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Abstract: We show that one of the two important uncertainty principles derived by Maccone and
Pati [Phys. Rev. Lett., 2014] can be derived for arbitrary maps defined on subsets of L spaces for
1 < p < oco. Our main tool is the Clarkson inequalities. We also derive a nonlinear uncertainty
principle for weak parallelogram spaces and Type-p Banach spaces.
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1. Introduction

Let H be a complex Hilbert space and A be a possibly unbounded self-adjoint operator defined
on domain D(A) C H. For h € D(A) with ||h|| = 1, define the uncertainty of A at the point / as

B(A) = || Ak — (AR, )h]) = /I AR — (AR, 1)2.

In 1929, Robertson [11] derived the following mathematical form of the uncertainty principle of
Heisenberg derived in 1927 [7]. Recall that for two operators A : D(A) — H and B : D(B) — H, we
define [A,B] := AB— BA and {A,B} := AB + BA.

Theorem 1.1. [5,7,11,13] (Heisenberg-Robertson Uncertainty Principle) Let A : D(A) — H and
B : D(B) — H be self-adjoint operators. Then for all h € D(AB) N'D(BA) with ||| = 1, we have

> (M4 M4(B) > § (A(A) + 8u(B) > My(A)AL(B) > (A B ()

In 1930, Schrodinger improved Inequality (1) [12].

Theorem 1.2. [12] (Heisenberg-Robertson-Schrodinger Uncertainty Principle) Let A : D(A) — H and
B : D(B) — H be self-adjoint operators. Then for all h € D(AB) N'D(BA) with ||| = 1, we have

_ VA Bl 1) > + [({A, BYh, h) — 2(Ah, k) (Bh, 1)[*

Ay (A)AL(B) > |(Ah, Bh) — (Ah, h)(Bh, h)] 5

A fundamental drawback of Inequality (1) is that if / satisties ABh = BA#, then the right side is
zero. In 2014, Maccone and Pati derived the following two uncertainty principles which overturned
this problem [9].

Theorem 1.3. [9] (Maccone-Pati Uncertainty Principle) Let A : D(A) — H and B : D(B) — H be
self-adjoint operators. Then for all h € D(A) N'D(B) with ||h|| = 1, we have

Ap(A)? + Ay(B)? > % (|<(A + B, )2+ (A — B)h,k>|2) , k€ H satisfying ||k|| =1, (h, k) = 0.
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Theorem 1.4. [9] (Maccone-Pati Uncertainty Principle) Let A : D(A) — H and B : D(B) — H be
self-adjoint operators. Then for all h € D(A) N'D(B) with ||h|| = 1, we have

AR(A)? + Ay(B)? > —i{[A, Blh,h) + |((A+iB)h, k)2, Yk € H satisfying ||k|| = 1, (h,k) = 0.

In this note, we show that Theorem 1.3 can be generalized even for arbitrary maps on Lebesgue
spaces using Clarkson inequalities. We also derive uncertainty principle for Banach spaces satisfying
weak parallelogram law and Type-p Banach spaces.

Our main motivation comes from the sentence “The first proof, based on the parallelogram law,
was communicated to us by an anonymous referee, while the second (independent) proof was our
original argument” given in [9]. Note that Clarkson inequalities are generalizations of Jordan-von
Neumann parallelogram law in Hilbert space [8].

2. Nonlinear Maccone-Pati Uncertainty Principle

We first define the uncertainty for maps on Lebesgue spaces. Let M C LF(Q), ) be a subset and
A: M — LP(Q), u) be amap (need not be linear or Lipschitz). Given f € M and a € C, we define the
uncertainty at f relative to a as

Ap(Asa) = | Af —aflp.
To derive our first uncertainty principle we need the following breakthrough inequalities of Clarkson.

Theorem 2.1. [4,6,10] (Clarkson Inequalities) Let (), 1) be a measure space.

1. Let 2 < p < oo. Then

‘ -

IFIL +1Iglh >

2. Let1 <p <2 Then

o (If+8lb+1f—glb), Vg e Lr@,p).

N

1
IAIE+lglly = 5 (If +gl+1f —gllp) . Vf.g € £/ p).

3. Let 2 < p < oo and q be the conjugate index of p. Then

_1

11+ Dt = (5 (15 +l+ 17 =8lf) )™ vrg e £

4. Let 1 < p < 2and q be the conjugate index of p. Then

1

115+ Dt = (5 (1 +sl+ 17 =8ll) )™ ¥rgecr@m.

