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Information Geometric Structure And Its Matrix
Exponential
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Abstract: The paper explores the Kullback-Leibler divergence formalism (KLDF) applied to the stable MG1
queue manifold. It explores the analytic forms of state probabilities and their maximization based on entropy
functionals, subject to normalization and mean value constraints. The credibility of KLDF is justified through
consistency axioms, and the application of Rényi's and Tsallis's formalisms on a stable M/G/1 queue is
examined, resulting in novel state probabilities and insights into information theory of Queue Learning.
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1. Introduction

1.1. Early Dawn of Minimum Relative Entropy(MRE)

In the context of probabilistic inverse approaches[1,] it has become conventional to treat both
measurable data and unknown parameters for the model being uncertain. This method provides
deeper understanding of the uncertainty associated with the measured data and model parameters.
[2-10]. KLD [11-16] is a method used to compare two probability distributions. In Probability and
Statistics, when we need to simplify complex distributions or approximate observed data, KL
Divergence helps us quantify the amount of information lost in the process of choosing an
approximation. KLD measures the difference between the two distributions and assists us with
comprehending the trade-off between accuracy and simplicity in statistical modelling.

Shannonian entropic measure[9,17] ,namely H(p) reads as

H(p) = —X5-op(m)In(p(n)) )]

to define "The minimum number of bits it would take us to encode our information".
KLD is commonly written as:

D (plIr) = Zizop(m)in 2 2)

With KL divergence we can calculate exactly how much information is lost when we
approximate one distribution with another.

1.2. Information geometry(IG)

Many domains, including statistical inference, system control, and neural networks, have made
extensive use of information geometry. In other words, IG seeks to apply differential geometry
techniques to statistics.

A manifold [18-21] is a topological finite-dimensional Cartesian space, R", where an infinite-
dimensional manifold exists. In Fig. 1, model parameter inference from data is depicted as a decision-
making problem. Information geometry offers a differential-geometric manifold structure M that
may be used to create decision rules.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 1. Parametrization of a statistical manifold (c.f., [19]).

The matrix exponential is a concept that holds significance in the study of Lie groups[22], which
are mathematical structures used to analyze continuous symmetries. In the context of the given text,
there is a research paperthat explores the geometry of M/D/1 queues, a type of queuing system, by
introducing a geometric structure based on the characteristics of queue length routes. This innovative
approach aims to provide a new perspective on analysing and understanding these queues. In the
context of the study, a geometric approach is used in analogy to Information Theory because it allows
for the examination of figure invariance and equivariancewithout relying on specific coordinates.
This means that geometric methods provide a coordinate-free manner to analyze and understand the
properties of figures, which is beneficial in certain applications. Ricci curvature measures how the
Riemannian metric deviates from the standard Euclidean metric, while scalar curvature quantifies
the difference in volume between a geometric ball and a Euclidean ball of the same radius, as
illustrated by figure 2(c,f., [23]).

parallel of
latitude — great

circle

Figure 2. Geometric illustration of curved surfaces’ geodesics.

This revolutionary paper contributes to:

i)The provision of both FIM and IFIM for KLDF manifold.

ii)First-time calculation of a -connection[26]. iii) KLD and JD are calculated for the underlying
queue iv) The compressibility (non-solenoidality) of KLDF manifold [27]. v)First time unification
between queueing and matrix theories.

vi) The Rényi divergence (RD) , D} (p|lq) and the S, AB-divergence, DZ’ - (pllg) for KLDF
are devised. Notably, computed divergence measure in this paper set the foundation towards the
information theory of Queue Learning(QL)

vi)Numerical Experiments on The Rényi divergence (RD), D} (p|lq) and the S, AB-divergence,
DIl (pllg) of the KLDF manifold to illustrate how both analytic and numerical experiments agree.

vii) A giant step towards the unification of ~KLDF of stable M/G/ 1 QM and its Information
geometric structure is devised. viii) Introducing novel well-defined statistical queueing
functionals, SQFs and investigate their algebraic structures.

This paper provides a roadmap of its contents, starting with early definitions in section 2 and an
overview of consistency axioms in section 3. In the remaining sections, it introduces the KL formalism
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of the stable M/G/1 queue and devises service time distribution and cumulative functions. The paper
also obtains the threshold theorem of KLDF, introduces the Fisher's information matrix and metric,
explores the a-connection of the queue manifold, and reveals the compressibility and developability
of the manifold. Additionally, it discusses the Scalar Curvature, Einstein Tensor, and stress-energy
tensor in relation to information theory, queuing theory, and General Relativity. The paper concludes
with the introduction of Rényi divergence and S, AB-divergence, numerical experiments, unification
of KLDF and its information geometric structure, and the introduction of statistical queueing
functionals.

2. Main Definitions in Information Geometry

Definition 2.1 [28]

1We call M = {p(x,0)|0€e®} a statistical manifold if x is a random variable in sample space X
and p(x, 8) is the probability density function, which satisfies certain regular conditions. Here, 6 =
(6,,0,,..,6,) € ® c R™.
Definition 2.2 [28]. Having defined the function

L(x;0) = Inp(x,0) 3)

Following (3), the potential function W(0)to be the distinguished negative function of the
coordinates alone.
Definition 2.3 [26]. FIM, namely, [g;;]) reads as

2
[gl]] = [#(W(H))];l;] =12,..,n (4)
Definition 2.4[29]. [g;;] reads as

(9= (g )) " = “L2 A= derfg, ] )
Definition 2.5 [26]. a-Connection
For each aeR, the a(or V(®)-connection is the torsion-free affine connection with components:

Fl-(]-‘fl,z = (“T“)(aiajak(tp(g)))’ 0; = aiei ©

Definition 2.6[29].
1. Assume p(x;0,) and q(x; 6,) are two points on the manifold M, the Kullback’s divergence
K (p, q@)is defined by

- : P(x:6p)
K@ @)= p(x:6,)ln (q(x;g’;)) dx (7)
and the J-divergence reads as
_ . . p(x:6p)
JB.9) = T (p(xi6,) — qCxi0) ) In (25 dx ®)

KLD (cf., [30-34]), may provide a reasonably straightforward to optimise target. The Rényi
divergence [34,35] reads as

DF@lla) = 5t (Sieo(p(m) (a(m)'”) ©

used in Rényi variational inference VI [31-39].
More potentially, we would lose the promises about divergence minimization in that case.
Consider f the AB-divergence’s scale-invariant as our primary interest. introduced this topic briefly:

in (Zio(p@) " S tn (Zi0(am) ™) = - In(Zio(pm) (a()")

1
n(n+y)

1
y(n+y)

D;/,:ZB(PHQ) =

(10)
for (y,n)eR? suchthat y # 0,7 # 0 and y + 1 = 0.
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The authors have presented a novel (dis)similarity measure, namely DZ_’XB pllqQ) (cf., (2.10).

