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Abstract: The susceptible-infected-recovered-vaccinated-deceased (SIRVD) epidemic compartment
model extends the SIR model to include the effects of vaccination campaigns and time-dependent
fatality rates on epidemic outbreaks. It encompasses the SIR, SIRV, SIRD, and SI models as special
cases, with individual time-dependent rates governing transitions between different fractions. We
investigate a special class of exact solutions and accurate analytical approximations for the SIRVD and
SIRD compartment models. While the SIRVD and SIRD equations pose complex integro-differential
equations for the rate of new infections and the fractions as a function of time, a simpler approach
considers determining equations for the sum of ratios for given variations. This approach enables us
to derive fully exact analytical solutions for the SIRVD and SIRD models. For nonlinear models with
a high-dimensional parameter space, such as the SIRVD and SIRD models, analytical solutions, exact
or accurately approximative, are of high importance and interest: not only as suitable benchmarks
for numerical codes, but especially as they allow us to understand the critical behavior of epidemic
outbursts as well as the decisive role of certain parameters. In the second part of our study, we apply
a recently developed analytical approximation for the SIR and SIRV models to the more general
SIRVD model. This approximation offers accurate analytical expressions for epidemic quantities, such
as the rate of new infections and the fraction of infected persons, particularly when the cumulative
fraction of infections is small. The distinction between recovered and deceased individuals in the
SIRVD model affects the calculation of the death rate, which is proportional to the infected fraction in
the SIRVD/SIRD cases but often proportional to the rate of new infections in many SIR models using
a posteriori approach. We demonstrate that the temporal dependence of the infected fraction and the
rate of new infections differs when considering the effects of vaccinations and when the real-time
dependence of fatality and recovery rates diverge. These differences are highlighted for stationary
ratios and gradually decreasing fatality rates.
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1. Introduction

Compartmental mathematical models are very popular and successful to describe the temporal
evolution of pandemic and epidemic outbursts in populations of large size (for reviews see ref. [1-3]).
Their forecasts on hospitalization and death rates help policy makers to install non-pharmaceutical
interventions and/or vaccination campaigns at optimized times. As suitable compartments one
introduces the fractions of susceptible persons (S), infected persons (I), recovered persons (R), deceased
persons (D), and vaccinated persons (V) that no longer can be infected. Individual time-dependent
rates regulate the transition between the different compartments. The temporal evolution of the
epidemic is then determined by the ratios k(t) = u(t)/a(t), b(t) = v(t)/a(t) and q(t) = P(t)/a(t)
between the recovery (p(t)), vaccination (v(t)) and fatality (y(t)) rates to the infection (a(t)) rate,
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respectively. By discriminating e.g. between different age classes in each compartment these models
can be generalized to a much larger number of compartments in order to investigate the effects of
pandemic and epidemic outbursts on persons of certain age groups. However, from the health care
point of view to provide sufficiently enough intensive care beds and facilities is independent from the
age of the infected persons.

Historically, the first reasonable compartment model was the
susceptible-infected-recovered /removed (SIR) epidemic model [4-7]. This has been refined to include
the effect of vaccination campaigns leading to the susceptible-infected-recovered /removed-vaccinated
(SIRV) epidemic model [8-19]. The purpose of this manuscript is two-fold. First we will investigate
new classes of exact solutions to the SIRVD and SIRD equations. Secondly we will apply the recently
developed analytical approximation [20,21] for the SIR and SIRV models also to the more general
SIRVD model. These accurate analytical approximations have been derived for all epidemic quantities
of interest such as the rate of new infections f(t) and the corresponding cumulative fraction of
infections J(t). The main difference between the SIRVD and the SIRV model is the discrimination
between recovered and deceased persons by introducing two different compartments. This is
necessary as the omicron mutant the COVID-19 has a much smaller (about an order of magnitude)
fatality rate than earlier mutants [22]. This gradually changing fatality rate is not accompanied by
a corresponding change in the time dependence of the recovery rate. Therefore a mathematical
description with one combined recovery/removed compartment is not sufficiently accurate anymore.

The organization of the manuscript is as follows. In Section 2, we introduce the starting dynamical
equations for all considered compartment models both in terms of the real time ¢ and the reduced time
T= |, tg d¢a(¢). It is beneficial for the analysis to express the equations in a form directly involving
the observable quantities, such as the cumulative fraction of new infections J(7) and the cumulative
fraction of vaccinated persons V(7). It is shown that for given reduced time variations of the ratios
k(7), q(t) and b(7) the SIRVD and SIRD equations represent complicated integro-differential equations
for the rate of new infections j(7) as well as the cumulative fraction of infections J(7), or S(7) and I(T).
However, the integro-differential equations can also be regarded as simpler determining equations
for the sum of ratios k(7) + g(7) = x(7) for given variations of the ratio b(7) and the fraction S(7).
This new approach is used in Section 3 to derive fully exact analytical solutions for the SIRVD and
SIRD models. Especially for the SIRD model it is an effective new method to construct a special class
of exact solutions depending on two parameters which are chosen as the values of the ratio x(7) at
the start (x(7 = 0)) and the end (x(7 = o0) of the epidemic outburst. The new method for the SIRD
case is illustrated in Section 4 for three different choices of the two parameters including a detailed
investigation of the properties of the constructed solutions.

Sections 5 and 6 are concerned with the second main purpose of this manuscript, namely the
application of the approximate analytical solution in the limit of small cumulative fractions | < 1 to
the SIRVD model. For general reduced time dependencies of the ratios k(7), q(7) and b(7) the time
dependence of all quantities of interest is derived in Section 5, whereas in Section 6 two applications
are investigated which were inaccessible to analytical treatment before. Of special interest is the
calculation of the death rate d(7) and the corresponding cumulative fraction of deceased persons D(T).
Main differences occur between the considered compartment models which reflect two alternative
points of view.

In the SIRVD and SIRD case with a predescribed fatality rate (), corresponding to the ratio q(7),
the death rate is proportional to the fraction I(t). Moreover, any different reduced time dependencies
of the ratios k(7) and q(7) correctly enter the dynamical equations. In contrast, in the SIR models
no compartment of deceased persons has been considered. Instead the total fraction of recovered
and removed (by death) populations Riot(t) and the summed recovery/removed rate pto(t) are used.
Then the solution for the rate of new infections fgIR(t) is employed to calculate an a posteriori death
rate as [6] da—pos = P(t) Jsir(t) from a specified fatality rate 1(t). Of course, this fatality rate can
be regarded as part of the summed recovery/removed rate, so that it also enters the dynamical SIR
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model equations. However, the main difference remains for the calculation of the death rate: in the
SIRVD/SIRD cases it is proportional to I(t), whereas in many SIR models it is proportional to f(t).
And the temporal dependence of I(t) and J(t) can be different. As we will show the disparity is most
pronounced when the effect of vaccinations is included and/or when the real time dependence of the
fatality rate ¢(t) and the recovery rate y(t) are different from each other. The a-posteriori approach
not necessarily is incorrect but has his own justification. It assumes that the probability to die from the
virus infection is only determined by being or having been infected with it, and thus is proportional to
the rate of new infections f(t). In contrast in the SIRD and SIRVD models the probability to die is the
same on every day being infected and thus depends on the duration of the infection. A summary and
conclusion (Section 7) completes the manuscript.

2. Compartment Models

2.1. SIRVD Model

We start with the SIRVD epidemics model described by four transition rates regulating the
transitions between the five compartments: the fractions of susceptible persons (S), infected persons
(I), recovered persons (R), removed by death persons (D), and vaccinated persons (V) that no longer
can be infected. The transition rates in general are time-dependent and different from each other. The
infection rate a(t) regulates the transition from S — I, the vaccination rate v(t) the transition S — V,
the fatality rate (t) the transition I — D, and the recovery rate j(t) the transition I — R, respectively
(Figure 1). The SIRVD equations read:

S = —a(t)SI—o(t)s, (1a)
I = at)SI—u(t)l —y(t)I, (1b)
R = u(t)I, (10)
D = gy, (1d)
V = o(hs, (le)

where the dot stands for a derivative with respect to time t. The five fractions obey the sum constraint
S(t)+I(t)+R(t)+D(t)+V(t) =1 )

at all times t > ¢ty after the start of the wave at time t; with the initial conditions of the so-called
semi-time case

I(to) =1, S(to) =1—1, R(tg) =0, D(to) =0, V(tp) =0, 3)

where 7 is positive and usually very small, 7 < 1.
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a(t) P(t)
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Figure 1. The dynamical SIRVD model captures transitions between five compartments by four
dimensional rates as shown. Using the dimensionless time T defined in Equation (9), one is left with
three dimensionless rates k(7), b(7), and (), c.f., Equation (10), leading to the dimensionless form of
the SIRVD model, Equations (11a)-(11f).

2.2. SIRV, SIRD, SIR and SI Models

The SIRVD model includes as special cases the SIRV, SIRD and SIR epidemics models. For these
three simpler models one introduces the total fraction of recovered and removed (by death) populations

Riot(t) = R(t) + D(t), 4)
and the summed recovery/removed rate
Mot () = u(t) + 9 (1) ®)

By this modification the five individual compartments of the SIRVD models are reduced to four
compartments in the SIRV-description and to three compartments in the SIR-description, respectively.
Consequently, the SIRVD Equations (1a)—(2) become

S = —a(t)SI—o(t)S, (6a)

= a(t)SI — por(t)1, (6b)

Riot = prot(t)], (6¢)

Vo= o(b)s, (6d)
S(t)+1I(t) + Ret(t) +V(t) =1, (6e)

which apart from a slight change in notation (Rtot and jiot instead of R and y before) agree exactly
with the earlier considered Equations (13) - (17) in [21].

The SIRD and SIR models ignore the effect of vaccinations so that v(t) = V(t) = 0. The time
evolution in the SIRD model is then given by taking the limit v(t) = V(t) = 0 of the Equations (1)—(2)

yielding
S = —a(t)sI, (7a)
I = a(t)SI—p(t)I—p(H), (7b)
R u(t)I, (7¢)
D = y(0L (7d)
S()+1I(t) + R(E)+D(H)+V(t)=1. (7e)
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Likewise, the limit v(t) = V(t) = 0 of the Equations (6) provide the SIR equations for the three
remaining compartments:

S = —a(t)SI—o(t)S, (8a)

a(t)ST— prar(D)], (8b)

Riot = pot(t)], (8¢c)

S(t) +1I(t) + Reot(t) =1 (8d)

For completeness we discuss the SI model where additionally y(t) = 0 in Appendix A.

2.3. SIRVD Equations in Terms of the Reduced Time Variable

It is convenient to introduce the reduced time [6]

t
=] dca(g), )
and the dimensionless ratios
_ () _ o(z(h)) _ p(x))
S0 I TC O IO ) 1
Then the SIRVD Equations (1a)—(2) can be written as

ds
= = —SI—b(7)S, (11a)
= s o) + gl (11b)

dR
= = k(t)I, (11¢)
e (114)
% — b(o)s, (11e)
S(t)+I(t) + R(t)+D(r)+V(r)=1. (11f)

subject to initial conditions I(0) = # =1 — 5(0) and R(0) = D(0) = V(0) = 0.

