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Abstract: A semi—numerical approach proposed many years ago for describing gravitational collapse
in the post-quasi-static approximation [1-4], is modified in order to avoid the numerical integration
of the basic differential equations the approach is based upon. For doing that we have to impose some
restrictions on the fluid distribution. More specifically, we shall assume the vanishing complexity
factor condition, which allows for analytical integration of the pertinent differential equations and
leads to physically interesting models. Instead, we show that neither the homologous nor the
quasi-homologous evolution are acceptable since they lead to geodesic fluids, which are unsuitable
for being described in the post—quasi-static approximation. Also, we prove that, within this
approximation, adiabatic evolution also leads to geodesic fluids and therefore we shall consider
exclusively dissipative systems. Besides the vanishing complexity factor condition, additional
information is required for a full description of models. We shall propose different strategies for
obtaining such an information, which are based on observables quantities (e.g. luminosity and
redshift), and/or heuristic mathematical ansatz. To illustrate the method, we present two models.
One model is inspired in the well known Schwarzschild interior solution, and another one is inspired
in Tolman VI solution.

Keywords: relativistic fluid; gravitational collapse; dissipative systems

1. Introduction

In the study of self-gravitating systems there are three possible regimes of evolution. The simplest
one is the static (stationary when rotations are allowed) regime, which is characterized by the existence
of a time-like Killing vector forming a vorticity—free congruence (in the stationary case the congruence
is not vorticity—free ). In the coordinate system adapted to this congruence the metric and the physical
variables are invariant with respect to translations along the time axe.

Next, we have the quasi-static regime (QSR), which applies when the system is assumed to
evolve, but slowly enough, so that it can be considered to be in equilibrium at each moment (the TOV
equation is satisfied at all times). This means that the sphere changes slowly, on a time scale that is very
long as compared to the typical time in which the sphere reacts to a slight perturbation of hydrostatic
equilibrium, this typical time scale is called hydrostatic time scale [5,6] (sometimes this time scale is
also referred to as dynamical time scale, e.g. [7]). Thus, in this regime the system is always very close
to hydrostatic equilibrium and its evolution may be regarded as a sequence of static models, where the
time between any two states of equilibrium is neglected (see [8-10] for applications).

It is worth mentioning that the assumption above is very sensible because the hydrostatic time
scale is very small for many phases of the life of the star [6]. It is of the order of 27 minutes for the Sun,
4.5 seconds for a white dwarf and 10~* seconds for a neutron star of one solar mass and 10 Km radius.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Any of the stellar configurations mentioned above, generally (but not always), changes on a time scale
that is very long compared to their respective hydrostatic time scales.

Finally, we have the dynamic regime where the system is out of equilibrium, meaning that the
TOV equation is not satisfied. The system changes on a time scale which is smaller than the hydrostatic
time scale.

At this point the question arises: can we approach the non-equilibrium by means of successive
approximations? Or, equivalently: Is there life between quasi—equilibrium and non—equilibrium?

As it has been proved in the past (see [1-4] and references therein) the answer to the above
questions is affirmative (is some cases at least), the corresponding regime is called post—quasi-static
(PQSR), and can be regarded as the closest, non-equilibrium, regime to QSR. Before proceeding farther,
some important remarks are in order

1. First of all it should be stressed that the main motivation to consider the PQSR is to have the
possibility to study, in the simplest possible way, those aspects of the object directly related to the
non—equilibrium situation, which for obvious reasons cannot be described within the QSR.

2. Since we are assuming the fact that we can approach the non—equilibrium by means of successive
approximations, it goes without saying that not any self-gravitating fluid will satisfy this
requirement. In particular is meaningless, from the physical point of view, to consider geodesic
fluids in PQSR, since these fluids are always in the full dynamic regime (the only interaction in
this case being the gravitational one).

3. It also should be clear that unlike the two precedent regimes, there is not a unique definition for
PQSR. Here we shall assume the definition proposed in [1-4]

Let us now elaborate on the main motivation of our endeavor with this work.

One of the most outstanding problems in relativistic astrophysics and gravitation theory today
is to provide an accurate description of the gravitational collapse of a supermassive star. The final
fate of such process (naked singularities, black holes, anything else), the mechanism behind a type II
supernova event [11]-[17] or the structure and evolution of the compact object resulting from such a
process [18]-[20], stand among the most interesting questions associated to that problem.

We have available three approaches to describe the gravitational collapse in the context of general
relativity. On the one hand, one may resort to numerical methods [21]-[24], which allow for considering
more realistic equations of state. However, the obtained results, in general, are restricted and highly
model dependents. Also, specific difficulties, associated to numerical solutions of partial differential
equations in presence of shocks may complicate further the problem.