Moreover, it has been illustrated that D;/‘ ;;’B (pllq) is potentially robust.

Beyond Euclidean
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Figure 3. (c.f., [41]).

2.7. Well Defined Functions and Bijective Functions

Definition 2.12(c.f., [42])

1. When the representation of the input is modified without impacting the value of the input,
the function is well-defined.

2. function f is said to be one-to-one, or injective (c.f. [43]), &

f(x) = f(y) implies x =y for all x, y in the domain of (11)

A function is said to be an injection if it is one-to-one. Alternative: A function is one-to-one <

f(x) # f(y), whenever x = (12)

This is the contrapositive of the definition.

3.A function f from A to B is called onto (c.f. [43]), or surjective, if and only if for every b € B
there is an element a € A such that f(a) = b. Alternative: all co-domain elements are covered.

4. A function f is called a bijection (c.f. [43]) if it is both one-to-one (injection) and onto
(surjection).
Definition 2.8

1. Ri(]"xk)l (Riemannian Tensors) are defined by

R = (01 = 005 )gq + (0T = L )] (13)
where I’i;-‘(a) = F”(o_? g%k

2.a — RCTs, Ri(,?) are given by

Ri = Rig" (14)

3.[29]The a — sectional curvatures Kl(}‘fj) are defined by

@ R (15)

i (9i)(gjj)-(gi)?
The a — sectional curvatures Kl(giz = K@ is called the a — Gaussian curvature and
e
Ko = il a6

4.RCT is basically a smaller version of the Riemann's Tensor (see, for example, [29], [44]).

5. Oriented Riemannian manifold RCT M signifies the difference between a geodesic ball on the
surface and Euclidean geodesic ball. Additionally, it reduces volume increase in a geodesic flow.
According to the Bonnet Myers theorem, when RCT is positive, the diameter of the Riemannian
manifold will be smaller[46].
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Figure 4. Depiction of how conical sections in the manifold differ in volume from corresponding
conical locations in Euclidean space (c.f., [47]).

Definition 2.9[48]
(1) The matrix exponential
e =32 A prA+ S (17)
=0 4 2! k!
solves
= Ax (18)

(2) If the characteristic polynomial of A is defined by
®(8) = det(A — 81)(2.18)
Then, the set of eigen values of A will is defined to be the set of all the roots of the equation:

®(8) = (6) = det(A — 8I) = 0, (19)
and corresponding eigen vectors x assigned to each eigen value § are defined to satisfy the
equation:
Ax = 6x (20)
e rewrites to
ed =T eP T1 1)

where D is the diagonal matrix of eigen values of A, and T is matrix having of the corresponding
eigen vectors of A as its columns.
Definition 2.10 [49]

(i)Developable surfaces(DSs) are a special kind of ruled surfaces: they have a Gaussian curvature
equal to 0 and can be mapped onto the plane surface without distortion of curves: any curve from
such a surface drawn onto the flat plane remains the same. Figure 5 as in below demonstrates DSs.
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Figure 5. The three kinds of developable surfaces: a, left) tangential; b, centre) conical; ¢, right)
cylindrical. Curves in bold are directrix or base curves; straight lines in bold are directors or
generating lines (curves) (c.f., [49]).

According to Kouvatsos [50], the maximum entropy state probability of the generalized
geometric solution of a stable M/G/1 queue, subject to normalisation, mean queue length (MQL), L
and server utilisation, p(<1) is given by

AH > 2
i
e, €S
Figure 6. A Stable M/G/1 queue.
1—-p, n=20
P ={ e et 22)
where g = o x="Land L= 3(1 + ﬂ) (MQL for the underlying queue), p(=1 -
L-p)a-p)’ L 2 1-p !
p(0)) and CZ is the squared coefficient of variations). Obviously, p(n) (c.f., (22)) reads as:
p(n) =
1—-p, n=20
1+pB_1yn-1
et ne @
(="

where B = CZ. The reader can observe the difference between our novel approach and that in
(22) and (23). Moreover, it is notable that the newly obtained KL formalism in the current paper is
more general which reduces to (22) as a special case.

2.11. Scalar Curvature(Ricci Scalar), R and Einestein Tensor,

The scalar curvature(Ricci Scalar), R (c.f., [44]) is the contraction of Ricci Tensor(c.f., (14))

R= R gV (24)
The Ricci scalar R (c.f., [44]) reads as:
T 6n . Acurved(€)
R = limeo 5l Afiat(©) (25)

Ricci scalar completely captures the curvature of the surface.

The equations for the motion of a classical theory, such as General Relativity, can be instantly
derived from a suitable action using the Euler-Lagrange equations, which leads to the well-known
Einstein equations [51].

Gy = R-2gy = an# (26)

where G;; is the Curvature of Spacetime(Einstein tensor), , Ri(]'.x) is the Ricci tensor of the
spacetime represented by the metric g;;, R = Ri(]‘.l) g¥,i,j =123,.., is the Ricci scalar or scalar
curvature, ¢ is the universal gravitational constant,c is the speed of light, and @;; A are the
components of the stress-energy tensor,@ ,describing generically the matter-energy distributions in
the spacetime.

3.1. NME Formalisms and EME Consistency Axioms

evaluated the credibility of Tsallis' NME formalism in terms of the four consistency axioms for
large systems. Tsallis' formalism, although satisfying the consistency axioms of uniqueness,
invariance, and subset independence, defied the axiom of system independence, as it should, due to
the existence of 'long-range' interactions.

The credibility of Rényi's NME formalism as a method of inductive reasoning is also investigated
in this context in terms of the four EME consistency axioms in Appendix A. Because of the presence
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of long-range interactions, the joint NME state probability distribution of two independent non-
extensive systems Q and V challenges the assumption of system independence (cf., [6]). As a result,
these NME formalisms are obviously adequate for quantitative analyses of non-extensive dynamic
systems with long queue tails and asymptotic power law behaviour.

The devised analytic proof on the credibility of Rényi’'s NME formalism follows a similar
methodology to the one employed for Tsallis's NME formalism by Kouvatsos and Assi and it can be
seen in Appendix A.

