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Abstract: In this manuscript, we first introduce some properties of r-fuzzy soft a-open sets in
fuzzy soft topological spaces based on the manuscript Aygiinoglu et al. (Hacet. J. Math. Stat. 2014,
43,193-208). In addition, we define the concepts of fuzzy soft a-closure (a-interior) operators, and
investigate some properties of them. Furthermore, the concept of r-fuzzy soft n-connected sets is
defined and characterized with help of fuzzy soft a-closure operators. Thereafter, we introduce and
study the concepts of fuzzy soft almost (weakly) a-continuous mappings, which are weaker forms
of fuzzy soft a-continuous mappings, and we discuss some properties of fuzzy soft a-continuity.
Moreover, we establish that fuzzy soft a-continuity = fuzzy soft almost a-continuity = fuzzy soft
weakly a-continuity, but the converse may not be true. It is also we show that the composition
Py © @y is fuzzy soft almost a-continuous mapping if, ¢y is fuzzy soft a-continuous mapping and
¢y is fuzzy soft almost continuous mapping. Finally, some new types of compactness via r-fuzzy
soft a-open sets are defined, and the relationships between them are examined.

Keywords: Fuzzy soft set; fuzzy soft topological space; r-fuzzy soft a-closed (x-open) set; fuzzy
soft a-closure («-interior) operator; fuzzy soft a-continuity; fuzzy soft almost (weakly) a-continuity;
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1. Introduction

Theory of soft sets was first introduced by Molodtsov [1], which is a completely new approach
for modeling uncertainty and vagueness. He demonstrated many applications of these theory in
solving several practical problems in mathematics, engineering, economics, and social science etc.
Akdag and Ozkan [2] defined the concept of soft a-open sets on soft topological spaces, and some
properties are specified. The concept of soft f-open sets was defined and studied by the authors
of [3,4]. Also, the concepts of soft semi-open, somewhere dense and Q-sets were studied by the authors
of [5,6]. Al-shami et al. [7] introduced the concept of weakly soft semi-open sets and obtained its main
properties. Moreover, Al-shami et al. [8] initiated the concept of weakly soft B-open sets and examined
weakly soft B-continuity. Kaur et al. [9] introduced a new approach to studying soft continuous
mappings using an induced mapping based on soft sets. Al Ghour and Al-Mufarrij [10] defined
two new concepts of mappings over soft topological spaces: soft somewhat-r-continuity and soft
somewhat-r-openness. In 2024, Ameen et al. [11] explored more properties of soft somewhere dense
continuous mappings.

The concept of fuzzy soft sets was introduced by Maji et al. [12], which combines soft sets [1] and
fuzzy sets [13]. The concept of fuzzy soft topology is defined and some characterized such as fuzzy soft
interior (closure) set, fuzzy soft continuity and fuzzy soft subspace is studied in [14,15] based on fuzzy
topologies in the sense of Sostak [16]. A new approach to studying separation and regularity axioms
via fuzzy soft sets was introduced by the author of [17,18] based on the paper Aygtinoglu et al. [14].
The concept of r-fuzzy soft regularly open sets was introduced by Cetkin and Aygtin [19]. Also, the
concepts of r-fuzzy soft pre-open (resp. f-open) sets were defined by Taha [20].

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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In our study, the layout is designed as follows.

o Firstly, we introduce the concepts of fuzzy soft a-closure (x-interior) operators in fuzzy soft
topological space (W, Ty) based on the paper Aygiinoglu et al. [14], and examine some of its properties.
Also, the concept of r-fuzzy soft a-connected sets is introduced and studied.

e Secondly, we are going to investigate some properties of fuzzy soft a-continuous mappings
between two fuzzy soft topological spaces (W, Ty) and (V, ¢). Moreover, we define and study the
concepts of fuzzy soft weakly (almost) a-continuous mappings, which are weaker forms of fuzzy soft
a-continuous mappings. Also, the relationships between these classes of mappings are investigated
with the help of some examples.

o Finally, several types of fuzzy soft compactness via r-fuzzy soft a-open sets are defined, and the
relationships between them are specified.

o In the end, we close this manuscript with some conclusions and proposed some future works
in Section 5.

In this work, nonempty sets will be denoted by W, V etc. N is the set of all parameters for W and
C C N. The family of all fuzzy sets on W is denoted by I W (where I, = (0,1], I = [0,1]), and fors € I,
s(w) =s,forallw € W.

The following concepts and results will be used in the next sections.

Definition 1.1. [14,21,22] A fuzzy soft set hc on W is a mapping from N to IV such that h¢(n) is
a fuzzy set on W, for each n € C and h¢(n) = 0, if n ¢ C. The family of all fuzzy soft sets on W is

denoted by (W, N).

Definition 1.2. [23] The difference between two fuzzy soft sets hc and gp is a fuzzy soft set defined as

Qr if hC(n) S gB(”)/

follows, for each 1 € N: (¢ T 85)(n) = { he(n) A (g5(n))5,  otherwise.

Definition 1.3. [24] A fuzzy soft point 15, on W is a fuzzy soft set defined as follows:

) ws, if k=mn,
"sz(k)_{ 0, if ke N—{n},

where w; is a fuzzy point on W. ny, is called belong to a fuzzy soft set f4, denoted by ny, Ef4, if

s < fa(n)(w). The family of all fuzzy soft points on W is denoted by Ps(W).

—~—

Definition 1.4. [25] A fuzzy soft point 1, € Ps(W) is called a soft quasi-coincident with hc €

—_~

(W,N) and denoted by ny,ghc, if s+ he(n)(w) > 1. A fuzzy soft set he € (W, N) is called a soft

quasi-coincident with gg € (W, N) and denoted by hcqgs, if there is n € N and w € W such that
he(n)(w) + gp(n)(w) > 1. If he is not soft quasi-coincident with gg, hic 4g5.