5. Let1 < p < coand q be the conjugate index of p. Let 1 < r < min{p, q} and s be the conjugate index of
7. Then

1
1 =
111+ Ny = (5 (1 -+l + 17 =sl) )™
1
LA+ lglly > 5o (IF + il + 11f —gll5)

r r 1 r r
£+ lglly = 5 (IF +glly+ 1 —glly) . Vfog € £/(Qup).

doi:10.20944/preprints202401.2224.v1


https://doi.org/10.20944/preprints202401.2224.v1

Preprints.org (Www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 January 2024 doi:10.20944/preprints202401.2224.v1

3o0f6

Theorem 2.2. (Nonlinear Maccone-Pati Uncertainty Principle) Let (Q), u) be a measure space. Let
M,N C LP(Q, u) be subsets and A : M — LP(Q, u), B: N — LP(Q, u) be maps. Let f € M NN and
a,beC.

1. Let2 < p < oo. Then

Ap(A,a)P + Af(B,b)P > 2},17,1 (Ip((A+B) I +1p((A=B)F)IF), Ve (LI QM)

satisfying |[¢]| < 1,¢(f) = 0.
2. Let1 < p <2. Then

Ar(A) + (BB > 2 (19((A+ B+ 1p((A—B)SP), v e (£7(Q )"
satisfying 9]l < 1, ¢(f) = 0.

3. 2 < p < coand q be the conjugate index of p. Then

-
L

-

1
Ap(A,a)T+Dg(B,b)T > (2 (Ip((A+B)NIP + |p((A = B)f)lp)> Ve (LP(Qp)
satisfying [|p] <1,¢(f) = 0.
4. 1 < p < 2and q be the conjugate index of p. Then

q

Ap(A,a)P + Ag(B, b)Y > (; (9((A+B)f)) + |<P((A—B)f)lq)> , Ve (LP(Q,p)"
satisfying 9]l < 1, ¢(f) = 0.

5. Let1 < p < oo and q be the conjugate index of p. Let 1 < r < min{p, q} and s be the conjugate index of
r. Then

1
s—1

Ap(Aa) + 0B > (2 (lp((A+ BN +19((A —B)f>ls)>

=1 ([e((A+B)f)) +[o((A=B)f)),

(Ip((A+B) I +1p((A=B)A)I), VY (LF(Qp))"
satisfying [|¢]| <1,¢(f) = 0.

7 N\
= N

Af(A,a)° + Ds(B,b)° >

Af(A,a) + Ap(B,b) >

NI—= N

Proof. We prove (i) and remaining are similar. Using (i) in Theorem 2.1
Ap(A,a) +Dp(B,b) = || Af —af|lp + [ Bf - bf [}
> s (ICAf = af) + (Bf = b) b+ I(AF —af) - (Bf ~b£) })
= o (1A+B)f = @+ B)fI + (4~ B)f — (a— D)fI]})
> Il (1A + B)f = (a+ B)FI + (A B)f — (a— b)f})

> 2% (|p((A+B)f) —p((a+Db) )P +|p((A—B)f) — d((a —Db)f)|P)

= o (9(A+BYIP + (A - BA)IP).
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We next note the following extension of Theorem 2.2 (we state generalizations of only (i) and (ii)
and others are similar). Recall that the collection of all Lipschitz functions i : LP(Q), u) — C satisfying
¥(0) = 0, denoted by LP(Q), u)* is a Banach space [14] w.r.t. the Lipschitz norm

Wl = sup OV

f8ELP (), f#8

Corollary 2.1. Let (Q, i) be a measure space. Let M, N C LP(Q, u) be subsets and A : M — LP(Q, ),
B: N — LP(Q, ) be maps. Let f € M NN and a,b € C be such that a+b = 1.

1. Let 2 < p < co. Then

Af(A,a)P + Ap(B,b)F > 2,}*_1 (Ip((A+B)NIP + |p((A=B)A)IP), V¢ e (LF(Q,p))*
satisfying ||¢|Lip, < 1,¢(f) = 0.

2. Let1 < p <2 Then

Ap(A,a)P + Ap(B,b)F > % (Ie((A+B)N)IP +p((A=B)f)IP), Vg € (LP(Q,p))"
satisfying ||¢||Lp, < 1,¢(f) =0.
In 1972, Bynum and Drew derived the following surprising result [2].
Theorem 2.3. [2]For1 < p <2,
lx+ I3+ (p = Dlx—ylI2 <2 (2 +1lyl3), ¥xye )
Theorem 2.3 promoted the notion of parallelogram law spaces by Cheng and Ross [3].

