/(8) by +(%)(8), the 2j derivative of +(6). In line 3 and in
Example 3.1, (y); =y(y —1)--- (y —j+1).

p2377 line 2: replace (1.2) by (2.4)

p2377 line 3: replace /N| by /N

P2377 line 9: replace ‘Section 2’ by ‘Section 3’ Since E; = 0, C; of Example 3.2 p2376 is unaffected.



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 March 2024 d0i:10.20944/preprints202403.0195.v1

25 of 29

p2378: these expression for C; are correct if 0 is unbiased. In that case the terms on p2378 with
a 1 in the top line are zero so that C; has only m; terms where m; = 1, my = 3, m3 = 6, my = 12.
However if 0 is biased, then these expression for C; did not allow for contributions from replacing 0 by
E § in the cumulant coefficients k;.“'””’ of (3.2). These are corrected in Withers, C.S. and Nadarajah, S.
(Submitted), Bias-reduced estimates for parametric problems.

p2379 Appendix D. Add at start: For p = 1 see (3.4) of
Withers, C.S. and Nadarajah, S. (2013), Delta and jackknife estimates of low bias for functions of
binomial and multinomial parameters. Journal of Multivariate Analysis, 118, 138-147. DOI:10.1016/j.
jmva.2013.02.006

Withers (1988):

P729: in the 10th line from the bottom, replace “their range 1- - - p” by “their range 1- - - k”

p732 line 9: T,‘j;fj;ijjj should be T{1{2:.

p734: in the expression for /1 in the 5th to last line, replace Hep by Hey /6.

p737: in line 11, “Sections 1 and 2 of Withers (1983a)” should read “Sections 1 and 2 of Withers
(1983b)”. ‘ '

p741: in the 4th equation from the bottom, at the end of the line, replace [1/]T}, by [1]; T3,

Withers and Nadarajah (2008):

p743 para 2, line 4. Replace “about zero.” by “about zero when G puts mass 1 at x.”

p754, 756. Replace w;,,, by w;y,. Different samples can have different weights.

p754 2nd to last line. The first term on RHS, ¢17 /2, should be c17.

p755, line 6. There is a typesetting error in the first of the 2 lines for ayyp. Replace the first line with

a0 = 0 2(c11 — 12 — c14/2 + €15 — 2¢17 — €19/2) — 0 *[(co1 + con/2) (c22 + 2¢23) + 32

p756. The 3rd and 4th lines after (8), should be

V] = [ Te(@) dR ()
112,200, = [ [ Te(@) T (5% Te (3) dFs (1)dF (x2),

Withers and Nadarajah (2009):

p 272. Line 3: Convergence of S(t) is not needed, since B,y is a finite sum.

&, on LHS(1.1) should be k.

p 273 last paragraph: also f(x)/¢(x) is only meaningful if X is dimension-free.
p 275. (2.8) is correct but since By = By = 0, (2.8) can also be written

/f2/<p =1+ Y BZ/k!.
k=3

In the 5th line of Section 3 insert after B, (&), ‘ata; = ap = 0.
The first line of (3.1) should read

B, =Y (Bye" *:1<k<r/3)

(3.2) can be written K; = s — 2[s/3] where [x] is the integral part of x.

p276. In the expression for Byg, Bjg 13 should be By ;.

p 277. In the 2nd to last line, bgs should be Bg;.

p 278. In the expession for by, the first term should be doubled. In the expession for bs, bgy should
be Bgz.

Withers and Nadarajah (2010a):

p3. In 5th and 6th to last lines, replace = n 2K, + O(n=2) by = n 'K, + O(n=2)
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p5. 2 lines above Theorem 2.2, replace “third moments” by “third central moments”

p7, lines 2-3: delete “and its Studentised version”

p7, lines 3-4: delete “or n~Y2(B, — Ba) fua’>”

p7, line 7-10: delete from “So, a one-sided” to “by O(n~1/2);

p9. Move “Set ¢' = - --m = p + 1. on the last 2 lines of p9 and 1st line of p 10 to just before “Set”
on p9 line 9.

p10, lines 14-15: replace “g;; where” by “g;;.” and move the rest of the sentence, “g;; = - - - gn.jj...”
to the line after (6.1) p9, preceded by the word “Set”

Withers and Nadarajah (2010b):

p1129 line 7: replace b (Y;) by bl (Y)

To the 9th to last line we can add
Ps(t,B) = e3(t) +er(t)ea(t) +er(t)*/6,

From p1130 line 6 to the end of §5: replace s by p, the dimension of 6.

