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Abstract: The goal of the current study is to analyse several nonlinear two-dimensional time-fractional

Rosenau-Hyman equations. The two-dimensional fractional Rosenau-Hyman equation has extensive use

in engineering and applied sciences. The fractional view analysis of two-dimensional time-fractional

Rosenau-Hyman equations is discussed using the homotopy perturbation approach, adomian decomposition

method, and Yang transformation. Some examples involving two-dimensional time-fractional Rosenau-Hyman

equations are provided in order to better understand the suggested approaches. The solutions appear as infinite

series. We offer a comparison between the accurate solutions and those that are generated employing the proposed

approaches in order to demonstrate the effectiveness and applicability of the proposed techniques. The results

are graphically illustrated using 2D and 3D graphs. It has been noted that the obtained results and the targeted

problems real solutions are quite similar. Calculated solutions at various fractional levels describe some of the

problems useful dynamics. Other fractional problems that arise in other fields of science and engineering can be

solved using a modified version of the current techniques.

Keywords: Yang Transform; Two-dimensional Rosenau-Hyman equations; Caputo operator; Homotopy

Perturbation method (HPM); Adomian Decomposition method (ADM)

1. Introduction

Fractional calculus (FC) is considered to be one of best area of defining problems in the field of science and

engineering. The basic concept of FC arise from the notation of derivative used by Leibniz in his publications.

L’Hopital was the one who arise a question that what the result would be if the derivative order is non-integer [1].

In recent years, derivatives of any order have been extensively used as a potent mathematical tool for modelling

challenging issues. In reality their non-local feature and higher degree of freedom than ordinary derivatives have

been two key factors in capturing scholars’ interest in them [1–4]. One significant class of classical fractional

derivatives that has attracted a lot of attention is the caputo derivative. In fact, this form of derivative is a possible

modification of the usual derivative. The initial conditions needed to solve fractional problems involving this

type of derivative are the same as the initial conditions needed to solve problems with conventional derivatives,

which is one of the good advantages of this derivative (in addition to useful properties expressed for conventional

fractional derivatives) [1]. Recent uses of this kind of fractional derivative include designing an optimization model

for the mosaic disease [5], more accurate modelling of the transmission of the coronavirus disease (COVID-19) [6],

worm transmission design in wireless sensor networks [7], modelling of climate change [8] and many others.

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and 
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Interesting extensions of conventional fractional differentiations are distributed-order (DO) fractional

derivatives. It is widely used to determine such derivatives by integrating simple fractional differentiations

with respect to their orders [9,10]. The behaviour of viscoelastic substances with spatially varying holdings is

a well-known example that illustrates the capability of this family of derivatives [11]. They make a beneficial

relationship between the common and traditional fractional differentiations, as shown in [12]. It is possible to think

of fractional differential equations (FDEs) involving this form of derivative as generalised fractional equations

[10,13]. During the last decades, FDEs have been extensively used in numerous fields of engineering and applied

science [14–20]. Nonlinear differential equations defined most of phenomena in nature. So researchers pay more

attention in different branches of science and engineering try to solve them. But due to involvement of nonlinear

part in these types of equations, finding an exact solution is hard. The solutions of nonlinear FDEs have great

concern both in mathematics and in useful applications. Consequently it is of great interest in the field of research

of fractional models that how to build a reliable technique for to get the approximate solution or exact solution

of FDEs.

Due to its extensive and considerable applications across many fields of sciences and engineering, fractional

partial differential equations (FPDEs) have caught the attention of scientists. Numerous analytical, semi-analytical,

and computational approaches have been developed and put into use to solve these nonlinear mathematical

models that have been found in the literature. We frequently noticed that non-linear (FPDEs) were difficult

to numerically solve. It has been established that analytical methods are essential for resolving these issues.

Numerous analytical techniques have been used for finding the solution of these problems. Such as Laplace

Variational Iteration Method [21], Iterative Laplace transform method [22], Laplace-Adomian decomposition

method [23], approximate-analytical method [24], Reduced Differential Transform Method [25], Optimal Homotopy

Asymptotic Method [26], Natural Transform Decomposition Method [27], Homotopy Analysis Method [28],

Adomian Decomposition Method [29] and many more.

In this study, we have explored an effective classical method for solving two-dimensional Rosenau-Hyman

equations based on the Homotopy perturbation method, the Adomian decomposition method, and the Yang

transform. The Rosenau-Hyman equation was introduced by Rosenau and Hyman [30], and it appears in the

formation of patterns in liquid drops with compaction solutions. In applied sciences and mathematical physics, the

Rosenau-Hyman equation compacton investigations are helpful [31–33]. The general form of two-dimensional

Rosenau-Hyman equation is:

∂βT

∂Υβ
+ a

(

∂

∂ς
(Tn) +

∂

∂φ
(Tn)

)

+

(

∂3

∂ς3
(Tn) +

∂3

∂φ3
(Tn)

)

= 0, (1)

in some continuous domain with initial conditions T(ς, φ, 0) = f (ς, φ). Here, β is any real number.

