Pre prints.org

Article Not peer-reviewed version

Magnetic Black Hole Thermodynamics
in an Extended Phase Space with
Nonlinear Electrodynamics

S. 1. Kruglov *
Posted Date: 12 March 2024
doi: 10.20944/preprints202402.0478v2

Keywords: Einstein's gravity; black holes; thermodynamics; Smarr relation; Gibbs free energy; Anti-de Sitter
spacetime

Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions.of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.




Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 March 2024 d0i:10.20944/preprints202402.0478.v2

from any ideas, methods, instructions, or products referred to in the content.

Article
Magnetic Black Hole Thermodynamics in an Extended
Phase Space with Nonlinear Electrodynamics

S. I. Kruglov

Department of Physics, University of Toronto, 60 St. Georges St., Toronto, ON M5S 1A7, Canada, Canadian Quantum Research
Center, 204-3002 32 Ave., Vernon, BC V1T 2L7, Canada; serguei.krouglov@utoronto.ca

Abstract: We study Einstein’s gravity coupled to nonlinear electrodynamics with two parameters in Anti-de
Sitter spacetime. Magnetically charged black holes in an extended phase space is investigated. We obtain the
mass and metric functions, their asymptotic and corrections to the Reissner—-Nordstrom metric function when
the cosmological constant vanishes. The first law of black hole thermodynamics in extended phase space is
formulated and the magnetic potential and the thermodynamic conjugate to the coupling are obtained. We proved
the generalized Smarr relation. The heat capacity and the Gibbs free energy are computed and phase transitions
are studied. It was shown that the electric field of charged objects at the origin and electrostatic self-energy are

finite within the nonlinear electrodynamics proposed.

Keywords: Einstein’s gravity; black holes; thermodynamics; Smarr relation; Gibbs free energy; Anti-de Sitter

spacetime

1. Introduction

It was understood that black hole area has the role of the entropy and the temperature is connected
with surface gravity [1-5]. The importance of gravity in AdS space-time is due to the holographic
principle (a gauge duality description) [6] which has applications in condensed matter physics. Firstly
black hole phase transitions in Schwarzschild-AdS spacetime were studied in Ref. [7]. The negative
cosmological constant, in an extended phase space black hole thermodynamics, is linked with a
thermodynamic pressure conjugated to the volume [8-11]. The cosmological constant variation was
included in the first law of black hole thermodynamics in Refs. [12-17]. But within general relativity the
cosmological constant A is a fixed external parameter. Also, such variation of A in the first law of black
hole thermodynamics means consideration of black hole ensembles possessing different asymptotics.
This point of view is different from standard black hole thermodynamics, where parameters are varied
but AdS background is fixed. There are some reasons to consider the variation of A in black hole
thermodynamics. First of all physical constants can arise as vacuum expectation values and not fixed
a priori, and therefore, may vary. As a result, these ‘constants’ are not real constants and may be
included in the first law of black hole thermodynamics [18,19]. The second reason is that without
varying the cosmological constant the Smarr relation is inconsistent with the first law of black hole
thermodynamics [13]. When A is inserted in the first law of black hole thermodynamics, the mass M
of black holes should be treated as enthalpy but not than internal energy [13]. The first law of black
hole thermodynamics can be formulated within Einstein’s gravity if one includes the VdP term. This
requires to introduce a negative cosmological constant A as a positive pressure P = —A/(87). As a
result, we come to AdS space-time. It should be noted that thermodynamic pressure P is different
from the local pressure which is present in the energy-momentum tensor. The conjugate variable to P
is the thermodynamic volume V = 47113 /3, where r. is the event horizon radius of a black hole.

In this paper, we study Einstein-AdS gravity coupled to nonlinear electrodynamics (NED) with
two parameters, proposed here, that allows us to smooth out singularities. First NED was Born-Infeld
electrodynamics [20] without singularities of point-like particles possessing the electric self-energy
finite and at weak-field limit it is converted into Maxwell’s theory. Our NED model has similar
behaviour. We will study magnetic black holes and their thermodynamics in the Einstein-AdS gravity
in the extended phase space. The NED model, with coupling B and dimensionless parameter o
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proposed here, is of interest because it includes model [21] for ¢ = 1. This united approach allows us
to find similarities and differences for different models.

