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1. Introduction
In 1843, Hamilton introduced the concept of real quaternions which are defined by [1]

H={q=qo+qi+qj+qsk:# =7 =k =-1,ijk=—1,q0,q1,02,93 € R},
which is a four-dimensional noncommutative associative algebra over real number field. Quaternions
have been used in many areas such as statistic of quaternion random signals [2], color image
processing [3] and face recognition [4]. Real quaternions are an extension of the complex numbers.
However, the multiplication of the real quaternions is non-commutative which causes many difficulties.

A commutative quaternion, which was introduced by Segre [5] in 1892, is in the form of g =
qo + q11 + g2f + q3k, where qo, 1, 92, 93 belong to the real number field, and the imaginary identities
i,j, ksatisfy i = k> = —1,j% = 1,ijk = —1,ij = ji = k, jk = kj = i,ki = ik = —j. The most prominent
feature of a commutative quaternion is the satisfaction of the multiplication commutative rule. The
collection of commutative quaternions comprises a four-dimensional Clifford algebra, forming a ring.
Within this set, we can find noteworthy attributes such as nontrivial idempotents, zero divisors, and
nilpotent elements. There are many applications of the commutative quaternion algebra in Hopfield
neural netwoks, digital signal, image processing [6-10], and so on. Commutative quaternions are also
extensively researched. Kosal et al. [11] gave complex representations of commutative quaternion
matrices and discussed several related properties. In [12], K&sal et al. proposed the real representation
of a commutative quaternion matrix, and derived some explicit expression of the solutions of the
commutative quaternion matrix equations X — AXB = C,X — AXB = Cand X — AXB = C, which
are called the Kalman-Yakubovich-conjugate matrix equations, by means of real representation of a
commutative quaternion matrix. Based on this, Kosal et al. [13] gave an expression of the general
solution to the matrix equation AX = B over the commutative quaternion ring.

Hermitian matrix has drawn a lot of attentions due to its great importance. In [14], Yu et al.
studied Hermitian solutions to the generalizaed quaternion matrix equation AXB + CX*D = E
through the real representation method. Yuan et al. [15] discussed Hermitian solutions to the split
quaternion matrix equation AXB + CXD = E by using the complex representation method. In [24],
Kyrchei obtained the determinantal representation formulas of 7-(17-skew)-Hermitian solutions to
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the quaternion matrix equations AX = B and AXA"T* = B. As far as we know that the Sylvester
matrix equations have a large number of applications in different fields. For example, the Sylvester
matrix equation A1 X + XBj = C; and the Sylvester-like matrix equation A;X + YB; = C; have been
applied in singular system control [16], perturbation theory [17], sensitivity analysis [18] and control
theory [19]. Wang et al. [20,21] considered the system of coupled Sylvester-like quaternion matrix
equations. In [22], Wang et al. derived solvability conditions and expressions of the general solution
to the system of two-sides coupled Sylvester-like quaternion matrix equations. Kyrchei [23] gave the
determinantal representation formulas of solutions to the generalized Sylvester quaternion matrix
equation A1X1By + AxXpB, = C.

Motivated by keeping interests in Hermitian solutions and applications of the system of
commutative quaternion matrix equations, we in this paper intend to investigate the solvability
conditions and the Hermitian solutions to the following system of commutative quaternion matrix

equations
AX=0(,
YBy = Dy,
ApZ = Cy, ZBy = Do, 1)

A3W = C3,WB3 = D3, AyWBy = Cy,
As5X + YBs + A¢ZBg + A7yWBy; = Cs,

where X, Y, Z, W are unknown Hermitian commutative quaternion matrices.

This paper is organized as follows. In Section 2, we review some useful properties and the
structures of vec(AXB) over the commutative quaternion algebra when X is a Hermitian commutative
quaternion matrix. In Section 3, we derive some practical necessary and sufficient conditions for the
existence of Hermitian solutions to the system (1) over H, and the numerical examples are given in
Section 4.