In the current study, we suggested two novel computational techniques called the Yang transform

decomposition method (YTDM) and Yang homotopy perturbation method (YHPM). The suggested methods

combine the Yang transform with the homotopy perturbation approach and the adomian decomposition method

to produce analytical solutions for the non-integer two-dimensional Rosenau-Hyman equations. The homotopy

perturbation technique was introduced by He [34,35] in 1998. In this technique, the solution is assumed to be the

sum of an infinite sequence that converges rapidly to the exact results. This approach was used to solve both linear

and nonlinear equations. To create YTDM, the decomposition method and the Yang transform are merged. By

eliminating the requirement to calculate the fractional integrals or fractional derivative in the recursive mechanism,

the suggested method enables estimating the series terms easier than the conventional Adomian method [36,37].

The structure of this research study is as follows. Section 2 has covered an introduction to Yang transforms

and their characteristics. In Section 3, the Yang transformation-based Homotopy perturbation method (YHPM) was

covered. In Section 4, the Yang transformation-based adomian decomposition method (YTDM) was covered. To

demonstrate the clarity and precision of the suggested methodologies, a few numerical problems have been done

in Section 5 for examining the solution to the two-dimensional fractional Rosenau-Hyman equation. In Section 6,

the conclusion is covered.
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2. Preliminaries

In this section, along with Yang transform (YT) theory and properties, we have given some basic definitions of

the fractional calculus.

Definition 1. Fractional derivative in Caputo’s manner is given as [38]

D
β
Υ

T(ς, Υ) =
1

Γ(k − β)

∫ Υ

0
(Υ − γ)k−β−1T(k)(ς, γ)dγ, k − 1 < β ≤ k, k ∈ N. (2)

Definition 2. The YT of the function is [35]

Y{T(Υ)} = M(u) =
∫ ∞

0
e
−Υ
u T(Υ)dΥ, Υ > 0, (3)

with u representing the transform variable.

Few properties of YT is stated as.

Y[1] =u,

Y[Υ] =u2,

Y[Υq] =Γ(q + 1)uq+1,

(4)

illustrating the inverse YT as

Y−1{M(u)} = T(Υ). (5)

Definition 3. The YT nth order derivative function is as [35]

Y{Tn(Υ)} =
M(u)

un
−

n−1

∑
k=0

Tk(0)

un−k−1
, ∀ n = 1, 2, 3, · · · (6)

Definition 4. The YT of non-integer order derivative function is as [35]

Y{Tβ(Υ)} =
M(u)

uβ
−

n−1

∑
k=0

Tk(0)

uβ−(k+1)
, n − 1 < β ≤ n. (7)

3. Configuration for HPTM

To describe the fundamental idea of this approach we take the given equation:

D
β
Υ

T(ς, Υ) = R[ς]T(ς, Υ) + S [ς]T(ς, Υ), 0 < β ≤ 1, (8)

with initial guess

T(ς, 0) = ξ(ς).

whereD
β
Υ
= ∂β

∂Υβ is Caputo’s derivative, R[ς], S [ς] are linear and nonlinear operators.

By taking YT, we can write (8) as

Y[D
β
Υ

T(ς, Υ)] = Y[R[ς]T(ς, Υ) + S [ς]T(ς, Υ)], (9)

1

uβ
{M(u)− uT(0)} = Y[R[ς]T(ς, Υ) + S [ς]T(ς, Υ)], (10)

which simplifies to

M(u) = uT(0) + uβY[R[ς]T(ς, Υ) + S [ς]T(ς, Υ)]. (11)

Now by taking inverse YT, we have
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T(ς, Υ) = T(0) + Y−1[uβY[R[ς]T(ς, Υ) + S [ς]T(ς, Υ)]]. (12)

Now in terms of homotopy perturbation method (HPM), Eq. (12) become

T(ς, Υ) = T(0) + ϵ[Y−1[uβY[R[ς]T(ς, Υ) + S [ς]T(ς, Υ)]]]. (13)

Now the HPM having parameter ϵ is given as

T(ς, Υ) =
∞

∑
k=0

ϵkTk(ς, Υ), (14)

with ϵ ∈ [0, 1].

The nonlinear term can be decomposed as

S [ς]T(ς, Υ) =
∞

∑
k=0

ϵk Hn(T). (15)

where Hk are He’s polynomials and can be determined as

Hk(T0, T1, ..., Tn) =
1

Γ(n + 1)
Dk

ϵ

[

S

(

∞

∑
k=0

ϵiTi

)]

ϵ=0

, (16)

where Dk
ϵ = ∂k

∂ϵk .