The structure of the paper is as follows. In Section 2 we find the mass and metric functions
and their asymptotic. Corrections to the Reissner-Nordstrom metric function are obtained when
the cosmological constant is zero. We proof the first law of black hole thermodynamics in extended
phase space and obtain the magnetic potential and the thermodynamic conjugate to the coupling.
The generalized Smarr formula is proved. The Gibbs free energy is calculated and depicted for some
parameters and phase transitions are studied in Section 3. In Appendix A we obtain the electric field
of charged objects and corrections to Coulomb’s law. We show that the electrostatic self-energy of
charged particles is finite in Appendix B. In Appendix C we obtain the metric which is a solution of
the Einstein-Maxwell system. Section 4 is a discussion of results obtained.

We use units withc =h = kg = 1.

2. Einstein-AdS Black Hole Solution

The action of Einstein’s gravity in AdS spacetime is given by
R —-2A
_ [
= /d X/~ (167‘(G (f)), 1)
where G is the gravitation constant, A = —3/1? is the negative cosmological constant and [ is the AdS

radius. We propose the NED Lagrangian as follows:

J’.‘

S

(2)

where F = FIE,, /4 = (B?> — E?) /2 is the Lorenz invariant and E and B are the electric and magnetic
fields, correspondingly. The coupling 8 > 0 has the dimension L*, and the dimensionless parameter
o > 0. The weak-field limit of Lagrangian (2) is the Maxwell’s Lagrangian. The Lagrangian (2) atc = 1
becomes the rational NED Lagrangian [22]. The NED Lagrangian (2) for some values of ¢ was used in
the inflation scenario [23-26]. From action (1) one finds the Einstein and field equations

1
Ryy — ngR + Aguy = 87GTyy, 3)

9 (/—gLFF™) =0, @)
where Lr = 0L(F)/0F. The energy-stress tensor reads
Tyw = prvaﬁ]-' +gyv£(}—)- )

We consider here spherical symmetry with the line element

ds* = —f(r)dt?> + f(lr)dr2 + 72 (d92 + sinz(G)dcj)z). (6)

The magnetic black holes possess the magnetic field B = q/r?> where g is the magnetic charge. The
metric function is given by (see Appendix C and [27])

fr)=1-—"—, )

with the mass function

m(r) = my +47T/p(r)r2dr, 8)
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where my is an integration constant (the Schwarzschild mass) and p being the energy density. We

obtain the energy density
8nGI?

where the magnetic energy density found from Equations (2) and (5) is
2rie=1)

PM = St + 2B)”

Making use of Equations (8) and (9) we obtain the mass function

2 40—1 4 3
- qcr _1 ) %__ r T
m(r) = mgy + —2(40_ 1)(q2ﬁ)‘7F<a 4,U,U—|— v 6]2,3> CR’ (10)

where F(a, b; c; z) is the hypergeometric function. The magnetic energy is given by

7T (0 —1/4)T(5/4)

2‘[31/41"((7) ’ (1)

my = 4:7t/0oo pM(r)err =

where I'(x) is Gamma-function. Equation (11) shows that at the Maxwell’s limit § — 0 the black
hole magnetic mass diverges. Therefore, a smooth limit to Maxwell’s theory is questionable. From
Equations (7) and (10) one finds the metric function

B 72m0GN7 qur4‘7_2 1 gii ﬁ
f(r)y=1 . (4071)(&]2@0}" 1o 4,0,0+4, por +Zz. (12)

We use the relation [28]

N @ a(a+1Db(b+1) ,
F(a,b;c;z) =1+ : Z+—c(c+1) z° 4 ..., (13)

for |z| < 1, which will be used to obtain the asymptotic of the metric function as r — 0. When the
Schwarzschild mass is zero (1mg = 0) and as r — 0, the asymptotic is

1,2 GqZ r4¢7—2 G0.1,417+2
f(r) =1+ 2 (qzlg)o(40-, 1) + ﬁ0+1q2¢7(4a+3)