2. Preliminaries

Throughout this paper, let R"*" SR™*"  ASR™*", C"*" H,, H.", H."*" be the set of all m x n
real matrices, the set of all n x n real symmetric matrices, the set of all n x n real anti-symmetric
matrices, the set of all m X n complex matrices, the set of commutative quaternions, the set of n
dimensional commutative quaternion column vectors, and the set of all m x n commutative quaternion
matrices, respectively. The symbol 7(A) denotes the rank of A. Let the symbols I,0, AT, A" stand for
the identity matrix, the zero matrix with appropriate size, the transpose of A, and the Moore-Penrose
inverse of a matrix A, respectively. A and A" denote the conjugate matrix, the conjugate transpose

XM js a Hermitian matrix if A = A, and denote it by

matrix of A, respectively. We call A € H,
A € HH, """, where HH,"*" is the set of all Hermitian commutative quaternion matrices with the size
of n x n.

For any A € H./"", A can be uniquely expressed as A = Ay + Aji + Apj + Ask, where
Ap, A1, Az, Az € R™ " Tt can also be uniquely expressed as A = C1 + Cj, where C; = Ao+ A1, Cy =

Ay + Azi € O™,

Proposition 1. [11] The complex representation matrix for commutative quaternion q = dy + dpj,d; =
qo + q11,d2 = q2 + q3i is denoted as
di dy 2x2
= e C-.
8(q) ( i, d1>
Similarly, for any given A = A1 + Apj € H."™", the complex representation matrix of A is

G(A) = (2 ij) € Camx2n, 2)
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Obviously, G(A) is uniquely determined by A. It is straightforward to confirm that the following
statements are valid.

Proposition 2. [11]If A, B € H.**", then

(1) A = Bifandonlyif G(A) = G(B),
(b) G(A+B) =G(A)+ G(B),

(c) G(In> = by,

(d) G(AB) = G(A)G(B).

Suppose A = (a;;) € H"*" and B = (b;;) € HE*, the Kronecker product of A and B is
defined as A® B = (aijB) € Hmsxnt, Considering commutative quaternion matrices A, B,C, D, E
with appropriate dimensions, along with the real number p, we establish

(pA)®B=A® (pB) =p(A®B),
(A,B,O)® D= (A®D,B®D,C® D),

A B ©F — A®E B®E
C D - \C®E D®E)’
The vec-operator of A = (a;;) € H{"*" is defined as

vec(A) = (al,az,...,an)T,a]- = (a1j,a2j,- -, amj),j =1,2,...,1.

To investigate the Hermitian solutions of a system of matrix equations (1) within the framework
of the commutative quaternion algebra, we need to review some certain definitions and fundamental
properties.

Assume that A = A; + Apj € H/"", A1, Ay € C"™*", then we have

A+ Azj =A== Py = (Al,Az),

where the symbol = represents an equivalence relation. For a given matrix A = (a;;) € C"*", the
corresponding Frobenius norm is defined as follows:

2 2

o lag)? = (Reay)? + (Imay).

UL

i=1j=1

Al =

According to the previously mentioned definition of Frobenius norm for complex matrices, we can
define the Frobenius norm for commutative quaternion matrix A = A; + Apj € H."*" as follows:

A = /IRe Ay |2 + [|Im Ay |2 + |Re As||? + [[Tm A,

where A = (Re(Al) Im(A;) Re(Az) Im(Az)) , then we have

P

[all = [lA

= [l veco, ||

Theorem 1. [28] Letp € R, A,B € H."*" and C € H."*®. Then

() A=Bifandonlyif &4 = Pp,

(b) @pyp =D+ Pp, Ppa = pPa,

(c) (AC)T =CTAT,

d) (AC)~l=cCc1A1, if the matrices A, C and AC are invertible,
(e) Dac =DAG(O).
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For the purpose of deriving the Hermitian solutions of the system (1), we introduce some relevant
definitions and conclusions.
Definition 1. [15] For the matrix A = (a;;) € H}*", set a; = (au, V2ay1, ..., ﬁanl) ,ay =

(a22, V2as, ..., ﬁanz) ey = (a(n_l)(n_l), ﬁan(n_1)> ,An = Auy, and denote by vecg(A) the
following vector:

vecs(A) = (al,az,...,an,l,an)T € HE”(”“WZ. 3)