3.2. A Stable M/G/1 Queue with Long-Range Interactions

Throughout this paper we shall use QM as an acronym for queueing manifold, IG for
Information Geometry and QT for queueing theory.

3.3. Background:Shannon’s EME State Probability of a Stable M/G/1 Queue

It has been shown (c.f., [53]) that the EME state steady probability of a stable M/G/1 queue that
maximises Shannon’s entropy function (c.f.,[17]),

H(pis) = = Xp=op(m) In(p(n)) 27)

with requirements,
e Normalization, Yo opn) =1

(28)
e SU,

o A

P1,s(0) =Ym=oh(Mp(m)=1-p Z;_l (29)

where h(n) =1 for n=20 and h(n) =0 for n=
1,2,.. (30)
e P-KMQL,

<n>= Tagnp@) = 21+ 25 31

reads

_ (p(0), n=20

= T o (32)

where p(0) = 1 —p, T, =2/(1+ C?)and x = <’Z—;”
3.4. KLDF
Theorem 1

KLDF, namely, pg.(n),under (28)-(31) reads as

Pk1(0) n=20
pru(m) = Jpa@y (33, KL)
a
where the initial state probabilities pg;,(0) satisfy the SU constraint (3.3), namely:
prL(0) =1-p (34)
Such that
T =ra (35)
>= pCs,
Y= <2">p - p+(TKLF;PKL(0)’ y'= amx", ML =<n>= g (1 + T?) (36)
with
p(l-y) T

T=py a@ ™ 7

Proof
The Lagrangian, follows by maximising KLDF under (28)-(31) to satisfy:

(250 P () i (BE22) — (B0 h(n) + (B~ D(Eilo D) — V(EomI=0  (38)

Hence,

n (pKL (n)
q(n)

)+1+(B—1)—ah(n)+yn=0
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Therefore, it is implied that px,;(n) will be:

pre(m) = qm)(e™P) (™) (e)  (39)
n = 0, (39)translates to

pri(0) = q(0)(e™P) (e) (40)
Linking (39) with (40) implies

pra(n) = BB 5 — v € (01), 7, = e € (0,1) (41)
Hence, we have
Define, y™ = q(n)x"y = <::;p , implies that pgy,(n) will get the form, namely:

pkL(0) n=20
pxi(n) = pkL(O)ts y" n>o G3KD
q(0)
Clearly holds that:
— Yy . : p(1-y) _ . . p _ P :
1 = pkL(0) + px,(0)Tg a7 implying apyy = KL which clearly implies y = —P+(TK1)PKL(0)‘ This
proves the required results.
Clearly, from the above devised result
pkL(0) n=0
pr(m) = @y (33, KL)
a(0)

Itis known that q(0) € (0,1).itis evident thatas q(0) — 1, the KL formalism in (3.7, KL) will
get the form, namely:
pkL(0) n=20
n)=
Psn (1) {pKL(O)Ts y* n>0
which is the Shannonian formalism of the stable MG1 queueing system obtained as in [53].This

shows the strength of the newly devised KL formalism.

3.5. Exact KL NME State Probabilities with Distinct GExi-type Service Time Distributions

Theorem 2

The KL NME formalism, pgp,(n), are exact when PDFs of service time read as
forr () = (1 — T )ue (1) + p(Tg)?e ™ Ke 42)

where u,(t) reads as

w®= {5 (2o (43)

such that [ up(t) = land g =2/(1+ C2), 1, = %

Proof
QxL(@)(c.f., [54]Dfor pgu(n) (c.f.,43,KL) reads as
Qk.(z) = Znzopxu(m)z"”, [z <1 (44)
Hence,by replacing pg; (n) of (33,KL) into (44), it follows that:

P PkL(0)tkLYZ _ Pk1(0)(1-yz(1-TKL))
Qki(2) = Xnto Pri(M)z" = pg,(0) + KIEl—y;()L == 1-yz ==G2D)

Following [41],
(0)(1-2)(Fg k1.(A-22))

Q) = =0 (45)
where
F2x(8) = E[e7®] = [ 7 e7O 4 (Ddt
(46)
Hence,
1-z)(Fg kL(A-Az 1-yz(1-t
( F;_),EL(XK-Lx(z)-z ) _( yl(_ - KL) (47)
Following (47), yields
Fi (A= Az) = z((1-yz(1-1KL)) _ (-yz(1-tkL)) (48)

(1-yz(-tk)-(1-2)(1-yz)) ~ yigL-yz+l
Define, A —2Az = 6. Therefore, it holds that z =1 —% (49). Combining (48) with (49), the
reader can check that after few algebraic steps that

. _ ptgL+0(1-tkL) _ n(tkL)?
Foxn(®) = — o —= (1 — ) + = (50)
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By inverting Laplace-StieltjesTransform, F;y; (8)the GExi-type pdf k1. (D) (c.f., (34)) follows.

It is observed that as q(0) = 1, tgy = Ts, which reduces to the Shannonian limiting case
obtained (c,f., [53]).
Corollary 2.1

The CDF Fykp(t)o f the GExu type of service time with the PDFs f;g; (t) of Theorem 2 is
captured fully by F g ()}, which reads as

FoxL(t) =1 — e Hmes (51)

where tg = 2/(1+ CZ), Tg, = an'
Proof

We have
For (0 = fj for 00 dx= 501 — T )uo () dx + pr, fj e™HH0% dx
= (1 - TKL) + HIKL (1 - e_uTKLt)
HTKL
= 1 — tge "KL QED (c.f., (51))
For q(0) - 1, thenovel derivation (51) reduces to the formula in[53], Fs(t)= 1 — tse " with
2

Ts = C2+1°
Corollary 2.2
Following (42), we have
1
E(si) = (52)
2 2
=2 53
E(s%) = 7o (53)
2 _ Bk 4 _ (-wu)
Cske = (E(SkL))? 1= TKL (54)
— Is _ 2
where Tk, = a0 = 2/(1+ C9).
Proof
The mean of Sk is given by
E(Sk1) = fooo tfsx(Ddt = fow tutyg, e HIRLdE = g, fooo te HTKLidt (55)
Introducing
['(m) = fooo wm 1 e Wdw (56)
and substituting w = ptgt on (56) and since I'(2) = 1, it is implied that E(sg;) = u;g—KL)ZF (2) = ;lx
KL
Moreover,

[ee)

E(s2) = f £ £, o (Ot

0
= [ g e =
HTkL fooo t2 e7HTKLEdE (57)
and setting w = utg.t, E(sZ,) is given by (57) and subsequently, C2¢; by (54).
g K1)1S 8 ,