On the other hand, one may use analytical solutions to Einstein equations, which are more
suitable for a general discussion, and may be very useful in the study of the structure and evolution of
self-gravitating systems, since they may be relatively simple to analyze but still may contain some of
the essential features of a realistic situation (see for example [25-35] an references therein). However,
often they are found, either for too simplistic equations of state and/or under additional heuristic
assumptions whose justification is usually uncertain.

Between the two aforementioned approaches, we have semi-numerical techniques, which may be
regarded as a “compromise” between the analytical and numerical approaches. These techniques are
based on the PQSR approximation mentioned above, and were developed in [1-4] (see also [36,37]).

This third approach, starting from any interior (analytical) static spherically symmetric (“seed”)
solution to Einstein equations, leads to a system of ordinary differential equations (referred to as surface
equations) for quantities evaluated at the boundary surface of the fluid distribution, whose solution
(numerical), allows for modeling, dynamic, self-gravitating spheres, whose static limit (whenever it
exists) is the original “seed” solution.

The approach is based on the introduction of a set of conveniently defined “effective” variables
(effective pressure and energy density) and an heuristic ansatz on the later, whose rationale and
justification become intelligible within the context of the PQSR.
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So far, the above mentioned approach has been used, by solving numerically the surface equations.
In this work we complement the approach with a sensible physical condition, allowing us to avoid
numerical integration, resorting exclusively to analytical methods. Such a condition appears to be
the vanishing of the complexity factor, as defined in [38,39]. Other plausible conditions such as the
homologous [39] and the quasi-homologous [40] conditions have been considered but were dismissed
due to the facts that they, within the PQSR, lead to geodesic fluids.

Besides the vanishing complexity factor condition, we have to resort to additional sources of
information in order to obtain a full description of the collapsing system. The number of possible
strategies for doing that is very large. Here we emphasize, on the one hand, on conditions suggested by
observables such as the luminosity profile and the gravitational redshift. On the other hand we propose
some heuristic mathematical constrains, justified by previous experience on finding time—-dependent
solutions to Einstein equations, or, simply, by the fact that they allow a simple analytical integration.

The organization of the manuscript is as follows. In the next section we introduce the basic
variables and definitions, as well as the Einstein and the transport equations. In Section III, we detail
the junction conditions with the exterior spacetime, which is Vaidya. The complexity factor and the
homologous and quasi-homologous evolution are defined in Section IV. A review of the approach is
outlined in Section V, and some examples are analyzed in Section VI. Finally we include a discussion
of the results and some concluding remarks in the last section.

2. Basic variables and equations

2.1. The metric

We consider a spherically symmetric distribution of collapsing fluid, bounded by a spherical
surface 2. The fluid is assumed to be locally anisotropic (principal stresses unequal) and undergoing
dissipation in the form of heat flow (to model dissipation in the diffusion approximation). Physical
arguments to consider such fluid distributions in the study of gravitational collapse may be found in
[41]-[44] and references therein.

Using comoving coordinates, we write the line element in the form

ds* = — A%dt* + B?dr? + R*(d6? + sin® 0d¢?), (1)

where A, B and R are functions of f and r and are assumed positive. We number the coordinates x = ¢,
¥l =7 x2 =6 and x° =¢.

2.2. Energy—-momentum tensor

The matter energy-momentum tensor T,z inside X has the form

T,X/g = (‘M—FPL)V,XVIg—FPLgaﬁ+(P7—PL)K,XK/3
+ QaVIB'f'VaQﬁ/ (2)

where y is the energy density, Py the radial pressure, P, the tangential pressure, g% the heat flux, V* the
four-velocity of the fluid, and K* a unit four-vector along the radial direction. These quantities satisfy

V%V, = -1, V%, =0, KK, =1,
K*V, = 0.

Since we assume the metric (1) comoving then
V= A"155, ¢ =qB 78}, K* =B, €)

where ¢ is a function of t and r.
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2.3. Kinematical variables
The four—acceleration a, and the expansion @ of the fluid are given by
ay = ViggVP, © =V, (4)
and its shear 0, by
ap = Viwp) T aVp) — %®haﬁf ®)

where hyg = gup + Va V.

We do not explicitly add bulk viscosity to the system because it can be absorbed into the radial
and tangential pressures, P and P, of the collapsing fluid.

From (4) with (3) we have for the four—acceleration and its scalar a,

A/ A/ 2
==, a*>=a%, = <> , (6)
where a* = aK*, and for the expansion

®:1(B+2R), @)

where the prime stands for r differentiation and the dot stands for differentiation with respect to ¢.
With (3) we obtain for the shear (5) its non zero components

2 033 1 2
= Z-B? == = __R°, 8
o =3B m =5 sRe 8)
and its scalar )
wp _£2
o Poup 3(7 , )
where . .
1 /B R
=_(=Z-=. 1
77 A (B R) (10
Then, the shear tensor can be written as
1
0'0‘/3 =0 <K,XK‘B - 3htx,3> . (11)

2.4. Transport equations

In the dissipative case we shall need a transport equation in order to find the temperature
distribution and its evolution. Assuming a causal dissipative theory (e.g. the Israel- Stewart theory
[45—47]) the transport equation for the heat flux reads

PV, + g% = —kh*P (Tp+ Tap)
1, o (TVP a
L (m)ﬂ’ -

where k, T and T denote thermal conductivity, temperature and relaxation time respectively.