Using relation (14) and (15) in (13), we have

∞

∑
k=0

ϵkTk(ς, Υ) = T(0) + ϵ ×

(

Y−1

[

uβY{R
∞

∑
k=0

ϵkTk(ς, Υ) +
∞

∑
k=0

ϵk Hk(T)}

])

. (17)

On equating ϵ coefficients both sides, we get

ϵ0 : T0(ς, Υ) = T(0),

ϵ1 : T1(ς, Υ) = Y−1
[

uβY(R[ς]T0(ς, Υ) + H0(T))
]

,

ϵ2 : T2(ς, Υ) = Y−1
[

uβY(R[ς]T1(ς, Υ) + H1(T))
]

,

.

.

.

ϵk : Tk(ς, Υ) = Y−1
[

uβY(R[ς]Tk−1(ς, Υ) + Hk−1(T))
]

,

k > 0, k ∈ N.

(18)

The component Tk(ς, Υ) is determined easily, which leads us to the convergent series.

T(ς, Υ) = lim
M→∞

M

∑
k=1

Tk(ς, Υ). (19)

4. Configuration for YTDM

To describe the fundamental idea of this approach we take the given equation:

D
β
Υ

T(ς, Υ) = R(ς, Υ) + S(ς, Υ), 0 < β ≤ 1, (20)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 February 2024                   doi:10.20944/preprints202402.0168.v1

https://doi.org/10.20944/preprints202402.0168.v1


5 of 17

with initial guess

T(ς, 0) = ξ(ς).

where D
β
Υ
= ∂β

∂Υβ is Caputo’s derivative, R, S are linear and nonlinear operators.

By taking YT, we can write (20) as

Y[D
β
Υ

T(ς, Υ)] = Y[R(ς, Υ) + S(ς, Υ)],

1

uβ
{M(u)− uT(0)} = Y[R(ς, Υ) + S(ς, Υ)],

(21)

which simplifies to

M(T) = uT(0) + uβY[R(ς, Υ) + S(ς, Υ)]. (22)

Now by taking inverse YT, we have

T(ς, Υ) = T(0) + Y−1[uβY[R(ς, Υ) + S(ς, Υ)]. (23)

Also the solution in series form is determined as

T(ς, Υ) =
∞

∑
m=0

Tm(ς, Υ). (24)

The nonlinear term can be decomposed as

S(ς, Υ) =
∞

∑
m=0

Am, (25)

with

Am =
1

m!

[

∂m

∂ℓm

{

S

(

∞

∑
k=0

ℓ
kςk,

∞

∑
k=0

ℓ
kΥk

)}]

ℓ=0

. (26)

Using relation (24) and (25) into (23), we have

∞

∑
m=0

Tm(ς, Υ) = T(0) + Y−1

[

uβY

{

R(
∞

∑
m=0

ςm,
∞

∑
m=0

Υm) +
∞

∑
m=0

Am

}]

. (27)

So, we get the below approximation

T0(ς, Υ) = T(0), (28)

T1(ς, Υ) = Y−1
[

uβY{R(ς0, Υ0) +A0}
]

.

Finally for m ≥ 1, we have

Tm+1(ς, Υ) = Y−1
[

uβY{R(ςm, Υm) +Am}
]

.

5. Applications

Example 1. Assume the nonlinear two-dimensional fractional Rosenau-Hyman equation:

D
β
Υ

T(ς, φ, Υ) + T2
ς(ς, φ, Υ) + T2

φ(ς, φ, Υ) + T2
ςςς(ς, φ, Υ) + T2

φφφ(ς, φ, Υ) = 0, 0 < β ≤ 1, (29)

having initial guess

T(ς, φ, 0) = ς + φ.
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By taking YT, we may write (29) as

Y

(

∂βT

∂Υβ

)

= Y

(

− T2
ς(ς, φ, Υ)− T2

φ(ς, φ, Υ)− T2
ςςς(ς, φ, Υ)− T2

φφφ(ς, φ, Υ)

)

, (30)

which simplifies to

1

uβ
{M(u)− uT(0)} = Y

(

− T2
ς(ς, φ, Υ)− T2

φ(ς, φ, Υ)− T2
ςςς(ς, φ, Υ)− T2

φφφ(ς, φ, Υ)

)

, (31)

M(u) = uT(0) + uβ

(

− T2
ς(ς, φ, Υ)− T2

φ(ς, φ, Υ)− T2
ςςς(ς, φ, Υ)− T2

φφφ(ς, φ, Υ)

)

. (32)

Now by taking inverse YT, we obtain

T(ς, φ, Υ) = T(0)− Y−1

[

uβ

{

Y

(

T2
ς(ς, φ, Υ) + T2

φ(ς, φ, Υ) + T2
ςςς(ς, φ, Υ) + T2

φφφ(ς, φ, Υ)

)}]

,

T(ς, φ, Υ) = (ς + φ)− Y−1

[

uβ

{

Y

(

T2
ς(ς, φ, Υ) + T2

φ(ς, φ, Υ) + T2
ςςς(ς, φ, Υ) + T2

φφφ(ς, φ, Υ)

)}]

.