As q(0) = 1, the new derivations (52)-(54) reduce to thatin [53], namely:
1

E(S) = " (58)
2N 2
E(S?) = 5 — (591 ,
2 _ E(S _ _ (2—tkL)
SKL ™ (E(s))2 7w (60)
with Ty, = —,1, = 2/(1+ C2).

q(0)

4. THE THRESHOLD THEOREMS OF KL FORMALISM, Fy,(t)and C%;; FOR THE
UNDERLYING MANIFOLD

Preliminary Theorem 4.1[55].
For a well-defined and differentiable function f on an open interval (c,d).
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If f'x)>0 ( <0) for all x€(c,d) ,then f is increasing(decreasing) on (c,d).
(61)

4.1. The Threshold Theorem of KL Formalism of The Stable MG1 Queueing System

Theorem 4.2 pg; (n)of (33, KL) is

(i)Forever increasing in 7, (t5 € (0,1)).

(ii)Forever decreasing in n.

(iii)Forever increasing in pg;(0) (px;(0) € (0,1)).

(v)Forever decreasing in q(0) (q(0) € (0,1)).

(iv)Forever increasing in q(n) (q(n) € (0,1)).

Proof

(i)By the preliminary theorem, it suffices to show that ap;(_:s(n) >0 forall 7, (t; € (0,1)). We

have
IpkL(m) _ pri(0)y” _ pxr(n)
= = >0 62
0Ts q(0) Ts ( )

and (i) follows.
(ii)By the preliminary theorem, it suffices to show that Bpg—:l(n) <O0foralln=1,23,.

(63)

The reader can see that am;_;l(n) = pr(n)Iny (4.5). Since Iny < 0 (because 0 <y < 1), it is
implied by (63) that :

9pxi(n)

—n <0 (64)

and(ii)follows.

Engaging the same procedure proves (iii) and (iv).
As for (v), we can see that:

kL _ pri@zsy” _ prL() . .
220 @O - pres < 0 (4.7), which directly by Theorem (4.1) proves (v).

4.2 The Threshold Theorem of Fg;(t)of The Stable MG1 Queueing System
Theorem 4.3 Fy,(t)of (51) is
(i)Forever increasing in t (t = 0).
(if)Forever increasing in 7, if and only if:
1
11397

And is forever decreasing in 7, if and only if:
1

HTKL
(iii)Forever increasing in p (u > 1).

Proof

(i)By the preliminary theorem (4.1), we must prove:

Zex10 > 0 foralleo >t 2 0 67)

We have
and (i) follows.

(ii)By the preliminary theorem (4.1), it suffices to show that:

(65)

(66)

0F 1. (1)
T, KL
The reader can check that:

>0 ifand only if t > ——
UTKL

JF k1(t) _ e_”TKLt(/JtTKL 1) (69)
oTKY,

Since e "KL! > (, then it holds that by (69) that:

Fsxn® o if and only if (uttg, —1) > 0 (70)

61:KL
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which by the preliminary theorem (4.1), the proof follows.

Engaging the same procedure, the remaining proof is immediate.

It is observed that Theorem (4.3), part (ii) presents a novel temporal threshold for Fgy (t). This
temporal threshold is significantly dependent on uand tg;, whichis , 13 =

a2 impcated , the initial boundary steady state probaility of the comparable distribution q(0).

Also, it is clearly obvious that this novel temploral thrshold is influenced by the newly devised
2 _ 2
Cokr kL = vz o
In the following section, it is obtained that CZx, of (60) is forever decreasing in ;.

4.2. The Threshold Theorem of C2, of The Stable MG1 Queueing System

Theorem 4.4 CZ%, is forever decreasing in 7y, for all 7,,€(0,1)

Proof
By the preliminary theorem (4.1), it is enough to show that:
2
9C5KL < () for all 7,,€(0,1) 71)
(243799
By Corollary (2.2), it is obtained that:
2 _ E(sk1) 4 Qo) 2
Cokr = (E(SkL))? 1= KL TKL 1 (72)
Hence, it holds that:
kL _ (2
atkL ((TKL)Z) <0 (73)

By (73), the required result follows.

5. FIM and IFIM for KLDF manifold

According to Kouvatsos [53], the maximum entropy state probability of the generalized
geometric solution of a stable M/G/1 queue, subject to normalisation, mean queue length (MQL), L
and server utilisation, p(<1) is given by:

AH - @—’

i
e, Cg
Figure 6. A Stable M/G/1 queue.
Recall that pg;.(n) (c.f., (33, KL) is:
Pk (0) n=0
pk(m) = pa©@uy® o (33, KL)
a(0)
where the initial state probabilities pg;(0) satisfy the SU constraint (3.3), namely:
pr(0) =1—-p (714)
Such that
T =ha (75)
_ <n>-p _ P n _ n
Y ="as T rmamao VT 40X (76)
with
p(l-y) T

A-py q@ ™ 7

Theorem 5.1. The underlying manifold satisfies:
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1
(1_Pp)2
@) lgyl=| O >y 0 (78)
(1-pq)
0 0
(ii) IFIM reads as

lg¥1=(gyD) " = —+ 0 A=pp* 0 79

Proof
(i) We have
Case: pgL(0)=1-p
L(x;0) = ln(p(x; 9)) =Iln(1l-p),0=06,=p (80)
Y(O) =-Iln(1-p) (81)

Thus,
—w_ 1
1= ap - 1-p
(83)
R Y 1
0100 = 50 = ooy

Therefore, [gi]-] is:
R Y 1
9] = |53 [=7] (85)
IFIM is:
[9Y] = [g:17" = [(1 = p)?]

(84)

(86)
Moreover, it follows that:
MY = EE ) a00,%0) )

1-a
> )

(1-p)3

Il
—~~

(87)

1-a
(1-p)

1-a
(1-p)3

1

i@ = M= ¢
10 _ 1

R e R

n
Case II: Following similar steps to Case I, when n > 1, pKL;O%. We have

L(y;0) = ln(p(y; 9)) = ln(l — pp) — ln(l — pq) +In(ty) + M)In(y), (5.13)
where 0 = (04,0,.63) = (pp, g, Ts), 1 — pp = Px(0), 1 — pg = q(0).
To this end, we have

W) = In (M) (90)

ts(1-pp)

(1 —p)*) = (88)

In analogy to the above proof, after some algebraic manipulation, it clearly follows that the

Fisher Information Matrix is given by:
-1

(1_Pp)2 0
0 —— 0
9] = o O
-1
0 0 o

Hence, expression (ii) follows.