By solving Equations (11) numerically for the case of stationary ratios k(7) = 0.5, b(t) = 0.01,
g(t) = 0.1, one establishes quantitatively different temporal dependencies for the various fractions
of the four different models SIR, SIRD, SIRV and SIRVD (see Figure 2). Numerical schemes have
been developed especially for the SIR model, see the recent works [14,23,24]. We used a variable-step,
variable-order (VSVO) Adams-Bashforth-Moulton PECE solver of orders 1 to 13 to produce Figure
2. The highest order used appears to be 12, however, a formula of order 13 is used to form the error
estimate and the function does local extrapolation to advance the integration at order 13 [25]. This
Figure is meant as a motivation for the following analysis which has the aim to understand the different
behaviors of the four models on the basis of analytical calculations. Our analytical study also will be
concerned with in general time dependent ratios k(7), 4(t) and b(7). Moreover, it will derive new
methods to construct special classes of exact analytical solutions.
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Figure 2. Quantitative comparison between the four models at identical, constant rates, k(t) = 0.5,
b(t) = 0.01, g(t) = 0.1, and 7 = 1075. Shown are numerical solutions for (a) susceptible fraction
S(7), (b) infected fraction I(7), (c) recovered fraction R(7), (d) vaccinated fraction V (1), (e) deceased
fraction D(7), (f) newly infected fraction j(t) = S(7)I(7) = dJ(7)/d7, (g) cumulative infected fraction
J(t) =1—85(t) — V(1), (h) newly deceased fraction d(7) = dD(7)/dT.

To this end it turns out important to introduce the rate of new infections, J(t) = a(t)S(t)I(t), that
determines in the absence of vaccination the reduction of the susceptible compartment according to
Equation (1a). Its dimensionless counterpart, appearing in Equation (11a), is

(@) = sy = L, )

so that f(t) = a(t)j(t) and j(t = 0) = 5(1 — ;7). In terms of the rate of new infections j(t), and the
corresponding cumulative fraction of new infections

T
I =J@) =+ [ i), (13)
Equations (11a) and (11e)—(11f) readily provide at all times

J(t)=1-5(7t) = V(1) = R(t) + D(7) + I(7). (14)

Moreover, Equation (11a) yields

B dinS(t) av(t)/dt
1O = O - == =10 v
+%ln(1 —J(r) - V(1) = 1_]<]T()TZV(T) (15)

where we used Equations (11e), (14) and the first Equation (12). Equation (14) also provides

R(r) +D(r) = J(2) = 1) = J(0) - 1= L (16)
With Equation (15) we obtain for Equations (11c)—(11d)
T k(x)j(x)
- /0 dx k(x)I( / T V) (17)

and

/dxq /dxl_ f{ x‘)/() (18)
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implying for the rate of new fatalities
_ (@) _ N (62) (G
2.4. Solution of the SIRVD Equations
With the first Equation (14) one finds
S(1) =1—J(1) = V(1) (20)
so that Equation (11e) can be written in the form
dv/dt
b(t) = ——————, 21
=T v )
yielding
b~ 1] = U 4 p(a)v(r) = = 00 Ly (el asei @)
With the initial condition V(7 = 0) = 0 Equation (22) integrates to
T T X
V() =1 (@) e 4] [Carjx)el 40— (1 p) 23)
providing
T T x
S(t)=1—J(1) = V(r) = ¢ Jodxb()[1 —y — / dx j(x)elo WO, (24)
0
Likewise Equation (11b) can be written as
B dinl(t) . B o da j(t)
k(T) + q(T) - S(T) dT =1 V(T) I(T) dT In |:1 _ V(T) 7 ](T) 7 (25)
where we used Equations (15) and (24). With the initial conditions Equation (25) integrates to
. aj(t) T
@) = L2 =yt - v - j@exp [[dz (1-VE) - 1) kK@) —a2). @)
A further integration with the initial condition J(7 = 0) = 7 leads to
](T) =7 [1 + /0T dx S(x)gfox dz [S(Z)—k(z)—q(z)]} (27)
in terms of S(7). Furthermore, Equation (25) is equivalent to
d,. .
k(t)+q(r) = S(7)-— E[ln](r) —1InS(7)], (28)
and also with Equation (11b) integrated to
_ dInS(7) T
br) = 2 —pexp( [ dz18(2) —k(z) —q(@)]). 29)

With S(7) = (1 — 1) exp(— fOT dz [I(z) + b(z)]) obtained from Equation (11a), the first Equation
(25) is equivalent to
dinI(t)

L = (1= e LR k() — (1), 0)
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The derived Equations (26)—(30) are nonlinear integro-differential equations for the cumulative
fraction of new infections J(7), and S(7), respectively. The great advantage of the SIRVD equation
written in the form (26) is the direct involvement of observable and monitored quantities, such
the cumulative fractions of new infections J(t) = J(7), and of vaccinated persons V(t) = V(7). We
emphasize that Equations (26)—(29) are exact, and hold for all, the SIR, SIRV, SIRD, and SIRVD models.
The only difference is that in the SIRDcase Jsirp(7) = 1 — Sgirp(T), because here b(7) = V(1) = 0,
whereas in the SIRVD case Jsiryp(T) = 1 — Ssirvp(T) — VoiryD (7). If we succeed in either solving
the nonlinear integro-differential Equations (26)—(29), or deriving an accurate approximation for their
solution, we arrive at a completely analytical solution of all dynamical variables of the SIRVD model
and its special cases in dependence on the reduced time 7.

For completeness we note that inserting the exact solution (23) for V() in Equation (26) leads to
the equivalent nonlinear integro-differential Equations for the rate of new infections

j(t) =1 {1 =1 —/()dej(x)gfoxdyb(y)} %
exp /Osz ([17,77 /Ozdxj(x)efox ayb(y))e=Jo W) _ k(z) — g(z) — b(z)). (31)

Before proceeding to the approximation we note that in terms of the real time, the Egs. (21)-(26)
read, with the help of Equations (9), (10), (12), (14), (15), (17), (18), and (31),

av/dt

oft) = T vy (32a)
V() = 1—J(t) +e Jodxo® / dx J(x)els W) _ (1 )], (32b)
_ ](t) B ](t)efo dxv(x)
I[(t) = aOT=JO VO] a1 —y— [Ldx](x)eh @®) (32¢)
_ [t H(E)J () ot () (#)els Ao
R(t) = /0 dt a V= (F) =V ()] —/0 dt =y — [T dx [y o) (32d)
_ OIE) gt )]l e e
D(t) = /dt = () = V()] —/0 a1 — [F dv (e ] (32e)
_ p()j ) _ W(t)](£)edodx o)
d(t) = aO—JO-VO 4 1_17_15 dx J(x)els o)’ (32f)
j(t)y = a(®)[1- — exp/ dx V(x) —J(x)] — p(x) — ¢(x)>
= a(®)[1 /e / dx] x)efo dyo(y exp/ dt fo dyo(y [1 —7
~Jy dxi(x)efo dyv(y)] —u(t) —p(t') — Z)(t/)). (32¢)

In some aspects for negligible vaccinations the resulting SIRD-model is simpler than the
SIRVD-model, e.g. here the simpler relation J(7) = 1 — S(7) holds. As a consequence the general
integro-differential equations (26)—(30) derived before are eased. In Appendix B we explicitly list the
corresponding equations for the SIRD model.

In the following sections we will derive a class of special exact solutions (Sections 3—4) and derive
approximate analytical solutions of Equations (21) and (25) in the limit of small J(7) < 1 (Sect. 5)
following our earlier approach [21]. This approximation then leads to analytical approximations of all
fractions of the SIRVD epidemics model as a function of time for given time dependencies of the three
ratios (10). We will prove its accuracy of this approach by comparing with the exact numerical solutions
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of these equations for two illustrative examples (Sect. 6.1-6.2) of the reduced time dependence of
these ratios. The proposed analytical approximation is self-regulating as the final analytical expression
for the cumulative fraction Jo = lim; 0 J(t) after infinite time allows us to check the validity of the
original assumption J(f) = J(7) < Joo < 1.

Before proceeding we discuss the differences in calculating the fractions of recovered and deceased
persons in the different models.

2.5. Fraction of Deceased Persons

The main difference between the considered compartment models occurs for the determination of
the fraction of deceased persons D(7) = D(t) and the corresponding death rate d(7) = dD(7)/d7 and
d(t) = (dD(t)/dt)/a(t) as a function of the reduced and real time. The disparity is most pronounced
if the real time dependence of the fatality rate (¢) and the recovery rate y(t) are different from each
other. In the SIRVD and SIRD cases with a predescribed fatality rate i(t), corresponding to the ratio
q(7), the death rate is proportional to I(t) as given correctly by Equations (18)-(19) and Equations
(32e)—(32f). Moreover, the different reduced time dependences of the ratios k(7) and g(7) correctly
enter the dynamical Equations (26)—(29).

However, in the SIR models no compartment of deceased persons is considered. As mentioned
before, see Equations (4)—(5), here the total fraction of recovered and removed (by death) populations
Riot(t) and the summed recovery/removed rate ior(t) are introduced. With the solution for Jgg (t)
and Jgigr (t) the rate of new fatalities and the fraction of deceased persons are then calculated a posteriori
as [6]

dsr(t) = afsir(t),  Dsir(t) = aJsr(t), (33)

with & = Dwo/ Joo. The difference to Equations (32¢)—(32f), which involve I(t) = f(t)/[1 — J(t)] and
not directly J(t), is obvious. Only if the temporal dependence of I(t) is not drastically different from
the temporal dependence of f(t), the a-posteriori approach is justified. As has been emphasized
before [21], for COVID-19 outbursts in many countries the monitored cumulative fraction of infected
persons J(t) < 1 has been much smaller than unity at all times, so that then in the SIR model indeed
I(t) ~j(t).

While Equation (33) refers to past work, we will in the following allow for time-dependent fatality
rates §(t) so that the a-posteriori death rate is given by da_pos(t) = ()] () corresponding to

dafpos(T) = q(7)j(7) (34)

as a function of reduced time. This way, as opposed to the setting (33), the cumulative Da—pos at
infinite time must not coincide with D. Moreover, in the a-posteriori approach the influence of the
later introduced fatality rate ¢(t) on the dynamical SIR equations is ignored. This is particularly
pronounced if the real time dependence of (t) differs from the real time dependence of the recovery
rate 1(t). We will elaborate on this below with an illustrative example in Section 6.2.

3. Special Exact Solutions

Equations (28)—(31) are complicated integro-differential equations in the SIRVD and SIRD case,
respectively, for given reduced time variations of the ratios k(7), q(7) and b(7). Hovever, they can also
be regarded as simpler determining Equations for the ratios k(7) + q(7) = x(7) for given variations of
the ratio b(7) and the fraction S(7). This can be used to derive fully exact analytical solutions for the
SIRVD and SIRD models.

We know that S(7) starts from the initial values S(7 = 0) = 1 — 57 and monotonically decreases to
its final nonnegative value S(7 = o0) > 0 after finite or infinite time. We also require, in accord with
Equation (12) and the initial conditions specified in Section 2.3, that

j(t=0)=n1-7n). (35)
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Therefore we adopt the reduced time variation

5(2) 1 — 17+ Seo tanh ™2 — (1 — 57 — Seo) tanh *—max 6
T) = .
1 —l—tanhTf;—oaX

parameterized by Seo, Tmax, and 19. While lim; 0 S(7) = Seo is formally correct, S(7) may reach zero
after finite time Tg,,. In that case lim; 0 S(T) = S(THn) = 0, irrespective of the value of the parameter
Seo, that may therefore take positive or negative values in the expression (36). One has!

1 — 1 4 Seo tanh(Tmax /7o)
1-—7— S

Tin = Tmax + 10 tanh ™! (37)

from Equation (36). Only if the argument of the tanh ™" resides in the interval [~1,1], a finite T, exists.
We are going to see that the special choice of S = 0 has to be treated with care; it will allow us to
absorb with Equation (36), along with a particular choice for 7y, the analytic solution of the SI model,
for which S(7) reaches S« at T, = co. Moreover, the initial condition j(0) = #(1 — #) will be used to
establish a relationship between Se, Tmax, and 7.