(33)

By applying HPM to (33), we have

∞

∑
k=0

ϵkTk(ς, φ, Υ) = (ς + φ)− ϵ

(

Y−1

[

uβY

[(

∞

∑
k=0

ϵk Hk(T)

)

ς

+

(

∞

∑
k=0

ϵk Hk(T)

)

φ

+

(

∞

∑
k=0

ϵk Hk(T)

)

ςςς

+

(

∞

∑
k=0

ϵk Hk(T)

)

φφφ

]])

.

(34)

The first three nonlinear terms are calculated as

H0(T) = T2
0,

H1(T) = 2T0T1,

H2(T) = 2T0T2 + (T1)
2.
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On equating ϵ coefficients both sides, we get

ϵ0 : T0(ς, φ, Υ) = ς + φ,

ϵ1 : T1(ς, φ, Υ) = Y−1

(

uβY

[

− (H0(T))ς − (H0(T))φ − (H0(T))ςςς − (H0(T))φφφ

])

=

[

− 4(ς + φ)

]

Υβ

Γ(β + 1)
,

ϵ2 : T2(ς, φ, Υ) = Y−1

(

uβY

[

− (H1(T))ς − (H1(T))φ − (H1(T))ςςς − (H1(T))φφφ

])

=

[

32(ς + φ)

]

Υβ+1

Γ(β + 2)
,

ϵ3 : T3(ς, φ, Υ) = Y−1

(

uβY

[

− (H2(T))ς − (H2(T))φ − (H2(T))ςςς − (H2(T))φφφ

])

=

[

− 384(ς + φ)

]

Υβ+2

Γ(β + 3)
,

...

Finally, the analytical solution leads us to the convergent series rapidly as

T(ς, φ, Υ) = T0(ς, φ, Υ) + T1(ς, φ, Υ) + T2(ς, φ, Υ) + T3(ς, φ, Υ) + · · ·

T(ς, φ, Υ) = (ς + φ) +

[

− 4(ς + φ)

]

Υβ

Γ(β + 1)
+

[

32(ς + φ)

]

Υβ+1

Γ(β + 2)
+

[

− 384(ς + φ)

]

Υβ+2

Γ(β + 3)
+ · · ·

Implementation of YTDM

By taking YT, we may write (29) as

Y

{

∂βT

∂Υβ

}

= Y

(

− T2
ς(ς, φ, Υ)− T2

φ(ς, φ, Υ)− T2
ςςς(ς, φ, Υ)− T2

φφφ(ς, φ, Υ)

)

, (35)

which simplifies to

1

uβ
{M(u)− uT(0)} = Y

(

− T2
ς(ς, φ, Υ)− T2

φ(ς, φ, Υ)− T2
ςςς(ς, φ, Υ)− T2

φφφ(ς, φ, Υ)

)

, (36)

M(u) = uT(0) + uβY

(

− T2
ς(ς, φ, Υ)− T2

φ(ς, φ, Υ)− T2
ςςς(ς, φ, Υ)− T2

φφφ(ς, φ, Υ)

)

. (37)

Now by taking inverse YT, we obtain

T(ς, φ, Υ) = T(0)− Y−1

[

uβ

{

Y

(

T2
ς(ς, φ, Υ) + T2

φ(ς, φ, Υ) + T2
ςςς(ς, φ, Υ) + T2

φφφ(ς, φ, Υ)

)}]

,

T(ς, φ, Υ) = (ς + φ)− Y−1

[

uβ

{

Y

(

T2
ς(ς, φ, Υ) + T2

φ(ς, φ, Υ) + T2
ςςς(ς, φ, Υ) + T2

φφφ(ς, φ, Υ)

)}]

.

(38)

Also the series form solution is determined as
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T(ς, φ, Υ) =
∞

∑
m=0

Tm(ς, φ, Υ). (39)

The nonlinear term can be decomposed as. So, we get

∞

∑
m=0

Tm(ς, φ, Υ) = T(ς, φ, 0)− Y−1

[

uβY

[(

∞

∑
m=0

Am

)

ς

+

(

∞

∑
m=0

Am

)

φ

+

(

∞

∑
m=0

Am

)

ςςς

+

(

∞

∑
m=0

Am

)

φφφ

]]

,

∞

∑
m=0

Tm(ς, φ, Υ) = (ς + φ)− Y−1

[

uβY

[(

∞

∑
m=0

Am

)

ς

+

(

∞

∑
m=0

Am

)

φ

+

(

∞

∑
m=0

Am

)

ςςς
(

∞

∑
m=0

Am

)

φφφ

]]

.

