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Article

The Effect of Noncommutative Phase-Space, Local and
Nonlocal Potentials on the Current Density in the
Context of Minimal Uncertainty in Momentum
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Abstract: In this article, we investigate both the Schrödinger and continuity equations in the presence of nonlocal

potential that arising from electron-electron interaction and local one in the context of minimal uncertainty in

momentum within commutative and noncommutative frameworks. Furthermore, the Frahn–Lemmer potential

type is used. Interestingly, the combined effects of both the phase-space noncommutativity and nonlocality on the

current density while considering a minimal uncertainty in momentum are examined. We find that the current

density, as conventionally defined, does not fulfil the condition of current conservation, thus, a new definition of

the current density that encompasses the aforementioned contributions is given. Thereafter, it is shown that the

computed current using the new definition of the current density satisfies the current conservation. Noting that

using both the ⋆product and linear Bopp-Shift, the noncommutativity is inserted.

Keywords: Schrödinger equation; noncommutative quantum mechanics; minimal uncertainty in momentum;

continuity equation; nonlocal potential; Frahn-Lemmer potential

I. Introduction

In contemporary nanotechnology advancement, the study of transport properties pertaining to
nanodevices has garnered escalating significance. Consequently, exploring the dynamics of currents
within nanodevices and how the current densities provide information about the heat dissipation
proves to be a captivating subject of understand [1]. Also, in the QCD theory, color charges of the quarks
and gluons [2,3] are always conserved. Therefore, for this color charges current, there established
a continuity equation (CE) in terms of the gluon field strength tensor, which is a second order field
tensor characterizing the gluon interaction between quarks. However, generally, many physical
quantities are often or always conserved, consequently, to delve into their respective conservation laws,
it becomes necessary to arrive at their respective CEs. In quantum mechanics, the CE is a fundamental
principle that describes the conservation of probability density. It relates the flow of probability density,
represented by the wave function, to the rate of change of probability density at a given point in
space. The importance of the CE lies in its connection to several fundamental concepts. The CE is
not an approximation, but it stands as a fundamental physical equation elucidating core principles,
wherein it captures the kinematic dimension of symmetry and serves as a valuable supplementary
relation. It is always possible to derive the CE from the equations of motion. It can be expressed in
the differential form by the divergence theorem or in the integral form, and will be significant once
it is applied to conserved quantities. The CE delineates the transport of a physical quantity, so, for a
quantity x which can flow or move, ρx will be its volume density, the manner this quantity flows is
described by its flux, denoted

−→
J x. At steady state, ∂tρx = 0, the divergence of current density has to

be zero in order to satisfy current conservation. The divergence of current density
−→∇ · −→J x represents

the rate at which x is lost from the surrounding volume. The relationship between these quantities is
in the equation ∂tρx

(−→r , t
)
= −−→∇ · −→J x

(−→r , t
)
. However, in this work, we extract the CE for a particle

experiencing nonlocal and local potentials in the context of minimal uncertainty in momentum (MUM)
for the cases of commutative and noncommutative (NC) frameworks. So, in quantum mechanics, a
nonlocal potential (NLP) refers to a type of potential energy function that depends on the positions
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of particles over a range of distances, rather than just their local positions. Unlike local potentials,
which only consider the interactions between particles at the same spatial point, NLPs take into
account the influence of particles across a broader spatial region. These NLPs play a crucial role
in describing various physical phenomena, such as the study of entanglement, and the behavior
of particles in complex environments and systems with long-range interactions. Their inclusion in
quantum mechanical models allows for a more accurate and comprehensive understanding of the
behavior and properties of quantum systems. Moreover, the NLP can be present, in descriptions of
systems in atomic physics, condensed matter physics and quantum optics[4–6]. Here, we are interested
in a NLP, which can appear in nuclear reactions [7]. Note that there are some types of nonlocality,
including the Feshbach nonlocality, Pauli nonlocality, Perey-Buck nonlocality, Bell nonlocality, etc. It
is worth noting that these different types of nonlocality arise in distinct physical contexts and have
specific manifestations and implications within their respective fields of study. However, the NLP
and the CE are related through the conservation of probability where the NLP is introduced into the
quantum system, it affects the behavior of the wave function and the associated probability density. It
refers to a potential energy term that depends on the values of the wave function at different points in
space, rather than just the local value at a given point. The presence of NLP modifies the dynamics
of the system and can lead to nonlocal effects. This means that the properties of the wave function
and the associated probabilities are influenced not only by the local conditions but also by the wave
function values at distant points in space.

Moreover, the Schrödinger equation in the presence of NLP has been the subject of many studies
over several years (see, e.g., Refs. [8–10]). For instance, within the scattering theories concerning
nucleons and nuclei [11], the NLP arises from the exchange interaction occurring between the nucle-
ons [12]. In the transport properties calculations for nano-devices using the DFT and Green’s function
theory [13,14]. Furthermore, the nuclear optical potential that characterizes the interaction between
colliding nuclei also exhibits nonlocal behavior. [15–17]. So far, the NLP has generally been treated as
minor in numerous nuclear structure and reaction calculations, and approximation techniques have
been incorporated it into the local potential model to accurately account for its effects [18–20].

On the other side, obviously, the NC geometry is very important in both quantum mechanics and
quantum field theory. The investigations on NC geometry have become an issue of considerable interest
over the past few decades. NC geometry is highly influential in many areas of high-energy physics
and modern physics including quantum physics [21,22], string theories [23], standard model [24],
quantum field theory [25,26], cosmology, black holes and gravity [27,28]. It has been shown that the
NC phase-space (NCPS) is very interesting for understanding phenomena at tiny distances and at very
high-energy ranges. Also, it is worth noting that different types of phase-space noncommutativity have
been considered (see Refs. [29–32] for an overview). The transition between the commutative setting
and the NC one, or vice versa, involves four essential methods: (i) Moyal–Weyl product (⋆product)
instead of the ordinary product for actions and physical systems functions, (ii) Weyl–Wigner maps,
which utilize the ordinary product alongside Weyl operators. (iii) Bopp-shift transformations, and (iv)
Seiberg–Witten maps. These methods have been extensively discussed in the literature (check, e.g., [33–
37] and references therein). In this study, we adopt a combination of the ⋆product and Bopp-shift to
address the research objectives.