We adopt without loss of generality positive values of 7p > 0. The choice (36) implies

as(t 1—717—S«
( ) = - 1’77 2 T—Tmax ’ (38a)
T Tp[1 + tanh %] cosh nax
dlnds (T) - 2 T—Tmax — ! ;nasxoo T—Tmax )’ (38b)
T To cosh” =12 (1 -7+ Seo tanh 2 — [1—5 —Seo] tanh ——max)
ds(7) T—Tmax
dt T
With the first Equation (15) we obtain for the dynamical SIRVD equation (28)
d dInS(T)
k(t)+4q(t) = «x(t)=S(1)— p In(—[b(7) + T]) (39)
After inserting Equations (36) and (38b) this Equation becomes
1 -5+ Seotanh 2 — (1 — — So) tanh T2
0 0
— — —In(-b
«(T) 1+ tanh T‘;‘—;X dr n( (%)
1—717— S«
+ 7 (40)

T COSh2 T_;—Omax (1 _ 17 _|_ Soo tanh Tr’;\igx _ [1 _ 17 _ SOO] tanh T_;%max ) ) .

For given reduced time variations b(7) the combined rate (40) corresponding to the fraction S(7)
in Equation (36) can be inferred. In the following we simplify our analysis to the SIRD model.

3.1. SIRD Model
The choice (36) implies for the SIRD model J(T) =1 — S(T), Joo = 1 — Seo and

: as(t 1—%— 5
) = S - e (41a)
T To[1 + tanh “22x] cosh” *—max

1— 17 — Seo)(1 — tanh Tmax
jlt=0) = L= )i i T°). (41b)
0

1 Throughout this work we use the notation tanh ! (x) = artanh (x).
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The rate (41a) is of generalized SI-type (see Equation (A5)) with a width 1y different from 2 and a
general Tmax different from In(1 — 77) /7. We thus investigate for which conditions generalized SI-type
rates exactly solve the SIRDequations.

The requirement (35) demands

_ _ . 1T
SOO - (1 17) [1 1 _ tanh TI’?;X ]’ (42)
1—#n)7 i(T=0)7
Jo = 7 n( 7)o — j( )To (43)

1 — tanh e 1 — tanh e’
We emphasize that the ansatz (41a) includes the SI model as special case. Inserting the SI-values
S0 =0,%(0) =0, 79 = 2 and Tmax = 2tanh ™! (1 —27), which follows from Equation (42) for Se, = 0,
it is straightforward to show that Equation (41a) correctly reproduces the SI-distribution (A5).
The first Equation (41a) then can be written as

1 — 1) cosh? Tmax cosh? Tmax
) = TS e )

T

_— 44
cosh? %{;“ax (“4)

Only for Tmax >> T the maximum rate of new infections at T = Tmax is much larger than the initial
value j(t = 0). In this limit

2Tmax

Joo = w, (45)

while Equation (39) for b(t) = 0 simplifies to

d , dins(1)

k(1) = S(7) — = In( o ). (46)
Within the remainder of this subsection, we use the simplifying abbreviations
T Tmax
T=— = Y =T— 47
w PT (7) P (47)

to derive expressions for x(0) and x(oo) for the two qualitatively different cases of Seo = 0 and Seo # 0.
With the help of Equation (47) the SIRDequation (36) receives the form

_ 1—y+Sxtanhp — (1 =1 — Seo) tanh Y

S(7) 1+ tanhp ’ 48
or equivalently, upon replacing S, using Equation (42),
S(t) = (1—-n) {1 — 17 costh(tanh(T —p)+ tanhp)}
= A-pi-——2 ] (49)

~ cothT — tanhp
Similarly, using Equation (38c) in Equation (46), «(7) becomes

2tanh(Y) n 1—17n+ Seotanhp — (1 — 5 — Seo) tanh(Y)
T0 1+ tanhp
1-7- S5
79 cosh?(Y)(1 — 7 + Ses tanh p — [1 — 57 — Seo] tanh(Y))~

K(t) =

(50)
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Using Y(0) = —p, the initial value x(0) can be read off from Equation (50). This yields
Se(1 —tanhp) — (1 —y)(1+ tanhp)
k(0) = 1—n+ ,
) ! =
2 tanh 2 tanh (fmax
— 12y 2R 9:1—217—#, (51)
T T

where we inserted Se, from (42) to arrive at the 2nd line in Equation (51). Expression (51) is valid for
any Sec.

As long as S« # 0, the final value ko = limy_, x(7T) can be also read off immediately from
Equation (50). While the last term in Equation (50) diminishes with increasing Y due to the leading
cosh?(Y), the first terms readily evaluate upon replacing tanh(Y) by unity, so that

Koo = E + Seo (Soo 7& 0)
T
ey E p— L N— (52)
T0 1 —tanh T"T“;X !

where we made use again of S from (42). Calculating «« for the remaining case of S = 0 requires
more care, as the denominator in the last line of Equation (50) does not anymore increase with
increasing Y. For Se = 0, one instead finds

2 1 1

Koo = — — — lim 5
T To Y= cosh”™(Y)(1 — tanh(Y))
= g—l1im(1~|—tar1hY):£—£:O (53)
T Ty Y—oo T T

Note the apparent qualitative difference between the two cases. While ko = S for Seo = 0, one
has ke = Seo + 2/ 7Ty for Seo # 0.

3.2. Constraints on the Function x(T)

We recall that values of the function x(7) smaller than unity describe the epidemic phase where
the infection rate a(t) is larger than the sum of the recovery and death rate. Hence if still enough
susceptible persons are available one expects a rising rate of new infections J(t). In the opposite case
of values of the function x(7) greater than unity the sum of recovery and death rates outnumbers the
infection rate so that the rate of new infections will decrease in such a phase. Therefore it is appropriate
to start with values of the function x(7) smaller than unity at small reduced times. Subsequently, the
function x () approaches the value k., at infinitely large reduced times which can be either smaller or
greater than unity depending on the chosen values of Tmax and 19. However, not all values for 15 and
Tmax are allowed.

The requirement of having a positive «(0) > 0 leads to

1-2y Tmax
> —_—
5 Tp > tanh o (54)

This is automatically fulfilled for values of

T > (55)

1—2y’
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as the right-hand-side of Equation (55) is always smaller or equal than unity. For values of 75 <
2/(1 —27) it is required that

1-2
Tmax < Tptanh ™! [ 5 1770] . (56)
The inequality Se > 0, corresponding to Jo < 1, is met as long as the following inequalities hold,

tanh T%?x < 1-yn, (57)

2 2
Tmax < T tanh_l (1 - 777-'0) =~ %ln% = MTOI (58)

that follow from Equation (42). This condition (58), the regime between red and blue dashed lines in
Figure 3, is not compatible with condition (56) but holds for certain values of 1p > 2/(1 — 2#). The
condition (57) further guarantees that also S(7), and not only S, is non-negative at all times because
S > 0 requires, according to Equation (49),

_ 2
tanh p + tanh(T — p) < 1 — = 1 — tanh e (59)
7Tp cosh” p 70

or
tanh p + tanh(T — p) . 1—tanhp

1+tanhp - 1D

(60)

which is fulfilled for all times T because the left-hand side is always smaller than unity while the
right-hand side is larger than unity due to condition (57). In cases Se < 0, where the condition (57) is
not fulfilled, S(7g,) = 0 vanishes at the finite time T, already stated in Equation (37). In this case the
chosen solution (36) or (49) can only be used in the finite time interval 0 < 7 < g,.

Equation (50) can also be written as

k(t) = T% tanh(T — p) + (1 — 17)[1 — T cosh® p(tanh(T,) + tanh p)]
B 7 cosh? p 61)
cosh?(T — p)[1 — 57 cosh? p(tanh(T,) + tanh p)]
2
_ %tanh(T—P) e e ] T _Z)CBS}_‘ pﬂé’r‘inhp]
where we used the identity
cosh? p[tanh(T,) + tanh p] = ! (62)

cothT — tanhp’

The function (61) is positive for Seo > 0 and non-negative for all times in the admissible interval
0 < 7 < T, The ratio x(7) is negative and contains singularities if it is used in the regime T > Tg,.
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9 5 // 7 -——1T0
) myeim)
0 =~ | \ \
8 0 5 10 15 20
(a) (b) 7o

Figure 3. SIRD model. Region (white) of admissible (7y, Tmax) pairs in the expression (36) for S() at
1 = 1075. The situation is qualitatively identical at different 7. The white region is enclosed by the
solutions to x(0) = 0 and e = 0. Negative 7y and Tmax are prohibited to ensure S, < 1 and xy > 0.
The dashed vertical line corresponds to Equation (55), the solid line represents Equation (56), and the
dot-dashed line follows from Equation (52). (a) Wide range of (Ty, Tmax) using a double-logarithmic
scale, (b) Zoom into the region close to 7p = 2/(1 — 2y). The inequality (57), relevant for the case where
j(7T) achieves a pronounced maximum at T > 0, is met between blue and red dashed lines.

(0. Te) = (5,10) | P
- (7—07 Tmax) = (57 20) // AAAAAA ,// ......
_(TO>Tmax) = (107 20) n 4 ————— (TO, Tmax) = (5, 10) |
(70, Tmax) = (10,1) | % [ i - =~ (70, Tmax) = (5,20)
J J —— (70, Tmax) = (10, 20)
E--0 (70, Tmax) = (10, 1)
66 86 100 0.50 26 46 66 86 100
(b) T

Figure 4. SIRD model. (a) Analytical solutions j(7) (44) of the SIRD model for four different x(7)
shownin (b), aty = 105. All four selected (To, Tmax ) pairs reside within the admissible white region
highlighted in Figure 3. In (a), j(7) is normalized by jmax = 7(1 — 17) cosh? (Tmax/To). In all four cases,
Joo < 1, to be more specific: Joo = 0.0014 (dot-dashed), 0.075 (dashed), 0.0028 (solid), and 0.00012
(dotted).

4. Details of the Construction of the SIRD Solution

From Equation (51) we obtain, for every Seo,

tanh < Tmax) _ 122k, (63)
T 2

with positive 19 > 0. We note that this Equation has a solution provided

1—217—%§1c(0)§1—277+3

o (64)

because then the right-hand side of Equation (63) lies within the interval [—1,1]. While ks = 0 for
Seo = 0, inserting Equation (63) provides for Equation (52),

2 (A=p)[F +x(0) —1]
A Z +5(0) — 1429 (S0 #0). (65)

Setting y = 2/ 19, Equation (65) leads to the quadratic equation

Y2+ (5(0) = Koo + 1)y = Koo ((0) = 1+27) — (1= 17)((0) — 1). (66)
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For general and different values of «(0) und k. one can use Equation (66) to determine the
implied value of 1y = 2/y and with Equation (63) the resulting value of Tmax. The knowledge of 1
and Tmax then determines for the SIRD model the time variation of the ratio «(7) for any value of
Se and also of the rate of new infections j(7) in Equation (44). We thus have found an effective new
method to construct a special class of exact solutions for the SIRD model which also applies to the SIR
model for ¢(t) = 0. We illustrate this new method for several cases of the ratios x(0) and «« in the
next subsections.