(40)

The first three nonlinear terms are calculated as

A0 = T2
0,

A1 = 2T0T1,

A2 = 2T0T2 + T2
1.

So, we get the below approximation

T0(ς, φ, Υ) = ς + φ.

On m = 0

T1(ς, φ, Υ) =

[

− 4(ς + φ)

]

Υβ

Γ(β + 1)
.

On m = 1

T2(ς, φ, Υ) =

[

32(ς + φ)

]

Υβ+1

Γ(β + 2)
.

On m = 2

T3(ς, φ, Υ) =

[

− 384(ς + φ)

]

Υβ+2

Γ(β + 3)
.

Finally, the analytical solution leads us to the convergent series rapidly as

T(ς, φ, Υ) =
∞

∑
m=0

Tm(ς, φ, Υ) = T0(ς, φ, Υ) + T1(ς, φ, Υ) + T2(ς, φ, Υ) + T3(ς, φ, Υ) + · · ·

T(ς, φ, Υ) = (ς + φ) +

[

− 4(ς + φ)

]

Υβ

Γ(β + 1)
+

[

32(ς + φ)

]

Υβ+1

Γ(β + 2)
+

[

− 384(ς + φ)

]

Υβ+2

Γ(β + 3)
+ · · ·

The solution at β = 1 leads to the exact solution as

T(ς, φ, Υ) =
ς + φ

1 + 4Υ
. (41)
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Figure 1. Surface (a) demonstrates the exact solution behavior (b) demonstrates our methods solution behavior (c)

demonstrates our methods solution behavior at β = 1 (d) demonstrates our methods solution behavior at β = 1.

Figure 2. Surface (a) demonstrates the 3-D behavior of our methods solution at different fractional-orders (b)

demonstrates the 2-D behavior of our methods solution at different fractional-orders (c) demonstrates absolute error

of our methods solution at β = 1.
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Table 1. Behavior of the exact as well as our methods solution for F(ω, ζ) at different orders of β of example 1.

(ω, ζ) Our solution at β = 0.85 Our solution at β = 0.90 Our solution at β = 0.95 Our solution at β = 1 Exact solution

(0.2,0.001) 0.69169056 0.69421552 0.69598017 0.69721115 0.69721115
(0.4,0.001) 0.88931644 0.89256282 0.89483165 0.89641434 0.89641434
(0.6,0.001) 1.08694232 1.09091011 1.09368313 1.09561753 1.09561753
(0.8,0.001) 1.28456820 1.28925740 1.29253461 1.29482071 1.29482071
(0.2,0.003) 0.67903959 0.68458136 0.68867761 0.69169959 0.69169960
(0.4,0.003) 0.87305090 0.88017603 0.88544265 0.88932804 0.88932806
(0.6,0.003) 1.06706222 1.07577071 1.08220768 1.08695649 1.08695652
(0.8,0.003) 1.26107353 1.27136538 1.27897272 1.28458495 1.28458498
(0.2,0.005) 0.66791671 0.67578334 0.68175305 0.68627440 0.68627450
(0.4,0.005) 0.85875006 0.86886429 0.87653964 0.88235280 0.88235294
(0.6,0.005) 1.04958341 1.06194525 1.07132623 1.07843120 1.07843137
(0.8,0.005) 1.24041676 1.25502620 1.26611282 1.27450960 1.27450980

Example 2. Assume the nonlinear two-dimensional fractional Rosenau-Hyman equation:

D
β
Υ

T(ς, φ, Υ) = T(ς, φ, Υ)Tς(ς, φ, Υ) + T(ς, φ, Υ)Tφ(ς, φ, Υ) + T(ς, φ, Υ)Tςςς(ς, φ, Υ) + T(ς, φ, Υ)

Tφφφ(ς, φ, Υ) + 3Tς(ς, φ, Υ)Tςς(ς, φ, Υ) + 3Tφ(ς, φ, Υ)Tφφ(ς, φ, Υ), 0 < β ≤ 1,
(42)

having initial guess

T(ς, φ, 0) = −
8

3
cos2

(

ς + φ

4

)

.