As previously stated, we take our problem in question to the MUM context, there we test the
combined effects of MUM, noncommutativity and nonlocality on both Schrödinger and continuity
equations. Therefore, the concept of minimal uncertainty plays an essential role in understanding the
particles behavior. The Heisenberg uncertainty principle asserts that one cannot accurately determine
both the exact position and momentum of a particle simultaneously. However, the principle also
implies that there exists a lower limit to the uncertainty in these measurements. This lower limit is
known as the Minimal Uncertainty in Position (MUP) and Minimal Uncertainty in Momentum (MUM).
The MUP signifies the minimum uncertainty achievable when determining the position of a particle,
while the MUM represents the minimum uncertainty attainable in measuring its momentum. These
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limitations have profound implications on our comprehension of quantum systems and underscore
the intrinsic probabilistic nature of particles at the quantum level. Numerous studies have explored
the integration of NC geometry with either MUP or MUM, as evident from the literature (e.g., [38–40]).

This study aims to examine the impacts of NLP and MUM on the CE within the NC setting.
Additionally, motivated by the goal of gaining a deeper understanding of the nonlocality phenomena,
we undertake this research. The plane of the paper is outlined as follows. In Sec. II, a concise review
of both NC geometry and MUM is provided. In Sec. III, for the commutative phase-space, both the
Schrödinger and continuity equations are investigated in the presence of local and nonlocal potentials.
Moving on to Sec. IV, we present the Schrödinger and continuity equations for both nonlocal and
local potentials in the context of MUM all inside NC setting. Note that the nonlocal FLP is used in
commutative and NC cases. Sec. V, is devoted to the conclusion and supplementary remarks.

II. Noncommutative Geometry and Minimal Uncertainty in Momentum

In this part of our study, we provide a brief explanation of the NC geometry and MUM. So, at the
string scale, i.e. very tiny scale, the coordinates of position no longer commute neither do the momenta,
which means, the order of operators matters when carrying out calculations. Consider now the
operators of coordinates and momentum in NCPS xnc

i and pnc
j , respectively, then, in a d-dimensional

NCPS, the deformed commutation relations are given as follows:[
xnc

µ , xnc
ν

]
= iΘµν,

[
pnc

µ , pnc
ν

]
= iηµν,

[
xnc

µ , pnc
ν

]
= i ˜̄hδµν , (µ, ν = 1, ..d) , (1)

with Θµν, ηµν stand for constant antisymmetric d × d matrices and δµν is the identity matrix. The
effective Planck constant, i.e. deformed h̄, is defined as

˜̄h = h̄(AB + ξ), with ξ =
Tr[Θη]

4ABh̄2 , (2)

where ξ ≪ 1 is the consistency condition in quantum mechanics, and is expected to be usually satisfied
once the NC parameters be of the 2nd order. Now, xnc

i and pnc
i can be presented in terms of the

commutative ones xi and pj in ordinary quantum mechanics through the following Bopp-shift [37]

xnc
µ = Axµ − Θµν

2Ah̄ pν, and pnc
µ = Bpµ +

ηµν

2Bh̄ xν , (3)

where A = 1 − Θη

8h̄2 and B = 1
A , which are scaling constants and are usually considered A = B = 1 to

the 1st order of Θ and η. As a consequence equations (3) and (2) become

xnc
µ = xµ − Θµν

2h̄ pν, pnc
µ = pµ +

ηµν

2h̄ xν and ˜̄h = h̄(1 + ξ|A=B=1). (4)

As long as the system in question is three-dimensional, we use the following NC algebra[
xnc

j , xnc
k

]
= i

2 ϵjklΘl ,
[

pnc
j , pnc

k

]
= i

2 ϵjklηl ,
[

xnc
j , pnc

k

]
= ih̄

(
1 + Θη

4h̄2

)
δjk , (j, k, l = 1, 2, 3) , (5)

with Θl = (0, 0, Θ), ηl = (0, 0, η) where Θ, η are real-valued NC parameters with [Θ] = L2 and
[η] = M2L2T−2, and ϵjkl is the Levi-Civita permutation tensor. Note that the NC parameters are
assumed to be extremely small. Now, the three-dimensional Bopp-shift is given as follows

xnc
i = xi −

ϵijk
4h̄ Θk pj, and pnc

i = pi +
ϵijk
4h̄ ηkxj . (6)

In NC quantum mechanics, use the ⋆product instead of usual product, merely makes our quantum
mechanical system a NC one. Also, if H (x, p) is the usual Hamiltonian operator, then its corresponding
Schrödinger equation commonly be
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H (x, p) ⋆ ψ(x, p) = Eψ(x, p). (7)

The ⋆product between two arbitrary functions F (x, p) and G(x, p) from RD in phase-space is
defined as [35]

(F ⋆ G)(x, p) = exp[ i
2 Θab∂xa ∂xb +

i
2 ηab∂pa ∂pb ]F (xa, pa)G(xb, pb) = F (x, p)G(x, p)

+∑n=1
1
n!

(
i
2

)n
Θa1b1 ...Θanbn ∂x

a1
...∂x

anF (x, p)∂x
b1

...∂x
bn
G(x, p)

+∑n=1
1
n!

(
i
2

)n
ηa1b1 ...ηanbn ∂

p
a1 ...∂p

anF (x, p)∂p
b1

...∂p
bn
G(x, p),

(8)

with F (x, p) and G(x, p) supposed to be infinitely differentiable. But once consider only the NC space
case, the definition (8) turns to [41]

(F ⋆ G)(x) = exp[ i
2 Θab∂xa ∂xb ]F (xa)G(xb) = F (x)G(x)

+∑n=1
1
n!