+ O(r* 1), (14)

Equation (14) shows that at o > 1/2 a singularity of the metric function f (r) is absent. In addition, to
avoid a conical singularity at r = 0 we also should set 40 — 2 > 1 (¢ > 3/4). It worth noting that the
magnetic energy density ppy is finite at = 0 only if o > 1. Therefore, to have regular black holes one
has to assume that ¢ > 1. Then from Equation (14) we find f(0) = 1 that is a necessary condition to
have the spacetime regular. We explore the transformation [28]

o _T@T-a), ., | E
F(a,b,c,z)—r(b)r(c_a)( z) "Fla,1—c+a;1 b+a,z
KOTa—b), | 1
F(a)F(c—b)( z)"°F(b,1—c+b;1 a+b,z , (15)
to obtain the asymptotic of the metric function as r — co. By virtue of Equations (13) and (15) we find
B 2(mg +mpy)G  ¢°G 15 ¢°B r?
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where the relation I'(1 + z) = zI'(z) and F(a,0;c;z) = 1 were used. Making use of Equations (13) and
(16) as r — oo when the cosmological constant vanishes (I — o) we find

2MG N 7*G  q*BoG

r r? 5r6

flr)=1- +0(™), (17)
where M = mg + my,; is the ADM mass (the total black hole mass as r — o). It follows from Equation
(17) that corrections to the Reissner-Nordstrom solution are in the order as O(r~®). When  — 0 the
metric function (17) is converted into the Reissner-Nordstrom metric function. The plot of metric
function (12) is given in Figure 1 withmy =0,G=g9=1,=0.1,] =5.

_3 . . . . .

r

Figure 1. The function f(r) atmy =0,G =1,q =1, p = 0.1, ] = 5. Figure 1 shows that black holes
may have one or two horizons. When ¢ increases the event horizon radius r decreases.

In accordance with Figure 1, if parameter ¢ increases the event horizon radius r; decreases.
Figure 1 shows that black holes can have one or two horizons. It should be noted that when we set
G = ¢ = I = 1 as in Figure 1, we come to Planckian units [29]. Then in this case if one has, for example,
dimensionless event horizon radius r4 = 1 (as in Figure 1), in usual units ;. = Ip; = (Gh/c®)1/? =
1.616 x 10733 cm, where Ip; is Planck’s length. When the dimensionless mass is m = 2, for example, in
usual units m = 2 x mp; = 2 x (hc/G)V/? =2 x 2.177 x 107> g, where mp; is Planck’s mass. Because
in Figure 1 the event horizon radius is small we have here the example of tiny black holes (primordial
black holes). Such black holes could be just created after Big Bang. It is worth noting that such an
example of quantum-sized black holes are described here by semiclassical gravity.

3. First Law of Black Hole Thermodynamics

The pressure, in extended phase space thermodynamics, is defined as P = —A/(87) [13,14,17,30].
The coupling S is treated as the thermodynamic value and the mass M is a chemical enthalpy so that
M = U + PV and U being the internal energy. In the following we will use Planckian units with
G = ¢ = I = 1. By using the Euler’s dimensional analysis [13,31], we have dimensions [M] = L,
S| =1 [P]=L"2 [J] = L? [q] = L, [B] = L* and
oM oM oM

M—ng—zpﬁ—kﬂ ]+ —+2ﬁaﬁ (18)
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where ] is the black hole angular momentum. In the following we consider non-rotating black holes
and, therefore, | = 0. The thermodynamic conjugate to coupling 8 is B = dM/dp (so-called vacuum
polarization) [10]. The black hole volume V, entropy S are defined as

4
V= gnri, S=nmr. (19)

From Equation (16), and equation f(ry) = 0, where r is the event horizon radius, one finds

2 2 3

'+ 19 L5 9P 5

_ rlo 2.2._ ) 2
M(ry) =5+ 5, <0,4,4, At (20)