By taking YT, we may write (42) as

Y

(

∂β T

∂Υβ

)

= Y

(

T(ς, φ, Υ)Tς (ς, φ, Υ) + T(ς, φ, Υ)Tφ (ς, φ, Υ) + T(ς, φ, Υ)Tςςς (ς, φ, Υ) + T(ς, φ, Υ)

Tφφφ (ς, φ, Υ) + 3Tς (ς, φ, Υ)Tςς (ς, φ, Υ) + 3Tφ (ς, φ, Υ)Tφφ (ς, φ, Υ)

)

,

(43)

which simplifies to

1

uβ
{M(u)− uT(0)} = Y

(

T(ς, φ, Υ)Tς(ς, φ, Υ) + T(ς, φ, Υ)Tφ(ς, φ, Υ) + T(ς, φ, Υ)Tςςς(ς, φ, Υ)+

T(ς, φ, Υ)Tφφφ(ς, φ, Υ) + 3Tς(ς, φ, Υ)Tςς(ς, φ, Υ) + 3Tφ(ς, φ, Υ)Tφφ(ς, φ, Υ)

)

,

(44)

M(u) = uT(0) + uβ

(

T(ς, φ, Υ)Tς(ς, φ, Υ) + T(ς, φ, Υ)Tφ(ς, φ, Υ) + T(ς, φ, Υ)Tςςς(ς, φ, Υ) + T(ς, φ, Υ)

Tφφφ(ς, φ, Υ) + 3Tς(ς, φ, Υ)Tςς(ς, φ, Υ) + 3Tφ(ς, φ, Υ)Tφφ(ς, φ, Υ)

)

.

(45)

Now by taking inverse YT, we obtain

T(ς, φ, Υ) = T(0) + Y−1

[

uβ

{

Y

(

T(ς, φ, Υ)Tς(ς, φ, Υ) + T(ς, φ, Υ)Tφ(ς, φ, Υ) + T(ς, φ, Υ)Tςςς(ς, φ, Υ)

+ T(ς, φ, Υ)Tφφφ(ς, φ, Υ) + 3Tς(ς, φ, Υ)Tςς(ς, φ, Υ) + 3Tφ(ς, φ, Υ)Tφφ(ς, φ, Υ)

)}]

,

T(ς, φ, Υ) = −
8

3
cos2

(

ς + φ

4

)

+ Y−1

[

uβ

{

Y

(

T(ς, φ, Υ)Tς(ς, φ, Υ) + T(ς, φ, Υ)Tφ(ς, φ, Υ)+

T(ς, φ, Υ)Tςςς(ς, φ, Υ) + T(ς, φ, Υ)Tφφφ(ς, φ, Υ) + 3Tς(ς, φ, Υ)Tςς(ς, φ, Υ) + 3Tφ(ς, φ, Υ)Tφφ(ς, φ, Υ)

)}]

.

(46)
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By applying HPM to (46), we have

∞

∑
k=0

ϵkTk(ς, φ, Υ) = −
8

3
cos2

(

ς + φ

4

)

+ ϵ

(

Y−1

[

uβY

[(

∞

∑
k=0

ϵk H1
k (T)

)

+

(

∞

∑
k=0

ϵk H2
k (T)

)

+

(

∞

∑
k=0

ϵk H3
k (T)

)]])

.

(47)

The first three nonlinear terms are calculated as:

H1
0(T) = T0(T0)ς + T0(T0)φ,

H1
1(T) = T1(T0)ς + T0(T1)ς + T1(T0)φ + T0(T1)φ,

H1
2(T) = T2(T0)ς + T1(T1)ς + T0(T2)ς + T2(T0)φ + T1(T1)φ + T0(T2)φ,

...

H2
0(T) = T0(T0)ςςς + T0(T0)φφφ,

H2
1(T) = T1(T0)ςςς + T0(T1)ςςς + T1(T0)φφφ + T0(T1)φφφ,

H2
2(T) = T2(T0)ςςς + T1(T1)ςςς + T0(T2)ςςς + T2(T0)φφφ + T1(T1)φφφ + T0(T2)φφφ,

...

H3
0(T) = (T0)ς(T0)ςς + (T0)φ(T0)φφ,

H3
1(T) = (T1)ς(T0)ςς + (T1)ς(T0)ςς + (T0)φ(T1)φφ + (T0)φ(T1)φφ,

H3
2(T) = (T2)ς(T0)ςς + (T1)ς(T1)ςς + (T0)ς(T2)ςς + (T2)φ(T0)φφ + (T1)φ(T1)φφ + (T0)φ(T2)φφ,

On equating ϵ coefficients both sides, we get

ϵ0 : T0(ς, φ, Υ) = −
8

3
cos2

(

ς + φ

4

)

,

ϵ1 : T1(ς, φ, Υ) = Y−1

(

uβY

[

H1
0(T) + H2

0(T) + H3
0(T)

])

= −
4

3
sin

(

ς + φ

2

)

Υβ

Γ(β + 1)
,

ϵ2 : T2(ς, φ, Υ) = Y−1

(

uβY

[

H1
1(T) + H2

1(T) + H3
1(T)

])

=
4

3
cos

(

ς + φ

2

)

Υβ+1

Γ(β + 2)
,

ϵ3 : T3(ς, φ, Υ) = Y−1

(

uβY

[

H1
2(T) + H2

2(T) + H3
2(T)

])

=
4

3
sin

(

ς + φ

2

)

Υβ+2

Γ(β + 3)
,

...