(
i
2

)n
Θa1b1 ...Θanbn ∂a1 ...∂anF (x)∂b1 ...∂bnG(x).

(9)

At classical level, the theories of NC field for low-energy fields where E2 > 1/Θ are completely
reduced to their commutative versions by means of the nature of ⋆product.

However, this remains a classical result and even in low-energy scenarios, quantum corrections
consistently reveal the effects of NCy parameters. Knowing that in quantum mechanics, terms
involving NCy parameters can always be approached as perturbations. If let Θ = η = 0, the NC
algebra simplifies to the standard commutative one, consequently the canonical commutation relations
transform to [

xj, xk
]
=

[
pj, pk

]
= 0,

[
xj, pk

]
= ih̄δjk , (j, k = 1, ..3) . (10)

In our calculations, we make use the following properties of ⋆product :

1. The ⋆-product under the integral sign∫
( f ⋆ g)(x)d4x =

∫
(g ⋆ f )(x)d4x =

∫
( f g)(x)d4x. (11)

2. The Complex conjugation
( f (x) ⋆ g(x))∗ = g∗(x) ⋆ f ∗(x). (12)

Now, the minimal uncertainty in momentum and position can be generalized to be GUP in QM as
follows [40,42]

△x△p ≥ h̄
2

[
1 + α̃(△x)2 + β̃(△p)2 + γ̃

]
in 1D, (13)

where α̃, β̃ and γ̃ = α̃⟨x⟩2 + β̃⟨p⟩2 are positive small and independent of ∆x and ∆p parameters.
Noting that equation (13) can be derived by using the following relations

[
x̃j, p̃k

]
= −ih̄δjk

(
1 + α̃r2 + β̃p2

)
with r2 =

3

∑
k=1

x2
k ; p2 =

3

∑
k=1

p2
k . (14)

So, by assuming α̃ = 0 in the equations (13) and (14), we have only quantum mechanics with
MUP. Conversely, putting β̃ = 0 in the equations (13) and (14), yields only quantum mechanics with
MUM. Note that, α̃ and β̃ are respectively the parameters of MUM and MUP, determined from a
fundamental theory [43,44]. Besides, to explore certain experimental findings concerning bounds on
GUP parameters, check Refs. [45,46]. We recover the Heisenberg uncertainty principle at low energy,
i.e., energy much smaller than the Planck mass when α̃ = β̃ = γ̃ = 0 in equation (13). As examples of
researches in the context of MUM and MUP, check [47,48].

Now, the canonical commutation relations (10) in the presence of MUM become
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[
x̃j, x̃k

]
= 0 ;

[
p̃j, p̃k

]
̸= 0,

[
x̃j, p̃k

]
= −ih̄δjk

(
1 + α̃r2) with 0 ≤ α̃ ≤ 1 . (15)

Here is the MUM representation of the operators x̃j and p̃i that adheres to (15) [42]:

x̃iψ(x) = xiψ(x) and p̃iψ(x) =
h̄
i

(
1 + α̃r2

)
∂iψ(x) =

(
1 + α̃r2

)
piψ(x). (16)

Then, the modified scalar product using the condition of symmetricity of the coordinates and
momenta operators can be given as

⟨φ | ψ⟩ =
∫ dD−→x

(1 + α̃r2)
1+D

2
φ×(−→x )ψ(−→x ). (17)

Note that when study NC quantum mechanical systems in the context of MUM (or even MUP),
one need to modify the Schrödinger equation to NC one thereafter substitute the momentum operator
with the modified one, i.e. −→p −→ −̃→p .

III. Schrödinger and Continuity Equations in Commutative Case

A. Schrödinger Equation with NLP in the Context of MUM

In the presence of local potential VL
(−→r ) and NLP VNL

(−→r ,−→r ′
)

, the time-dependent integro-
differential Schrödinger equation is given as follows{−→p 2

2m
+ VL

(−→r )}ψ
(−→r , t

)
+
∫

VNL

(−→r ,−→r ′)
ψ
(−→r ′

, t
)

d−→r ′
= ih̄

∂

∂t
ψ
(−→r , t

)
. (18)

Note that we consider the general case of the local potential for which it may be complex.
Knowing that the idea behind use a complex potential was introduced long ago for absorption in
nuclear scattering as part of a phenomenological model [49,50]. The model involving a complex
potential, often termed the optical model, is used also in various other fields, including nanotransport,
molecular and atomic physics, and more to describe inelastic losses. The term containing VNL accounts
for the nonlocal interactions between particles, where the NLP depends on both the position −→r of the
particle being considered and the position −→r ′

of the interacting particle. Exactly, the integral term
represents the integration of the NLP over all possible positions −→r ′

of the interacting particles. It
captures the cumulative effect of the nonlocal interactions on the quantum state ψ of the system. The
both potentials depict the scattering as follows:

5

Here is the MUM representation of the operators ~xj and ~pi that adheres to (15) [42]:

~xi (x) = xi (x) and ~pi (x) =
~

i

�
1 + ~�r2

�
@i (x) =

�
1 + ~�r2

�
pi (x) : (16)

Then, the modi�ed scalar product using the condition of symmetricity of the coordinates and momenta operators
can be given as

h' j  i =

�
dD�!x

(1 + ~�r2)
1+D
2

'� (�!x ) (�!x ) : (17)

Note that when study NC quantum mechanical systems in the context of MUM (or even MUP), one need to
modify the Schrödinger equation to NC one thereafter substitute the momentum operator with the modi�ed one, i.e.
�!p �! ~�!p .