p1130 line 7 is clearer we replace line 8 by

7

k

for p(X) (y) = %, - 3, Py (), Ok = 3/,

p1130 line 9. replace H, ,«(y) by H, . «(y, V)

p1130 The 5th and 6th to last lines:
for example K;J"'i’ = k](il"'i’)(t) = 0;, - -~ 9;,k;(t) where 9; = 9/0t;.

p1132. A note on Corollary 3.2. For the duality of I(x) and ko(t) see p176 of McCullagh, P., (1987)
Tensor methods in statistics. Chapman and Hall, London.

p1133. In line 14 replace H,, 1 (0, Vi) by H, 41 (0, V%)

Withers and Nadarajah (2014a):

p81. In (2.14), replace J;(x) and J;(x) by J(x)/r! and J;(x)/r!.

p81. The 2nd line after (2.15) should read

= [, B Vo007

The next line is correct:

W= [, (-3 ey

p82. In (2.20), replace J;(y1,y2) by Jr(y1,y2) /1!
p 85. In Withers, C.S. and Nadarajah, S. (2009), replace "via’ by ’in terms of”.

Withers and Nadarajah (2014c):
p 676. Multiply RHS of (1.13) by n'/2. That is, replace it by

Yikg = (n/sax0)"/* (8 — s16), ] > 0,K > 1.

p 699. In the editing of the original paper of 64 pages down to 21 pages, some details had to be removed.
Here are some more details for Theorem 1.2 after (1.24).

V= 0if] > 1, Vo = AisHo if K > 2,

V3 = AssHy + AsyHy if | > 2, Vy = AgHs + AgsHs if K > 3,

Vs = AsgHy + AssHy + AyeHg if | > 3,

Ve = AysHsz + AggHs + AgyHy if K > 4.

Vie=0ifr <3fore=nh,f,g, Vi = [4%]oe(4?),

Vse = [45] (45) + [34]1 e(34),

Vee =) {[m]oe(r) : m=5%46,4%} + Y {[n]1 e(r) : m = 42,35} + [3%]5 ¢(3),
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where the ¢(71), [77]; needed for e,(x), 1 < r < 6, are as follows.

h(l] cee ) = Hi+j+-~—1 so that h(lilziz s ) = Hli1+2i2+~~~—1-
Forr=4: [4%]g = A%/2!, h(4*) = Hy,
f(4%) = H; — HyH3, g(4*) = H; — 2H3H, + H H3.

Forr =5: [45]g = Ay3Asy, h(45) = Hg,
f(45) = Hg — H1H3H,, g(45) = Hg — H3Hs — H7 + HyH3H,,
[34]; = As3A4s, h(34) = Hq, f(34) = Hg — HiHyHs,
¢(34) = Hy — HyHy — H2 + HyHyH3.
Forr=6: [5%]g = A%,/2!, h(5%) = Hy,
f(5%) = Hy — HyH3, g(5%) = Hy — 2H,Hs + H H3,
[46]o = Ay3Aes, h(46) = Ho,
f(46) = Hy — H1H3Hs, §(46) = Ho — H3Hg — HyHs + H1H3Hs,
[4%)o = AQ3/3L, h(4’) = Hyy, f(4°) = Hiy — 3H H3Hy — HyH3 + 3H{H3,
g(4%) = Hyy — 3H3Hg — 3H4Hy + 3H, H3Hy + 3H3Hs + 6H3 H3
— 9H,H3H, — HyH3 + 3H?H3,

42)) = AgAu,
[35]1 = As3Ass, f(35) = H; — HiHyHy, §(35) = Hy — H3Hy — HyHs,
[3%], = A3,/2!, f(3%) = Hs — H1H3, g(3%) = Hs — 2H,H3 + H,H3.

p 702 §2. In the 3rd equation of Theorem 2.1, In T'(u) should be In T'(m). p 704. Disregard Table 3.
Withers and Nadarajah (2015):
In (22) and the formulas for dy, - - - , dg that follow, replace d, by

dy = rdy = c,(x)/(r — 1)L
As stated this gives ¢, = ¢,(x) = r!d,. For example

) =aq, c3 = Za% +ap, ¢4 = 3!a‘;’ + 7a1ay + as,
5 = 4!{1‘11 + 46a%a2 + 11ayaz + 7{1% + ag,
= 5!61? + 32601“;’012 + 10101%013 + 127a1a% + 16aia4 + 25ara3 + as.

In the first reference, [1], replace J. J. Alfredo by J. A. Jimenez.
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