In the spherically symmetric case under consideration, the transport equation has only one
independent component which may be obtained from (12) by contracting with the unit spacelike vector
K*, it reads

Vg0 +q = —k (K*Ta + Ta) — k72 (2 (13)
o o 2 x72 ) T
P

doi:10.20944/preprints202402.0683.v1
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2.5. Field equations
The Einstein field equations for the interior spacetime (1) can be written as
B, R\R (A\*[R" (R\> _B'R (B\’
2_ (o R\R_[A & ") ok (B
sa = (25 + )2 (5) P+ (%) 255 (%) | 19
R BR RA
47T£]AB = (R Bﬁ RA) ’ (15)
B\*[,R (A R\R A" R\R (B\?
2_ (5B I A RAR a Ky (b
R O | R LA ERC
R\2[B R A(B R\ BR
2__ (= oS (242 =
SRR = <A> [B R A(B+R>+BR]
R\2TA" R' A'B A" B'\ R
[ [ (e s 17
+(B) [A R AB+<A B)R} (17

Observe that if functions A(t,r), B(t,r) and R(t,r) are completely determined, the system above
becomes an algebraic system of four equations for the four unknown functions y, g, P, and P, which

can be obtained without further information.

2.6. Mass and areal velocity

Following Misner and Sharp [48], let us now introduce the mass

defined by
(3)-(5)
- +1

It is useful to introduce the proper time derivative Dt given by

Rl

B

R

A

10
DT - Z &r
and the proper radial derivative D,
Dp= L9
R™ R

function m(t, r) (see also [49]),

(18)

(19)

(20)

where R defines the areal radius of a spherical surface inside X (as measured from its area).
Using (19) we can define the velocity U of the collapsing fluid as the variation of the areal radius

with respect to proper time, i.e.
U = DrR.

Then (18) can be rewritten as
2m

R
Using (14)-(16) with (19) and (20) we obtain from (18)

R/
E=—=1|1 2 _
5 = (1+u

>1/2

Drm = —47 (P,U + qE) R?,

and

Drm =4n (y +qg> R2.

(21)

(22)

(23)

(24)


https://doi.org/10.20944/preprints202402.0683.v1

Preprints.org (Wwww.preprints.org) | NOT PEER-REVIEWED | Posted: 12 February 2024

6 of 22

Next, the three—acceleration DU of an in-falling particle inside X can be obtained by using (16),
(18) and (22), producing

Al
DU = 7% —47P R+ B, (25)
o A" 4nRB (DrU
us T m

— = b . 2

A E <4nR TR T r) (26)
Finally, from the Bianchi identities we obtain
m 2
2U

- E {Dm%—Zq <R+0>} . (27)

The physical meaning of different terms in (27) has been discussed in detail in [43,44]. Suffice is to
say in this point that the first term on the right hand side describes the gravitational force term.

3. The exterior spacetime and junction conditions

Outside £ we assume we have the Vaidya spacetime (i.e. we assume all outgoing radiation is
massless), described by

dszz—{l—ZM(U)]

dv? — 2dpdv + p*(d6 + sin® 0d¢?), (28)

where M(v) denotes the total mass, and v is the retarded time.

The matching of the full non—adiabatic sphere (including viscosity) to the Vaidya spacetime, on
the surface r = ry = constant, was discussed in [50].

Now, from the continuity of the first differential form it follows (see [50] for details),

Adt Z do (1 - ZNEU)) z 1, (29)
RZ p(v), (30)
and )
do\ "z () 2m  ,dp
(w) = (1 ; +zdv), (31)

where T denotes the proper time measured on X.
The continuity of the second differential form produces

z

m(t,r) = M(v), (32)

and

e ] .
2<RBRRA>§B[2R(2A R)RF;‘

A|°R A RJR r (39)

A" R'\R (B’
2—+—= 5|5
B ®) e (®
where Z means that both sides of the equation are evaluated on X (observe a misprint in eq.(40) in [50]

and a slight difference in notation).
Comparing (33) with (15) and (16) one obtains

g =P, (34)

doi:10.20944/preprints202402.0683.v1
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Thus the matching of (1) and (28) on X implies (32) and (34).
Also, we have
> L
q= W’ (35)

where Ly, denotes the total luminosity of the sphere as measured on its surface and is given by

-1
Z L (1 - 2;” + 225) , (36)
and where .
M %, dm dt [(do\~
Lo ==y =~ [dtdr (w) ] 37

is the total luminosity measured by an observer at rest at infinity.
The boundary redshift zy, is given by

dv »
=21 38
o1tz (38)
with )
dv g (R R\
Fri (B + A) . (39)
Therefore the time of formation of the black hole is given by
R R\ = z
—+— ) =E =0. 4
< 5+ A> +U=0 (40)

Also observe than from (31), (36) and (39) it follows

X Leo
and from (21), (22), (31) and (39)
;LZ L U(U+E). (42)

4. The complexity factor

The condition we shall impose on our system in order to integrate analytically the ensuing
differential equations, is the vanishing of the complexity factor. This is a scalar function intended to
measure the degree of complexity of a given fluid distribution [38,39], and is related to the so called
structure scalars [51].