III. SCHRÖDINGER AND CONTINUITY EQUATIONS IN COMMUTATIVE CASE

A. Schrödinger equation with NLP in the context of MUM

In the presence of local potential VL (
�!r ) and NLP VNL

�
�!r ;�!r

0
�
, the time-dependent integro-di�erential Schrödinger

equation is given as follows��!p 2

2m
+ VL (

�!r )

�
 (�!r ; t) +

�
VNL

�
�!r ;�!r

0
�
 
�
�!r

0

; t
�
d�!r

0

= i~
@

@t
 (�!r ; t) : (18)

Note that we consider the general case of the local potential for which it may be complex. Knowing that the
idea behind use a complex potential was introduced long ago for absorption in nuclear scattering as part of a phe-
nomenological model [49, 50]. The model involving a complex potential, often termed the optical model, is used also
in various other �elds, including nanotransport, molecular and atomic physics, and more to describe inelastic losses.
The term containing VNL accounts for the nonlocal interactions between particles, where the NLP depends on both
the position �!r of the particle being considered and the position �!r

0

of the interacting particle. Exactly, the integral
term represents the integration of the NLP over all possible positions �!r

0

of the interacting particles. It captures the
cumulative e�ect of the nonlocal interactions on the quantum state  of the system. The both potentials depict the
scattering as follows:

Figure 1. A schematic representation of both local and nonlocal potentials

Here the local potential is when r = r
0

and the nonlocal one expresses two extra distances where �!r is the relative
distance between two in-coming particles; and �!r

0

is the relative distance between two out-going particles. The form
of the NLP operating on a wave function [51] is as follows

�
VNL

�
�!r ;�!r

0
�
 
�
�!r

0

; t
�
d�!r

0

=

�
VNL (

�!r ;�!r +�!s ) (�!r +�!s ; t) d�!s ; (19)

Figure 1. A schematic representation of both local and nonlocal potentials.

Here the local potential is when r = r
′

and the nonlocal one expresses two extra distances where
−→r is the relative distance between two in-coming particles; and −→r ′

is the relative distance between
two out-going particles. The form of the NLP operating on a wave function [51] is as follows∫

VNL

(−→r ,−→r ′)
ψ
(−→r ′

, t
)

d−→r ′
=
∫

VNL
(−→r ,−→r +−→s

)
ψ
(−→r +−→s , t

)
d−→s , (19)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 4 March 2024                   doi:10.20944/preprints202403.0115.v1



6 of 14

where −→r ′
= −→r +−→s , with d−→r ′

= d−→s . Note that the kernel function VNL

(−→r ,−→r ′
)

is symmetric in −→r

and −→r ′
[52], i.e., VNL

(−→r ,−→r ′
)
= VNL

(−→r ′
,−→r
)

. Then by using the series expansion of ψ
(−→r +−→s

)
=

(1 +−→s ∂
∂−→r +

−→s 2

2
∂2

∂−→r 2 +
−→s 3

3!
∂3

∂−→r 3 + ..)ψ
(−→r ) = e

i
h̄
−→s ·−→p ψ

(−→r ), one obtains

∫
VNL

(−→r ,−→r ′)
ψ
(−→r ′

, t
)

d−→r ′
=
∫

VNL
(−→r ,−→r +−→s

)
e

i
h̄
−→s ·−→p d−→s ψ

(−→r , t
)
, (20)

then∫
VNL

(−→r ,−→r +−→s
)
e

i
h̄
−→s ·−→p d−→s ψ

(−→r , t
)
=
∫

dse
i−→s ·−→p

2h̄ VNL

(−→r −
−→s
2 ,−→r +

−→s
2

)
e

i−→s ·−→p
2h̄ ψ

(−→r , t
)

= VNL
(−→r ,−→p

)
ψ
(−→r , t

)
.

(21)

Thus, equation (18) simply takes the following form{−→p 2

2m
+ VL

(−→r )+ VNL
(−→r ,−→p

)}
ψ
(−→r , t

)
= ih̄

∂

∂t
ψ
(−→r , t

)
. (22)

Now, the Frahn-Lemmer potential (FLP), which is separable, can be defined as [11,53]

VNL

(−→r ,−→r ′)
= U

(
1
2

∣∣∣−→r +−→r ′
∣∣∣)Y

(∣∣∣−→r −−→r ′
∣∣∣), (23)

where Y , U represent the width and the local average value of the nonlocality respectively, also
note that the form (23) is similar to those used in local optical model calculations [11]. We consider
U
(

1
2

∣∣∣−→r +−→r ′
∣∣∣) ≈ V0, and Y is taken as a Gaussian function as

Y
(∣∣∣−→r −−→r ′

∣∣∣) =
1

(πβ2)
3
2

e
−

(
−→r −−→r

′)2

β2 , (24)

which is normalized, i.e.,
∫

Y
(∣∣∣−→r −−→r ′

∣∣∣)d−→r ′
= 1. Consequently, equation (23) becomes

VNL

(−→r ,−→r ′)
=

V0

(πβ2)
3
2

e
−

(
−→r −−→r

′)2

β2 , (25)

with β, V0 are the nonlocality range, which is usually 0.85 fm and the depth of the nuclear potential
says Wood–Saxon function type, respectively.

6

where �!r
0

= �!r + �!s ; with d�!r
0

= d�!s . Note that the kernel function VNL

�
�!r ;�!r

0
�
is symmetric in �!r and �!r

0

[52],

i.e., VNL

�
�!r ;�!r

0
�
= VNL

�
�!r

0

;�!r
�
. Then by using the series expansion of  (�!r +�!s ) = (1 + �!s @

@�!r +
�!s 2
2

@2

@�!r 2 +
�!s 3
3!