Finally, the analytical solution leads us to the convergent series rapidly as

T(ς, φ, Υ) = T0(ς, φ, Υ) + T1(ς, φ, Υ) + T2(ς, φ, Υ) + T3(ς, φ, Υ) + · · ·

T(ς, φ, Υ) = −
8

3
cos2

(

ς + φ

4

)

−
4

3
sin

(

ς + φ

2

)

Υβ

Γ(β + 1)
+

4

3
cos

(

ς + φ

2

)

Υβ+1

Γ(β + 2)
+

4

3

sin

(

ς + φ

2

)

Υβ+2

Γ(β + 3)
+ · · ·

Implementation of YTDM
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By taking YT, we may write (42) as

Y

{

∂βT

∂Υβ

}

= Y

(

T(ς, φ, Υ)Tς(ς, φ, Υ) + T(ς, φ, Υ)Tφ(ς, φ, Υ) + T(ς, φ, Υ)Tςςς(ς, φ, Υ) + T(ς, φ, Υ)

Tφφφ(ς, φ, Υ) + 3Tς(ς, φ, Υ)Tςς(ς, φ, Υ) + 3Tφ(ς, φ, Υ)Tφφ(ς, φ, Υ)

)

,

(48)

which simplifies to

1

uβ
{M(u)− uT(0)} = Y

(

T(ς, φ, Υ)Tς(ς, φ, Υ) + T(ς, φ, Υ)Tφ(ς, φ, Υ) + T(ς, φ, Υ)Tςςς(ς, φ, Υ)+

T(ς, φ, Υ)Tφφφ(ς, φ, Υ) + 3Tς(ς, φ, Υ)Tςς(ς, φ, Υ) + 3Tφ(ς, φ, Υ)Tφφ(ς, φ, Υ)

)

,

(49)

M(u) = uT(0) + uβY

(

T(ς, φ, Υ)Tς(ς, φ, Υ) + T(ς, φ, Υ)Tφ(ς, φ, Υ) + T(ς, φ, Υ)Tςςς(ς, φ, Υ) + T(ς, φ, Υ)

Tφφφ(ς, φ, Υ) + 3Tς(ς, φ, Υ)Tςς(ς, φ, Υ) + 3Tφ(ς, φ, Υ)Tφφ(ς, φ, Υ)

)

.

(50)

Now by taking inverse YT, we obtain

T(ς, φ, Υ) = T(0) + Y−1

[

uβ

{

Y

(

T(ς, φ, Υ)Tς(ς, φ, Υ) + T(ς, φ, Υ)Tφ(ς, φ, Υ) + T(ς, φ, Υ)Tςςς(ς, φ, Υ)

+ T(ς, φ, Υ)Tφφφ(ς, φ, Υ) + 3Tς(ς, φ, Υ)Tςς(ς, φ, Υ) + 3Tφ(ς, φ, Υ)Tφφ(ς, φ, Υ)

)}]

,

T(ς, φ, Υ) = −
8

3
cos2

(

ς + φ

4

)

+ Y−1

[

uβ

{

Y

(

T(ς, φ, Υ)Tς(ς, φ, Υ) + T(ς, φ, Υ)Tφ(ς, φ, Υ)+

T(ς, φ, Υ)Tςςς(ς, φ, Υ) + T(ς, φ, Υ)Tφφφ(ς, φ, Υ) + 3Tς(ς, φ, Υ)Tςς(ς, φ, Υ) + 3Tφ(ς, φ, Υ)Tφφ(ς, φ, Υ)

)}]

.

(51)

Also the series form solution is determined as

T(ς, φ, Υ) =
∞

∑
m=0

Tm(ς, φ, Υ). (52)

The nonlinear term can be decomposed as. So, we get

∞

∑
m=0

Tm(ς, φ, Υ) = T(ς, φ, 0) + Y−1

[

uβY

[(

∞

∑
m=0

Am

)

+

(

∞

∑
m=0

Bm

)

+

(

∞

∑
m=0

Cm

)]]

,

∞

∑
m=0

Tm(ς, φ, Υ) = −
8

3
cos2

(

ς + φ

4

)

+ Y−1

[

uβY

[(

∞

∑
m=0

Am

)

+

(

∞

∑
m=0

Bm

)

+

(

∞

∑
m=0

Cm

)]]

.

(53)

The first three nonlinear terms are calculated as
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A0 = T0(T0)ς + T0(T0)φ,

A1 = T1(T0)ς + T0(T1)ς + T1(T0)φ + T0(T1)φ,

A2 = T2(T0)ς + T1(T1)ς + T0(T2)ς + T2(T0)φ + T1(T1)φ + T0(T2)φ,

...