As shown in [38,39] the complexity factor is identified with the scalar function Yrr which defines
the trace—free part of the electric Riemann tensor (see [51] for details).

Thus, let us define tensor Y, by

Yaﬁ = Ra7ﬁ5V7V(5, (43)
which may be expressed in terms of two scalar functions Y7, Yrr, as
1 1
Yaﬁ = gYThaﬁ + Yrr (KaK/B — 3]’10‘/3) . (44)

Then after lengthy but simple calculations, using field equations, we obtain (see [39,40] for details)

doi:10.20944/preprints202402.0683.v1
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4 [T u ~
Yor = —8nI1+ ﬁ/o R3 (DRV _ 3‘7RE> R'd7. (45)

In terms of the metric functions the scalar Yrr reads

Y —i §_§+é E_B _|_i i”_él E+5/ (46)
TF= 2R B A\B R B2|A A\B " R/|

4.1. The homologous and quasi—homologous evolution

Another set of possible conditions, which might be considered in order to avoid numerical
integration, are conditions on the pattern of evolution.

One of these conditions is represented by the homologous evolution (H). In [39] it was assumed
that the H evolution describes the simplest mode of evolution of the fluid distribution. Such a condition
is defined by

U
U=a(t)R, a=-—=%, (47)
Ry,
and R
=L = constant, (48)
Ryp

where R; and Rjj denote the areal radii of two concentric shells (I, II) described by ¥ = r; = constant,
and r = rj; = constant, respectively.

These relationships are reminiscent of the homologous evolution in Newtonian hydrodynamics
[5-7].

The important point that we want to stress here is that, in the relativistic regime, (47) does not
imply (48).

Indeed, (47) implies that for two comoving shells of fluids I, II we have

[
Ur ARy Ry’

(49)

which implies (48) only if the fluid is geodesic (A = constant). However, in the non-relativistic regime,
(48) always follows from the condition that the radial velocity is proportional to the radial distance.

Another possible condition (less restrictive) could be represented by the so called
“quasi-homologous” regime (QH), characterized by condition (47) alone, which implies (see [40]
for details)

—Bg+ - =0. (50)

Thus the H condition implies (48) and (50), while the QH condition only requires (50).
However both conditions lead (within the PQSR) to geodesics fluids, which, as already mentioned,
are physically without interest.

Indeed, writing (15) as
_ 1 ! /
4mgB = §(® —0) — R (51)

and combining with condition (50), we obtain

(©@—0) =0, (52)

doi:10.20944/preprints202402.0683.v1
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whereas, using (7) and (10) we get

©—-0) = (AR)/ =0. (53)

But in the PQSR we have (see equation (65) in section 5.3 below) R = «(t)r where « is an arbitrary
function of f, producing at once that
A =0, (54)

implying that the fluid is geodesic, as it follows from (6).

Thus from physical considerations we must exclude the H or the QH conditions for the mode of
evolution.

We shall next, define mathematically the three regimes of evolution mentioned in the Introduction,
in order to understand the rationale behind the proposed approach.

5. Evolution regimes

Let us now express the three possible regimes of evolution, in terms of the metric and physical
variables..

5.1. Static regime

In this case all time derivatives vanish, implying:
g=U=0=0c=0. (55)

Since B = B(r); A = A(r); R = R(r), reparametrizing r, we may write the line element in the
form:
ds* = — A2dt* + B2dr? + r?(d6? + sin” 0d¢?). (56)

Thus, the “Euler” equation (27) becomes the well known TOV equation of hydrostatic equilibrium
for an anisotropic fluid

' 2 _py— 3
P+ (P —Py) = r(r_zm)(m—i-élnP,r ). (57)

The Einstein equations in this case read:

2 _(AY
8TUA” = (B

2 / 2
0]

A" 1\1 [(B\?
87TP;'B2 = (2A + 7’> ; - (1’) ’ (59)
2 (r\2[AT _ AT (AT B
8Py _(B) [A AB \A B)r (60)

Also, for the mass function we have

-1
ng(l—;>:,32:(1—2;"> ) 61)

m=4r yrzdr, (62)
0

or
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and for the metric function A, we have from (26)
r 3
(A :/ (m +47r°Py) (63)
Ay re T(r—2m)

The important point to keep in mind is that if the radial dependence of y and P; is known, the metric
functions are determined from (61-63).