Definition 2. [15] For the matrix B = (b)) € H}*", set by = (b, b3, ..., bm), ba = (b3, baz,
coi b)), by = (b(n—l)(n—Z)/bn(n—2)> +bu—1 = by(,_1), and denote by vec (B) the following vector:

VECA(B) = \/E (bl, by,...,b,_», bnfl)T S Hgn(nfl))/Z. (4)

Proposition 3. [25] Suppose that X € R™*", then
@
X € SR™" < vec(X) = Ks vecs(X), (5)

where the matrix Kg € R X (n(n+1)/2) 4 of the following form:

V21 e - ey;q e, 0 0 - 0 .- 0 0 0

0 e -+ 0 0 V2 e3 -+ ey - 0 0 0

1 0O 0 -~ 0 0 0 e -~ 0 - 0 0 0
KS_\@ : : : : : : : : ’

0 0 ee 0 0 0 -+ 0 - V2,1 ey 0

0 0 0 e 0 0 - e --- 0 en1 V2en

and e; is the ith column of the identity matrix of order n.
)
X € ASR™" <= vec(X) = K4 vecy (X), (6)

vecy (X) is described as (4) and the matrix K4 € R"**((v=1)/2) s of the following form:

e es3 ey_1 6n 0 0 0 0
—e; O 0 0 e3 €,-1 €n 0
X 1 0 —e 0 0 —e 0 0 0
A— = . ’
V2 | : S 0 o0 0
0 0 - —e 0 0 -+ —e 0 - en
0 0 Ce 0 - 0 ce 0 —ey o —ey_q

where e; is the column of the identity matrix of order n. It is apparent that KIKg = I(n(n+1))/2rK£KA =
Itnn—1))/2-

Next, we explore the relationships between the Hermitian commutative quaternion matrices and
symmetric matrices, as well as anti-symmetric matrices.
If X = Xj + Xpj € HH}*", where X3, X, € C"*", we can get

Re (X1)T =Re(X;), Im(Xy))! = —Im(Xy),

X € HHV" &
¢ { Re (X;)T = —Re(Xz), Im(Xp)! = —Im(Xy).

Apparently, Re(X7) is symmetric, and Im(X;),Re(X;),Im(X;) are antisymmetric. By means of
Proposition 3, we have the following:

d0i:10.20944/preprints202402.1320.v1
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Theorem 2. [29] Assume that X = X1 + Xpj € HH!*", then we obtain
vecs(Re(X1))
vec(Xq) vecs (Im(Xq))
= ’ ()
vec(X3) vecy (Re(Xz))
vecy (Im(X3))
in which
Ks iK4 0 0
M= . 8
( 0 0 K4 iKA> ®)

Theorem 3. [29] Suppose that A = Ay + Ayj € H"*",B = By + Byj € H ™ and X = X4 + Xpj €
H."*S, where A1, Ay € C"*" By, By € C* and X1, X, € C*™S. Then

vec(®axp) = G {(BlT @A +Bl @A)+ (Bl @A +Bl ® Az)j] (iigg;;) . 9)

Note that the results of vec(®4xp) is very important for figuring out the system of commutative
quaternion matrix equations (1). Analogous methods and related conclusions can be found in [15]. By
incorporating Theorem 3 with Theorem 2, we can gain the following outcome.

Theorem 4. [29]If A = A1+ Apj € HI"", X = Xy + Xpj € HH! ™", and B = By + Bpj € HI'*%, where
A; e Cm*n X, € C"™", and B; € C"*%(i = 1,2). Consequently,

vec(®xp) = G [(B] @ A1 + B} @ A7) + (B] @ Ay + B] @ 4y)j| M (10)

Lemma 1. [26] The matrix equation Ax = b, with A € R™*" and b € R™, has a solution x € R" if and only
if
AATb =, (11)

In this case, it has the general solution
x =A%+ (I, - ATA)y, (12)

where y € R" is an arbitrary vector, and it has the unique solution x = A*b for the case when r(A) = n. The
solution of the matrix equation Ax = b with the least norm is x = A*D.