B0 = T0(T0)ςςς + T0(T0)φφφ,

B1 = T1(T0)ςςς + T0(T1)ςςς + T1(T0)φφφ + T0(T1)φφφ,

B2 = T2(T0)ςςς + T1(T1)ςςς + T0(T2)ςςς + T2(T0)φφφ + T1(T1)φφφ + T0(T2)φφφ,

...

C0 = (T0)ς(T0)ςς + (T0)φ(T0)φφ,

C1 = (T1)ς(T0)ςς + (T1)ς(T0)ςς + (T0)φ(T1)φφ + (T0)φ(T1)φφ,

C2 = (T2)ς(T0)ςς + (T1)ς(T1)ςς + (T0)ς(T2)ςς + (T2)φ(T0)φφ + (T1)φ(T1)φφ + (T0)φ(T2)φφ,

So, we get the below approximation

T0(ς, φ, Υ) = −
8

3
cos2

(

ς + φ

4

)

.

On m = 0

T1(ς, φ, Υ) = −
4

3
sin

(

ς + φ

2

)

Υβ

Γ(β + 1)
.

On m = 1

T2(ς, φ, Υ) =
4

3
cos

(

ς + φ

2

)

Υβ+1

Γ(β + 2)
.

On m = 2

T3(ς, φ, Υ) =
4

3
sin

(

ς + φ

2

)

Υβ+2

Γ(β + 3)
.

Finally, the analytical solution leads us to the convergent series rapidly as

T(ς, φ, Υ) =
∞

∑
m=0

Tm(ς, φ, Υ) = T0(ς, φ, Υ) + T1(ς, φ, Υ) + T2(ς, φ, Υ) + T3(ς, φ, Υ) + · · ·

T(ς, φ, Υ) = −
8

3
cos2

(

ς + φ

4

)

−
4

3
sin

(

ς + φ

2

)

Υβ

Γ(β + 1)
+

4

3
cos

(

ς + φ

2

)

Υβ+1

Γ(β + 2)
+

4

3

sin

(

ς + φ

2

)

Υβ+2

Γ(β + 3)
+ · · ·

The solution at β = 1 leads to the exact solution as

T(ς, φ, Υ) = −
8

3
cos2

(

ς + φ − 2Υ

4

)

. (54)
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Figure 3. Surface (a) demonstrates the exact solution behavior (b) demonstrates our methods solution behavior (c)

demonstrates our methods solution behavior at β = 1 (d) demonstrates our methods solution behavior at β = 1.

Figure 4. Surface (a) demonstrates the 3-D behavior of our methods solution at different fractional-orders (b)

demonstrates the 2-D behavior of our methods solution at different fractional-orders (c) demonstrates absolute error

of our methods solution at β = 1.
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Table 2. Behavior of the exact as well as our methods solution for F(ω, ζ) at different orders of β of example 2.

(ω, ζ) Our solution at β = 0.85 Our solution at β = 0.90 Our solution at β = 0.95 Our solution at β = 1 Exact solution

(0.2,0.001) -2.58719083 -2.58677734 -2.58648838 -2.58628682 -2.58628685
(0.4,0.001) -2.53565592 -2.53513121 -2.53476453 -2.53450877 -2.53450882
(0.6,0.001) -2.47210777 -2.47147710 -2.47103638 -2.47072897 -2.47072904
(0.8,0.001) -2.39718136 -2.39645103 -2.39594066 -2.39558468 -2.39558478
(0.2,0.003) -2.58928105 -2.58836815 -2.58769353 -2.58719596 -2.58719623
(0.4,0.003) -2.53831126 -2.53715197 -2.53629530 -2.53566348 -2.53566392
(0.6,0.003) -2.47530161 -2.47390754 -2.47287741 -2.47211766 -2.47211832
(0.8,0.003) -2.40088168 -2.39926680 -2.39807352 -2.39719345 -2.39719436
(0.2,0.005) -2.59114070 -2.58983720 -2.58884842 -2.58809984 -2.58810060
(0.4,0.005) -2.54067731 -2.53902074 -2.53776422 -2.53681298 -2.53681422
(0.6,0.005) -2.47815022 -2.47615722 -2.47464557 -2.47350122 -2.47350305
(0.8,0.005) -2.40418420 -2.40187476 -2.40012314 -2.39879716 -2.39879968

6. Conclusions

The fractional view analysis of the two-dimensional time-fractional Rosenau-Hyman equations has been

computed in the current study. In order to lead the solution, the Yang transformation is combined with the adomian

decomposition method and the Homotopy perturbation method. To highlight its physical characteristics at the

chosen values for the assuming considering parameters, some of the obtained findings have been represented in

two and three dimensions. The fractional problems solution are convergent toward the integer-order solutions. By

investigating two problems, the adequacy of the methods were shown. Additionally, the suggested methods have

good accuracy and required less calculations. The offered approaches can be applied to additional fractional-order

problems due to their straightforward implementation and ease of use.
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