5.2. Quasi-static regime (QSR)

As mentioned before, in this regime the system is assumed to evolve, but sufficiently slow, so that
it can be considered to be in equilibrium at each moment (Eq. (57) is satisfied).

Let us now translate this assumption in conditions to U, metric and kinematical functions.

The QSR implies that

 The areal velocity U as well as other kinematical variables are small, (of order O(e), with
le| << 1) which in turn implies that dissipative variables and all first order time derivatives of
metric functions are also small, implying that we shall neglect terms of order €2 and higher.

¢ From the above and the fact that the system always satisfies the equation of hydrostatic
equilibrium, it follows from (27) that second time derivatives of metric functions can be neglected.

Thus in QSR we have
OU?)=A2=B"=AB=R=B=0 (64)

and the radial dependence of the metric functions as well as that of physical variables is the same as in
the static case. The only difference with the latter case being that these variables depend upon time
according to equation (15).

5.3. Post—quasi—static regime (PQSR)

In the two regimes considered above the system is always in (or very close to) hydrostatic
equilibrium. Let us now move one step forward into non—equilibrium and let us assume that (57) is
not satisfied.

Then the question arises: What is the closest situation to QSR not satisfying eq. (57)? Such a
situation is described by what we call PQSR.

Now, since in both, the static and QSR regimes, the radial dependence of metric variables is the
same, we shall keep that radial dependence as much as possible, but of course the time dependence of
those variables is such that now (64) is not satisfied.

Then from the above we write

R =rx(t), (65)

where « is an arbitrary (dimensionless) function of ¢, to be determined later.
Taking into account (22) and (65), we rewrite the metric as follows

ds? = — A%dt* + k*[E~2dr* + r*(d6? + sinf?d¢?)]. (66)
Next, defining the effective mass as
Mepr = m — %Ruz, (67)
we obtain

2m
2 _q_ TS
E-=1 R (68)
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Then, equations (24) and (26) can be written as
Yl = anR? 69
Myp = ATRHyy, )
AR P, ¢ + mefr/R
Lmay = eff + mefy /R (70)
K R—Zmeff
with
qgu UDrU  U?
_ q - 71
Heff PTE T T4xR T 8aRY @)
P = P +%+u72 (72)
of T " 4R T 8nRY

where we have followed the terminology used in [2-4] and call y1,¢¢ and P, ¢ the “effective density” and
the “effective pressure”, respectively. The meaning of these variables will become clear in the discussion
below, however we remark at this point that in the static and QSR cases, the effective variables coincide
with the corresponding physical variables. (in what concerns their radial dependence).

Next, from (69)-(72), with (65) we may write

1 r

—3Meff :/0 47tr2yeffdr, (73)
1 A r 47TR3Peff + Meff
P <Az> B /rz R(R —2m,gf) ar 7

From the above, it follows at once that if R = «(t)r and p, s shares the same radial dependence
as p in the static case, then obviously the radial dependence of 1, will be the same as in the static
case. The inverse is true of course, if the radial dependence of m, ff is the same as in the static case,
then i, shares the same radial dependence as y static.

On the other hand, if besides the assumption above, we assume that P, ff shares the same radial
dependence as P static, then it follows from (74) that A shares the same radial dependence as in the
static case.

All these considerations provided the rationale for the algorithm as exposed in [4]. Thus, the
proposed method, starting from any interior (analytical) static spherically symmetric (“seed”) solution
to Einstein equations, leads to a system of ordinary differential equations for quantities evaluated
at the boundary surface of the fluid distribution, whose solution (numerical), allows for modeling,
dynamic self-gravitating spheres, whose static limit is the original “seed” solution.

In this work, motivated by our interest in resorting to purely analytical methods we shall modify
the algorithm described in [4].

Specifically, the main steps of the formalism we propose may be summarized as follows.

"

1. Take an interior (““seed”) solution to Einstein equations, representing a fluid distribution of

matter in equilibrium, with a given

Hst = .ust(r); Pt = Prst(r)-

2. Assume that the r dependence of the effective density is the same as that of ji5t, and R = r«(t).

. Impose the vanishing complexity factor condition.

4. From the two conditions above we are able to determine the metric functions up to two arbitrary
functions of t.

5. For these functions of t one has the junction condition (33).

w
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6. In order to determine the remaining function and to integrate analytically (33) we have a large
number of possible strategies. Here we shall mention some of them, which may be based on
the information obtained from the observables of the collapsing star. Such observables are the
luminosity and the redshift. Alternatively we may assume additional heuristic constraints on
some other physical variables, or ad hoc mathematical conditions based in previous works on
gravitational collapse, or simply justified by the fact that it allows a simple integration of (33).
We list below some possible strategies of the kind mentioned above.