(ili) Similarly, after some lengthy analytic derivations, we have A= det [g;]=

ﬁ # 0. Hence, IFIM. To this end, after some algebraic steps, it follows that IFIM reads:
(1-pg)*(1-pp)=(ts)

—(1 - pp)? 0 0
[gY]= 0 (1-p)* 0 (92)
0 0 —(14)?
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This proves (iii).

6 The a-connection of the KLDF manifold

We have
(@ _ (a-1)

l—‘11,1 - (1_Pp)3 (93)

Engaging the same procedure, the reader can check that:
(@ _ (-

l—‘22 2 = (1_pq)3 (94)

F(a) — (1-o) (95)

33,3 (t5)3
In a similar fashion, the remaining components are computed, and they are equal to zero.
By using (13), the following expressions follow:

i@ = 1"1(1‘? gt + 1"1(0‘2) g**, which is after some lengthy calculations:

@ _ ama @)~ 1
h" = o Wy (56)
2% = 0 g% + 059 g% which is
2(@ _ 1-a  n2(0) _ 1
2" = G- pq)’rzz = 9P
3(a) _ 200 _ _ 1
1?’)3 (s )’I—'ZZ (Ts) (98)

Engaging the same approach, the remaining components are computed, and they are equal to
zero.

7. The Compressibility ( Non-Solonoidability ) of KL Formalism of the Stable M/G/1 QM

Theorem (7.1)  Subject to the KL Formalism, the stable M/G/1 QM could be compressible or
(non-solenoidal)

Proof

By the Divergence Theorem (c.f.,[27]), it is enough to show that the J-divergence of (8) satisfies
J(,q) #0 (99)

We have

0, @) = K(-0) + K@) = Ziz(@minCed) + qminE) (100)

It is determined that:
pk1.(0) n=0
Per(n) = {pkL()ts y" n>o0
q(0)
Hence, (100) will be given as

Je.0) = 1 (2) + i (X2)" i (22) (B (P (0) — Lt T3 (0))

(33, KL)

(0) p(0) q(0)
Hn (22) (S iy p(0) — B Ty (0) + tn (22) (p(0) Ty (g —
q(0) X1 nyg)] (101)
By
oA+ Bd)xk = 4 2 (102)

1-x = (1-x)2

J(p,q) will be given as
1.0 =t (2" 1 (B2) (e ) (- = 1) ~ 100 @) (- 1))

tin (:_Z) (<T5Pp(0) (__ 1) ~ Tsad(0) (E_ 1)) * ln( )(p( rerm i Ofrers )2))
(103)

Therefore,

1. =an ()" (2223) (Capp ) (55— 1) = T0a @ (52— 1))

q(0)
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+n (2) (p0) 25 - () 72553 (104)

(1_Yp)2 (1_Yq)2
Since yp, yq,0(0),q(0), Tsp, Tsq € (0,1), J(p,q) = 0ifand only if y, = yq,p(0) = q(0), Tsp = Teq-
So, because p(n) and g(n)are distinct, the result follows.

8. The Developability of the Stable M/G/1 QM, the Positivity of Its Ricci Curvature Tensor and
The Threshold Theorem of Ricci Curvature Tensor

Theorem 8.1 KLDF satisfies:
(i)Developability

(if) RCT# 0

Proof

To prove (i), we must prove that:

(@)
K(a) — Ri212

det(gij)
(16)
is zero.
We have
Rio = [ = 0 ) gg + (LT = L& L) (13)
k(a) _ p(a)
where [; = FUO; g%
The reader can check that:
R, = [(0:(RY? + L) = 0,5 + L)) (g12 + 922 + 932) + (O LA + L5 15 +
(a) 3(a) (a) p1(a) (a) p2(a) (a) p3(a)
F230,12 Fna ) — (rlfz F21a +r120,l2 r21a +1"13(f2 r21a )] = 0
(105)

(@)
- V= (@ — FRi212 _ ;
A det(gl]) g2 App)2 ()2 # 0. Hence, K aet(ge)) 0, which proves the result.
To prove (ii), we need to show that:
(@ _ p@ _ji
Ry’ = Rijg” #0 (14)
(13) implies:
(@) _ a-1
R1223 - ((1_Pq)'fs)2 * 0 (106)
A2

2L (a-pp))*

Engaging the mathematical formula (13), it is obtained that:

(o) _ (@) _ pl@ _ pl@ _ pl@ _ p@ _ p@ _ pl@ _ pl@ _ pla _
@ R1111( )— R111(2 )— R1113& )— R121(1 )— R122(1 )— R122(2 )— R131(1)— R131€ )— R131(3 )— R132% )_
a a (24 (24 a (24 a a a a a
R%3§2 = R1(32)3 = R1(33)3 = R2(11)2 = R21(2% = Rj333 =( )R2113 =( )Rz131 =( )Rz333 =( [;2211 =( ?2212 =( )
(24 (24 a (24 a a a a a a a
R%3)11 = R(13)12 = R%3)32 = R%3)13 = R(zz)zz =( )R3111 (=) R3112 T) R3131 = R?2§2 = R?1)13 = R?1)21 =
a a a a a a a a a a a
Rs(zz)z = R3%1§ = R3312 = R3p13 = R3zip = Ri3i; = Ry3i3 = R3sny = Ryzo, = Rygps = Rygg =
(24 a
R333, = R3333=0 (108)
Therefore,
() _ pl@) _ pl@ _ (a) _ () _ pl@® _ (@) _ (o) _
Rii" = Ry = Ry3 = R3, = Ry3" = Ry, = R3, = Ry =0
(109)
It is obtained that the only non- zero component is:
R - G-’ (110)
2 -y

Therefore, (ii) is proved.
In what follows, a novel threshold theorem for the obtained Ricci component of (110) is
devised.
Theorem 8.2 The Ricci component Rg? of (110) is
(i).Forever increasing in p,, for all p, € (0,1).
(ii))Forever increasing in the parameter a,a > 1
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(iii)Forever decreasing in the parameter a,a <1
Proof

()

(i)By the preliminary theorem (4.1) , it suffices to prove that 2 (:021 >0 (8.10). We have
14

aR\Y  (1-a)?

aop  ((-pp))? (1

By p, € (0,1), it holds that ((1 — p,))® > 0. Hence, the result follows.