4.1. SIRD Solution for ke = 0

As discussed there are two cases for which k. = 0 is realized. If Soc = 0, then T, = oo due to
Equation (37), and
1 -2y —x(0)
2

according to Equations (42) and (63). This Equation (67) determines 1 in terms of x(0), i.e.,

tanh(p) =1—n1 = T, (67)

2

“ioqo)  =T=0 o

0

With 1y at hand, Tmax is then also determined by Equation (67). To be specific,

Ztanh_l[l —2n/(1— K(O))]

Tmax = 1= K(O) (69)

For the special choice of k(0) = ke = Seo = 0, one therefore recovers with 79 = 2 and Tmax =
In((1 —#)/1n) the above-mentioned solution of the SI model detailed in Appendix A.
If, on the other hand, Sec = —2/ 19 is negative, Equation (63), valid for all Se, yields

Tmax = 70 tanhfl #_K(O)TO, (70)
so that T, from Equation (37) is finite and given by
- + x(0)) T
Tn = Tmax 1+ To tanh 1 (M)
1-27—x(0 ©(0)) T
- (A2 (O
= Tptanh ( 2 To) + 19 tanh <2+(1_17)T0 . (71)

Tp is also determined by x(0), as it solves Equation (66) for ke, = 0, which then simplifies to
v+ (k(0) + )y = (1= 1) (1 = x(0)). (72)
The quadratic equation (72) can be solved for y = 2/1y and thus provides

_ 4
Vi2(0) —2(2=37)x(0) + (2 —17)2 = [x(0) + 7]’

T0 (73 )
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because the 2nd solution leads to negative 7. The Tmax is then also determined by «(0), c.f., Equation
(71). For the special choice of k(0) = ke = 0, the above simplifies to

T = ﬂ/ Seo = —(1—1), (74a)
2-3y
_ 2 [, m ]_M5 In@/y)
Tmax = 1_17tanh [1 1_17]_ T S (74b)
2 11-2y 17 ]
Tin = -—— |[tanh™ — +tanh™ " ————
f 1—17[ 1—7 2(1—7)
_ _ 2[ln2 —
_ 1 [mz U ’7}: o 77]. (74¢)
L—7 U] U] I—7

The results of the present section for the extremal case of x(0) = 0 are visualized in Figure 5.

10
—T7
L .
= =
= =
.9 0 | .9 |
[ —
: : o |
5t \ 51— Tmax |
———Tfn !
10 : : : : 10 : : 1 :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) K (b) K
Figure 5. The case of ko = x(0) = 0 and (a) S = 0 (SI model, here 7y = o) and (b) negative
Seo = —2/79, according to Equation (74c). In the limit # — 0, the two solutions approach each other,

while they do not coincide in the limit Seoc — 0. For > 2/3, Tmax is complex-valued because the
argument of the logarithm is negative in Equation (74c) for larger #; the solution for negative Se
therefore requires 77 € (0,2/3], while the solution for Se, = 0 is valid for any 1 € (0, 1].

We have thus presented the analytic solutions of the SIRD model for the case of k.o = 0 and
arbitrary x(0). There is one solution for which S approaches zero at infinite time, and there is another
solution for which S reaches zero at finite time 7, (71). In both cases the characteristic times 15 and
Tmax, as well as S appearing in the analytic expression (36) for S(7) are determined by the initial
dimensionless rate x(0) and 7 = 1 — 5(0).

4.2. SIRD Solution for Equal k(0) = keo = K # 0

For equal values of «(0) = ke = K # 0 Equation (66) reduces to

y 4y =K — (2=3n)K+ (1-7), (75)
with the two solutions
_ 7 2 AN
V2= =2 £\FK), fK)=K2—(2=3pK+(1-1)". (76)

The functions f(K) > 0 is positive for all values of K > 0 and has the slope

) k-1~ 77)
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It therefore decreases for 0 < K < Ky with Ky = 1 — (3%/2), where it attains its minimum
fmin = 27(1 — 7). For values K > Kj the function f(K) is monotonically increasing. For all values of K
one obtains /f(K) > \/ fmin > (17/2) because 17 < (8/9). Hence only the solution

_ ke _n _ My
() = 5 - 1 = K2 - 2-apk+ - D -1 78
is useful as it provides positive values of
2 2
Bl — -+ (1-472 -4
We first check the requirement (64) reading
—y1(K) < K-1+25 <y (K), (80)

or
S - < k14 < i) - L (81)

The left-hand-side of the inequality (81) can be written as

—/(K=KoP +25(1— 1) < K~ Ko, (82)

and is fulfilled for all values of K > 0. This is obvious for K > K when the right-hand side of Equation
(82) is nonnegative, whereas its left-hand side is negative. For values 0 < K < Ky Equation (82) reads

Ko— K < /(Ko — K2 +25(1— 1), (83)

which is fulfilled. Likewise, the right-hand-side of the inequality (81) can be written as

K— (Ko — 1) < /(K= Ko)2 +25(1 ), (84)

which is fulfilled for values of K € (0, Ky — 7], when the left-hand side of Equation (84) is negative
while its right-hand side is positive. Recall that the case K = 0 had been treated in section 4.1. For
large values K > Ky — % squaring the inequality (84) yields

2(K — Kp) <2 — 35 = 2Ky, (85)
or
K < 2K,. (86)
We conclude that the constraint (81) can be fulfilled for all values of K € (0, 2Kp]. In this interval
the solution (79) is given by

2 2
7(0 < K < 2Kg) = = (87)

JER— @3kt (1-2-) VK=K +2(1—n)-§

and shown in Figure 6. The first derivative of Equation (87) is

do(K) df /dK _ 2K —K) )

K- FOWFE) =12 VR WFEK) =1
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so that 7p(K) attains its maximum value
NH 4 4 8(1—1) 2
1 -1
T0,E = = = [1 —+ ] ~ -, (89)
VI—yg- 1 VEi=n) =y 8=9 1 n
at K = Kj. Inserting the solution (87) one obtains for Equation (63)
ganh max _ 1= 2 =Ky 127K - (90)
7 (K) 2 V(K=Ko)2+2n(1—1n)— %
yielding
2tanh™!| 12K ]
“K,)2 —_1
Tmax(0 < K < 2Ko) = VE Ky 29(11)- 1)

VK=K +27(1=n) =}~

The solution (91), also shown in Figure 6, is positive for values of 0 < K < 1 — 25 and negative
for values of 1 — 257 < K < 2K due to the property tanh ! (—x) = — tanh ! (x). Obviously Tmax = 0
for K =1 — 27. In order to have positive values of Ky and the zero 1 — 27 we should consider only
values of 7 < 0.5.

For completeness we note an alternative Tmax (7). Equating the right hand sides of Equations (51)
and (52) leads with R = tanh(p) = tanh(Tmax/ 1) to

1—217—2352304—(1—17){1—1171—073]. (92)
Upon multiplying with (1 — R) 1) one obtains
1=R)[(1 =27 -2R] =21 =R) + (1 =) (1 =710 - R)%, (93)
or the quadratic equation
R24+ TR =1+ 1001 — (1 - ), (94)
which is solved by
R £V16+1%[8 f4(8*917)To] L 5)
so that
Tmax = To tanh ! £/16 +170[8 —4(8 —9)70) — 77T01 ‘ (96)

The requirement |R| < 1 is fulfilled for all values of # < 1 if the argument of the square root in
Equation (95) is nonnegative. The last condition leads to

14,/ 80=m ’7>1 I 97)

~8—-9n n

which is identical to the maximum value (89) derived before. Proof:

Vi 4 A=)+ v
N Y e BN R e

4 Ji+B-n) 4 <1+ 8(1—’7)>_T0E_ (98)

8 —9n NG - 8-9y n

T,E =
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Figure 6. SIRD model at basically constant x(7) = K. The analytical solution of the SIRD model at
K = x(0) = Ko for K € [0,2Kp] with Ky = 1 — 31/2 is given by Equation (36) with Seo, Tmax, and 1
according to Equations (43), (96), and (47). This figure shows 1 (79), Tmax (91), as well as p = Tmax/To
(90) versus K. The dot-dashed vertical line marks K = 2Kg = 2 — 35. For K < 1 — 27, the plus sign
applies in Equation (96), leading to positive Ty and Tmax. In that case j(7) goes through a maximum in
the course of positive time T > 0. For K > K, the minus sign applies in Equation (96). Here, Tmax < 0
and j(7) monotonically decreases at T > 0. At K = Ky, 19 goes through a maximum versus K, the
maximum value T g &~ /2/7 is given by Equation (89). Within the range of K values marked by a
solid line, () equals K at all times T > 0 with a precision of less than 0.1%, while within the region
marked by dashed lines the x(7) deviates from K by less than 5%. The analytical solution therefore
captures the regime K € [0.8,2K] at # = 1075 and the regime extends to slightly smaller K for smaller

n.
4.3. Reduced time dependence of (), terminal time tg, (K) for K = x(0) = Ko # 0.

With 19(K) given by Equation (87) we obtain for Equations (47)

T Tmax -1 1-2n—-K
T = ; K = - h 7 99
Wi PO TR0 TN kR -1 )
so that Equations (49) and (61) become
o B n7(K)
S(1)=(1-1) {1 coth T — tanhp(K)} ! (100)
and
2 K
k(t) =~ mtamh [T—p(K)]+(1—7) [1 - cothT(g)TO—( t.’inhp(K)}
1 cosh? p(K)
_ , (101)
cosh?(T — p(K)) [1 ~ o]

which are both shown in Figure 7 for different values of K entering p(K) and 1(K). As K # 0 the
requirement S(Tg,) = 0 then provides from Equation (100)
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Figure 7. SIRD model. (a) x(7) for S(7) of the form of Equation (36), subject to the condition x(0) =
Koo = K at 7 = 107°. While for K < Kj the k(1) varies significantly with reduced time 7, for K > Kp
the form (36) solves the SIRD equations with constant x(7) nearly exactly. Lines in (a) are given by
Equation (109c), which coincides with the numerical solution. Panel (b) offers a zoom into (a) for
Ky < K < 2Kj. Shown is the numerical solution for x(7) — K, which departs from the constant by
completely negligible amounts. (c) S(7) and (d) j(7). For K < 1/2, S(7) reaches zero at 73, the curves
for K = 0 (SI model) and K = 1/2 nearly coincide as they have similar Tmax and share Se, = 0, the
curves for K = 1 and K = 1.2 are also indistinguishable by eye and stay at nearly constant S ~ 1 — 7.
The bullets mark S( T, ) (not Se) in (), and j(Tgy,) in (d).

in(K) = (K) coth™ yo(K) + tanh p(K)] = (K)ot |25 E ()]
- 2 tanh ! V(K—Ko)? +2p(1—1) -}
VK=K)2+2p(1—n) -1 1K ,

(102)

where we used Equation (67) for x(0) = K and inserted solution (57) for 0 < K < 2Ky. Obviously,
positive values of T4, (K) are only possible for values of K < 1 smaller then unity, as otherwise the
argument of the tanh~!-function is negative. In order for the argument of the tanh ' -function to be
less or equal unity the condition

V(K= Ko)2 +25(1— ) < 1+1) -« (103)

is required, which is equivalent to
(104)

NI~
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Hence, finite values of T3, (K) only occur for values of K € (0,0.5]. In Figure 8 we show the final time
(102) for different values of K below 0.5. The final time is monotonically decreasing from its infinitely
large value above K = 0.5 with decreasing values of K.

Particular interesting in Figure 7 are the cases where the combined ratio x(7) at the start and
the end of the epidemic outburst have values below K < 0.5 which corresponds to infection rates
being twice as large as the sum of the recovery and fatality rate. In this case the epidemic outburst,
described by the SI-type cosh™2[(T — Tmax )/ To]-distribution for the rate of new infections shown in
panel 7-d, is so dominated by the rapid infections that at the finite reduced time 7, the outburst
suddenly terminates as with S(7,) = 0 (as seen in panel 7-c) no more persons are available to be
infected. The situation is comparable to a smooth running car where suddenly the car engine stops as
no more fuel is available. For values greater than K > 0.5 the epidemic outburst lasts infinitely long.

40 30 T T
—n=10""° » —Jlg = 0.49
0t ——n =0.001 — K =03
20 K =01

—n=0.1

@207 §15 —K =0.01
10%
10*/////
5

0 0.1 0.2 0.3 0.4 05 0 0.002 0.004 0.006 0.008 0.01

(@) K (b) g

Figure 8. Final time 15, (102) for the case of K = x(0) = ke # 0 (Section 4.3) for (a) different values of
n versus K, and (b) different values of K < 1/2 versus 7.