@3

@�!r 3 + ::) (�!r ) = e
i
~

�!s ��!p  (�!r ), one obtains�
VNL

�
�!r ;�!r

0
�
 
�
�!r

0

; t
�
d�!r

0

=

�
VNL (

�!r ;�!r +�!s ) e
i
~

�!s ��!p d�!s  (�!r ; t) ; (20)

then �
VNL (

�!r ;�!r +�!s ) e
i
~

�!s ��!p d�!s  (�!r ; t) =
�
dse

i�!s ��!p
2~ VNL

�
�!r �

�!s
2
;�!r +

�!s
2

�
e
i�!s ��!p
2~  (�!r ; t)

= VNL (
�!r ;�!p ) (�!r ; t) :

(21)

Thus, equation (18) simply takes the following form��!p 2

2m
+ VL (

�!r ) + VNL (
�!r ;�!p )

�
 (�!r ; t) = i~

@

@t
 (�!r ; t) : (22)

Now, the Frahn-Lemmer potential (FLP), which is separable, can be de�ned as [11, 53]

VNL

�
�!r ;�!r

0
�
= U

�
1

2

����!r +�!r
0
����Y �����!r ��!r 0

���� ; (23)

where Y , U represent the width and the local average value of the nonlocality respectively, also note that the form

(23) is similar to those used in local optical model calculations [11]. We consider U
�
1

2

����!r +�!r
0
���� � V0, and Y is

taken as a Gaussian function as

Y
�����!r ��!r 0

���� =
1

(��2)
3
2

e
�
�
�!r ��!r

0
�
2

�2 ; (24)

which is normalized, i.e.,
�
Y
�����!r ��!r 0

���� d�!r 0

= 1. Consequently, equation (23) becomes

VNL

�
�!r ;�!r

0
�
=

V0

(��2)
3
2

e
�
�
�!r ��!r

0
�
2

�2 ; (25)

with �, V0 are the nonlocality range, which is usually 0.85 fm and the depth of the nuclear potential says Wood�Saxon
function type, respectively.

Figure 2. Plot of NLP against �!r and �!r
0

according to Eqution (25), where � = 0:85 fm and V0 = 10 in arbitrary units.Figure 2. Plot of NLP against −→r and −→r ′
according to Eqution (25), where β = 0.85 fm and V0 = 10 in

arbitrary units.
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Once the range parameter is very small, the NLP tends to V0δ
(−→r −−→r ′

)
. Thereafter, by putting

equation (25) into equation (18), we obtain

{−→p 2

2m
+ VL

(−→r )}ψ
(−→r , t

)
+

V0

(πβ2)
3
2

∫
e
−

(
−→r −−→r

′)2

β2 ψ
(−→r ′

, t
)

d−→r ′
= ih̄

∂

∂t
ψ
(−→r , t

)
. (26)

By using equation (21), we have

VNL
(−→r ,−→p

)
=
∫

dse
isp
2h̄

V0

(πβ2)
3
2

e
−

(
−→r −

−→s
2 −−→r −

−→s
2

)2

β2 e
isp
2h̄ =

V0

(πβ2)
3
2

∫
dse

−
−→s 2

β2 + i
h̄
−→s ·−→p

, (27)

then, through the integral
∫ +∞
−∞ e−A2s2+Bsds =

√
π

A e
−→
B 2

4A2 , where A = 1
β ,
−→
B = i

h̄
−→p , equation (26) becomes

{−→p 2

2m
+ VL

(−→r )}ψ
(−→r , t

)
+ V0e−

−→p 2β2

4h̄2 ψ
(−→r , t

)
= ih̄

∂

∂t
ψ
(−→r , t

)
. (28)

Now, by using equation (16), the Schrödinger equation with FLP and in the context of MUM is
given as follows{(

1 + α̃r2
)2 −→p 2

2m
+ VL

(−→r )}ψ
(−→r , t

)
+ V0e−(1+α̃r2)

2 −→p 2β2

4h̄2 ψ
(−→r , t

)
= ih̄

∂

∂t
ψ
(−→r , t

)
. (29)

Note that once wanting to solve the equation (29), we use the Fourier transform to switch for the
momentum representation, i.e. P representation, there the calculations shall be simple, noting that the
equation will be considered time-independently. Thus, with −→p = h̄

−→
k , equation (29) turns to

(
1 + α̃r2

)2

(
h̄
−→
k
)2

2m
+ VL + V0e−(1+α̃r2)

2 (h̄
−→
k )

2
β2

4h̄2 = E. (30)

By way of illustration, we consider VL = 0, then we have

(
1 + α̃r2

)2

(
h̄
−→
k
)2

2m
+ V0e−(1+α̃r2)

2 (h̄
−→
k )

2
β2

4h̄2 = E. (31)

Now, as long as β is small, then we have the following series expansion

e−(1+α̃r2)
2 −→p 2β2

4h̄2 = 1 −
(

1 + α̃r2
)2 −→p 2β2

4h̄2 +O
(

β4
)

, (32)

so that equation (31) becomes

E − V0 =
(

1 + α̃r2
)2(

h̄
−→
k
)2
(

1
2m

− V0β2

4h̄2

)
. (33)

The above relation (33) exhibits the relation between the nuclear potential and the momentum.
For V0 = 0, we have

E =
(

1 + α̃r2
)2

(
h̄
−→
k
)2

2m
. (34)
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For a best and profound understanding of the behavior of the energy, we report on some numerical
results for the energy in (33) and show the different effects on it. However, E were plotted for the

values of
(

h̄
−→
k
)2

= h̄ = 1 and V0 = 1 in Figures 3–5.
8

Figure 3. E vs. r for values of ~�, i.e. ~� =0,0.1,0.2,0.3. And � = 0:85 fm

Figure 4. E as a function of ~�. a) The variation of energy is for di�erent values of r , i.e. r=0.1, 1, 3, 4.5, 5, and �xed � = 0:85
fm; b) the variation is for di�erent values of � and �xed r=1.