3. The Hermitian solution to the system

In accordance with the above discussion, now we focus on solving the system (1), for ease of
description, We firstly state the following notations.

Let Ay = Ay + A1pj, Ax = Ap1 + Apj, Az = Az + Azpj € HIP",Cq,Cp, C3 € H*", By = By +
Bi2j, B = By + Baj, Bs = Bsi + Byj € H*K, Dy, D;,D3 € HIPK, Ay = Ay + Apj € HY", By =

d0i:10.20944/preprints202402.1320.v1
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By + Bypj € HI,Cy € HESX, As = As + Aspj, Ag = Ag1 + Ae2j, A7 = A7 + Apj,Bs = Bsp +
Bsyj, B = Bg1 + Be2j, By = By1 + Bpoj € ngn and Cs € ngn. We set

G[(I® An) + (I® Ap)j] 0
0 0
0 0
0 0
0 0
0 0
Cl(1® As)) + (1@ Asn)j] CI(BL, & 1) + (BL © 1)
0
Gl(I® An) + (I1® Ax)j]
0
p= 0 M
GI(BL & 1)+ (B 1) :
0
0
G[(Bgy ® Ae1 + By ® Ag) + (B ® Ae1 + Bgy @ Ao
0
0
GI(I® Az1) + (I® Az)j]
0
Q= 0 M,
GI(BL & 1) + (B} 1)
G[(BL ® Ag1 + BZZ ® A42) + (BIZ ® Ag1 + BL ® A42)j]
G[(Bj; ® A71 + B}, ® Ap) + (B7, ® A71 + BJ; ® Ap)j]
vec (P¢,) vec (Re @, ) vec (Im P, )
vec (@, ) vec (Re ®c,) vec (Im @, )
vec (Pc,) vec (Re ®c,) vec (Im @)

T— vec (Pp,) T, = vec (Re ®@p),) T, = vec (Im ®p, ) e T; ,
vec (®p, ) vec (Re @p),) vec (Im®p, ) T,
vec (<DD3) vec (Re ®D3) vec (Im <1>D3)
vec (Pc,) vec (Re®c,) vec (Im ®c,)
vec (Dc,) vec (Re @) vec (Im @)

Ks 0 0 0 w 0 0 0
o k4 0 0 o ow 0 o
W_OOKAO'QB_OOWO’
0 0 0 Ky o 0 o0 W
vecs(Re(Xq)) vecs(Re(Y1))
- vecs (Im(Xq)) > vecs (Im(Yq))
X = Y fd
vee(X) vecy (Re(Xz)) vee(Y) vecy (Re(Y2)) |7
vec (Im(Xz)) vecy (Im(Y2))
vecg(Re(Zy)) vecg(Re(W1))
5 vec (Im(Zy)) 7 vecy (Im(Wy))
Vel = | veca(Re(za)) | VM) T | veea(Re(Wa)) | 1
vecs (Im(Zy)) vecs (Im(W3))
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and
E; =ReE, E,=ImE, F, =ReF, F =ImF,

Pp=ReP, P,=ImP, Q;=ReQ, Q=ImQ,
Uy = (Ey, Fr, P, Q1),
U = (Ez, 5, P2, Qa).
For further study the structure of Hermitian solution of the system of matrix equations (1), it

is necessary to study the generalized inverse of matrix in the form of column blocks. The following
notations are required. Let

(14)

d = 6mn + 6kn + 2st + 2n?,

H = (Igy_g — Ui ) UJ,

K= (Id n (Id - H*H) utuiTul (Id - H*H))il,
J = H"+ (I = H'H) KUiUfT (Igey, - UFHY),
R = I — huf + uiTulk (Id - H*H) U U,

Rpp = —uiTul <1d - H*H) K,

Ry = (Id — H*H) K.