Next, we consider the limits of Equations (101) and (102) for small values of 7 < 1.

4.4. Limit for Very Small Values of [(0) = < 1

We use
Ko—K—1%
tanhp(K) = , 105
N (Y =Ty (105
w(K) = 2 (105b)

VK=K)2+2y1—n) - ¥

and Equation (102). For small values of # < 1 we have to distinguish between the cases (i) where
|K — |Ko| < /27 and (ii) where |K — Ky| > /21. We consider both cases in turn.

44.1. Case |[K—Ko| < /21

Here we approximate for small values of 7 < 1

ERY)
JE—KpE 2= -1 = - e ] -

var[ie SR ] "

12
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Consequently, we obtain
1- 25— K|[1 — KK
tanhp(K) =~ : 7 \}[277 21 ], (107a)
AY
w2 1o ESRF] (o
_ 2 — o —
T (K) ~ ]2 [1 _ (KKo)} tanh-1 121 =K
7 2y V21
_ - in Y21+ (1= 27— K) (107¢)
v N 2= =2 K
whereas Tg;, = 0 as all K-values in this interval are greater than 0.5.
442. Case |[K — Ky| > /21
Here we approximate
“Ko)? e _ny =)
VK= Kol 4201~ ) = 3 = Ko = K| = 3 + =, (108)
to obtain for Equations (105) and (102)
Ko—K—1
tanhp(K) =~ 0 T 217(1717) , (109a)
K= Kol =7 + =i
2
T(K) =~ —, (109b)
[Ko — K| = 4 + Fo=h
2 K= Kol = 3 + 14
Tin(K) =~ =] tanh ™! — Ko=KT | (109¢)
|Ko — K| — 2t [Ko—K|

4.4.3. Finite Time T3, (K)

As shown before, c.f. Equation (104), finite values of the finite time only occur for values of
K < 0.5 < Kp. Consequently for small # < 1 we approximate with Ky =1 — (3/2)y

Ko— K — U+U(1 )

(k) = —ZZ T tanh [ 2K
- 2 T 2+ e )]
1-K— 2+ =) 1-K
. 1 2K = K)(1—K) — y2(Ko — K) 1]
1Kk 1EKKIT 12Ky —K) 1]

1 2(Ko—K)(1-K)
1-K " 2K —K) 1]

1

(110)
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Equation (110) only provides real values if the denominator of the In-function is positive, leading

to the requirement
1 1-3y
K<Ky—z=—F7-7,
SRNTIT T

which is consistent with the earlier limit (104) and the time (111) can be further approximated as

(111)

_ 2
1, 20-K)

Tfin(K) = 1-K 17(1 — ZK) . (112)

The function (112) monotonically decreases from its infinite large values above (1 — 7)/2 with
decreasing values of K in agreement with Figure 8.

4.4.4. Values K < Ko — /21
For values of K < Ky — /2% one obtains

_ 1 o 11=7)
tanhp(K) = - ) ~1 (Ko — K2’ (113a)
(Ko—K)(Ko—K~ %)
2 g2+K-K
N 1 2(Kg — K)?
Tmax(K) =~ K —K In . . (113¢)
With )
costh = 1 — = 1 T gKol_ K) (114)
1—tanh®p 1—[1—%]2 n(1—mn)
Equation (101) becomes
k(1) ~ 1—n+(Ky—K)tanh(T —p) — W(cothT —tanhp)
0—
_K)2
_ K-l , (115)
2(1— 1) cosh?(T — p)[1 — H(coth]" — tanhp)]
which correctly approaches
(Ko — K)?
kK(t=0)=1—y—(Kp—K)tanhp— ————— ~1—(Kp— K) =K. 116
( ) 1 — (Ko — K) p 201~ 1) cos®p (Ko — K) (116)
For values of (1 —31)/2 < K < Ko — /21 we find
o) — 1- _ __ 2(—y)
kK(t=0) = 1-—n+(K—Kp)tanhp (Ko — K)[1 — tanh ]
~ 1+K-Ky—2(Kg—K)=1-Ko+K =K, 117)

because for small # < 1 one has Ky ~ 1. The solution (117) holds for all times 7 in the range
(1-31n)/2 <K< Ky=1-(3/2)n — /25. For smaller values of K < (1 — 3#)/2 the solution (117)
holds only at finite times 7 < 74, (K) given in Equation (112).
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4.4.5. Values Ky + /27 < K < 2K
For values of Ky + /21 < K < 2K we obtain
(K) =~ 2 (118a)
0 ¥ KK
1 7(1+ Ko —K)
K-Ko+3 K=Ko
1 2(K — Kyp)?
Tmax(K) ~ — in 2 o) (118¢)

K—Ko 5(1+Ko—K)

where the last step in Equation (118b) holds for values of K < 2 — (51/2), which is justified for all
values of K > Kj as the maximum value 2Ky = 2 — 37 is smaller than 2 — (57/2). Consequently, one

obtains in this case for
1 N (Ko — K)?

cosh?p = ~ , 119
P 1—tanh?p 27(1+Ko—K—1) 49
so that (1 1) (K — Ko)
— 2, LR~ Ro)
7(1— 7)1 cosh” p ~ 7KK (120)
We also note that for K > 1 — 27 the function p(K) = —r(K) is negative with
1 14+Kp—K
_ -1 -~ [, 1+ Ko —K)
r(K) = tanh o TRET tanh™" |1 (K= Ky)? } , (121)
K-Ko+4 K=Ko
so that Equation (101) becomes
k(1) =~ TE tanh(T +7)+ (1 —17) [1 — 5779 cosh? r(tanh(T + r) — tanhr)}
0
B 57 cosh? r
cosh?(T + 7)[1 — 57y cosh? r(tanh(T + r) — tanh )]
K-
~ (K—Kp)tanh(T+7)+ (1—17) {1 - m(tanh(T +7)— tanhr)]
(K — Kp)? (122)

~ 2cosh?(T +r)[1+ Ko — K — (K — Ko)(tanh(T — r) — tanhr)]

One notices from Figure 6 that (K) > 1 is very large compared to unity, so that Equation (122)
with tanh(T + ) ~ tanh7 ~ 1 and cosh (T + r) ~ 0 simplifies to the constant

k(T)~K—-Ky+1=K. (123)
4.5. SIRD Solution for k(0) = 0

For x(0) = 0 Equation (66) for y = 2/ 7 reduces to

Y — (Ko =)y =1 =17 — (1= 217)Keo, (124)

with the two solutions

17+\/ o —2+37)2+87(1— )], (125a)

<

—

|
I\J\P—‘N\H

— =/ (ke — 2+ 39)% + 8 (1 — ). (125b)

d0i:10.20944/preprints202402.1675.v1
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We restrict our analysis to the interesting range of values of 0 < xe < 2 — 37 (koo = 0 was treated
in Section 4.1 already) and investigate the limit of small 7 < 1. We then approximate

4n(1—1n)
— 31— k)2 ) ~2_3y— B/ AN P
V(231 — k)2 4+ 8y(1 — 1) = 2~ 3y R (126)
implying
1 - Koo
hom -2 (127a)
— _q_ M
e (127b)
Accordingly,
2 1 —Keo
T ~ —  ~2[142 , 128a
Ty & —> 1+ Koo ] (128b)

Keo — 1 (2 —Keo) (Koo — 1)

As 19 has to be positive the solution (128b) can only be used for values of 1 < ke < 2 — 37.
For x(0) = 0 Equation (63) reads Tmax = To tanh 1 [(1 — 2)79/2].
The two solutions (128) then provide

Tmaxt 2 2[1+ 25— tanh ! [1 - 257’71(&]

~ [1+217;_Z:]1n2_1(1;°_’7:lnz_nxoo, (129a)
ez = g 4 et 2 )

~ tanh ™! Kool_ T (129b)

The argument of the tanh ! has to be in the interval (—1,1). The requirement (ke —1)~! > —1
is fulfilled for every positive ko > 1. However, the requirement (ke — 1)~! < 1 is only possible for
values of x, > 2 in contradiction to the earlier assumption ke < 2 — 3#. Therefore the second solution
Tmax,2 and Ty » cannot be used. The only possible solution is this range of 0 < ko, <2 — 3y is

1 —xeo
(ko) = T01(Keo) = 2[1+ 2172 — :z I, (130a)
11—-29 1—%e
Tmax(Koo) =  Tmax1 = T0(Keo) tanh TTQ(KOO) ~2|1 —|—2172 — | (130b)
-1 1 — 277 -1 1 — Koo
0(ke) = tanh To(keo) | =tanh™ | (1 —2¢) [ 1+ 2;72 — . (130c)

Consequently we obtain

tanhp(ke) = 1-— 21

2 — Keo 2—Koo:1_2—1coo' (131)
2
L-tanhp(re) =~ > _’7K ) (132)
1 2 —Keo

cosh? p(kee) =~

(133)

d0i:10.20944/preprints202402.1675.v1
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One then obtains for Equation (65) in this case
2tanh(T — p(keo))
k(T) =~
@ 0 (Keo)
(1= 7)1 = 770(kes) cosh? (ko) [tanh(T — p(k)) + tanih p(co)]]
11 cosh? p(keo) (134)

" cos?(T — (ko) )[1 — 770 (ko) (ta0(T — p()) + tanih p(cc))]

Here, and in the following two equations, T and p stand for 7/7(ke) and p(ke) =
Tmax (Keo) / T0(Keo ) With Tp(Keo ), Tmax (Koo ), and p(keo) given by Equations (130). The temporal evolution
of k() is shown in Figure 8 for various values of « € [0,2]. Equation (134) correctly reproduces

_ 2tanhp 1-2y

kK(t=0) = 1-2y - =1-2n-2 7 =0, (135)
0
_ _ 2 N N YA
K(T=c0) = T0 (Koo ) +1-n 1 1— tanhp(;coo))
2 2 — Koo
~ (k) +(1—-n)1- ZK Tp (Koo )] = Koo (136)

(b)
Figure 9. Analytic solution of the SIRD model for x(0) = 0 and time-dependent x(7), parameterized
by %eo. (a) k(T) according to Equation (134), (b) S(7) given by Equation (36) and (c) j(7) from Equation
(44), using 19 and Tmax from Equations (130a) and (130b). The curves in (b) and (c) are confirmed by
the numerical solution of the SIRD model. For ke < Ky &~ 1 and ke > 2Kj ~ 2, the analytic solution is
still correct, but only useful until the pandemic has terminated, as S(7) becomes negative (dashed lines
within this regime) for T > T,,. For the plot 7 = 107°.

5. Approximate Analytical Solutions of the SIRVD Model

Recently, it has been demonstrated that an accurate analytical approximation to the SIR and SIRV
equations[21,26] exists if the cumulative fraction of new infections J(t) = J(7) at all times is much
smaller than unity. For the COVID-19 outbreaks in many countries this assumption is well fulfilled.

