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Abstract: This paper provides a first-time ever unification of information theory, semi-group theory with the
theory of uncertain reasoning, through functional perspective. Fundamentally, the threshold theorems for the
inference functional were devised. Furthermore, numerical experiments are illustrated. The complex proofs in
our paper are original results which emphasizes the credibility of the class of Rényi Generalized Entropies as
measures of information, and that the field is open to extend an enhanced methodology regarding queuing
networks with heavy tails.
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Introduction

The current work supplies a complementary part of the research conducted in [1]. As the authors
now feel that the task is finish off and demonstrated with both analytic expressions as well as
illustrative data to interpret the newly devised research results.

The current paper is a substantial extension of an accepted paper [1]:

The main contributions of [1] are:

e Providing the full detailed proofs of the limit theorem as well as the full proofs of RGEs
Extended Properties and finding the Discrete Time Domain PV-updates.

e Providing these extended properties physical interpretations.

This letter has the following major contributions:

e Novel Characterization of for q > —1,q # 0,inference process U,’i (K) by a functional
equation is devised.

e First time unification of the inference process Uj(K) for ¢ >—1,q #0 with group theory is
obtained.

® Showing the significant information theoretic parameter r on the overall behaviour of
inference process functional for both extensive and non-extensive values of the parameter q.

2. Definitions

1. The Belief Function

The Belief (Bel) function is defined by assuming that it satisfies the axioms of probability.
Specifically, fix a finite propositional language L and let SL be the set of sentences for this language.
In this context,

Bel: SL — [0,1] is a probability function on SL if for all 8, ¢ € SL.

1.If + (6 & @), then Bel(8) = Bel(0)

2.If + 6,then Bel() = 1,and Bel(—=6) =0

3.If + (OAD) is false, then Bel (8V®) = Bel(8) + Bel(d)

2. Definition of the set Vectors V(K) [1]
Let us define the set VE(K),VE(K) = {x~ € R/ /x™ Ay b X~ =0}

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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2.3. The ME Inference Process, ME" [1]

ME" reads as

MEX(K) = x~,which maximizes the Shannonian entropy

The formula for the maximum entropy inference process MEL, which maximizes Shannonian
entropy
( — ZLl x;logx; ),with the convention xlogx =0 when x = 0.

3. UL(K)

we write UZ(K) as

UL(K) = that x~ € VE(K) for which (X1_, x7*")~1/9 is maximal.

4 A functional equation is one that has an undefined function. Functional equations can be used
to characterise the fundamental functions as one of their many uses. An illustration of a functional
equation is the Fibonacci number sequence [2].

5. Semigroups [3]

A binary operation o onasetSisamap o:SXS—S.

If for all elements x,y,z €S, x o (yoz) = (x oY) oz then this operation is associative. A non-
empty set having an associative binary operation is known as a semigroup. As a result, semigroups
are among the most fundamental types of algebraic structures.

A semigroup, according to some definitions, is a set equipped binary operation “Empty
semigroup” that may or may not be empty. That is, the 'empty semigroup' is formed by the empty
set. From the perspective of category theory, this is advantageous. But keep in mind that if a
semigroup might be empty, other definitions must be changed.

Many algebraists are drawn to the theory of semigroups because of its applicability to formal
languages, network analogy, automata theory, and other fields. We examined various contexts in
which semigroups are applied in section 2. We found some instances of regular, E-inversive, and
inverse semigroup structures in biology, sociology, and other fields.

3. Novel Characterization of The Inference Process U;(K) for q >—-1,q # 0 By aFunctional
Equation

This section provides a breakthrough in information theory as it characterizes RGEs through the
characterization of the inference functional by a functional equation.

Theorem 3.1

The inference functional (IF), f(x) = x9*!, ¢ > —1, q # 0is well defined. Moreover, if X is
any arbitrary enumeration set, then (IF) is characterized by the functional equation:

fGy) = fOOf(y) forall x,y €X
Proof
To start with, we must prove that (IF) is well defined. To obtain that, it suffices to show that it is
impossible that for any x,y € X with x #y, f(x) = f(¥).
Let f(x) = f(y). Hence, x9*! = y9*1 equivalently (q + 1)log(§) = 0. Therefore, (¢ +1) =

0 or log(i) = 0. The statement (g + 1) = 0 yields a contradiction. This implies log(i) =0,orx=y,

proving the well-definiteness of IF.
Sufficiency: For all x,y € X, f(x) = x%*1,q > —1, ¢ # 0, we have

fly) = (y)i™h = x4y = f(0)f () 1)
Necessity: If the suggested functional equation
fxy) = f(x)f(y) forall x,y € X holds ()
Differentiating (2),
of (xy) — df(x)f(y) (3)

ox dx
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3
Setting f(1) = q + 1. Now putting x = 1 in (3), implies
LD = L2f () @
Equation (4) with x — y imply
yLE = @+ Df W) (5)
It follows by (5) that:
y LD = (g + DY) (6)

It can be verified that (6) implies that:

yaH 1D _ o 1yyar(y)
22 =0 7)
(yq+1)2

f»
yq+1

f(y) = y9*1. The proof is done.
In what follows, let @ denote the set of inference functionals by
@ = {f(x): f(x) = xT*!, ¥, ex f(x) isminimal ,q >—1, ¢ # 0, X is any arbitrary enumeration

set, f(xy) = f(X)f )}

4 - — yatl . _ 4 .
Therefore, dy( ) =0. Consequently, f(y) = cy?™". Letting f(1) = 1. Hence, ¢ = 1, implying