Definition 2.1. [3] Let C > 0and 1 < p < oo. A Banach space X is said to satisfy lower p-weak parallelogram
law with constant C if

lx+yllP +Cllx —ylIP <277 (lx]I” + yllF),  Vxy € X
in this case, we write X is p-LWP(C).

For parallelogram law spaces, by following a similar computation as in the proof of Theorem 2.2
we get the following theorem.

Theorem 2.4. Let X be p-LWP(C). Let M, N C X be subsetsand A : M — X, B: N — X be maps. Let
x € MNNanda,b € C. Then

Ax(A,0) + Ay(B,b)? > 2%1 (lp((A+Byx)I” +Clo((A—B)x)2), v e x*
satisfying ||¢|| < 1,¢(x) = 0.

Corollary 2.2. Let X be p-LWP(C). Let M, N C X be subsets and A : M — X, B: N — X be maps. Let
x € MNNanda,b € Cbesuchthata+b=1. Then

Be(A,a7 + 8:(Bb) > o (I9((A+BY)P +Cla((A - B)v)PR), v e a*

satisfying H4>||Ll-p0 <1,¢(x)=0.


https://doi.org/10.20944/preprints202401.2224.v1

Preprints.org (Www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 January 2024 doi:10.20944/preprints202401.2224.v1

50f6

We now proceed to derive nonlinear uncertainty principle for a class of Banach spaces (at present,
we don’t know it for arbitrary Banach spaces). Recall that a Banach space &’ is said to be of Type-p,
p € [1,2] [1]if there exists a constant C > 0 satisfying following: For every n € N,

n
PRy

j=i

j=1

1 1
P\ * n P
) <C (Z |xj||P> , Vxi,...,x, € XL )

1
Ty
(sj)]'.’=1€{—1,1}"

In this case, we define the Type-p constant of X" as
Ty(X) == inf {C : C satisfies Inequality (2)} .

Theorem 2.5. Let X be a Banach space of Type-p. Let M, N C X be subsetsand A: M — X, B: N — X
be maps. Let x € M NN and a,b € C. Then

1
Bx(A,a)P + 8x(B, )" 2 srny (19((A + B)x)) [P + |9((A = B)x)|7), v € &
p(X)7
satisfying ||¢|| < 1,¢(x) = 0.
Proof. Using the definition of Type-p, we get

Ax(A,a)P + Ax(B,b)P = ||Ax — ax]||P + ||Bx — bx||?

> sty (1Ax =) + (B b + | (Ax =) — (B~ b))

= g1z A+ By — (@ Dxl? (A~ B)x — (@~ D))

> L I (144 B — o+ 0P + 14 = By — (0= )alP)

> 1y (9A+ ) = pl(a-+ D)1 +19((A = Bx) = g((a = D)l

= ml)c)p (Ip((A+B)x))[P + |¢((A = B)x)[").

O

Corollary 2.3. Let X be a Banach space of Type-p. Let M, N C X be subsetsand A: M — X,B: N — X
be maps. Let x € M NN and a,b € C be such that a + b = 1. Then

Ax(A,a)P + Ay(B,b)P > 2Tp(19()” (e ((

satisfying || ||Lip, < 1, ¢(x) = 0.

A+B)x)[P +[p((A=B)x)[P), Ve x?

Note that we can derive following results if we won’t bother about power p.

Theorem 2.6. Let X be a Banach space. Let M, N C X be subsets and A : M — X, B : N' — X be maps.
Letx € MNN anda,b € C. Then

Ax(A,a) + Ay(B,b) > |p((A+ B)x))|, V¢ € X satisfying [|¢|| < 1,¢(x) = 0.
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Proof. By directly applying triangle inequality

Ax(A,a) + Ax(B,b) = ||Ax — ax|| + ||Bx — bx|| > ||Ax — ax + Bx — bx]||
> [l¢ll|Ax — ax + Bx — bx|| > [¢((A + B)x) — ¢((a + b)x))]
= [¢((A + B)x)|.

O

Corollary 2.4. Let X be a Banach space. Let M, N C X be subsets and A : M — X, B : N — X be maps.
Letx € MNN anda,b € C be such that a+b = 1. Then

Ax(A,a) + Bx(B,b) > |p((A+B)x))|, Vo € X¥ satisfying | pllrip, <1, ¢(x) = 0.
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