According to Equation (19) in ref. [21] the approximation 1 — J(7) ~ 1 — Je in Equation (21)
provides the solution

V() = (1= Joo)[1 = ¢ a8, (137)

which approaches Vo, = V(oo) = 1 — Jo after infinite time. With this result in the same limit
J < Joo < 1 Equation (25) with the initial condition j(0) = #(1 — 7) integrates

@) = -pexp [dx [(1- o) B~ x(x) — g(x) - b))

~ n(l—mn)exp /OT dx {e_ Jo dybly) _ k(x) — g(x) — b(x)} , (138)
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where the last approximation holds due to the adopted smallness /.. < 1. But we keep the ] in
the solution (137) in order not to violate the restriction J(7) + V(7) < Joo + Voo < 1. By integrating
Equation (138) the corresponding cumulative fraction is given by

T z X
IO =gty [(dew | [“are B0 — k) - g0 - )| 09
Likewise Equations (15) and (17)—(19) provide the approximations

j(1)
1—Jo—V

I(7) ~ O 1—100 exp/ dx [em B0 — k(x) - g(x)] = j()el #¥),  (140)

o~ /OT dx 7 _k;ot)]_(a‘c/)(x) = 111(1__]:1) /T dzk(z) exp /Z dx [e* Jo dybly) _ k(x) — q(x)] , (141)

T)z/ordxl—q](i)i(?(x -1 [ aza@exp [Cax [ B0~ kx) - gx)], 142)

1—Jeo
and
_dD(r) _ q9(@j(r)
i) = = =100 =1"7"95
~ 171(_] q(t exp/ dx e~ Jo dvbly) _ k(x) — 4(’()} . (143)

5.1. Difference between the SIRVD Death Rate and the A-Posteriori Death Rate

As it marks the difference of the death rate (143) in the SIRVD model to the a-posteriori death rate
da—pos(T) = q(t)j(T) (34) we consider first the ratio

da—pos(T) _ j(T)

o ~1 _ _ _ —Odeh(x)
A I SO =1 e VD) = (L) e

For the SIRD model with negligible vaccinations (b(7) = 0), the ratio (144) is independent of reduced
time and practically equals unity as [ < 1. However, for the SIRVD model including vaccinations
the ratio (144) depends on time. The SIRVD death rate has a flatter T-dependence than the a-posteriori
death rate.

5.2. Conditions for Extrema

As before [21] it is straightforward to calculate the first and second time derivatives of the
approximative solution (138) as

% = (=) [e= WY —(r)—b(r) —q(7)] x

o[ 59294140
% = (=) ([e” ) —k(x) b() —q(r)] - % - % ~ Z{ — b(r)e I W) x

exp /Ofdx [e= 04020 k() ~b(x)—q(x) | (145b)

Consequently, extrema of the rate of new infections occur at reduced times 7 determined by

k(tg) +b(tg) +q(tE) =€~ Jo* dyby ) <1, (146)
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where we indicate that the right-hand-side of this Equation is smaller than or equal to unity. Hence no
extrema of infections occur for a sum of variations
k(t)+b(t) +4g(te) > 1. (147)
In the alternative case of reduced time intervals, where

k(t)+b(t)+4q(te) <1, (148)

extrema are possible. From Equation (145b) one obtains

2
[%]TE = —n(1- W)([%]TE + [S—i]TE + j—i]TE + b2(1E) + b(te)k(tE) + b(1E)q(TE))
exp [/OTE dx (e_ Jo dybly) _ k(x) — b(x) — q(x))] . (149)

Hence, the extrema are maxima if

e+ (520 + M), 40 (x) + bl k() + bt () > 0 (150)

is positive. They are minima if

dk db, dg

[E]TE + [E]TE + E}TE + b (tE) + b(te)k(te) + b(TE)q(TE) < O (151)

is negative. There can be multiple minima and maxima depending on the reduced time variation of
the ratios k(7) and b(7). The extreme values of the rate of new infections are given by

JoE dx [ 4080 — k() b(x)—g ()]

je(te) = n(1—n)e (152)

All results given in this Section for the SIRVD model include as special cases the corresponding
quantities in the SIRD model for b(7) = 0 and the SIR model for b(7) = g(7) = 0, respectively. The
excellent agreement with the respective numerical solutions of the SIR and SIRV models [21,26] has
proven the validity of the analytical approximation using the smallness of J(7) < 1.

6. SIRVD Model Applications

Next we illustrate our results from the preceding section with two examples. While section 6.1
is concerned with the case of stationary ratios, in section 6.2 we work out the case of a gradually
decreasing fatality rate.

6.1. Special Case: Stationary Ratios

We first consider the approximative solutions (137) and (138) in the special case of stationary

ratios
k(t) = ko,
b(t) = by,
q(t) = qo (153)

This case corresponds to the numerical solutions of the SIRVD model shown before in Figure 2.
If we introduce xy = ko + by we may use the earlier results of ref.[21] to obtain

V(T) = (1 Joo)[1 — 7], (154)
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and
1 _ e*bg”[

j(t)=n(—1n)exp o (k0 +bo)T| . (155)

Provided x¢ + by = ko + g0 + bp < 1, the rate of new infections (155) attains its maximum value

) ) kgtby 1—(xg+bg)
jmax = j(Tm) =n(1—1n)(ko+by) " e "o

ko+ag+by  1=(kg+q9+bg)

= n(1—-n)(ko+qo+bo) n e P . (156)
at the reduced time In(k )
g = — ko + 0 + bo) T 0) (157)
0

For the cumulative fraction one finds
0 1 1 7b0’(
- bl et o 2\ _ (1K€
J(7) n+n(l—n)by’ e [7(1+b0,b0) v( 50’ o

ko+qo 1 ko +qo e %7
7(1+ Oboq",%)—7<l+obo‘70, m )] (158)

in terms of the lower incomplete gamma function 7. For infinitely large times, the fraction (158)
approaches the final value

Ko+

1 k 1
Joo = J(T = 00) = 7+ 1(1 — )y ™ ebw<1+ ";0"0,;,0) (159)

Likewise, the SIRVD death rate (143) in this case becomes

_ dD(1) 1—e b7

d(v) = == =0 = mgoexp | ——p— = (ko +40)T| = q0e""j(T) = € dapos(7).  (160)

It differs from the a-posteriori death rate by the factor " reflecting the ratio between I(7) and
j(T). The rate (160) peaks at the time

_In(ko +4g0)

T (161)

T =

which is greater than the peak time T, of the rate of new infections. The maximum SIRVD death rate

ko+4o 1-ko—do el b _ykotay
dmax = (L =) ko +q0) e N = T g R TR )

is smaller than the maximum a-posteriori death rate.
The corresponding cumulative fraction of fatalities is given by

fotioto 4 [ kg 4go 1 ko +qo et
D(t) = qon(1—n)b, ° efo lv <Oboqo’bo>7 % )| (163)

with the final value

kotao—bo 4
Deo = D(T =) = qon(1—1)by ° eloy (ko 40 1)

by by
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k +40
_qon(L—1n) | " A ko+q0 1
= kot P lbo ey 1+ b To +1]. (164)

It has been shown before in Equation (57) of ref. [21] that for small values of by < 1 and
by < ko = ko + g0 < 1 the cumulative fractions as well as their final values have to be calculated with
the leading order approximation for large values of z > 1

27 M2y (1 4 x9z,2) =~ \/ZNKOZKSOZ_le*Koz —1. (165)

Applying this approximation to Equations (159) and (164) with z = b, provides

27t(k 1-(ko+40) ko+do _
o =~ 17(1—17)[ 2l £ )R G+ g0) 1—1], (1662)
0

qoﬂ(l 77) 27t (ko ‘70) Lotan) fotan 4 1 a—pos
Deo =~ e b ko + bo ~ Do 7. 166b

We note that the ratio Do/ D3 P°° does not depend on the value of by.

These differences are clearly seen in the panels of Figure 10. The SIR, SIRV and SIRD curves,
representing a-posteriori death rates, have a significant different reduced time dependence compared
to the SIRVD curve. For the values of kg = 0.5, by = 0.1 and g9 = 0.1 shown in Figure 10-a,b, the
maximum death rate is a factor 1.54 smaller than the maximum a-posteriori death rate, the final
cumulative fraction of fatalities is a factor 1.67 larger than its a-posteriori value, and the death rate
peaks at the earlier time 7; = 5.1 as compared to 7;; = 3.6. The performance of the analytical solution
j(T) (155) of the SIRVD model over a wide range of its determining parameters xy and by is analyzed

in Figure 11.
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Figure 10. Analytical (solid colored) and numerical solutions (dashed black) of the SIRVD model at
7= 10~° and (a,b) ko = 0.5, qo =0.1,bp = 0.1, (c,d) kg = 0.5, g0 = 0.2, by = 0.6, (e,f) kg = 0.5, o = 0.6,
by = 0.01. (a,c,e) d(T) as as well as da_pos(T) according to Equation (160). The bullets are located at
(T4, dmax) (blue) and (T, ojmax) (green), given by Equations (161), (162), (156), and (157). (b,d,f) D(1)
as well as Da—pos(T) = goJ(T), using Equations (158), (163). The bullets mark the final values Deo
(blue) and D, P*° (green) according to Equation (164); open bullets for the approximant (166b).
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Figure 11. Performance of the analytic solution of the SIRVD model for 7 = 107> and constant rates
in kp—bg space. Shown is the mean percentage of deviation between the analytic j(7) from Equation
(155), and the numerical solution. The plot looks nearly identical for all remaining differential and
cumulative quantities, including d(7) and D(7) from Equations (160) and (163), for any kg (or gp). (a)
shows the range «o, by € [0,2], while (b) offers a zoom into the bottom left region xy € [0,0.5] and
by € [0,0.2] of pronounced relative deviations, while the absolute deviation is still small, as visible
from Figure 10-e,f, where we show a case that resides in the yellow region.

6.2. Gradually Decreasing Fatality Rate

Here we the approximative solutions (137) and (138) in the special case of stationary ratios
K(t) = ko, b(T) = bg but the gradually decreasing fatality rate

q(t) = q0—q1 (1 — e °7) (167)

with constants qo, 41 and G. The fatality rate (168) starts from the constant value gy and decreases
with the typical time scale G~! to its final constant value g;. Such a behavior accounts well for the
COVID-19 omicron which had a much smaller (about an order of magnitude) fatality rate than the
earlier mutants [22] occurring about a year earlier. Such a slow gradual decrease is well captured by
the adopted fatality rate (168) in the case G < by < 1, allowing us the linear approximation

g(t < G 1) ~qo— q:Gr, (168)

if necessary.
The vaccination rate (154) is independent from the fatality rate 4(7) and also also here, whereas
with the rate (167) the rate of new infections (138) becomes

1—e b0t

. 1-— -GT
j(T) ~n(1—n)exp [b—o — (ko+bo+qo—q1)1—q1+1 . (169)

Consequently, one finds for Equations (140)—(143)

) bt 1— e*hOT 1— e*GT
I(t) = j(t)e™™ ~n(l—n)exp b—o—(k0+q0—q1)r—q1T , (170a)
1 —eihOT 1 —e*GT
R(t) =~ kolI(t) =n(1—n)koexp b—o —(ko+qg0—q1)T — qlT , (170b)
G _ efbor 1— efcr
d(t) = [qgo—q1(1—e"")]n(1—n)exp B (ko +g0 = q1)T =1 —5—

(170c)
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and
T G 1— efboz 1— efcz
D(7) >~ (1 - 17)/0 dz[q0 = qu(1 = e )] exp | — — = (ko +q0 —qu)z = n—(—1, (71
respectively, whereas the cumulative fraction of infections is given by
T 1 — ¢~ boz 1—e Gz
J(T) =n+n(1—mn) /0 dzexp |~ — — (kot+bo+q0—q)z—n—p5— (172)

The analytical expressions are in excellent agreement with the numerical solutions of the SIRVD
model in the presence of time-dependent (7). In Figure 13 we show selected results for j(7) and d(7),
while all other quantities are equally well captured.