Definition 1.5. [14] A mapping 7 : N — [0,1](WN) is called a fuzzy soft topology on W if it satisfies
the following, for each n € N:

1) w(P) = Tn(N) =1, o

(2) T (hc T gg) > Ta(hc) A Ta(gB), for each he, gp € (W/,\I\_IL

(3) tu(Usea(hc)s) = NoeaTu((hc)s), for each (hc)s € (W, N),d € A. )

Then, (W, Ty) is called a fuzzy soft topological space (briefly, FSTS) in the sense of Sostak.

—_~—

Definition 1.6. [14] Let (W, Ty) and (V, ) be a FSTSs. A fuzzy soft mapping ¢y : (W, N) — (V/Tf)

is called a fuzzy soft continuous if, Tn(¢l;1(hc)) > nx(hc) for each hc € (V,F), n € N and (k =
Y(n)) € F.
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Definition 1.7. [15,19] In a FSTS (W, 1), for each h¢c € (W, N), n € N and r € Iy, we define the fuzzy

P

soft operators Cr and Iy : N x (W, N) x I, — (W, N) as follows:

—_~—

Ce(n,he,r) =N {gp € (W,N):hc T gp, T(gh) =71},

—_—

I(n,he,r) =U{gp € (W,N) : g5 C h¢, ta(gB) > 1}
Definition 1.8. Let (W, 7y) be a FSTS and r € Iy. A fuzzy soft set h¢ € (W:_I\/I) is called an
r-fuzzy soft regularly open [19] (resp. B-open [20], pre-open [20], a-open [26] and semi-open [26])
if, hc = It:(n,Ce(n,he,r),7r) (resp. he T Ci(n, It(n,Cc(n,he,r),1),7), he T It(n,Cr(n, he,r),1),
he C Ie(n,Ce(n, Ir(n,he,r),7), 1) and he © Cr(n, It (n, he,r),r)) for each n € N.
Definition 1.9. [19] Let (W, Ty) be a FSTS and r € Ij. A fuzzy soft set hc € (m) is called an r-fuzzy
soft regularly closed if, hc = C¢(n, I+ (n, h¢,r),r) for each n € N.

Definition 1.10. [26] Let (W, 7y) and (V,7r) be a FSTSs and r € Iy. A fuzzy soft mapping ¢y :

—_~—

(W,N) — (V,F) is called a fuzzy soft almost (resp. weakly) continuous if, for any n,, € Ps(W) and

—~ —~—

any fa € (V,F) with nx(fa) > r containing ¢y (14,), there is he € (W, N) with 7, (hc) > r containing
Ny, such that ¢y (hc) T I(k, Cy(k, fa,1),7) (resp. ¢y(hc) T Cy(k, fa,1)).

Remark 1.1. [26] From Definitions 1.6 and 1.10, we have: Fuzzy soft continuity = fuzzy soft almost
continuity = fuzzy soft weakly continuity, but the converse may not be true.

—_~—

Lemma 1.1. Let (W, 7y) and (V,7F) be a FSTSs and r € Iy. A fuzzy soft mapping ¢y : (W,N) —

V, F) is fuzzy soft almost continuous if, T, (¢, | hc)) > rfor each he € (V, F) is r-fuzzy soft regularl
y Py y g y
open, n € N and (k = ¢(n)) € F.

Proof. Easily proved from Definition 1.10.
O

—_~

Definition 1.11. Let (W, ty) and (V, 7r) be a FSTSs. A fuzzy soft mapping ¢y : (W,N) — (V,F) is
(k= p(n)) € F.

—~—

called a fuzzy soft open if, 17 (¢y (hc)) > Tu(hc) for each hc € (W, N), n € N and

The basic concepts and results are found in [14,15], which we need in the next sections.

2. On r-Fuzzy Soft a-Open Sets

Here, we introduce and discuss the notions of fuzzy soft a-closure (a-interior) operators in fuzzy

soft topological spaces based on the paper Aygiinoglu et al. [14]. Also, the notion of r-fuzzy soft
x-connected sets is defined and studied with help of fuzzy soft a-closure operators.
Definition 2.1. Let (W, y) be a FSTS and r € Ij. A fuzzy soft set h¢ € (m) is called an r-fuzzy
soft a-closed (resp. semi-closed, B-closed and pre-closed) if, C¢(n, I+ (n, C<(n,he,r),7),7) C hc (resp.
I:(n,Ce(n,he,r),r) C he, Ir(n, Ce(n, It (n, he,v),r),7) C he and Ce(n, Ir(n,he,r),r) T he) for each
n € N.

Remark 2.1. The complement of an r-fuzzy soft a-open [26] (resp. semi-open [26], B-open [20] and
pre-open [20]) set is an r-fuzzy soft a-closed (resp. semi-closed, B-closed and pre-closed) set.

Lemma 2.1. Let (W, ty) be a FSTS and r € Ij. Then, any intersection (resp. union) of r-fuzzy soft
x-closed (resp. a-open) sets is an r-fuzzy soft a-closed (resp. a-open) set.
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Proof. Easily proved from Definitions 1.8 and 2.1. [
Proposition 2.1. Let (W, ty) be a FSTS, h¢c € (W,N), n € N and r € Ij. Then, the following statements
are equivalent.

(1) h¢ is r-fuzzy soft a-closed.

(2) h¢ is r-fuzzy soft semi-closed and r-fuzzy soft pre-closed.

Proof. (1) = (2) Let hc be an r-fuzzy soft a-closed, hc I Cq(n,I¢(n,Ce(n, he,r),r),r) 2
It (n,Cr(n, he,r),r). This shows that hic is r-fuzzy soft semi-closed.