From the findings [27] presented above, it can be inferred that

t t
U\ _ (it Typaqt T t U\ _ 4 +
<u2> — (ul ] U2U1/] ) ’ u2 Uz - ul ul + HH s (15)

.[.
Uy Uy Ri1 Ryp
Ly — = . 16
o (i) () = (58 &) "

Taking into account the aforementioned results, we then turn our attention to the Hermitian solution
of the system (1).

and

Theorem 5. Let A1, Ay, A3, C1,Cy,C3 € HEHX”,Bl,Bz, B3, Dq,D,, D3 € H?Xk,A4 S ngn,le S
H*f,Cy € HE*Y, As, A, A7, Bs, Bs, By € H"and C5 € H*". Uy, U, and € are in the form of (3)
and (14), respectively. Then the system of commutative quaternion matrix equations (1) has a solution

X,Y,Z,W € HH."*" if and only if
+
(g;) <Z;> € =¢€. (17)

In this case, the set of Hermitian solutions is as follows:

%) : :
A= (XY,ZW)| vecgg — 9 <$) €+ W(lgo 4, — (gi) (g;) Yy, (18)

where y is an arbitrary vector of appropriate order. Then the system (1) has a unique solution (X,Y,Z, W) € A
if and only if
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r <$> = 8n? — 4n. (19)
If this condition satisfies, then
vec(X) R
VeC(Y) U1
A= (XY, Z,W |l =am . 20
( I et <u2> ‘ 0
vec(W)
Proof. By virtue of Theorem 1 and Theorem 4 , we obtain
A X =Cy,
YBl = Dl/
AyZ = Cy,ZBy = Do,
A3W = C3,WB3 = D3, AyWBy = Cy,
As5X + YBs + A¢ZBg + AyWBy = Cs,
Py, x = D¢y,
Dyp, = Op,,
— { Da,z = Pc,, Pzp, = Op,,
D W = Pcy, Pwp, = Pp,, Pa,ws, = Py,
Dasx + Pyps + Payzp, + Pa,wp, = P,
vecs(Re(Xq)) vecs(Re(Y1)) vecs(Re(Z1)) vecs(Re(Wh))
vecy (Im(Xq)) vecy (Im(Y7)) vecy (Im(Zy)) vecy (Im(Wq))
— E F P =T,
vecy (Re(X3)) + vecy (Re(Y2)) + vecy (Re(Zy)) +Q vecy (Re(W2))
vecy (Im(Xz)) vec (Im(Y2)) vecy (Im(Z;)) vecy (Im(W2))
vecs(Re(X1)) vecs(Re(Y1))
. vec (Im(X7)) . vec (Im(Yq))
<= (ReE+iImE ReF+iImF
(ReE +iImE) vecs (Re(X2)) + (ReF +ilmF) vecs (Re(Y2))
vecy (Im(Xz)) vecy (Im(Y2))

+ (ReP+iImP) =T +iTy,

vec(X)
(ReE ReF ReP ReQ) vee(Y) | _
ImE ImF ImP ImQ/ [ vec(Z) |

vec(W)

LN =L <L
I
™

-~

55

N———
< < <
[g)
588 8
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By Lemma 2, we conclude that the system (1) has a Hermitian solution (X,Y,Z, W) € A if and
only if (17) satisfy, thus we have

VeC(}E) . s
vec(Y) | (U u u
vee(7) | = <U;> €+ (18n24n - (U;) (Ui)) Yy
vec(W)
On account of
vec(Re(X1)) Ks 0 0 0 vecg(Re(X1))
o |vee(Im(Xy))| [0 K4 0 O vecy(Im(Xq)) | >
veel) = | ecReta) | = | 0 0 Ka 0 | | veca(Re(xa)) | = VXD
vec(Im(X3)) 0 0 0 Ku/ \vecy(Im(Xy))

similarly, we can derive vec(Y) = Wvec(Y), vec(Z) = Wvec(Z) and vec(W) = Wvec(W), then we
have

vec(X) w 0 0 0 vec(X)
veecY)| |0 W 0 0 vec(Y)
vecZ)| 0o 0 W o0 vec(Z)
vec(W) 0 0 0 W/ \vec(W)

vec(X)

B vec(Y)