6.2.1. Peak Times

For values of ko + by + qo < 1 the rate of new infections (169) peaks at the time given by
et — g o= — ko + by 4 g0 — 41, (173)
whereas the death rate (170c) attains its maximum at 7; determined by
[70 — q1(1 — e~ C™)][e™ "™ — ko] — q1(G + 290 — 2q1)e” ™ — (q0 — 1)* —q7e T =0 (174)

Both Equations (173)-(174) are nonlinear and cannot be solved in closed form?. However, if we use, as
in Equation (168), the approximation e CTmd ~ 1 — G4 Equations (173)—(174) can be approximated
as

e boTm ~ —71Gt + Co, Co = ko + by + g0, (175)

and
(90 — q1GTa)e 0% = go(ko + q0) + 91G — 91G (ko + 290 + G) - (176)

This latter equation (176), treated below, is of the form of Wright’s transcendental equation. It
is easy to see that Equations (169)—(176) in the limit q; = 0 correctly reduce to the earlier results in
Section 6.1. The applicability of Equations (175) and (176) requires G < by. Introducing the positive
Zm = bpTiy and the positive combination a,, = bpCy/q1G of parameters, the first Equation (175) reads
e m = Cy(1 — z;m/am) and thus determines z,, in terms of a,, and C. This latter equation is solved in
terms of the non-principal Lambert function W_; (see Appendix G in ref. [28]) as

efl/am Co 1 boefbgco/mG
— Wh [ — = 4+ W l-—)]\ 177
Zm = am + Wo ( ’ Tm I]lG bo 1 ‘71G ’ (177)

where we have just re-inserted z,, and a,, in the second part of Equation (177).

As detailed in Appendix C the solution of Equation (176) is more involved. As for the calculation
of Ty, it is helpful to introduce a dimensionless time z; = byTy, and to simplify Equation (176) using
an appropriate combination of the five semipositive parameters ko, by, qo, 41, G, and z;. As shown in
Appendix C it is possible to write Equation (176) in the form of Wright’s transcendental equation,

2b

—-X

1 17
e —— (178)

2 This is known from the works of Evariste Galois who died during a duel at the age of 20 in 1832. His important contribution,

known as Galois theory, was recognized and published 14 years later by Joseph Liouville [27].
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or equivalently
a=—X —bcoth(X/2) (179)
upon introducing X, 4, and b via
X = zz+In(C, C1=ko+290+G,
a = b-— M —In Clr
nG
90+ (1—91/90)G boqo
= 1
b 2, 7G’ (180)

Since g1 < g to ensure positive q(7), one has b > 0. Further, a < 0 since G < by. For positive values
of b and negative values of 4, no solutions to Equation (179) with negative X are possible. This is most
easily seen by rewriting this equation as a2 + X = bcoth(X/2). For negative X, the right hand side
is negative, while left hand side is positive. Equation (179) hence implies X > 0, and z; > 0 implies
X > InCy. The equation (178) is equivalent to Wright’s transcendental equation and known [29] to
exhibit real-valued solutions X only for a limited range of a and b values. Using the x-parametric form
of the envelope 4 = —x — sinh(x) and b = —1 + cosh(x) [29] we derive the condition

1< —VbvV2+b—cosh ™ (14b) = amax <0 (181)

for the existence of a 7; value. The amax monotonically decreases with increasing b, starting from
Amax = 0and b = 0.
In Appendix C we obtain the following approximations for the exact solution of Equation (179):

b—a 8b 2b
Xo =~ 5 1—4/1-— (b—a)Z] e (X €10,1]) (182a)
3a + /942 — 12b(6 + b) 2./b(6 +)
2B (a— b>2ef(u27b2)/2b
Xy =~ b +W_q (— T , (X <b—a) (182¢)

Note that X approaches unity for a = amax and b — co, while X, — oo behaves correctly in this limit.
As detailed in Appendix C, Xy ist most precise for sufficiently small a well below amax, X1 performs
extremely well (Figure 12) over the whole a-b range except very close to 4 = amax and large b, while
X5 has advantages only in the regime where X; fails. To summarize, 7; exists as long as a < amax, and
is then well approximated by

X1 —In(ko +2g0 + G)

-
bo

with a and b expressed in terms of ko, by, g9, 41, and G via Equation (180). In Figure 13 we mark the
analytical 7, and 7, for a few cases. As visible, they capture the peak times of the analytical solutions
for j(t) (169) and d(7) (170c), that moreover are indistinguishable from the numerical solution. Since
it is impossible to visualize the performance of the numerical versus analytical results for the case of
time-dependent g(7), characterized by 6 parameters ko, bo, o, 41, G, and 7, we have randomly chosen
sets of parameters with ko, qo, by € [0,1], g0 € [0,41], G € [0, b}, and 57 € [10~7,1073]. The comparison
is undertaken in Figure 14.

(183)

d0i:10.20944/preprints202402.1675.v1
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Figure 12. (a)The exact solution X to Equation (178) or (179) versus amax/a and b/ (b + 1) with
the negative amax defined by Equation (181). (b) Approximant X; given by Equation (182b). It is
undefined in the small white region in the top right corner, characterized by a < —21/b(6 + b)/3. Two
contourlines are highlighted in each panel: X = 1 (dashed black) and X = 2 (solid black). For the
remaining approximants Xy and Xj see Figure Al in Appendix C.

d(r), 3(7)

(b) T T

Figure 13. SIRVD model at time-dependent ¢(7) = go — q1(1 — e~ 7). Analytic d(t) and j(t) coincide
basically exactly with the numerical solution. Highlighted are the analytic position and height of
the maxima, (Ty, jmax), Equations (177), (184) and (74, dmax), Equations (183), (185). Parameters: (a)
ko = 05,40 = 0.1,bg = 0.1, 7 = 1072 and (b) kg = 0.5, g9 = 0.2, by = 0.2, 7 = 10~°. In (a,b) the three
colors represent G = 0.5by, q1 = 0.1g¢ (blue), G = by, q1 = 0.2g¢ (red), G = 1.5by, g1 = 0.5q¢ (yellow).
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Figure 14. Since it is impossible to visualize the performance of the numerical versus analytical results
for the case of time-dependent g(7), characterized by 6 parameters ko, by, 4o, 41, G, and 1, we have
randomly chosen sets of parameters with kg, go, by € [0,1], g0 € [0,41], G € [0, bg], and 7 € [1077,1073].
The number of sets is (a) 100 and (b) 5000. In (a) we visualize the performance of analytical versus
numerical results for 7, (177) and T, (183), while (b) shows 1; versus T, both numerical valus (red
circles) and analytical expressions (black squares). The numerical results suggest 7; > T, while this is

not reflected by 1.5% of the analytical results.

6.2.2. Maximum Rate of New Infections and Death Rate

With the peak times (177) and (183) inserted in Equations (169) and (170c), respectively, the
maximum rates of the new infections and the maximum death rates are given by

. 1-kg—bo—qo+41 _ 91 bp—G) _
Jmax = 17(1 — 77)6 bo ¢ exp |:ql(b(z)G)e Gt _ (ko +by+4g0— ql)Tm]
1-kg—bp— ko-+b boe b0 ko +bo+40) /91 G
~ n(1- U)e%w_% exp [7171(170 - G)e_ S W (= 1nG )
boG
ko+bo+q0 1 boe~bo(kot+bo+q0)/1:1G
(ko +bo + g0 41)[T+ b—ow_1( e ], (184)
where we made use of the determining Equation (173), and
_ 1 _ 91 e—bon e_GTd
dmax = [f0— g1 (1= e C) (1 —p)e © exp|— — (ko+ 40— g1)7s + 1 e ]
G &Y 1m ko +2g0 + G)e™ X
= lq0—q(1 = (ko +290 +G)hoe T )ly(l—m)efo © exp [* o qobo )
k - G _GX
_Hgigth(xl —ln(k0+2qO+G)+%(k0+2qo+G)b°€ o } (185)

6.2.3. Death Rates
In Figure 15 we compare the death rate (170c) and the a-posteriori death rate (34)

da—pos(T) = [q0 — q1(1 —e~“T)]j(7) (186)
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with j(7) from Equation (169) for six different choices of parameters. In each case the analytical death
rates agree very well with the corresponding numerical solutions of the SIRVD model proving the
accuracy of the analytical approximation.

x107® x10°8

Figure 15. Comparison between death rate d(7) (solid line), Equation (170c), and a-posteriori death
rate da—pos(T) (dot-dashed), Equation (186), for the SIRVD model with gradually decreasing 4(7). In
(a) and (b) the following six cases are shown: (A) g9 = 0.1, by = 0.1, g1 = 0.1g9, G = 0.1bg, (B) g0 = 0.2,
bp = 0.6, g1 = 0.5909, G = 0.1by, (C) g0 = 0.6, by = 0.01, g1 = 0.5q¢, G = 0.1by, (D,E,F) same qp and by
as in (A) but different g1 and G: (D) g1 = 0.140, G = 0.1by, (E) g1 = 0.5q9, G = 0.1by, (F) g1 = 0.5q0,
G = 0.5bg. In each case kg = 0.5 and 7 = 1075, The analytic results coincide with the numerical results
within < 1% relative deviation.

We observe earlier peak-times for the a-posteriori death rates, following the rate j(7) of newly
infected individuals, compared with the SIRVD death rate d(7), following I(7). Additionally, the
SIRVD death rates are significantly larger compared with those obtained through the a-posteriori
treatment, with direct implications for the corresponding D« values. Our predictions for these
differences are suitable for being corroborated with past monitored pandemic data on the rate of new
infections and the death rates of sufficient quality with negligible underestimation i.e. negligible dark
numbers.

7. Summary and Conclusions

We have investigated a special class of exact solutions as well as accurate analytical
approximations of the SIRVD and SIRD compartment models. For nonlinear models with a
high-dimensional parameter space analytical solutions, exact or accurately approximative, are of
high importance and interest: not only as suitable benchmarks for numerical codes, but especially
as they allow us to understand the critical behavior of epidemic outbursts as well as the decisive
role of certain parameters [30]. For given reduced time variations of the ratios k(7), g(7) and b(7)
the SIRVD and SIRD equations represent complicated integro-differential equations for the rate of
new infections j(7) as well as the cumulative fraction of infections J(7), or S(7) and I(7). However,
the integro-differential equations can also be regarded as simpler determining equations for the sum
of ratios k(7) + q(t) = x(7) for given variations of the ratio b(7) and the fraction S(t). This new
approach has been used to derive fully exact analytical solutions for the SIRVD and SIRD models.
Especially for the SIRD model it is an effective new method to construct a special class of exact solutions
depending on two parameters which are chosen as the values of the ratio «(7) at the start (x(t = 0))
and the end (x(7T = o) of the epidemic outburst. The new method for the SIRDcase is illustrated in
Section 4 for three different choices of the two parameters including a detailed investigation of the
properties of the constructed solutions. Particular interesting are the cases where the combined ratio
#(7) at the start and the end of the epidemic outburst have values below K < 0.5 which corresponds
to infection rates being twice as large as the sum of the recovery and fatality rate. In this case the
epidemic outburst, described by the SI-type cosh ™2[(T — Tmax )/ To]-distribution for the rate of new
infections, is so dominated by the rapid infections that at the finite reduced time 1y, the outburst
suddenly terminates as with S(7g,) = 0 no more persons are available to be infected. The situation is
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comparable to a smooth running car where suddenly the car engine stops as no more fuel is available.
For values greater than K > 0.5 the epidemic outburst lasts until infinitely large times.