Since he J Cr(n, I:(n,Cr(n,he,7),v),r) and Cr(n, he,v) 3 he, then he 3 Co(n, Ir(n, he, 1), 7).
Therefore, h¢ is r-fuzzy soft pre-closed

(2) = (1) Let hc be an r-fuzzy soft semi-closed and r-fuzzy soft pre-closed, then h¢c 3
Ce(n,It(n, It (n,Cr(n, he,r),1),1),r) = C(n, Ir(n,Ce(n, he,r),r),r). This shows that hc is r-fuzzy
soft a-closed.

O

—~—

Proposition 2.2. Let (W, Ty) be a FSTS, gp,hc € (W,N), n € N and r € I. If gp is r-fuzzy soft
semi-closed set such that gg J he J Ci(n, I+ (n,gp,7), 1), he is r-fuzzy soft a-closed.

Proof. Let ¢ be an r-fuzzy soft semi-closed and gg J h¢, then gp 3 I(n,Cr(n,¢p,7),7)
I:(n,Cr(n,he,r),r). Let he 3 Cr(n, It (n,8p,7),1), then he 3 Ce(n, It (n, It (n,Cc(n, he, 1), 1),7),7)
Cr(n, It(n,Cr(n, he,r),r),r). Therefore, hc is r-fuzzy soft a-closed.

]

I

—_~—

Lemma 2.2. Let (W, Ty) be a FSTS, g, hc € (W,N), n € N and r € Iy. If gp is r-fuzzy soft a-closed set
such that gg J he 3 Cr(n, Ic(n,88,7),1), he is r-fuzzy soft a-closed.

Proof. It is easily proved from every r-fuzzy soft a-closed set is r-fuzzy soft semi-closed set.
O

Remark 2.2. From the previous definition, we can summarize the relationships among different types
of fuzzy soft sets as in the next diagram.

o« — closed set

I I
semi — closed set pre — closed set
4 ¢

B —closed set

Remark 2.3. The converses of the above relationships may not be true, as shown by
Examples 2.1 and 2.2.

—_—

Example 2.1. Let W = {wy,wp}, N = {ny,ny} and define fy,gn,hin € (W,N) as
follows: fn = {(m, {55 0%}), (2 {g% 02D} sv = {(m {5 31, (m2 {5k, 3} hn =

—

{(m, {84, 821), (n2, {$4, &1)}. Define fuzzy soft topology Ty : N — [0,1](WN) as follows:
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1, if tye{® N},
%/ if tN :fN/
2 1 p—

Tnl(tN) — 2/ lf tN gN/
5, if tn = fNTIgN,
3if tn=fnUgn,
0, otherwise,
1, if ty€{® N},
I if =S,
l .
b4 lf tN = gN/

Tn, (IN) = 2 .

2 3, if tn=fnngn,

1, if tn=fnUgn,
0, otherwise.

Then, hy is }I-fuzzy soft semi-closed and %—fuzzy soft B-closed, but it is neither }I-fuzzy soft
a-closed nor ;-fuzzy soft pre-closed.

Example 2.2. Let W = {wy,wp}, N = {nl,nz} and define fy,hy € (m) as follows: fy =
{(n1, {54 03 ), (112, 1 2Dt hny = {(m, {gh, 521}), (n2, {5%, 52})}. Define fuzzy soft topology
v : N — [0,1]WN) as follows:

if tye{® N},

if tN=fN,

otherwise,

if tye{® N},

if tN=fN,

otherwise.

~

Ty (tN) =

~

~

Tﬂz(tN) =

~

S Ne = O e

~

Then, hy is f—fuzzy soft pre-closed and f—fuzzy soft B-closed, but it is neither f—fuzzy soft
semi-closed nor §—fuzzy soft a-closed.

Definition 2.2. In a FSTS (W TN) for each h¢ € (W N),n € N and r € I, we define a fuzzy soft
a-closure operator aCr : (W N) x I, — (W, N) as follows: aC¢(n,hc,r) =M {fa € (W,N) :
hc C fa, fa is r-fuzzy soft zx—closed}.

Theorem 2.1. In a FSTS (W, ty), for each g¢p,hc € (W,N), n € N and r € I, the operator aCr
:N x (W,N) x I, — (W, N) satisfies the following properties.

(1) aCr(n, @, 1) = .

(2) he © aCr(n, he,r) E Cr(n, he, 7).

(3) «Cr(n, he,r) T aCr(n, gp, 1) if, he T gp.

(4) aCr(n,aCr(n, he,r),r) = aCr(n, he, 7).

(5) «Cr(n,hc U gp, ) D aCr(n, he,r) UaCe(n, gp,1).

(6) «Cr(n, he,v) = h iff he is r-fuzzy soft a-closed.

(7) aCr(n,Cr(n, he,1),7) = Cr(n, he, 7).

Proof. (1), (2), (3) and (6) are easily proved from Definition 2.2.
(4) From (2) and (3), aC¢(n, he,r) E aCy(n,aCr(n,he,r), 7). Now we show that aCr(n, he,r) 3
aCr(n,aCe(n, he,r),v). Suppose that aCr;(n, hc,r) is not contain aCr(n,aCr(n, he,r),v).
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Then, there is w € W and s € (0,1) such that aCi(nhc,r)(n)(w) < s <
aCr(n,aCy(n, he,r),r)(n)(w). (A)

Since aCr(n,he,r)(n)(w) < s, by the definition of aC;, there is gp is r-fuzzy soft a-closed
with he C gp such that aCe(n,he,r)(n)(w) < gp(n)(w) < s. Since hc C gp, we have
aCr(n,he,r) T gp. Again, by the definition of aCr, we have aCr(n,aC¢(n,he,),r) T gp. Hence
aCr(n,aCr(n, he,r),r)(n)(w) < gp(n)(w) < s, itis a contradiction for (A). Thus, «Cr(n, he,r) 2
aCr(n,aCr(n, he,r),r). Then, aCr(n,aCr(n, he,v),r) = aCr(n, he,r).