4. Unification of The Inference Process Us(K) for ¢ > —1,q # 0 With Semi-Group Theory

Theorem 4.1 The above defined set @ is an abelian(commutative) semi-group, with no identity
element.
Proof
To prove the closure of the binary operation, let f(x) € @, for all x € (0,1), then it holds that
is minimal. For ¢ > —1,q # 0 , we have
x2@*D) < x4*1 which directly implies Y ex x20%D < ¥ cx x4 (8)
The above inequality is also satisfied for all the non-extensive values of the parameter gq.
By the definition, f(x%) = (f(x))?. Then showing the minimality of ¥ ,cxx29*Y , which
clearly follows from (8).
The binary operation is associative. To see this, we have for all f(x),f(y),f(z2) Ed.
Consequently,
Yxex X, ¥yex ¥yt and ¥,exz9*" are minimal for ¢ > —1,q # 0. By the definition,
fxyz) = fFGOff (2) ©)
We must prove the minimality of ¥, ,ex(xyz)9*?, equivalently by (9),
Crexx ) XEyex yT™) (X2ex 29*") is minimal. This is immediate from the definition.
As for the identity element, let the contradiction be true, that is an identity element f(e) € @
satisfying that:
fxe) = f(x)f(e) = f(x) (10)
This implies f(e) = 1, which is only possible if f(e) = x("Y*1.This applies whenever g = —1
(contradiction)
This completes the proof.

5. The Threshold Theorems for The Inference Functional

In what follows, a new theorem is devised, the threshold theorem of the inference functional
(TTIF). We need the following important well-known theorem in mathematical analysis [4] as it is
necessary to prove our newly devised results in Theorem 3.

The following theorem outlines a straightforward method for identifying where f is increasing
or decreasing for differentiable functions.

Preliminary Theorem [4]

Let fbe a function that is defined and differentiable on an open interval (c, d).

doi:10.20944/preprints202402.0051.v1
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(1) If f'(x) > (<0) forall x € (c,d) ,then fis increasing(decreasing) on (c,d)  (11)

Recalling, Ug(K) to be Uz(K) = x € Xwhich minimizes ¥, ex f (x),with Uj(K)=x €X that
minimizes

Yxex X1t q > =1, q # 0, X is any arbitrary enumeration set.
Theorem 5.1

For f(x) = x9%, g > —1, q #0, X is any arbitrary enumeration set, it holds that:

(i) f(x) is well-defined.

(ii)f (x) is forever decreasing in x if and only if ¢ > —1, q # 0.

(iif)f (x) is forever increasing in x if and only if g < —1.

(iv)f (x) is forever decreasing in g if and only if x € (0,1).

(V)f (x) is forever increasing in ¢ if and only if x € (1, o).

Proof

(i)Assume that f(x) = f(y), x #yforqg> —1, g #0. Thus, (g + 1)in G) =0. Since g +1 #
0,then In (5) = 0. Hence, x = y(contradiction). Therefore, f is well-defined.

(i))We have Z—i = (g + 1)x9. By the preliminary theorem, (i) holds if and only if (q + 1)x? > 0.
Since x? is forever positive.

Following the same argument proves (iii).

As for (iv), Z—Z = (Inx)x?*!. According to the preliminary theorem, (iii) holds if and only if
Inx < 0, which holds if and only x € (0,1).

The proof of (iv) is like (v).
6. Numerical Experiments

In this section, numerical experiments are determined for the family of families characterized by
the inference functional, f(x) = x9*!, ¢ >-1, ¢ #0, X is any arbitrary enumeration set.
6.1. Extensive Information Theoretic Parameter v

For the extensive values of the parameter q, q € (—, 1]LI(1, ©)
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Case1: Extensive Information Theoretic Parameter q
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The above graph presents strong evidence of the significant impact of the extensive theoretic
parameter on the overall behaviour of the inference functional, f(x) = x9**. For g = —1, the
inference functional is a straight line. As r increases, the inference functional starts to take the curve
shape until g = 2, it starts to be linear.

6.2. Non - Extensive Information Theoretic Parameter q

For the non-extensive values of the parameter g, g € (0.5,1)

Case2: Non-Extensive Information Theoretic Parameter q
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The above graph shows the strong impact of the non-extensive information theoretic parameter
q(0.5 < g < 1). The inference functional decreases for x = é, q(0.5 < q <1). As x decreases the

curve starts to be linear, for positive x. Fig.11 shows the increasability of the inference functional in x
for all the non-extensive information theoretic parameter q. It is also observed that this numerical
experiment agrees with the findings of theorem (11.1), as the graph decreases in r for all x satisfying
0 < x < 1. This provides an evidence of the information theoretic impact on the inference functional.

7. Conclusions and Future Work

This study is innovative because it makes significant contributions to the theory of uncertain
reasoning and investigates inference procedures based on RGES. Novel Characterization for q >
—1,q # 0,inference process Ué (K) by afunctional equation is devised. First time unification of
the inference process Uy(K) for ¢ > —1,q # 0 with semi- group theory is obtained. Also, the
threshold theorems for the inference functional were devised. Furthermore, numerical experiments
are illustrated. The complex proofs in our paper are original results which emphasizes the credibility
of the class of RGEs as measures of information, and that the field is open to extend an enhanced
methodology regarding queuing networks with heavy tails.

There are several avenues for future work. One possibility is to investigate these information
theoretic properties for other entropies such as Tsallis [5] and other higher order generalized such as
Generalized Z-entropy, which is a generalization to many entropy functionals such as Tsallis and
Rényi [6-13].
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