=W vec(Z)

vec(W)

t

A

+
(u2> €+ w(18n274n - <LUI;> (5;) )]/

It means that (18) is true, if (17) holds, the system (1) has a unique solution (X,Y,Z, W) € A if and

only if
+
Uq U
u2 uz = 18112 —4n-

Corollary 1. The system (1) has a solution X,Y,Z, W € HH, if and only if

Ri1 Rpp
e=0. 1)
<R1T2 Rop

Under this circumstances, the set of Hermitian solution of the system (1) can be represented as follows:

Thus by (19), we can obtain (20). O

vec(X)
vec Y
A={(XY,ZW) VeC(Z; = (U - WU}, JT) e+ W (I, — UTL — HHYy 5, (22)
)

vec(W
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in which y is an arbitrary vector of appropriate size. Then the system (1) has an unique solution (X,Y,Z, W) €
A when (21) and (19) are obeyed. In this case,

A={ (XY, Z W) zan(ul ]Tuzul,]T) : (23)

4. Numerical exemplification

In this section, on the basis of discussions in Section 2 and Section 3, we provide two algorithms
for solving the system (1), and present two numerical examples to verify the feasibility of algorithms.

Algorithm 1. For the system (1)

@) Input: the matrix:Aq1, Ay, Az € Hcmxn, C1,C,C3 € Hcmxnl B1,By,B; € H?Xk, D1,D,,D3 €
H?Xk/ A4 S Hixn/ B4 S H?Xt/ C4 € HEEXt/ AS/ A6/ A7/ B5/ B6/ B7 S H?X}’l, C5 S ngn/ KS and
Ky4.

(2) Compute Uy, Uy and €.

(3) If both (17) and (19) hold, then calculate the unique solution (X, Y, Z, W) € A by (20).

(4) If (17) holds, then calculate (X, Y, Z, W) € A according to (18).

(5) Output:(X,Y,Z,W).

Algorithm 2. For the system (1)

(1) Input: the matrix:A;, Ay, A3 € HI"*",C;,Cp,C3 € H"*",By,By,B; € H",D,D;y,D3 €
H?Xk, A4 S Hixn, B4 S H?Xt, C4 € HieXt, A5, A6, A7, B5, B6, B7 S ngn, C5 S ngn, KS and
Ky.

(2) Compute Ul, Uz, H, K, ], Rllr RlZ/ Rzz and €.

(3) If both (19) and (21) hold, then calculate the unique solution (X, Y, Z, W)eA by (23).

(4) If (21) holds, then calculate (X, Y, Z, W) € A according to (22).

Otherwise stop.
(5) Output: (X,Y,Z,W).

From the previous theoretical analysis, if the system (1) is solvable, then

1—
b, — U (U e Ry Rz
U, ) \U RL Ry
t
0= |l — (W) (Y) _(Ru Re
3 Zd U, | \ U RL Ry

and

are small enough.
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Example 1. Letm =6,n =4,k =5,5s =2,t =3, and

where

Ay =An +Anj, Arx=An+Anj, As=Asxn+ Anj,
By = By1 + B1zj, B2 = Bo1 + Bj, B3 = B3 + B3j,
Ay = Aqy + Agpj, By =By +Bynj, As=As + Asj,
Ag = Ae1 + Aerj, A7 =A7n + Apj, Bs = Bs + Bsyj,
Bg = Bg1 + Be2j, B7 = B71 + Bpaj,

X =X1+X2j, Y=Y+Yyj,

Z=271+25, W=W+W,j,

Ci=A1X, Cy=AyZ, Cs=AsW,

D, =YB;, D,=ZBy, Ds;=WB;,

Cy = AyWBy, Cs = AsX + YBs+ A¢ZBg + A;WB;.