(5) Since hc and gg C he U gp, hence by (3), aCr (1, he,r) T aCr(n, he L gp, ) and aCr(n, gp, 1) C
aCr(n,hc U gp,r). Thus, aCr(n,hc U gp,v) J aCr(n, he,v) UaCr(n, g, 7).

(7) From (6) and C(n, he, r) is r-fuzzy soft a-closed set, hence aCr (1, C(n, he,r),r) = Ce(n, he, ).

O]

Theorem 2.2. In a FSTS (W, TN) for each h¢ € (W N),n € N and r € Iy, we define a fuzzy soft
a-interior operator al; : N X (W N) x I, = (W, N) as follows: alr(n,hc,r) = U {fa € (W,N) :

fa T he, fais r-fuzzy soft a-open}. Then, for each ¢p and hc € (W, N), the operator al; satisfies the
following properties.

(1) alz(n, N,r) =N.

(2) Ie(n, he,r) C ale(n, he,r) E he.

(3) alc(n,he,r) C alr(n, gp,r) if, he T gp.

4) alr(n,ale(n, he,r),r) = ale(n, he, ).

(5) alz(n, he,r) Nale(n,gp,7) 3 alc(n,hc M gp, 7).

(6) al(n,he,r) = he iff he is r-fuzzy soft a-open.

(7) alr(n, hi,r) = («Ce(n, he,7))C.

Proof. (1), (2), (3) and (6) are easily proved from the definition of aI;.
(4) and (5) are easily proved by a similar way in Theorem 2.1.

(7) For each hc € (W,N), n € N and r € Iy, we have alz(n,hi,r) = U{fa € (W:_I\/I) tfa C
h¢, fa is r-fuzzy soft a-open} = [[1{fy € (W,N) : he T f9, f9 is r-fuzzy soft a-closed}]® =

(aCr(n, he,1))".
O

—_~—

Definition 2.3. Let (W, y) be a FSTS, r € Iy and gg, hc € (W, N). Then, we have:

(1) Two fuzzy soft sets gg and hc are called r-fuzzy soft a-separated iff gg 4 «Cr(n, hc,r) and
he fjaCy(n, gp,r) for each n € N.

(2) Any fuzzy soft set which cannot be expressed as the union of two r-fuzzy soft a-separated sets
is called an r-fuzzy soft a-connected.

Theorem 2.3. In a FSTS (W, ty), we have: o

(1) If f4 and gp € (m) are r-fuzzy soft a-separated and h¢, tp € (W, N) such that hc T f4 and
tp C gp, then h¢c and tp are r-fuzzy soft a-separated.

(2) If f4 4 g and either both are r-fuzzy soft a-open or both r-fuzzy soft a-closed, then f4 and gp
are r-fuzzy soft n-separated.

(3) If f4 and gp are either both r-fuzzy soft a-open or both r-fuzzy soft a-closed, then f4 M ¢5 and
g M f4 are r-fuzzy soft a-separated.

Proof. (1) and (2) are obvious.
(3) Let f4 and gp be an r-fuzzy soft a-open. Since f4 M g% T g%, aCr(n, faMg5, 1) C g% and
hence «Cr(n, fag%,7) 4 g Then, aCi(n, fa1gG,7) 4 (881 fS)-
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Again, since gpM fq C f4, aCc(n,gpMf9,7) E f4 and hence aCr(n,gpMfS,7) 4 fa- Then,
aCr(n,gp M f5,7) f (fam8%)- Thus, f4 g5 and gg M f§ are r-fuzzy soft a-separated. The other case
follows similar lines.

O

—_—~—

Theorem 2.4. In a FSTS (W, ty), then f4, g € (W, N) are r-fuzzy soft a-separated iff there exist two
r-fuzzy soft a-open sets h¢c and tp such that f4 C ke, gg T tp, fa 4 tp and gg 4 hc.

Proof. (=) Let f4 and gg € (W, N) be an r-fuzzy soft a-separated, f4 C (a«Cr(n,¢p,7))¢ = hc and
g8 T («Cr(n, fa,1))¢ = tp, where tp and hc are r-fuzzy soft a-open, then tp jaCr(n, fa,r) and
he fuCr(n, g, 7). Thus, ¢p 4 hc and f4 4 tp. Hence, we obtain the required result.

(<) Let hc and tp be an r-fuzzy soft a-open such that gg T tp, fa T hc, gg 4 he and fa 4 tp.
Then, gg C hi and fa C t5,. Hence, aCr (1,8, 7) & hi and «Cr(n, fa,7) E tf,. Then, aCr(n,8B,7) 4 fa
and aC(n, fa,7) 4 gs- Thus, ¢ and f4 are r- fuzzy soft a-separated. Hence, we obtain the required
result.

O

—_—~—

Theorem 2.5. In a FSTS (W, 1y), if gg € (W, N) is r-fuzzy soft a-connected such that gg T f4 T
aCr(n, gp,7), then f, is r-fuzzy soft a-connected.

Proof. Suppose that f,4 is not r-fuzzy soft a-connected, then there is r-fuzzy soft a-separated sets hj

—_—

and tf, € (W,N) such that f4 = hi Ut},. Let hc = ggMh{ and tp = gp Mt} then gg = tp Lihc.
Since h¢ € h{ and tp C t},, hence by Theorem 2.3(1), hc and tp are r-fuzzy soft a-separated, it is a
contradiction. Thus, f is r-fuzzy soft a-connected, as required.

O

3. Continuity via r-Fuzzy Soft a-Open Sets

Here, we investigate some properties of fuzzy soft a-continuous mappings. Additionally, we
introduce and study the notions of fuzzy soft almost (weakly) a-continuous mappings, which are
weaker forms of fuzzy soft a-continuous mappings. Also, we show that fuzzy soft a-continuity =
fuzzy soft almost a-continuity = fuzzy soft weakly a-continuity.