* Assuming a specific luminosity profile obtained from observations and using (36) or (37)
we obtain a relationship between the two arbitrary functions of ¢ mentioned above, thereby

reducing (33) to an ordinary differential equation for one variable.
* Assuming a specific form tor the evolution of the redshift we obtain again a relationship

between the two arbitrary functions of ¢
* We may consider a specific pattern evolution of the areal radius of the star, or equivalently

of its velocity (Us). This could be useful if for example we want to check the possibility of a

bouncing of the boundary surface.
¢ Assuming different profiles of either one of the two arbitrary functions of ¢, we can look for

conditions allowing the formation (or not) of a horizon, according to (40).

6. Modeling

We shall now proceed to implement the approach for modeling that we propose, and illustrate it
by means of two examples.
Let us first write the general expressions for the field equations and Y7r. Using (14)—(17), (46) and

(65), we obtain
1 /2B &\ % 1 /1 2B'\1 1
— (24D ) (22 )24 — 7
S7p A2<B+K>K B2<r B>r+r21c2’ 79)
1 (& B A%
amg=—— (= ———-"— 7
e AB(TK rB AK)' 76)
1 |2k 2A  k\ k
pp=—— | (2 _E)E
Sy AZ[K (A K)K]
1 /2A7 1\1 1
—(E ) 77
+B2<A +r>r r2x2’ 77)
87tP —_i §+E_é §+E +%
L7 A2|B'xk A\B «) ' Bk
1 [A" A'B A" B'\1
+W[A_AB+(A_B)J’ (78)
and

o — L[E_B_ A(B
TF= 42 |x B A\B «
1 [A” A /B 1
+W[A__A<B+r”' @)

Let us first consider the g = 0 case, which using (76) produces

1 (% B\ Ak
r(K‘B>‘AK—0 50
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Since at r = 0, A is different from zero, we must impose
¢ B
g =5 = B separable, (81)
and
A'k .
== 0, = A= A(t), (geodesic). (82)

Since the geodesic case in the PQSR should be dismissed by reasons exposed before, we shall
consider exclusively dissipative systems.
Then since g # 0, it follows from (76) that B is separable

B(r,t) = x(t)B(r), (83)
here 8 is an arbitrary dimensionless function of r, and

A’k
4tg = —A—Kﬁ (AK) . (84)

It is worth stressing that using (83) in (10) it follows at once that o = 0. Thus all our models will
be shear—free.
Next, assuming Y7r = 0 we obtain from (79)

A// B ﬁ(r)/ 1
e B(r) + Py (85)
whose solution reads
A= uc/ﬁ(r)rdr+f(t), (86)

where f is arbitrary function of integration, and, by reparametrizying ¢, another function of integration
has been put equal to & = constant = 1, with dimensions [1/7?].
Then eqs.(75)—(78) take the form

-2 !
= 2 ()4 &)

A2 2 B2 \r B r2x2’
arK
47—“’7 = _AZKZI (88)
1 (2k 2fk &2
b =7 (K‘AKﬂz)
1 2afr 1 1
T ( A +r> T 2 ®9)
1 [2k 2fk &2
S7PL =71 (K‘A;cﬂcz)
1 (2ap P
o (- 5). (90)
where A is given by (86).
Also, from (89) and (90)

1 1 ! 1
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qrBr %2 (3 _ 2ar2[3

Peff = 1+ A 8mwA22 A

).

1 (& &f 2
Popp=P+—— (=L )4 ———
off = a2 (K KA) t 8raz

where A is given by (86).
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(92)

(93)

We shall now use the equations above to present some analytical models of collapsing objects. It

should be stressed that the obtained models are presented with the sole purpose of illustrating the

method, and not to describe any specific astrophysical scenario.

6.1. A model with homogenous effective energy—density

The first model, is obtained by taking as our “seed” solution the well known Schwarzschild interior

solution characterized by homogeneous energy-density and isotropic pressure.

Thus, assuming p.rr = F(t), where F(t) is an arbitrary function with units [1/ r2], we obtain from

(73),
47tr3k3F(t
Meff = 3 ( )’ (94)
and with (22) and (68) we have
1 1 8K F(t)
(1= ) =222
2(1-7) -5 95)
then 1
2 _
pr= 1—cr?’ 6)
where c is a constant, with the same units as F(t), given by
2
_ 8mx F(t). ©@7)
3
With this we have for A N
A:f(t)—;vl—crz, (98)
and for the field equations
2.2
8y = 3K 5 i;, (99)
(cf —av1-— crz) 2 K
ac?ri
4mtg = — T (100)
(cf —av1— crz> K2
2 o ;. .2
8nP, =8nP, = - ¢ . Z® 2cfk s
(cf—uu/l—crz) K (cf—a\/l—crz);c K
V1=cr2
i 2ca/1 —cr _%. (101)
(cf —av1-— crz) k2 K
On the surface %, from (33) or (34) we obtain
) 2cfxi ,2 ¥ , 32 (1—cr?)
2Kk — + &% = 2ark = 4daf\/1—cr? —cf — ———=. (102)