I I
A11=< 4 >, A1p = Ogxa,  Az1 = Opxa, A22=< 4 >,

O2x4 O2x4
Az = Ogxa, Az = (Oi;‘;) , An = (é (1) é ?) , Ap = (8 8 (1) ?) ,
Asy = Li, Asp =Osxs, Aq = (OIZ 82X2> , A6z = Ouxa,
2x2 O2x2
Ay = (OZXZ Oiz) , Ap = (giii 6;5;) ; B11 =045 Bpn= <14 O4><1) ,

By = (—14i O4><1) , Bx =04x5, B3t =O4xs5, Bz = (14 O4><l> ,

I .
By = <O 3 ) , Bap = Ousx3, Bsi = Ousxa, Bsp=—1i,
1x3

O I
Bt =li, Bex=O4xa, Bn=| 22 > |, Bn =04,
L O
1 —1+4i j 0 i 00 k
“1-i 2 ik 0 j 0 -1
i - 00 0 0 0
C = —
! 0 k o1|” 2Tk 10 il
0 0 0 0 0O 0 0 O
0 0 0 0 0O 0 0 O

d0i:10.20944/preprints202402.1320.v1
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0 0 0 0
0 0 0 0
0 —j i 0 .
Cs = . Dy = - ,
551 0 ko0 1=(0 0~k j o)
i k 0 -1
0 0 1 0
i 0 0 1 0
0 0 k0 0 k 1 00
0 0 i 0 0 o i 00
D=0 k oo ol =7 LTl
k0 —1+k 0 0 00 oo
i 1-k 0 k 0
-1 —k 0 —i 0
(-1—k 2i+j j
C4_< —i 0 1—i+j>’
1+i —i+j+k i—j 1+i—k
R R e I S A
T -2k 1—i—j 0 i+j
1 i —i—j i—k
We take
1 —14i 0 0 0 0 10
. 1-i 2 i o0 . 0 0 0 i
Xi= 0 ool 2T 0 0 ol
0 0 0 1 0 —i 00
0 i 1 0 00 0 0
. i 0 i 0 00 -1 0
Y, = Y —
! 1 —i 0 i|l” 2 lo1 0o ol
0 0 —i 1 00 0 0
1 00 i 000 0
: 0 100 . 000 —1
Z: 7 Z: 7
1 0 01 0 271000 o
i 00 1 010 0
0 i 00 0 0 1 0
: i 010 . 0 0 0 0
W, = W, —
! 0 100 "2 10 0 i
0 00 0 0 0 —i 0
Let

D¢, = Dy, G(X),
®p, = &yG (By),
D¢, = Pu,G(2), Pp, =D;G(By),
®c, = @2, G(W), @p, =PyG(B3), @Pc, =Pa,G(W)G(Ba),
Dc, = P, G(X) + PyG(Bs) + Pa,G(Z)G(Bg) + Pa,G(W)G(By).
From MATLAB and Algorithm 2, we can obtain

r (?) =112 =8n% —4n, 6, =7.0360 x 10~ 1°.
2
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According to Algorithm 2, the system of matrix equations (1) has an unique solution (X,Y,Z, W) € A, and we
derive 6 = 1.7493 x 107,05 = 2.3111 x 10~ and || ®(xy,z,w) — P(x v,z |l = 1.1628 x 10714

Example 2. Letm =2,n=2,k=2,s=2,t =2, and

S S I P )
() =0 ==lo )

we ) me (D) () -
o) ey ) o)

[0 2+i (o 0 (1 14i+3j+k
C3_<2—i 0 ) C4_<0 j+2k>’ C5_<1—i —k )

o

taking

(1 1+ (1 (00 (0 2+
X(l—i 0)’ Y(—i 1)’ Z(o 1)’ W(Z—i 0>'

From MATLAB and Algorithm 2, we obtain
r <u1> =23, 6, =21412 x 107 .

According to Algorithm 2, the system (1) has infinite solutions (X,Y,Z,W) € A. We can also obtain
01 = 3.3532 x 10715, 03 = 4.4730 x 10715, Then the optimization problem

sZen ([@0cvzm])

has an unique minimizer (X,Y,Z, W), it can also be expressed as

5 1 14 - 1 i - 00 ~ 0 2+i
X: Y: Z: = .
(1—1’ 0 >' (—i 0)' (O 1)' W (2—1' 0 >
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5. Conclusion

In this paper, we have given the necessary and sufficient conditions for the existence of the
Hermitian solutions to the system of commutative quaternion matrix equations (1), and also have
established an expression of the Hermitian solutions to the system (1) when it is consistent. Some
numerical algorithms and examples are provided to illustrate our results.
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