Definition 3.1. [26] Let (W, ty) and (V,#7r) be a FSTSs and r € I,. A fuzzy soft mapping ¢y :

e~

(W,N) — (V,F) is called a fuzzy soft a-continuous if, o L(hc) is r-fuzzy soft a-open set for each

—_~—

hec € (V,F) withyi(hc) > r,n € N, (k =y(n)) € F.

e~ e~

Theorem 3.1. Let (W, 7y) and (V, 77r) be a FSTSs, and ¢y : (W, N) — (V, F) be a fuzzy soft mapping.

—~—

The following statements are equivalent for each f4 € (V,F),n € N, (k=y(n)) € Fandr € I:
(1) ¢y is fuzzy soft a-continuous.
(2) For each f4 with i (f3) = 1, ¢y L(f4) is r-fuzzy soft a-closed.
(3) (1,9, (F4),7) C 9,1 (Cy ks f, 7).
@ @31 (1, (k, fa,1) C ale(n, @31 (F4),7),
) Celn 1o, Cx(m, 9 (F4),1)7),7) € 93yl f).

Proof. (1) & (2) Follows from Remark 2.1 and (p&l(fg) = (¢l;l(fA))c.

—_~—

(2) = (3) Let f4 € (V,F), hence by (2), o ! (Cy(k, fa,r)) is r-fuzzy soft a-closed. Then, we obtain

aCe(n, 9" (fa),7) C 9y (Cy(k, fa, 1))
(3) & (4) Follows from Theorem 2.2(7).
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—_~—

(3) = (5) Let f4 € (V,F), hence by (3), we obtain C(n, I;(n,C¢(n, qol;l(fA),r),r),r)
aCq(n, %Zl(fA)/”) C ¢1;1(Cﬂ(k/fA/r))'

(5) = (1) Let fo € (V,F) with m(fa) > r, hence by (3), we obtain (go;l(fA))C =
9y (f4) 2 Coln Ie(m, Ce(n, 93 (£5),7),7),1) = (Le(n, Ce(n, Ie(n, @, (fa),7),7),7))°.  Then,

q)(;l(fA) C I:(n,Cr(n, It(n, (pl;l(fA),r),r),r), so (plzl(fA) is r-fuzzy soft a-open. Hence, ¢y is fuzzy
soft a-continuous.
O

IM

Lemma 3.1. Every fuzzy soft continuous mapping [14] is fuzzy soft a-continuous.

Proof. Follows from Definitions 1.6 and 3.1.
O

Remark 3.1. The converse of Lemma 3.1 is not true, as shown by Example 3.1.

Example 3.1. Let W = {wy,wp, w3}, N = {ny,n} and define fy,¢n,hn € (W,N) as:
fN = {(nll %/%/% )r(”Zr 607411/6”7%/60% )}/ gN = {(nll %’%’g’% )’(nz’ %’%’g% >}’/@ =
{(m, {55, 52, 53}), (2, {54, 82,53 })}. Define fuzzy soft topologies Ty, 7y : N — [0,1]WN) as
follows: Vn € N,

—_
~

if ty e {® N},
if ty=fn,

if ty=gn,
otherwise,

if tye{® N},
if tn=fn,

if ty=hn,

~

Tn(t]\]) =

~

— O wIN N
< ~

~

() =

O W= N=
S

~

otherwise.

Then, the identity fuzzy soft mapping ¢y : (W, 7y) — (W, 7n) is fuzzy soft a-continuous, but it
is not fuzzy soft continuous.

—_—~—

Definition 3.2. Let (W, 7y) and (V, 17r) be a FSTSs. A fuzzy soft mapping ¢y : (W,N) — (V,F) is
called fuzzy soft almost (resp. weakly) a-continuous if, for each ny,, € Ps(W) and each gg € (V,F)

with 7, (gg) > r containing ¢y (1, ), there is he € (W, N) is r-fuzzy soft a-open set containing 71,
such that ¢y (hc) C I(k,Cy(k,gB,7), 1) (resp. @y(hc) E Cy(k, g, 7)), n € N, (k = ¢(n)) € F and
r e L.

Lemma 3.2. (1) Every fuzzy soft a-continuous mapping is fuzzy soft almost a-continuous.
(2) Every fuzzy soft almost a-continuous mapping is fuzzy soft weakly a-continuous.

Proof. Follows from Definitions 3.1 and 3.2. [

Remark 3.2. The converse of Lemma 3.2 is not true, as shown by Examples 3.2 and 3.3.

Example 3.2. Let W = {wq,wp, w3}, N = {ny,ny} and define gy, hy € (W, N) as follows: gy =
{(n, {2, 02, 031, (mo, {ot, o2, 2D} v = {(m {§% 0% 033) (n2, {53, 53 55 })}- Define fuzzy

—

soft topologies Ty, 7y : N — [0,1]WN) as follows: Vi € N,
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1, if tye{® N},
Tu(tn) = %, if tn=2gn,

0, otherwise,

1, if tye€ {® N},

1 .

37 lf tN = gN/
Mn(tn) = % .

3 if IN = hN/

0, otherwise.

Then, the identity fuzzy soft mapping ¢y : (W, ™n) — (W, 17n) is fuzzy soft almost a-continuous,
but it is not fuzzy soft a-continuous.

o~ —

Example 3.3. Let W = {wq,wp, w3}, N = {ny,ny} and define ¢y, hy € (W, N) as follows: gy =
(s (83,3, 5200, Ona, (83, 3, 520, oy = {00, (5, %, 830, (na, {83, %, 82 ))}. Define fuzzy

soft topologies Ty, 7n : N — [0,1](WN) as follows: Vn € N,

1, if tye€ {® N},
w(tn) =93 if tv=gn

0, otherwise,

1, if tye€ {® N},
m(tn) =4 %, if tn=hy,

0, otherwise.