In the second part of the manuscript the recently developed analytical approximation [20,21]
for the SIR and SIRV models are applied to the more general SIRVD model. In the limit of small
cumulative fractions | < 1, which very often is fulfilled, this approximation provides accurate
analytical expressions for all epidemic quantities of interest such as the rate of new infections () and
the fraction I(t) of infected persons. As an aside, when determining 7; in Appendix C we provided
accurate approximative solutions to Wright’s transcendental equation (A16), or equivalently, Equation
(178). The main difference of the SIRVD to the SIRV model is the discrimination between recovered
and deceased persons by introducing two different compartments which affects the calculation of
the death rate. In the SIRVD/SIRD cases it is proportional to I(t), whereas in many SIR models
in an a-posteriori approach it is proportional to J(t). It is shown that the temporal dependence of
I(t) and () are different when the effect of vaccinations is included and/or when the real time
dependence of the fatality rate ¢(t) and the recovery rate p(t) are different from each other. We
illustrate these pronounced differences with two applications: one for stationary ratios ko, by and gy,
and one for stationray ratios ko, by but a gradually decreasing fatality rate. In our analysis, we observe
earlier peak-times for the rate of newly infected individuals compared with death rates. Additionally,
our findings indicate significantly smaller death rates compared with those obtained through the
a-posteriori treatment. We are hopeful that these differences can be corroborated with past monitored
pandemic data on the rate of new infections and the death rates of sufficient quality, with negligible
underestimation. We didn’t account for the widely acknowledged 7-day delay between the onset of
infection and the resulting death. This delay impacts both the death rate in our SIRVD model and the
subsequent a-posteriori death rate analysis in a consistent manner. As a result, the derived difference
in peak times remains unchanged.
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Appendix A. SI Model
In the case of vanishing k(7) = g(7) = b(7) = 0 the SIRVD equations (11a)—-(11f) reduce to

ds

= = - (Ala)
dl

= = s, (A1b)
1 = S(v)+I(7), (Alc)

subject to initial conditions I(0) = # = 1 — S(0). Equation (A1b) provides S = dIn/dt, so that the
sum constraint (Alc) reads

= I(1) - I*(7). (A2)

(A3)
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where we substituted z = 1/y. Equation (A3) provides
It = — 1 (Ada)
1+ 1_7'7371’
n
1
S(t) = 1-1I(7r)= Adb
(x) SR v (Adb)
The rate of new infections is then given by
i) = SO = '
2+ %er 4+ Ller
- LE— - (A5)
2[1 4+ cosh(t —In T)] 4cosh2[T7 )

to which we refer as the SI-type new infection rate in the main text.

Appendix B. Integro-Differential Equation for the SIRD Model

Here we consider the case of no vaccinations, i.e. v = b = 0 and V(1) = 0. In some aspects the
resulting SIRD-model is simpler than the SIRVD-model, e.g. here the simpler relation J(7) =1 — S(71)
holds. This facilitates the general integro-differential equations (26)-(30) derived for the more general
SIRVD model. Here, Equation (25) reduces to

d j(T)
K(T):l_](T)_dTln[l—](T)}’ (A6)
where
x(7) = k(7) +4(7). (A7)

With the initial conditions Equation (A6) integrates to

. d -
O = i o) = pewp [ dz 1~ 1)~ x(2)], (A9

or alternatively
](T) = e~ I dzzc(z)%er—fg dz](z) _ 17[1 _ ](T)]efOTdZ [1—x(z)-J(2)] (A9)

In terms of S(7) = 1 — J(7) in this case Equation (A8) reads

which with the initial condition S(7 = 0) = 1 — 7 integrates to
T X
S(t)=(1-7) exp[—ﬂ/o dx exp(/O dz [S(z) — K(Z)])} (A11)
By writing S = ¢S the last equation provides

lnlf;7 =— /OT dx H(x)efoxdzs(z), (A12)
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with the function H(x) = eln—Jo dzx(z) Equation (A11) is equivalent to
T X
J0) =1= (1 =nexp[-n [ drexp( [ dz[1-J(z) ~x(=)])], (A13)
whereas Equation (A10) can be written as
JFam@4S _ A [fazs()
elo e ndTe 0 . (A14)
Equation (A9) yields for Equations (15), (17)—=(19) in the SIRD case
_ ](T) _ fT dz [1-x(z)—](z)]
() = = oy e , (A15a)
R(t) = 7 / " k(x)elt 40K I, (A15b)
0
D(r) = [ drglx)ell s, (A15¢)
0
40 = di(f) = q(1)I(1) = nq(r)eh =0-xE-I@], (A15d)

respectively. Equations (A8)-(A10) represent the exact solutions for the SIRD and SIR equations for
& = k(T) 4+ q(7T) = kiot- The only difference between these two occurs for the calculation of the fractions
of recovered and removed persons. The integral equation (A12) cannot be solved analytically for S(7)
in general, but for # < 1 we show in Section 4 that an analytic solution exists within a range of kit
values.

Appendix C. Solution of Wright’s Transcendental Equation

With z = —by1; Equation (176) is equivalent with Wright’s [29] transcendental equation
(q+pz)e* =rz+s, (Al6)

Withq =q0>0,p= qu/bo >0,r= qu[ko +2QQ+G]/b0 >0and s = q()(k(] +40) +31G > 0 and
we follow Wright’s arguments, while he focused on the roots of Equation (A16). Because pr # 0 we

substitute
z=Z—In(p/r) =Z+1In(ky + 290+ G), (A17)
providing for Equation (A16)
(Z—a+b)e?=Z—-a—b (A18)
with the real-valued constants
_ (s q Py _ _ _ bogo
a = 2<r+p>+ln(r)— In(ko + 290 + G) G (A19a)
1(s ¢q boqo 90 + (1 —41/40)G
p o= _L(s_1a)_ , A19b
2 (r P) 711G 2(ko +290 + G) (A195)

This confirms Equation (180). Note that for 2 = b = 0 the Equation (A18) is solved by Z = 0. To
arrive at Equations (A16) and (A19a) we assumed G1; < 1. While b > 0, for sufficiently small G /by
the a is negative, more precisely, as soon as

G _ _q01—4go0/[2(ko+2q0 + G)]

A20
by 1 In(ko +2q0 + G) ( )
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Because a can be assumed negative, we introduce the positively valued
q p boqo
A=b—a=-—In(Z) =In(ko+2 — A21
a= =M (L) =into+200+6)+ . (A21)
so thata = —(A — b). Equation (A18) then becomes
=12 (A22)

CZ+A

It is evident that Equation (A22) has no solutions for positive values of Z > 0, as its left-hand side
is always larger than unity in that case while the right-hand side is smaller than unity. For negative
values of Z = —X with X > 0 Equation (A22) reads

2b
-X _ 1
X =1, (A23)
and the substitution X = Ay in Equation (A23) yields
2b
Ay _q1_ _ =
e V=1 , (A24)
Al —y)

which only has solutions for y < 1 because b is positive. Equation (A24) will be used below to derive
approximants Xy and X;, while approximant X, considers Equation (A18) as the starting point. In
deriving the approximants it will turn out important to recall that a fulfills the inequality a < amax < 0
with amax given by Equation (181). We can thus write @ = amax — ¢ with semipositive §. An important
limiting feature is limy,_, Amax = 0.
Appendix C.1. Derivation of X

Expanding e~ 1 — Ay, which requires y < A~1 (or X < 1) we obtain from Equation (A24)

2b
yy—1) = -2 (A25)

with the two solutions

1-V1-8b/A2 _ 2b

Y1 = — 5 (A26a)
J1 = 2
Y2 —1 +v1 5 8b/A ~1— i—l; (A26Db)

Because 2b/ A% <« 1, since

2b 2b 2b 1 Vb 1
< 2 <lm——  =lm(>- Y] =2, A27
A5 b ama)? =~ 030 (0= ama)? 030 (4 4ﬁ> 1 (A27)

only the solution y; fulfils the requirement y; < A~!, corresponding to (2b/A) < 1 which is a valid

inequality, as

b _ 2 26 2b <1. (A28)

A b—a = b—amax b+ \/b(2+b)+cosh*1(1+b) =

The inequality (A27) therefore also implies that the argument under the square root is positive,
1—8b/A% > 0. With Xg = Ay; < 1and A = b — a this completes the derivation of X; in Equation
(182a).
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Appendix C.2. Derivation of X

Because y < 1, here we assume y < 1 and use the approximation (1 —y)~! ~ 1+ y in Equation
(A24) to obtain

2b A
_Ay ~ -
e ~ - (y +1 Zb) , (A29)
with the solution )
A 1 A
= — -1+ W | —"-1—]), A30
v=g5 1+ 5% 2beA(£_1)) (A30)

where W_; is the non-principal branch of Lambert’s W function. For a < amax stated in Equation (181),
the argument of the Lambert function is negative, decreases with increasing b, and resides within
the interval [—1/e,0] so that W_; is real-valued and W_; < —1 holds. The principal branch W, of
Lambert’s function solves Equation (A29) as well, but can be ruled out by considering the limit b — 0
and @ — amax. In this limit the argument of Lambert’s function evaluates, with A = b —a, to

3 (b - amax)z o 4
i S S (A31)
2be(b—max) (= )
On the other hand
: (b - amax)z
i oy b ama =4 (A32)

For the argument stated in Equation (A31), Lambert’s functions evaluate to Wo(—4/¢*) ~ —0.079
and W_1(—4/¢*) = —4, respectively. Since we know that X = Ay = 0 solves Equation (A23) in the
same limit, the principal branch Wy can be ruled out. With X, = Ay < A this completes the derivation
of X, in Equation (182c).

Appendix C.3. Derivation of Xy

Equation (A18), technically divided by eZ — 1, can also be written as

a =7+ bcoth (i) . (A33)

Here we depart from Wright's arguments and solve Equation (A33) with asymptotic expansions
of the coth-function. For values of | Z| < 2 we approximate coth(Z/2) ~2/Z[1 + (Z?/12)], so that in
this range Equation (A33) reduces to the quadratic

<1+z> 72 —aZ+2b =0, (A34)

with the two solutions

_ 3a+ /942 —12b(6+b)
B 6+b '

The term under the square root is not strictly semipositive for any a < amax, but Z is real-valued
fora < —2,/b(6 + b)/3, which is only slightly below amay; for b < 10 it is only 3% below amax, giving
rise to the tiny white region in top right corner of Figure A1l. For this reason the question about the
suitable sign in Equation (A35) cannot be answered by considering the limit b — 0 and a — amax, as
before. Instead, consider the following: Inserting a = Z + x sinh(Z) and b = x[cosh(Z) — 1] solves
Equation (A33) for any choice of x , i.e., one can write

a=27—+/bb+2y), Z = —cosh™! (b_'—xx) , (A36)

Z4

(A35)

d0i:10.20944/preprints202402.1675.v1
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for positive x. Using x = 1 we had derived amax. Using x = 0 in Equation (A36) yields b = 0 and
a = Z, while the 2nd relation in Equation (A36) in this limit is just the identity Z = Z. Inserting
this special case of 4 = Z and b = 0 into Equation (A35) yields Z+ = (Z + Z)/2. As we expect to
find Z4 = Z, the suitable solution is Z. With X; = —Z < 2 this completes the derivation of X; in
Equation (182b).

0.5 1 . 1 0.5 .
Amax /@ Amax /@ Amax /@ Amax /@

0 0.5 1

Figure A1l. Top row from left to right: The exact solution X to Equation (178) or (179) versus amax/a
and b/ (b 4 1) with the negative amax defined by Equation (181), approximants X 4, X 5, X1, and X
given by Equation (182). For any X and b, the exact solution corresponds to 2 = —X — bcoth(X/2)
according to Equation (179). Two contourlines are highlighted in each panel, if they exist: X =1
(dashed black) and X = 2 (solid black). In the X; panel, the X; is undefined in the small white region
in the top right corner, defined by a < —2,/b(6 + b) /3. In the X, panel, the X, cannot be evaluated
numerically in the yellow region which is characterized by X > 1 and a > amax/2. Bottom row from
left to right: The relative deviation AX between approximants X ,, Xgp, X1 and X, and the exact
numerical solution X, again versus amax/a and b/ (b + 1). The color scale ranges from blue (relative
deviation below 1%, to yellow (relative deviation above 10%). Approximant X; performs very well
except in the tiny top right corner (large b, a close to amax), where X; has some advantage.
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