As for (ii), we have

a RS (1-a)
= — 112
oa (A=pp))? (112)
By a > 1, itisimplied that(1 — a) < 0. Hence, we get:
a R
> (113)

Hence, the result follows.

It is notable that the Ricci component is not influenced by the service utilization of the secondary
distribution,
Pq -

Engaging the same procedure proves (iii).

In the following, some illustrative numerical experiments are obtained.

Numerical Experiments for theorem (8.2)

(i) R;‘:) is Forever increasing in p,, for all p, € (0,1),

a=3,p, €(0,1)

UTILTIZATION ws RICCI COMPOMENT . CURYATURE FPARAMETER = 3

.

-+ F5004.33527 16
=+ S0004. 35352716
=+ 25004353527 16

=+ 20004 . a3527 16

RICCI COMPONENT, CURVATURE PARAMETER = 3

=+ 15004 . 953527 16

S+ 100049352716

+ S004.85527161

0.153 0.275 0.3&7F 0.45E 0.545 0.&639 0.72E n.&12 n.an
’ f L ’ ’ ’ ’ ’ "

+ + + + i >
SERWICE UTILIZATIONW OF PRIMARY DISTRIBUTION
iTools . SubhashBose .consgrapher

Figure 7.

ii)Forever increasing in the curvature parameter a,a > 0
a>1,p,=05
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CURVYATURE PARAMETER ws RICCI COMPOMENT-.UTILIZATIOM = 0.5

il

+ 2=4

+ =44

+ =04

+ 154

RICCT COMPONENT, UTILIZATION = 0.5

+ 124

v

CURYATURE PARAMETER
iTools . .SubhashBose .comAgrapher

Figure 8.

(iii)Forever decreasing in the curvature parameter a,a < 0
a<1p,=05

CURVYATURE FARAMETER ws RICCI COMPOMENT.-UTILIZATION = ©.5

-

- 1%5.94

- 12. 04

- 10. 14

RICCI COMPOMENT, UTILIZATION = 0.5

—0.54 -5 .52 -0 FE 0.2 —0. 0 0.1z 025 0.
: : : " + : +

CURVATURE PRARAMETER
iTools. SubhashBose . condsrapher

Figure 9.

9. e of the underlying manifold

Theorem 10.1 e# that corresponds to FIM (c.f., (78)) solves % =Ax.

Proof
Recall that:
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-1
— 0
(1_Pp)2
1
[gl]] = 0 (1_pq)2 (C' f'! (78))
-1
0 wr
A0 0 - L
Rewriting [g;;] in a more simpler form ,[g;;] = 8 % C(?, VA" = G = T’ =

ﬁ (9.1). Tt follows that:

A =6 0 0
®(8) = (6) = det([g;;] — 81) = det( 0 B -6 0 > =0.
0 0 C'-9¢
Therefore, the eigen values are:

8123 =AB, C' (114)
It is implied that:
5 0 0
D= (0 5, 0) (115)
0 0 &,
1 00
According to  (12), it clearly follows that the matrix T =T~! =unity matrix/ =({0 1 0.
0 0 1
Hence,
e’ 0 0
eA=TePT 1= o o8 o (116)
0 0 e
Thid show that e# solves:
= = Ax (117)

10. Scalar Curvature(Ricci Scalar), R and Einestein Tensor, & and the stress-energy tensor,@ of
the KLF manifold

This section reports a new discovery of the missing link between information theory, queuing
theory and General Relativity, namely the Scalar Curvature(Ricci Scalar), R and Einestein Tensor,
$# and the stress-energy tensor,@w of the underlying Kull- Leibler formalism, KLF for the investigated
manifold.

Theorem 10.1 For KLF of the underlying manifold satisfies:

)R equals zero.

ii)  reads as
(a-a?

0 _
1-p)
= —a)? 118
# a5 (118)
(1-p)
0 0 0
iii) The stress-energy tensor,@ is given by
cti-o)°
0 2
8mg(1-p)
0= oo (119)
— 0
8mg(1-p)
0 0 0

iii) In a curved space the area, Acyrpeq(€) approximates to Agq:(€) for some small positive
€>0.
iv) The statement in iii) holds if and only if

A" (0) ~ Azurved(O)A%lat(O)
flat [Aflat(O)Acurued(O)—z (A'flat(O)Acurved(O) —Aurved (0 Acurved(0))]
Proof

(120)
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We have
R= RPgY,i,j=123 (c.f, (24)
We have
R 8ngwi; . .
Gij = Ri(f)-;gu =—j=123 (c.f, (26))
By i), R = 0, which reduces (26) to
Gy= R =221 =123 (121)
Hence,
N2
RY = RS = R = R = REY = Y= RE= REY =0 R{Y = =07 . which implies that
8ngw;;
Gij = RL-(}‘.Z) = # = 0 in almost all cases expcept only one non — zero component, namely
N2
Gy = R%) = 8_32 = Sni# and the remaining components are zero (122)
Clearly, it follows from (122) that both ii) and iii) are satisfied.
iii) holds if and only if:
R= lime Gl1 — 22220 = (6n)lim {1 — 20D (25)
Using L'Hopital’s rule,
, 1 A (e)
R = (6n)l N el curved
Emlime=o 1 == e
4 A -4 A
_ (%nﬂime—m é[ curved (€) curvi;ijzflf)t(e)j’lat(f) curved(f)] (Using L’Hopital’s rule,
a
(c.f., [56])
- 3n [Aéurued(O)Ajzfzat(0)_[Aflat(0)Acurved(0)_2(A'fzat(o)Acurved(0)—A'curvgd(O)Acurved(o))]Aﬁat(o)]

A?‘lat(o)
(L'Hopital’s rule, (c.f., [56]) (123)
Consequently , iv) holds.

11. The Rényi divergence (RD), D}(p|lq) and the S, AB-divergence, D}{;(p||q) of the KLF

manifold

Theorem 11.1 KLF manifold satisfies:
(1)The Rényi divergence (RD), D} (p|lq) (c.f., (2.9)) equals

()" (q0) "

1

q(0) 1+Bp q(0) 1+Bp

(124)

(2)The S,AB divergence (RD), D./;(pllq) (c.f, (10))is obtained by:

A _ Lq(Lp—pp)
" +(@)2 (1+3q)" 1(&)2<1+3q)y 1 Hn(E [(Lv(Lq‘Pq)

)n(y_l)] - p(0)>

1 p2(L, — ppm pZ
v | v Peie Mo/ N f -
D s (0llq) [n(n Ll (p(®) +E< w) ) @~ )
1 y+n pg(Lq — p)" " _ L
o™ <("(°)) e ( L) Lo - pq)>
1 y 0 P2 ((Ly = Pp) (L = p )"\
——1
i (p(®)"(q(®)" +E ( (LL)" >

PrPa
(Lp - pp)(Lq - pq)

(125)
where B = €Z for KLF, Ly, L, are the MQL at the points p,q
expected value.
Proof

(1) The reader can check that for n # 0,

respectively and E defines the
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-1 r-1 (r-1

Dy (2O’ (wq)y (_) ’ (_p) ! (126)

q(n) q(0) 1+Bp Lp Lg—pq

where § stands for SCV of the underlying manifold, L, and L, are the MQL at the points p,q
respectively.