Then, the identity fuzzy soft mapping ¢y : (W,tv) — (W,nn) is fuzzy soft weakly
x-continuous, but it is not fuzzy soft almost a-continuous.

e~ e~

Theorem 3.2. Let (W, 7y) and (V, 77r) be a FSTSs, and ¢y, : (W, N) — (V, F) be a fuzzy soft mapping.

—~—

The following statements are equivalent for each f4 € (V,F),n € N, (k=y(n)) € Fandr € I:
(1) ¢y is fuzzy soft almost a-continuous.

2) ¢y L(f4) is r-fuzzy soft a-open, for each fy is r-fuzzy soft regularly open.

©) ¢y L(fa) is r-fuzzy soft a-closed, for each f, is r-fuzzy soft regularly closed.
(4) aCr(n, qol;l (fa),r) C go&l(Cq(k,fA, r)), for each f4 is r-fuzzy soft f-open.

(5) aCr(n, (pl;1 (fa),r) C golzl (Cy(k, fa,1)), for each f, is r-fuzzy soft semi-open.
(6) alc(n, ¢¥1(17(k, Cy(k, fa,r),r)),r) 3 (p&l(fA), for each fy with i, (fa) > 7.

P

Proof. (1) = (2) Let ny, € Ps(W) and f4 € (V,F) be an r-fuzzy soft regularly open set containing

@y (1w, ), hence by (1), there is hc € (m) is r-fuzzy soft a-open set containing 1, such that
py(hc) C Iy(k, Cy(k, fa,7),7).

Thus, he T ¢, (I;(k,Cy(k, fa,1),71)) = ¢,'(fa) and nw,&hc T @ '(fa).  Then,
Nw, €I (n, Ce(n, It (n, go;l(fA),r), r),r) and go;l(fA) C Ir(n,Ce(n, Iz (n, ‘P;l (fa),r),r),r). Therefore,
Py L(fa) is r-fuzzy soft a-open set.

(2) = (3) Let f4 be an r-fuzzy soft regularly closed set, hence by (2), ¢, L(fe) = (py Y(fa))cis
r-fuzzy soft a-open set. Then, ¢, L(fa) is r-fuzzy soft a-closed set.

(3) = (4) Let f4 be an r-fuzzy soft B-open set. Since Cy; (k, fa,7) is r-fuzzy soft regularly closed set,
hence by (3), (,ol;l (Cy(k, fa,r)) is r-fuzzy soft a-closed set. Since 4’1;1 (fa) C 901;1 (Cy(k, fa,7)), then we
have «Ce(n, @3 (fa), ) C ¢ (Cy (k. fa,1).

(4) = (5) This is obvious from each r-fuzzy soft semi-open set is r-fuzzy soft -open.
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(5) = (3) Let f4 be an r-fuzzy soft regularly closed set, hence f, is r-fuzzy soft semi-open. Then
by (5), aC(n, (qul(fA),r) C ¢1;1(C” (k, fa,1)) = (p&l(fA). Therefore, q)l;l(fA) is r-fuzzy soft a-closed
set.

B = (6) Let fa € (T/j/F) with ¢ (fa) > r and nwsé(pl;l(fA), then we have
My, é(p@l(lq(k, Cy(k, fa,r),7)). Since [I;(k, Cy (k, fa,7),r)]° is r-fuzzy soft regularly closed set, hence
by (3), 4)1;1([1,7(k, Cy(k, fa,r),r)]°) is r-fuzzy soft a-closed set. Thus, q);l(ln(k, Cy(k, fa,r),1))
is r-fuzzy soft a-open set and ny, Eal(n, go;l(l,7 (k,Cy(k, fa,7),r)),r).  Then, (plf(fA) C

alr(n, (plzl(lv(k, Cq(k,fA,Q,I_)/),r). -
(6) = (1) Let ny, € Ps(W) and fa € (V,F) with ,(fa) > r containing ¢y (14, ), hence by (6),
Py’ (fa) E ale(n, ¢y (I (k, Cy(k, fa,1),1)),7)-

Since nwséq)lf(fA), then we obtain 1y, Ealr(n, (plf(l,i (k,Cy(k, fa,r),1)),r) = hc (say). Hence,

—_~—

)
there is hc € (W, N) is r-fuzzy soft a-open set containing 1, such that ¢y (hc) C I, (k, Cy(k, fa,7),7).
Therefore, ¢y is fuzzy soft almost a-continuous.
O

In a similar way, we can prove the following theorem.

P e N

Theorem 3.3. Let (W, 7y) and (V, 1) be a FSTSs, and ¢y : (W, N) — (V, F) be a fuzzy soft mapping.

—_~—

The following statements are equivalent for each f4 € (V,F),n € N, (k =y(n)) € Fand r € L:
(1) ¢y is fuzzy soft weakly a-continuous.

(2) Le (1, Ce(n, Le (1, M (Cy (ks f4,7)),7),7),7) D 9 (fa), i m(fa) > 7.
(3) Ce (1, e (1, Ce(n, 9 (I (ks £4,1)),7),7),7) € 9 (fa), i 1 £5) > 7.
(4) aCr(n, 93 (Iy (K, fa,1)),7) E 03 (fa), i i £5) > 7.

(5) aCr(n, ¢ (Iy (k, Cy (K, fa, 7),7)),7) E 93 (Cy(K, fa, 7))

6) ale(n, 9y, " (Cy (k, Iy (k, fa,7),7)),7) 2 9" (Iy(k, fa, 1)

(7) 9y (fa) E ale(n, 9, (Cy(k, fa, 7)), 1), i i (fa) = 1.