(cf - am)

c
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Redefining « as
I — (103)
1—crz
equations (98)—(102) become
1—cr?
A=f— , 104
f 1— cr? (104)
3i? 3
87 =  +2, (105)
K
( f _ 1—cr22 ) 2
1—crs
dmg = — = — (106)
) _ 1—cr? 2
1—crg ( f e )
) 2 1—cr?
. . 2 1—cr2
87P, = 87P, = — L %— 2/% |+ - — -
) [ 1=cr? [ 1=cr? 2
(f - 115:%> <f 1cr%> (f lcr%) K
(107)
and .
P S LS S SY S T (108)
(f=1) W1 - cr%
Introducing the new variable
X = Vel -1), (109)
(108) reads
oxk — ZAE g2 ZTER 2o X (110)
1-— cr%
Next, using (30), (35) and (106) we obtain for the luminosity on the surface
3
Ly = — Cer " (111)
y1-ers(f=1)
or using (41), we obtain for the luminosity at infinity
3 ; 2
L= — b < 1—cr2 + f”Zl> : (112)
NEREEIT
Also, observe that using (38) for this model, we obtain for the redshift at the boundary
_F-D(Bs—1) —rsps 13
f -1+ K?’zﬁz
and the time for the formation of a horizon is determined by the equation
£ o1 (114)

Bsrs

f—1
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Thus, the model is completely determined up to two functions of ¢ (f and x). As mentioned before,
in order to determine these two functions we have a large number of possible strategies. Here we shall
resort to heuristic mathematical conditions, in order to fully determine the system.

As a first example we shall assume a heuristic mathematical condition on x. Thus, we shall next
consider the case where « has the linear form

K = Kot + K1, (115)

where xg and « are arbitrary functions. Then, introducing (115) in (110) we obtain

2fxo 1
= , 116
F-DF+b)(f b)) mt+r (1)
whose solution is
(f =DM (f + 1) (F 4 b)) =
c(b1+1)(b2+21)(b1—b2)
C(K()t + Kl) 0 ’ (117)
where C is a constant and b; and b, have the following values
by=—2+,/1— Kocﬂ (118)
b= -2 1- 22, (119)
with )
Ko = Ko — L. (120)
1—cr

In order to obtain f we have to solve the algebraic equation (117), for any given set of constants.

Thus, for example, for b; = 0, which implies by, = —4, equation (117) reads
(f = 1) e
= C(xot +1x1) "0 . (121)
-9
In general for the particular solution (117) the physical variables read
1 3x3
8ryu = 0 +3c|, 122
H= ot +11)? a2\’ (122
f - 1—cr%
dmg = — %o (123)

2/
1—cr2
\/1 = crd(xot + x1)2 (f 1_;%)
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2K0f K%
8nP, =8nP, = 5~ > (124)
—cr2 —cr2
(Kot + x1) <f - 113%) (Kot + x1)? <f - 115:%)
1—cr?
1 2¢ 1—cr§
5 —cl, (125)
(K0t+K1) Fo 1_ecr?
17cr%
whereas for the luminosity we obtain
3
cry K
Ly = — £0 (126)

1/1—cr%(f—1)2‘

Observe that in this particular case the condition for the formation of the horizon as implied by
(114) implies f = constant, which obviously contradicts (121). Thus no black hole results from the
evolution of such a model.

As a second example we shall next consider the particular case X =constant, for which (110)

becomes
2Kic + k2 — 2ek = &, (127)
where )
=X i=p2(-X2+2VcX), (128)
1—cr2

and now dot denotes differentiation with respect to the dimensionless variable t/ry.
By introducing the variable

k:zﬁkzk%:z%, (129)
the equation above becomes
21{@ + 1(22 —2ez) = ¢ (130)
dx  «x K
whose solution reads 2
pmgo SVEER (131)
VK
where
2 14+ 1+ 2
_“ 2
h_,y Ink£4/14+9x?Fln K172 , (132)

and <y is an arbitrary constant.

We shall not elaborate further on these models, since the resulting expressions are too cumbersome,
and our sole purpose here is to illustrate the way of using the proposed formalism, and not describe
any specific astrophysical scenario.