B. Continuity equation with NLP in the context of MUM

In the presence of both local and nonlocal potentials, the Schrödinger equation in the context of MUM is written
as follows

i~
@

@t
 (�!r ; t) = �

�
1 + ~�r2

�2 ~
2

2m

�!
r2 (�!r ; t) +

�
VNL

�
�!r ;�!r

0
�
 
�
�!r

0

; t
�
d�!r

0

+ VL (
�!r ) (�!r ; t) ; (35)

the complex conjugate of equation (35) is given as

� i~
@

@t
 y (�!r ; t) = �

�
1 + ~�r2

�2 ~
2

2m

�!
r2 y (�!r ; t) +

�
V �NL

�
�!r ;�!r

0
�
 y
�
�!r

0

; t
�
d�!r

0

+ V �L (�!r ) y (�!r ; t) : (36)

Here � and y stand for the complex conjugations. Then, the continuity equation bu using equations (35) and (36)
is

i~ @
@t

�
 y 

�
= � ~

2

2m

�
1 + ~�r2

�2�!
r2

�
 y
�!
r �  

�!
r y

�
+
� �

 yVNL
�
�!r ;�!r

0
�
 
�
�!r

0

; t
�
�  V �NL

�
�!r ;�!r

0
�
 y
�
�!r

0

; t
��

d�!r
0

+  yVL �  V �L 
y;

(37)

Figure 3. E vs. r for values of α̃, i.e. α̃ =0,0.1,0.2,0.3. And β = 0.85 fm.
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Figure 4. E as a function of ~�. a) The variation of energy is for di�erent values of r , i.e. r=0.1, 1, 3, 4.5, 5, and �xed � = 0:85
fm; b) the variation is for di�erent values of � and �xed r=1.

B. Continuity equation with NLP in the context of MUM

In the presence of both local and nonlocal potentials, the Schrödinger equation in the context of MUM is written
as follows

i~
@

@t
 (�!r ; t) = �

�
1 + ~�r2

�2 ~
2

2m

�!
r2 (�!r ; t) +

�
VNL

�
�!r ;�!r

0
�
 
�
�!r

0

; t
�
d�!r

0

+ VL (
�!r ) (�!r ; t) ; (35)

the complex conjugate of equation (35) is given as

� i~
@

@t
 y (�!r ; t) = �

�
1 + ~�r2

�2 ~
2

2m

�!
r2 y (�!r ; t) +

�
V �NL

�
�!r ;�!r

0
�
 y
�
�!r

0

; t
�
d�!r

0

+ V �L (�!r ) y (�!r ; t) : (36)

Here � and y stand for the complex conjugations. Then, the continuity equation bu using equations (35) and (36)
is

i~ @
@t

�
 y 

�
= � ~

2

2m

�
1 + ~�r2

�2�!
r2

�
 y
�!
r �  

�!
r y

�
+
� �

 yVNL
�
�!r ;�!r

0
�
 
�
�!r

0

; t
�
�  V �NL

�
�!r ;�!r

0
�
 y
�
�!r

0

; t
��

d�!r
0

+  yVL �  V �L 
y;

(37)

Figure 4. E as a function of α̃. a) The variation of energy is for different values of r , i.e. r=0.1, 1, 3, 4.5, 5,
and fixed β = 0.85 fm; b) the variation is for different values of β and fixed r=1.

B. Continuity Equation with NLP in the Context of MUM

In the presence of both local and nonlocal potentials, the Schrödinger equation in the context of
MUM is written as follows

ih̄
∂

∂t
ψ
(−→r , t

)
= −

(
1 + α̃r2

)2 h̄2

2m
−→∇ 2ψ

(−→r , t
)
+
∫

VNL

(−→r ,−→r ′)
ψ
(−→r ′

, t
)

d−→r ′
+ VL

(−→r )ψ(−→r , t
)
, (35)

the complex conjugate of equation (35) is given as

−ih̄
∂

∂t
ψ†(−→r , t

)
= −

(
1 + α̃r2

)2 h̄2

2m
−→∇ 2ψ†(−→r , t

)
+
∫

V∗
NL

(−→r ,−→r ′)
ψ†
(−→r ′

, t
)

d−→r ′
+V∗

L
(−→r )ψ†(−→r , t

)
.

(36)
Here ∗ and † stand for the complex conjugations. Then, the continuity equation bu using equations

(35) and (36) is

ih̄ ∂
∂t
(
ψ†ψ

)
= − h̄2

2m
(
1 + α̃r2)2−→∇ 2

(
ψ†−→∇ψ − ψ

−→∇ψ†
)

+
∫ (

ψ†VNL

(−→r ,−→r ′
)

ψ
(−→r ′

, t
)
− ψV∗

NL

(−→r ,−→r ′
)

ψ†
(−→r ′

, t
))

d−→r ′
+ ψ†VLψ − ψV∗

L ψ†,
(37)

which may be contracted as
∂ρ

∂t
+
−→∇ · −̃→J + ρNL + ρL = 0. (38)

Note that the obtained continuity equation (38) comprises new quantities, which are the local
density ρL and the nonlocal density ρNL, where
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

ρ = ψ†ψ = |ψ|2,

ρL = 1
ih̄
(
ψV∗

L ψ† − ψ†VLψ
)
,

−̃→
J =

(
1 + α̃r2)2 h̄

2im

(
ψ†−→∇ψ − ψ

−→∇ψ†
)

,

ρNL = 1
ih̄

∫ (
ψV∗

NL

(−→r ,−→r ′
)

ψ†
(−→r ′

, t
)
− ψ†VNL

(−→r ,−→r ′
)

ψ
(−→r ′

, t
))

d−→r ′
.

(39)

Once the local potential is Hermitian and real-valued, ρL vanishes, then its symmetry is main-
tained. In this case, the results is similar to that of Ref. [7] provided that α̃ −→ 0. Then, in the steady
state, i.e. ∂

∂t ρ = 0, equation (38) becomes

−→∇−̃→
J + ρNL = 0. (40)

Besides, if the NLP is a real diagonal matrix, then the quantity ρNL will vanish. The deformed

current density vector
−̃→
J is conserved since

−→∇−̃→
J = 0 and it appears that MUM does not affect the

current conservation. However, in presence of NLP, the quantity ρNL is nonzero (also if ρL is nonzero),

therefore
−→∇−̃→

J ̸= 0, consequently, the current obtained from the current density is not conserved.
Hence, it becomes necessary to modify the conventional definition of current density to encompass the
contribution of ρNL and ρL arising from the nonlocal and local potentials. We define the new current
density with nonlocal and local potentials as

−→
J tot =

−̃→
J +

−→
J NL +

−→
J L, (41)

where
−→
J NL,

−→
J L are the nonlocal and local current density vectors (merely named according to the

local and nonlocal potentials), defined as

−→
J NL = −−→∇χNL

(−→r ),
−→
J L = −−→∇ φL

(−→r ), (42)

with χNL
(−→r ), φL

(−→r ) defined through the following set of Poisson equation

−→∇ 2χNL + ρNL = 0,
−→∇ 2 φL + ρL = 0.