We have

1
DE(ll) = o5t (Zio(p)” (400) ) (c-f, )

. 2(p(0))y_(?(0))1_2y .
) ()G ()
+in (E [(%)MH)] -

p(0)> (c.f.,(126))

Clearly, p(n) can be re-written for n > 0 in the form :

pA(L-pt
p(n) = — L=<n>=MQL (127)

Now, we have

Y+ y+n pA(L—p)n ) p?
n(n +7) (Z(p(n)) ) n(n +v) " <(p(0)) * Z (7) P = - p)

- ((p(o))y*’7 +E (_Pv@v—f’v)" 1)“" Lo ) (128)

n(n+y) Lp)™ (Lp—pPp)

Similarly,
in (Zizo(am)™") = =~ in <(p(0))y(q(()))" + E[(p%p?l((Lp—pp)((Lg—pq))"—l)V‘1] o3 )

y(n+y) (LpLq) Lp=pPp)(Lqg—Pq)

(129)

in (Zio(am)™") -

YT @llg) = ——in (Tio(p() ™) "

n(n+y) y(n+y)

o n(I2e(pm) (a@)") (e.f. (10))

for (y,n)eR? such that y # 0,7 # 0and y +n # 0.
Thus, it follows that:

1 + 2 L. — n-—1 yin-1 2
D1l = [e———tn [ (p(0))’ u%%) -
14

n(m +v) (L Ly = pp)
1 v+ pi(Ly — pq)n—1>1’+7l—1 P
- 1 L B S o S ol S
o <("(°)) e < L" (Lq = Pq)
1 v |(PEPR = )y — pEp2
-1 —
YN " (p(())) (q(O)) tE ( (Lqu)n > Ly = pp)(Lg — Pg)

(130)
This proves (2).

12. Numerical Experiments on The Rényi divergence (RD), D} (p|lq) and the S, AB-divergence,
DY:(pllq) of the KLF of stable M/G/1 QM
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SU{p) ws RD.ITP=0.6_5U{qg) =0_.7_.SCV¥{q) = Z2_5CV¥{p) = 3.n =1
il

—

n

=

o5 T 15-4ze5564445

"

=

5 4 13 .5ZEE3E4445
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Figure 10.

For non-extensive information theoretic parameter, ITP = y, figure 10 records the physical
phenomenon of increasability of RD by the increase of server utilization and progressively RD
approaches infinity as server utilization approaches unity, which drifts the underlying M/G/1 into
instability phase. It is slightly observable that at the lower values of server utilization, RD decreases.
This is quite clear by observing figure 11. This clearly shows the queueing impact represented by
server utilization on RD.

SU{p) wvs RD.ITP=0.6.SU{q) =0.7.SCV{a) = 2.SCV{p)} = 3.n =1

-

k

3=l

4 0.TFSA4TEGE4S

4 0-TFS4TIEIE4S

2,500(p)

4 0AFS00EE444E

0.7,3000)

-+ 074

4 0.TFHOESEGE4

0.6,30(x)

RO, ITR

4 D.TFISAZE444S

4 0.TFIL2IE4445

0.11%

L
SUcps
iTools=s . .SubhashBose .comAgrapher

Figure 11.
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SU{p) wsi{— RD).ITP=2_.5U{(q) =0.7_5SCV{gq) =2_5Cv¥{p) = 3. n =1
il
-
n
=
o 4 1.7S3e20011
n
=
==
=4 1-Fesezo011
o
"
1 1.evsezao11
==
[
B
=5
=
m 4 1.e1sez0011
=
=
=R
T 4 t-sesezon11
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=
5 4 t.sesezo011
<+ 1.453620011
0.1z 0.14 0. 16 n.1E 0.z 0.2z 0.2 .26 L] .
+ + + + >
SUCpD
iTool=s ..SubhashBose ccomAgrapher
Figure 12.

It is observed by figure 12, that for extensive ITP, the dual information theoretic and queueing
theoretic significant impact on RD is clear as RD decreases immensely by the increase of server
utilization until it approaches —co as server utilization approaches unity(instability phase).
Combining all the numerical findings, RD is significantly influenced by both p andy.

The increasability of D2o9* p progresses to

s,AB
increase beyond 0.25, DJ¢5*(p|lq) attains complex values.

(rllg) is shown by figure 13 as in below. As

SUp vws s ABD. . ITP1=0.6_ ITFPZ2=0_-4_5SUg=0 .7, SC¥qg=2_5SCVp=3_.n =1

k
F

3.0 =l

= F1FTOESS3

2,50

- D1EFOISE3

0.7, 50V

= FLFFOISS3

1.4, Sl

=B 13703559

0.6, TR

= ALEFTFOISSEA

5, ABD, ITRL

= 21FFO35E3

=S 1F7 03559

=2

0.115 0. 0. 145 0.zZ0s . 0,235

+ I ™

$ + + + »
SERVER UTILIZTIOM AT POINT p. SUp
iTools ..SubhashBose .com/ASrapher

Figure 13. i.

13. Unification of Queueing Systems and KLF of stable M/G/ 1 QM

Define a function ¢, between the stable M/G/1 QM into its IG structure by
_ p _ (-o?
(Pa:(p) - R21 (1-p)? ’ a+1 (C.f.,

(131)

(122))
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The following theorem is a groundbreaking functional approach which unifies queueing theory
with IG.

Theorem 13.1 For a stable M/G/1 QM, the function ¢, of (13.1) generates a family of
functionals satisfying the following:

)@, is well-defined.

ii)¢, is one-to-one.

iii)@, is surjective.

iv)p,* exists ifand only a € (1 —./p,1) and is given by ¢ '(p) =1 — 1\;—: , p €(0,1).