Making use of Equation (20), we obtain

4 r 5r7, rd
4 2
qo 59 g¢ ,8)
- Flo+1,-;>,——~ |dB. (21)
1072, 474" 4
Here, we have used the relation [28]
P . e
AR b;6z) @b p 1 b 1,0 41;2). (22)
dz c
Defining the Hawking temperature
_ S )lr=r,
where f'(r) = 0f (r)/dr, and by virtue of Equations (16) and (23), we obtain
A1 w15 @B\ d0q'p 59 ¢
"=l e r1F<‘7’4’4’ A )T P\t ey A )| -

At B = 0in Equation (24), one finds the Maxwell-AdS black hole Hawking temperature. The first law
of black hole thermodynamics follows from Equations (19), (20) and (24),

dM = TdS + VdP + ddq + Bdp. (25)

From Equations (21) and (25) we obtain the magnetic potential & and the thermodynamic conjugate to
coupling B (vacuum polarization) B

i 4" 4’ r 5r°, r
4 2
oy 59 g8
B=-19 R sl 26
107 <U+ 1'% ri) )

The plots of ® and B versus . are depicted in Figure 2.
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Subplot 1: m0=0, G=1, B=0.1, g=1 Subplot 2: m0=0, G=1, B=0.1, g=1
1.8 T 0
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Figure 2. The functions ® and B vs. v atq =1, B = 0.1. The solid curve in subplot 1 is for ¢ = 0.75,
the dashed curve is for ¢ = 1, and the dashed-doted curve is for o = 1.5. It follows that the magnetic
potential @ is finite at 7y = 0 and becomes zero as ry — o0. The function B, in subplot 2, vanishes as
r4+ — oo and is finite at v = 0.

Figure 2, in the left panel, shows that as r, — oo the magnetic potential vanishes (P (c0) = 0),
and at v+ = 0 ® is finite. If the parameter ¢ increases, ®(0) decreases. According to the right panel of
Figure 2 at vy = 0 the vacuum polarization is finite and as ¥y — oo, B vanishes (B(c0) = 0). When the
parameter ¢ increases, B(0) also increases. With the aid of Equations (19), (24) and (26) we find the
generalized Smarr relation

M =2ST — 2PV +qd + 28B. (27)

4. Thermodynamics of Black Holes
To study the local stability of black holes one can analyze the heat capacity

o aj - T8§/8r+ - 27T1"+T
C= T<8T>q T 9T/ory  oT/ory’ (28)

Equation (28) shows that when the Hawking temperature has an extremum the heat capacity possesses
the singularity and the black hole phase transition occurs. With the help of Equation (24) we depicted
in Figure 3 the Hawking temperature as a function of the event horizon radius.
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Subplot 1: B=0.1, g=1, I=10 Subplot 1: B=0.1, g=1, I=10
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Figure 3. The functions T vs. r4 atq =1, B = 0.1, [ = 10. The solid curve in left panel is for o = 0.75,
the dashed curve is for ¢ = 1, and the dashed-doted curve is for ¢ = 2. In some interval of r; the
Hawking temperature is negative and, therefore, black holes do not exist at these parameters. There
are extrema of the Hawking temperature T where the black hole phase transitions occur.

For the case ¢ = 1 the analysis of black holes local stability was performed in [21]. The behavior
of T and C; depends on many parameters. By virtue of Equation (24) we obtain

oT 1 1 3 34 15 ¢%°B 32098 59 4°8
R _ 7F e _.__ 1~ _ F 1 T N
r%r—klz—i— <0,4,4, 7 o+ o

E - ri i 57‘3_ Ti
632 2
PG e Y PR R A (29)
9r+ 4" 4 ri

Equations (24) and (29) define the heat capacity (28). Making use of Equations (24), (28) and (29), one
can study the heat capacity and the black hole phase transition for different parameters 8, o, g and /.
With the help of Equation (24) we obtain the black hole equation of state (EoS)

T 1 7% [ 15 ¢°B\ 44%Bc 59 ¢*B }
P=_——— + Flo,— =15 ) = Flo+1,55-5- || 30
T e ( g rYTA G0)

The specific volume is given by v = 2[pr_. (Ip = VG =1)[11]. Equation (30) is similar to EoS of the
Van der Waals liquid. Putting v = 2r, into expression (30) we obtain

2 2
P:Z ! +2q [F<U’i;i;_16ﬂl,3)

v 2m? ot vt
APBTp (4 3,9, 160 (31)
50 i

The plot of P vs. v is given in Figure 4.
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Figure 4. The functions Pvs. vatg =1, 8 = 0.1, T = 0.05. The solid line is for ¢ = 0.75, the dashed
curve is for ¢ = 1, and the dashed-doted curve is for o = 1.5.