(43)

Now, by solving each Poisson equation (43) with proper boundary conditions, we can define
−→
J NL and

−→
J L. Then, it is obvious now that the new defined current density satisfies

−→∇−→
J tot = 0,

therefore the calculated current from the current density satisfies the current conservation.
Once the considered interactions are absent, the continuity equation takes the following deformed

form

ih̄
∂

∂t
|ψ|2 +

(
1 + α̃r2

)2 h̄2

2m
−→∇
(

ψ†−→∇ψ − ψ
−→∇ψ†

)
= 0. (44)

Besides, in the limit of α̃ −→ 0, the equation (44) takes its conventional known form in the
literature as follows

ih̄
∂

∂t
|ψ|2 + h̄2

2m
−→∇
(

ψ†−→∇ψ − ψ
−→∇ψ†

)
= 0. (45)

IV. Schrödinger and Continuity Equations in Noncommutative Case

A. Noncommutative Schrödinger Equation with NLP in the Context of MUM

We start with implementing the space noncommutativity in equation (18) through the ⋆product,
thus the Schrödinger equation with local and nonlocal potentials in NC space is given as follows
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−→p 2

2m
ψ
(−→r , t

)
+
∫

VNL

(−→r ,−→r ′)
⋆ ψ
(−→r ′

, t
)

d−→r ′
+ VL

(−→r ) ⋆ ψ
(−→r , t

)
= ih̄

∂

∂t
ψ
(−→r , t

)
, (46)

note that as shown in equation (11), the ⋆product under the integral sign become ordinary product. If
VL
(−→r ) ∝ Br, with B represents the magnetic field, and using equation (9) the third term in the right

side of equation (46) becomes

VL
(−→r ) ⋆ ψ

(−→r , t
)
= VL

(−→r )ψ(−→r , t
)
+ iΘab∂aVL

(−→r )∂bψ
(−→r , t

)
+ 0
(

Θ2
)

. (47)

Now, we implement the phase noncommutativity by the linking −→p −→ −→p nc using the Bopp-shift
(6), so we have(−→p nc)2

2m
ψ +

∫
VNL

(−→r ,−→r ′)
ψ
(−→r ′

, t
)

d−→r ′
+ VLψ + iΘab∂aVL∂bψ = ih̄

∂

∂t
ψ, (48)

where (−→p nc)2
= −→p 2 − 2

h̄
−→
L · −→η +O

(
η2
)

, (49)

with
−→
L = −→r ×−→p is the angular momentum. So, by substituting equation (49) in (48), we get

ih̄
∂ψ

∂t
=

−→p 2

2m
ψ +

∫
VNL

(−→r ,−→r ′)
ψ
(−→r ′

, t
)

d−→r ′ −
−→
L · −→η

mh̄
ψ + VLψ + iΘab∂aVL∂bψ. (50)

So, the Schrödinger equation with FLP and a local potential in NCPS is given by

ih̄
∂ψ

∂t
=

−→p 2

2m
ψ + V0e−

(−→p 2− 2
h̄
−→
L ·−→η )β2

4h̄2 ψ −
−→
L · −→η

mh̄
ψ + VLψ + iΘab∂aVL∂bψ. (51)

Using equation (16), the equation (50) is linked to MUM, thereafter we have

ih̄
∂ψ

∂t
= −

(
1 + α̃r2

)2 h̄2−→∇ 2

2m
ψ + V0e−

(
(1+α̃r2)

2−→p 2− 2
h̄
−→
L ·−→η

)
β2

4h̄2 ψ −
−→
L · −→η

mh̄
ψ + VLψ + iΘab∂aVL∂bψ, (52)

then, as long as β is small, we have

e−

(
(1+α̃r2)

2−→p 2− 2
h̄
−→
L ·−→η

)
β2

4h̄2 = 1 −
(

1 + α̃r2
)2 −→p 2β2

4h̄2 +

−→
L · −→η β2

2h̄3 . (53)

So, using the result of (53) we rewrite equation (52) to have

ih̄
∂ψ

∂t
=

{
−
(

1 + α̃r2
)2 h̄2−→∇ 2

2m
−

−→
L · −→η

mh̄
+ VL + iΘab∂aVL∂b + V0

(
1 −

(
1 + α̃r2)2−→p 2β2

4h̄2 +

−→
L · −→η β2

2h̄3

)}
ψ. (54)

The equation (54) is the NC Schrödinger equation with nonlocal and local potentials in the
context of MUM. As we can note, the noncommutativity in space affected the local part, while the
noncommutativity in phase affected the nonlocal part.

B. Noncommutative Continuity Equation with NLP in the Context of MUM
The NC Schrödinger equation with nonlocal and local potentials in the context of MUM is given

by

ih̄
∂ψ

∂t
= −

(
1 + α̃r2

)2 h̄2

2m
−→∇ 2ψ +

∫
VNL

(−→r ,−→r ′
)

ψ
(−→r ′

, t
)

d−→r ′ −
−→
L · −→η

mh̄
ψ + VLψ + iΘab∂aVL∂bψ, (55)
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and its complex conjugate is given as follows

−ih̄ ∂ψ†

∂t = −
(
1 + α̃r2)2 h̄2

2m
−→∇ 2ψ† +

∫
V∗

NL

(−→r ,−→r ′
)

ψ†
(−→r ′

, t
)

d−→r ′ −
−→
L ·−→η
mh̄ ψ† + V∗

L ψ† − iΘab∂aV∗
L ∂bψ†. (56)