Remark 3.3. From the previous definitions and results, we can summarize the relationships among
different types of fuzzy soft continuity as in the next diagram.

continuity =  a-continuity

U ¥
almost continuity = almost a-continuity
U ¥

weakly continuity = weakly a-continuity

e~ e~

Proposition 3.1. Let (W, 1y), (V,np) and (U,vg) be a FSTSs, and ¢y : (W,N) — (V,F),

¢y = (V,F) — (U, E) be two fuzzy soft functions. Then, the composition ¢j. o ¢y is fuzzy soft
almost a-continuous if, ¢y is fuzzy soft a-continuous and ¢y, is fuzzy soft almost continuous (resp.

continuous).

Proof. The proof is obvious. [

e~ e~ e~ —~—

LetHandZ: N x (W,N) x I, — (W, N) be operators on (W,N), and J and K : F x (V,F) x
I, — (V, F) be operators on (V, F).
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e~ e~

Definition 3.3. [26] Let (W, 7y) and (V, ) be a FSTSs. ¢y : (W,N) — (V, F) is said to be a fuzzy
soft (H,Z, J, K)-continuous mapping if, H[n, (pl;l (K(k,he,r)),r] T Zn, golzl (T (k,he,r)), 1] = @ for

—_~—

each he € (V, F) with ng(hc) > r,n € Nand (k= ¢(n)) € F.

In (2023), Alshammari et al. [26] defined the notion of fuzzy soft a-continuous mappings:
go;l(hc) C It(n,Ce(n, I (n, go@l(hc),r),r),r), for each he € (V,F) with 5 (hc) > r. We can see
that Definition 3.3 generalizes the concept of fuzzy soft continuous functions, when we choose H
= identity operator, 7 = interior closure interior operator, 7 = identity operator and K = identity
operator.

A historical justification of Definition 3.3:

(1) In Section 3, we obtained the notion of fuzzy soft almost a-continuous mappings: ¢, Lhe) C

—_~—

al(n, qolf (I (k,Cy(k, he,r),1)),7), for each hc € (V, F) with g (hc) > r. Here, H = identity operator,
1 = a-interior operator, J = interior closure operator and K = identity operator.
(2) In Section 3, we obtained the notion of fuzzy soft weakly a-continuous mappings: ¢, Lhe) C

al(n, ¢¥1(Cﬂ(k, he,r)),r), for each he € (V,F) with ng(hc) > r. Here, H = identity operator, Z =
a-interior operator, J = closure operator and K = identity operator.

4. New Types of Fuzzy Soft Compactness

Here, several types of fuzzy soft compactness via r-fuzzy soft a-open sets are given, and the
relationships between them are studied.

—_~—

Definition 4.1. Let (W, Ty) be a FSTS and r € L. Then, hc € (W, N) is called an r-fuzzy soft compact

—_~—

iff for every family {(gg)s € (W,N) | 7.((gg)s) > r for each n € N}scp such that he T Usea(g8)s,
there is a finite subset A, of A such that hic T Usea, (8B)s-

—_—

Definition 4.2. Let (W, ty) beaFSTSand r € L. Then, hc € (W, N) is called an r-fuzzy soft a-compact

iff for every family {(¢p)s € (W,N) | (gB)s is r-fuzzy soft a-open}sca such that he T Usea(88)s,
there is a finite subset A, of A such that h¢c C Usea, (88)s-

Lemma 4.1. Let (W, 7y) bea FSTSand r € I,. If h¢ € (m) is r-fuzzy soft a-compact, then h is
r-fuzzy soft compact.

Proof. Follows from Definitions 4.1 and 4.2.
O

P

Theorem 4.1. Let ¢y : (W, 75) — (V, 1) be a fuzzy soft a-continuous mapping. If hic € (W, N) is
r-fuzzy soft a-compact, then ¢y (h¢) is r-fuzzy soft compact.

—_~—

Proof. Let {(gp)s € (V,F) | m((gB)s) = r}sea wWith ¢y(hc) E Usca(gp)s for each k € F. Then,
{(pl; Y((g)s) € (W,N) | Py Y((gB)s) is r-fuzzy soft a-open}sca (by @y is fuzzy soft a-continuous) such
that he T Ugea Py 1((gB)s). Since h is r-fuzzy soft a-compact, there is a finite subset A, of A such that

he T Usen, ¢¥1((g3)5). Then, @y (hc) E Usea, (gB)s- Hence, the proof is completed. [

Definition 4.3. Let (W, 7y) be a FSTSand r € L.. Then, hc € (W, N) is called an r-fuzzy soft almost

—_~—

compact iff for every family {(gg)s € (W, N) | T.((gB)s) > r}sea such that hc T Lsca(gB)s, thereis a
finite subset A, of A such that e C Usea, Ce(n, (g8)s, 1) for each n € N.
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Definition 4.4. Let (W, 7y) be a FSTS and r € I,. Then, hc € (W,N) is called an r-fuzzy soft

—~—

almost a-compact iff for every family {(g¢p)s € (W, N) | (gp)s is r-fuzzy soft a-open}sca such that
he T Usea(gB)s, there is a finite subset A, of A such that he T Usepa, Co(n, (g8)s, 1) for each n € N.
Lemma 4.2. Let (W, Ty) bea FSTSand r € L. If he € (W, N) is r-fuzzy soft almost a-compact, then
h¢ is r-fuzzy soft almost compact.

Proof. Follows from Definitions 4.3 and 4.4.
O

—_~—

Lemma4.3. Let (W, 7y) beaFSTSand r € L. If hc € (W, N) is r-fuzzy soft a-compact (resp. compact),
then /¢ is r-fuzzy soft almost a-compact (resp. almost compact).

Proof. Follows from Definitions 4.1-4.4.
O

—_~—

Theorem 4.2. Let ¢y : (W, 7n) — (V,7p) be a fuzzy soft continuous mapping. If hc € (W, N) is
r-fuzzy soft almost a-compact, then ¢y (h¢) is r-fuzzy soft almost compact.