The critical points (inflection points) are defined by equations dP/dv = 0, 3*P/9v? = 0 which
look cumbersome, so that we will not present them here. The analytical solutions for critical points
do not exist. The P — v diagrams at the critical values are similar to Van der Waals liquid diagrams
having inflection points.

Because M is treated as a chemical enthalpy the Gibbs free energy reads

G=M-—TS. (32)

Making use of Equations (19), (20), (24) and (32) we obtain

3 2 2
ry 2nri P 3q 15 g8
=— - +—Flo, - - ——F
¢ 4 3 4ry Ty

4 2

q° o 59 qﬁ)

- Flo+1,2;2;,-1F . (33)
Sri < 4" 4 4

The plot of G versus T is given in Figure 5 for § = 0.1,4 =1, 0 = 0.75.
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Subplot 1: 6=0.75, P=0.0015 Subplot 2: 6=0.75, P=0.002
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Subplot 3: 6=0.75, P=0.003 Subplot 4: 6=0.75, P=0.004
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Figure 5. The functions Gvs. Tatg =1, = 0.1, ¢ = 0.75 for P = 0.0015, P = 0.002, P = 0.003 and
P = 0.004. Subplots 1 and 2 show the critical 'swallowtail” behavior with first-order phase transitions
between small and large black holes. Subplots 3 corresponds to the case of critical point where second-
order phase transition occurs (P ~ 0.003). Subplots 4 shows non-critical behavior of the Gibbs free
energy.

The critical points and phase transitions of black holes for o = 1 were studied in [21]. One can
investigate black holes phase transitions in our model for arbitrary ¢ with the help of Gibbs’s free
energy (33).

It should be noted that analytical expressions obtained can be applied for black holes of any sizes. In
Figures 1-5 we have considered examples only for tiny black holes (quantum black holes).

5. Summary

We have obtained magnetic black hole solutions in Einstein-AdS gravity coupled to NED with
two parameters which we propose here. The metric and mass functions and their asymptotic with
corrections to the Reissner-Nordstrém solution, when cosmological constant is zero, have been found.
The total black hole mass includes the Schwarzschild mass and the magnetic mass that is finite. We
have plotted the metric function showing that black holes may have one or two horizons. When
parameter ¢ increases the event horizon radius r; decreases. Figures 2—4 show how other physical
variables depend on ¢. The black holes thermodynamics in an extended phase space was studied.
We formulated the first law of black hole thermodynamics where the pressure is connected with the
negative cosmological constant (AdS spacetime) conjugated to the Newtonian geometric volume of
the black hole. The thermodynamic potential conjugated to magnetic charge and the thermodynamic
quantity conjugated to coupling 8 (so called vacuum polarization), were computed and plotted. It was
proofed that the generalized Smarr relation holds for any parameter o. We calculated the Hawking
temperature, the heat capacity and the Gibbs free energy. The analyses of first-order and second-order
phase transitions were performed for some parameters. The Gibbs free energy has shown the critical
‘swallowtail” behavior that is similar to the Van der Waals liquid—gas behavior. Figure 5 shown a
first-order phase transition with Gibbs's free energy which is continuous but not differentiable but
for a second order transition the Gibbs free energy and its first derivatives are continuous. The same
feature was firstly discovered for another model in [11]. It was shown within the NED proposed that
the electric field of charged objects at the origin and electrostatic self-energy are finite. It should be
noted that the first law of an electric black hole thermodynamics in the Einstein-Born-Infeld theory
and other problems were originally studied in Ref. [11].
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Appendix A