So, from the equations (55) and (56), we obtain the following continuity equation

ih̄ ∂
∂t
(
ψ†ψ

)
= −

(
1 + α̃r2)2 h̄2

2m
−→∇ 2
(

ψ†−→∇ψ − ψ
−→∇ψ†

)
+
∫ (

ψ†
(−→r ,−→r ′

)
VNL

(−→r ,−→r ′
)

ψ
(−→r ′

, t
)
− ψV∗

NL

(−→r ,−→r ′
)

ψ†
(−→r ′

, t
))

d−→r ′

+ψ†VLψ − ψV∗
L ψ† + 1

mh̄

(
ψ
−→
L · −→η ψ† − ψ†−→L · −→η ψ

)
+ iΘab

(
ψ†∂aVL∂bψ + ψ∂aV∗

L ∂bψ†), (57)

which is contracting as follows

∂ρ

∂t
+
−→∇−̃→

J + ρNL + ρnc
L +T nc = 0. (58)

The equation (57) is recognized as a deformed continuity equation whose separate terms are given
as 

ρ = J 0 = ψ†ψ = |ψ|2,

T nc = 1
imh̄2

(
ψ†−→L · −→η ψ − ψ

−→
L · −→η ψ†

)
,

−̃→
J =

(
1 + α̃r2)2 h̄

2im

(
ψ†−→∇ψ − ψ

−→∇ψ†
)

,

ρnc
L = 1

ih̄
(
ψV∗

L ψ† − ψ†VLψ
)
− 1

h̄ Θab
(
ψ†∂aVL∂bψ + ψ∂aV∗

L ∂bψ†),
ρNL = 1

ih̄

∫ (
ψV∗

NL

(−→r ,−→r ′
)

ψ†
(−→r ′

, t
)
− ψ†VNL

(−→r ,−→r ′
)

ψ
(−→r ′

, t
))

d−→r ′
.

(59)

Now, it is obvious that the current from current density in the NC setting does not adhere to the
current conservation. However, the effect of the NLP on the continuity equation arises as nonlocal
quantity of density type, as well as for the local potential. Note that the presence of the quantities that
explicitly related to the NC parameters is due to the considered effects of the noncommutativity in our
considered system. Exactly, the effect of the space noncommutativity is on the local quantity, while
the effect of the phase noncommutativity is on the newly result quantity, namely T nc. On the other
hand, we see MUM affects only the form of the current density, yielding a deformed current density,

i.e.
−̃→
J . Once the local potential is zero, the local density along with its NC correction vanish. To be

more precise, by comparing the continuity equation in both NC and commutative cases, it becomes
clear that the NC effect is obvious in the quantity from local potential, while the effect vanishes for
the quantity from NLP, also it is shown that the NC effect violates the conservation of the continuity
equation. Now, we alter the formulation of the density current to achieve the conservation within
the NC setting. Thus, supposing that the local potential is real then ρnc

L vanishes, evenly, when the

NLP is a real diagonal matrix, ρNL disappears. But, the current obtained from
−̃→
J will not adhere to

conservation due to the NC correction T nc. This leads to understanding that while ρNL and ρL are
zero or nonzero, as a result, T nc will violate the current conservation, as well as the symmetry will not
be maintained in the NC setting. Therefore, we adjust the ordinary definition of the current density
to encompass the contribution of ρNL, ρnc

L and T nc, so in the steady state, i.e. ∂ρ
∂t = 0, equation (58)

becomes −→∇−̃→
J + ρNL + ρnc

L +T nc = 0. (60)

Thereafter, we implement the following substitution

−̃→
J +

−→
J nc → −→J nc, with T nc =

−→∇−→
J nc, (61)

with the condition
−→∇T nc = 0. We define the new deformed current density with the nonlocal and

local potentials as follows −→
J nc

tot =
−→J nc +

−→
J NL +

−→
J nc

L , (62)
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where
−→
J nc

L ,
−→
J NL are the NC local current and nonlocal current densities, which are defined as

−→
J NL = −−→∇χNL,
−→
J nc

L = −−→∇ φnc
L ,

(63)

where χNL, φnc
L determined using the following set of Poisson equation

−→∇ 2χNL + ρNL = 0,
−→∇ 2 φnc

L + ρnc
L = 0.

(64)

By solving each Poisson equation in (64) through the proper boundary conditions, we find
−→
J NL

and
−→
J nc

L . Then the newly defined deformed current density satisfies
−→∇−→

J nc
tot = 0, therefore, the

calculated NC current from this current density will satisfy the current conservation.

V. Conclusion

Our research centered around the combination of three interesting subjects in theoretical physics:
the NLP, NC Schrödinger equation and MUM formalism of quantum mechanics. However, we
conducted a comprehensive examination of how local and nonlocal potentials, along with the MUM,
affect the Schrödinger equation within both NC and commutative frameworks. As a result, we derived
continuity equations to account for these effects. Exactly, the presence of the local and nonlocal
potentials in our quantum system led to the emergence of local and nonlocal quantities of density type,
while MUM affected explicitly the current density. In the commutative case, the local and nonlocal
potentials affect the behavior of the wave function at distant points, leading to local and nonlocal
effects in the flow of probability. Then the continuity equation, in this case, captures these influences
and ensures the conservation of probability density in the system. But, in the NC case, the conservation
of probability density was found to be violated, which means that the phase-space noncommutativity
is unsuitable for the current conservation under the considered non-trivial contributions. Accordingly,
a new definition of the current density including the local, nonlocal, MUM and NC contributions
is given. Then, the obtained current based on the new definition of the current density satisfies the
current conservation. Furthermore, in the limits of Θ → 0, η → 0 and α̃ → 0, both the deformed
Schrödinger and continuity equations converge to those of ordinary quantum mechanics, affirming the
compatibility and reducibility of our findings. Besides, the outcomes of our study provide valuable
insights that can be extended to investigate the Klein paradox in the system under consideration, or
maybe test its invariance under the CPT symmetry and Lorentz symmetry violation.
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