—_—

Proof. Let {(gp)s € (V,F) | m((gB)s) = r}sea With ¢y(hc) E Usca(gp)s for each k € F. Then,
{oy Y((g)s) € (W,N) | on ((gB)s) is r-fuzzy soft a-open}sca (by @y is fuzzy soft a-continuous) such
that hc C Usep Py 1((gB)s). Since hc is r-fuzzy soft almost a-compact, there is a finite subset A, of A

such that hic € Usea, Ce(n, @y '((gB)s), 7). Since gy is fuzzy soft continuous mapping, it follows

-

Usen.Cr(n, 94" ((88)s),7) ©

Usea. @y (Cy(k, (g8)s,7)) =

9y (Usea,Cy(k, (g8)s/7))-
Then, ¢y (hc) E Usea, Cy(k, (g8)s, 7). Hence, the proof is completed. [

—_~—

Definition 4.5. Let (W, ty) be a FSTS and r € L. Then, hc € (W, N) is called an r-fuzzy soft nearly

compact iff for every family {(gp)s € (W, N) | 7.((8gB)s) = r}sea such that hc T Usea(gB)s, thereis a
finite subset A, of A such that hc T Ugea, Ir(n, Cc(n, (g8)s, 1), r) for each n € N.

—_~—

Definition 4.6. Let (W, Ty) be a FSTS and r € I,. Then, hc € (W,N) is called an r-fuzzy soft

—~—

nearly a-compact iff for every family {(gp)s € (W,N) | (¢B)s is r-fuzzy soft a-open}sc such that
he T Usea(gB)s, there is a finite subset A, of A such that he T Ugsea, Ic (1, Cr(n, (gB)s, 1), 1) for each
n e N.

—_——

Lemma 4.4. Let (W, 7y) beaFSTSand r € L. If hc € (W, N) is r-fuzzy soft nearly a-compact, then hc
is r-fuzzy soft nearly compact.

Proof. Follows from Definitions 4.5 and 4.6.
O

—_—

Lemma4.5. Let (W, Ty) beaFSTSand r € L. If he € (W, N) is r-fuzzy soft a-compact (resp. compact),
then h¢ is r-fuzzy soft nearly a-compact (resp. nearly compact).
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Proof. Follows from Definitions 4.1, 4.2, 4.5 and 4.6.
O

Theorem 4.3. Let ¢y : (W, Tv) — (V, #p) be a fuzzy soft continuous and fuzzy soft open mapping.
If he € (W, N) is r-fuzzy soft nearly a-compact, then ¢y (hc) is r-fuzzy soft nearly compact.

Proof. Let {(gp)s € (V,F) | nk((gB)s) > r}sea With ¢y(hc) E Usca(gp)s for each k € F. Then,

—_—

{q)¥ Y((g)s) € (W,N) | o ((gp)s) is r-fuzzy soft a-open}sca (by @y is fuzzy soft a-continuous) such
that e C Usea@y 1((gB)s). Since hc is r-fuzzy soft nearly a-compact, there is a finite subset A, of A

such that hc C Usea, It (1, Co(n, 4’1;1 ((gB)s),1),7). Since @y is fuzzy soft continuous and fuzzy soft
open mapping, it follows

Py (hc) € Usea, 9y (Ie(n, Ce(n, 05, ((88)5), 7). 7))

C Usea, Iy (k 9y (Cr(n, 95 ((88)s), 7). 7)
C Usen, Iy (k. @y (@ (Cy (K, (88)5, 7)), )
C Usea, Iy (k, Cy(k, (88)s,7), 7).
Hence, the proof is completed. [

—~—

Lemma 4.6. Let (W, ty) bea FSTSand r € L. If he € (W, N) is r-fuzzy soft nearly a-compact (resp.
nearly compact), then /¢ is r-fuzzy soft almost a-compact (resp. almost compact).

Proof. Follows from Definitions 4.3, 4.4, 4.5 and 4.6.
O

Remark 4.1. From the previous definitions and results, we can summarize the relationships among
different types of fuzzy soft compactness as in the next diagram.

a-compactness = compactness

4 4
nearly a-compactness = nearly compactness
¢ ¥

almost a-compactness = almost compactness

5. Conclusions and Future Work

The main achievements of this study are:

(1) In Section 2, the concepts of fuzzy soft a-closure (x-interior) operators are introduced in fuzzy
soft topological spaces based on the paper Aygiinoglu et al. [14], and some of their basic properties
have been investigated. Furthermore, the notion of r-fuzzy soft a-connected sets is defined and studied
with help of fuzzy soft a-closure operators.

(2) In Section 3, some properties of fuzzy soft a-continuous mappings are obtained between two
fuzzy soft topological spaces (W, Ty) and (V, 5r). Moreover, as a weaker forms of the notion of fuzzy
soft a-continuous mappings, the notions of fuzzy soft almost (weakly) a-continuous mappings are
introduced, and some of their basic properties and characterizations have been investigated. Also, we
show that fuzzy soft a-continuity = fuzzy soft almost a-continuity = fuzzy soft weakly a-continuity,
and we have the following results:
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e Fuzzy soft (idw, I:(C¢(I7)), idy, idy )-continuous mapping is fuzzy soft a-continuous.

e Fuzzy soft (idw, alz, I;(Cy), idy )-continuous mapping is fuzzy soft almost a-continuous.

e Fuzzy soft (idy, al;, Cy, idy)-continuous mapping is fuzzy soft weakly a-continuous.

(3) In Section 4, several types of soft compactness via r-fuzzy soft a-open sets are explored, and
the relationships between them are studied.

In upcoming manuscripts, we will use the fuzzy soft a-closure operator to define some new
separation axioms on fuzzy soft topological space based on the paper Aygiinoglu et al. [14].
Additionally, we shall discuss some of the notions given here in the frames of fuzzy soft r-minimal
structures [20].
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