Making use of Equation (4) the Euler-Lagrange equation gives

Vu(LrF") =0, (A1)
where L 2(c—1)F -1
0’ J— J—
= = . A2
Lr=37 471(1+2BF)7+1 (42)
The equation for the electric field, with spherical symmetry and Equation (Al), becomes (F =
—E*(r)/2)) .
1d(PE(r)Lr) _
. e =0. (A3)

By virtue of Equation (A2) and integrating Equation (A3), we obtain

E(0)(1+ B0~ DEW?) _ Q
(= (ECD™ Ay

where Q is the electric charge (the integration constant). At f = 0, Equation (A4) gives the Coulomb’s
electric field Ec(r) = Q/r%. Itis convenient to define unitless variables

Then Equation (A4) becomes
I+(c—-1y?) 1
y((1 _((;2)a+)1y ) 2 (A6)

From Equation (A6), we obtain for small x (and small r)
y=1+0(x). (A7)
Making use of Equations (A5) and (A7) one finds as r — 0

E(r) = —— + O(r). (48)

VB

As a result, we have the finite value of the electric field at the origin E(0) = 1/,/p that is the maximum
of the electric field. The plot of y versus x is depicted in Figure Al for o = 0.75, 1.5, 2.
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Figure Al. The function y vs. x atc = 0.75, 1.5, 2.

We obtain from Equation (A4) as ¥ — oo

E(r) = % + 0. (A9)

Equation (A9) shows that corrections to Coulomb’s law are in the order of O(r~*). According to
Equation (A7) and Figure A1 the electric field is finite at the origin r = 0 (y = 1), and becomes zero as
r — oo. Because of nonlinearity of electric fields, an electric charge is not a real point-like object and
does not possess a singularity at the center.

Appendix B

By virtue of Equation (5) we obtain the electric energy density

E2 + BE*(20 — 1)
_ 2 p_
p=-ELr-L 8m(1 _IBE2>¢7+1 )

(B1)

Making use of dimensionless variables (A5) one finds the electric energy density

V(o -1)

- 871’,3(1 _y2)0+1' (BZ)

The total electric energy becomes

) Q3/2
&= 471/0 o(r)r*dr = BT

y /1 (1= y?)=V2[1 4 y2(20 — 1)][(202 — 30 + 1)y* + (50 — 2)y> + 1]dy
0 [+ (e =Dy 2Vyly? (e —1) +1]
where we have used Equation (A6). By numerical calculations of integral (B3) we obtain dimensionless
variables £ = £B1/4/(Q3/? which are presented in Table Al.

, (B3)
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Table A1. Approximate values of £ = £81/4/Q%/?

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

£ 1272 1233 1202 1176 1153 1.132 1.108 1.097 1.081 1.067

As a result, in our NED model the electrostatic energy of charged objects is finite. According to
the Abraham and Lorentz idea, the electron mass may be identified with the electromagnetic energy
[20,32,33]. Then one can obtain the parameters ﬁl /4 and ¢ to have the electron mass m, = £ ~ 0.51
MeV. Dirac also considered that the electron can be the classical charged object [34].

Appendix C

We will obtain the solution with magnetic black holes. The tt component of Einstein’s Equation
(3) with spherical symmetry (6) is given by

f/(r) + M — 1+87TG1’(pM(1’) + 871’AG)’ (C1)

where
ou(r) = ~T,' = ~L(r). (c2)

Equation (C1) is a linear first-order equation which belongs to the class of the general equation [35]

y'(x) + P(x)y(x) = Q(x), (C3)

with the solution
y(x) = exp(—I(x)) / Q(x) exp(I(x))dx 4+ Cexp(—I(x)),  (C4)

where C is the integration constant and

I(x) = / P(x)dx. (C5)
Comparing Equations (C1) and (C3) one finds
1 1 A
P) =1 Q)= rsner(pu) +ghe). (O

and y(x) — f(r), x — r. Then from Equations (C4)-(C6) we obtain the solution to the tf component of
Einstein’s Equation (C1)

2Gm(r
f<r>=1+—r( ), (C7)
where we use the notations
3

T
ﬁ, C= ZGmO, (C8)

m(r) = mg +47r/r2pM(r)dr -
with A = —=3/12.
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