7. A model obtained from Tolman VI as seed solution

Our next model is inspired in the well known Tolman VI solution [52], whose equation of state for
large values of y approaches that for a highly compressed Fermi gas.
Thus we assume
8(t)

Meff = =57 (133)
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where g is an arbitrary (dimensionless) function of t. Using the above expression in (69) it follows

Mepp = 4rtidg(t)r, (134)

and replacing (134) into (68) we obtain

‘312 =1-8mxkg(t) =1—c, (135)

where c and f are dimensionless constants.
Then using (65), (83), (86), (135), and redefining the constant « as

o= 2/ 12— C, (136)
s
the metric variables for this model read
r\2
A = f)+ () , (137)
s,
K
B — = B, (138)
1—c¢
R = «x(b)r, (139)

and the expressions for the physical variables are

8y = Kz(gi 7 + fj}(z_ﬁi, (140)
g = _1c2/3r}2:(2g+f)2/ (141)
Lz P e
87(P,—P)) = —gzxzri, (143)
whereas the junction condition, the luminosity and the redshift read
2tk — (szffi) +1’<2—4ﬁ% - ﬁf;%(fﬂ)— ﬁ;;; (f +1)2 (144)
Ly = /3(;221{1)2 (145)

and (F+1)(B—1) —krsp
- — — Kry,
SRR N Ry, S (147)
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implying that the time for the formation of a horizon is determined by the equation
K 1
=——. 148
[ Brs (148)

It would be convenient to write (144) in terms of the dimensionless variable f = t/ry,, it reads

2f ik ko4 -1
2i€1<—<f]ii_1)+1'<2—4ﬁ:/32(f+1)—(ﬁﬁ2)(f+1)2, (149)
where now dots denote derivatives with respect to f.

As in the precedent case we have a large number of possible strategies to obtain the two functions
of t determining the whole system. Thus we could consider for example the f = constant case, or the
assumption of the linearity of x. In both cases the procedure is very similar as in the preceding case.
Instead, we shall propose a different approach here.

Specifically we shall split (149) in two equations, as follows

2k + k2 — 4% =0, (150)
k. 2

Equation (150) may be integrated producing

—2wby/k + b?k 4 2w? In (w + by/x)
b3

=t+7, (152)

where w and v are two integration constants and b = 4/p.

Solving the above transcendental equation for x and feeding the result back into (151) we obtain
f.

Once the functions of time are determined, we have to resort to a transport equation (e.g. (12)) in
order to find the distribution and evolution of the temperature.

As in the previous example, the resulting expressions are too burdensome and not very
illuminating, so we shall not elaborate further on them.

8. Discussion and Conclusions

We have proposed an analytical approach to describe spherical collapse within the context of
PQSR. To avoid the numerical integration of differential equations appearing in the algorithm put
forward in [1-4], we have assumed the vanishing complexity factor as the cornerstone of the proposed
method. Doing so, starting with a given “seed” static analytical solution to the Einstein equation, we
are led to a situation where the whole system is determined by two arbitrary functions of ¢. These
functions are related through the junction condition (33). For the additional information required to
obtain the above mentioned functions, we have presented a list of possible strategies, based on either
information obtained from observables such as luminosity and gravitational redshift, or from ad hoc
heuristic mathematical conditions imposed on the system. It goes without saying that the presented
list is not exhaustive, and much more possibilities can be considered. This last issue remains one the
most important pending question regarding our approach.

Invoking the vanishing complexity factor as the main assumption behind the proposed approach
is not arbitrary, and its rationale becomes intelligible when we remind that the complexity factor has
been shown to be a good measure of the degree of complexity of a fluid distribution. Thus, assuming
such a condition we ensure that we are dealing with the “simplest” fluid distributions available within
the PQSR, in concord with one of the main goals of our endeavor consisting in describing gravitational
collapse in its simplest possible way.
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There is an additional argument reinforcing the assumption of vanishing complexity factor within
the context of PQRS. Indeed, as we have seen, all models obtained with the approach here presented,
are necessarily shear-free. On the other hand, as shown in [53], the shear—free condition is unstable in
the presence of pressure anisotropy and/or dissipation. However, writing the complexity factor in
terms of kinematical variables as

/ l . 2
YTF:%—a%+a2—%—%—§®a, (153)
it can be shown that the vanishing of the complexity factor implies the stability of the shear—free
condition in the geodesic case (seen [53] for details). In the non—geodesic, static, case the combination
of the first three terms on the right of (153) must be equal to zero if we assume the vanishing of the
complexity factor, implying in its turn that such combination must remain non-vanishing but small
(bounded) in the PQSR. In such a case we may safely conclude that the quasi—stability of c = 0 is

ensured (see the discussion between Egs.(63) and (67) in [53]).

Conditions on the complexity of the pattern of evolution such as H and QH, appear to be too
strong and have to be excluded since they lead to geodesic fluids, which as mentioned before are
physically incompatible with the very idea behind the PQSR.

Also, the adiabatic condition implies that the fluid is geodesic, accordingly we have considered
exclusively dissipative fluids.

In order to illustrate the method we have presented two models. One is based on the interior
Schwarzschild solution as the “seed” solution, whereas the other is inspired in the well known Tolman
VI solution. The purpose of these calculations was to show how the algorithm works. In order to
provide the missing information we have resorted to some mathematical ansatz. Of course it would be
desirable to supply such information with physical data obtained from astrophysical observations,
among which the luminosity and the gravitational redshift appear to be the most relevant. Such a task
is out of the scope of this manuscript, but remains as the most important issue related to the discussion
here presented.
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