Proof
(1-a?* _
(1-p1)?
equivalently (1 — a)? = 0 (equivalently, @ = 1, which is a contradiction) or 1 — p; = +(1 — p,),

To prove i), let ¢, (p1) = @,(p;) such that p; # p,, p1,p, € (0,1). Hence, it follows that
(1-a)?
(1-p2)?’
which directly implies p, = p, (contradiction) or p; + p, = 2(impossible since p;, p, € (0,1) ). This
proves that p; = p,. Hence i) is done.

ii)We need to show that:

®a(p1) = @q(p;) ifand only p; = p, (132)

Let @,(p1) = @4.(p2), then p; = p, follows by i). If p; = p,, then it is trivial to show that for all
a#1,¢,(p1) = @q(p2). This proves ii)

N2
iii)It is straightforward to see that for every a-o)

a-p)?’

there is a unique p assigned to it. Thus,

surjectivity follows.
iv) let (p) = a0’ w. Therefore, 1—p=+=2, or p=1F 2. We must ignore the
PalP) =0Ty =W plmp=Egorp T 8

positive sign, to leave us with one choice, p =1 — 1‘/_—: Since p € (0,1). Then ;' exists if and only

if 1- 1\/_—; € (0,1), equivalently,
0<l—a< Vw,ora€ (1 —vw, 1). Therefore, ¢_'(p) if andonly if a € (1 — \/_, 1.
To interpret the analytic findings of iv), we have obtained

1) = 1 1-—a

g (p) =1-

a ‘/,0

Let p=0.1a€(1-+01,1)=(0.683772234,1) ) So, we have
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Figure 14.

Figure 14 supports the analytic findings as it shows the significant impact of the curvature
parameter on the performance of the family of inverse of the functionals QIGU, queueing-
information geometric unifiers.
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Figure 15.

Let p=0.1a ¢ (1 —401, 1) = (0.683772234,1). So, we have

Figure 15 shows the immense increase of ¢;'(0.1) as a increases, until it approaches infinity
for sufficiently large «,whereas in figure 16, a & (1 -01, 1), it is observed that ¢z'(0.1) is
negative and increasing . This is seen from figure 16.

CFP = THE FAMILY OF {—- QIGU{CP. SU>>. SU = <_1
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Figure 16.

Let p = 0.1a ¢ (1 —+0.1,1) = (0.683772234,1). So, we have
More to the extreme, for negative values of a, ¢;'(0.1) increases by the increase of «, until it
approaches —oo for sufficiently large a.this is recorded by figure 17.
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Figure 17.

14. Statistical Queueing functionals (SQFs)of KLF of stable M/G/ 1 QM

There are several SQFs representations. In what follows, we introduce some novel well-defined
SQFs and investigate their algebraic structures.

14.1. The first representation
Define the statistical functionals f;, f, from the stable M/G/1 QM into the KLF of it as follows:

filp) =1-p, p€(0,1) (133) .
I L R & YD
flp)==L=1 (H%),L =MoL = 5(1+5).¢ = Cly isfixed ¢ > 1 (134)
where (2 = ZX(cf (337) with T, = -, T, = 2/(1+ C2).
’ TKL q(O)

Theorem 14.1 For a stable M/G/1 QM, the above defined SQFs, f;,f, (c.f., (133), (134)), it holds
that:

i)f; is well- defined.

ii) f1is one-to-one.

iii) f; is onto

iv)fi ! exists and is given by:

i) =1-p (135)

v)f, is well-defined.

vi) f, is one-to-one.

vii) f, is onto.

viii)f; ! exists and is given by:

1 _ 1+p
f2x 0 = ovios (136)

Proof

i)Let py,p, € (0,1) such that p; # p, and f1(p;) = fi(ps). Hence, 1—p; = 1—p,, or p; =
p,(contradiction). Therefore, f; is well defined.

ii)Sufficiency:

Let p;, p, € (0,1) such that f;(p,) = fi(p,). Hence, p; = p,is immediate.

Necessity:
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Let py, p; € (0,1) such that p; = p,. Then, it follows that 1 — p; = 1 — p,, orequivalently f;(p;) =
f1(p2).
iii) Clearly for every 1 —p there is a unique p € (0,1) such that f,(p) =1 —p. Hence, f; is
onto.

iv)Let f1(p) =1—p =y, p € (0,1). Consequently, ;"1 (p) =1 —p.
v) By (14.2), it follows that

2

[X4 )

f2(p) = (1+1 28

Let p;, p, € (0,1) such that p; # p, and f,(p;) = f>(p,). This reduces to

- (1+ZP<' £y 1- ﬁ, which directly implies by following some algebraic steps that p; = p,
p 1-p

(contradiction), this proves v),

(137)

vi)Let f,(p) =1— (12—‘,{) =z, p€(0,1). This implies p=1—2z, z € (0,1) . Consequently,
+P
1-p
it =1-p.
v) By (134), it follows that
2
=1- 138
fZ (p) (1+%) ( )
2 2
Let py,p, € (0,1) such that p; # p, and f,(p1) = f2(p2). Hence, 1 ) ST
1-p1 1-p2

{(py — p,) = 0. This implies p; # p,(contradiction) or { = 0 (impossible since the underlying QM is
stable). Hence, v) follows.
Engaging the same methodology as in i) and ii), vi) and vii) will hold.

Let f,(p) = y.Thus, 1 — Y

2 .
@ =Y. 000 = Ty Clearly, this proves viii).

14.2. The second representation

Define the statistical functionals fj, f, from the underlying manifold to its KLDF by:
filp) = p p € (04T

L) =t=(1+5) L=moL=2(1 +—) {= C%yisfixed,{>1  (139)
where csKL =& T“L)( £.B3D with T = 25,10 = 2/(1+ CD).

Theorem 14.2 The defined SQFs, fi,f; (c.f., (14.7), (14.8)) satisfy:
i)f; is well defined.

ii) f1is one-to-one.

iii) f; is onto.

iv)f; * exists and is given by:

£t () =V(p) (140)

v)f, is well defined.

vi) f, is one-to-one.

vii) f, is onto.

viii)f; ! exists and is given by:

- 2p—1
fid 0 =200 (141)
Let p;, p; € (0,1) such that p; # p, and f1(p;) = fi(py). Hence, p? = p3, or (p; — po)[pf + p3 +
p1p2] = 0.

Thus, it follows that p; = p, , or [p? + p? + p1p,] = 0(impossible, since p;, p, € (0,1)). Therefore,
fiis well defined

v)Let pq, p, € (0,1) such that p; # p, and f, (pl) = f,(p,). This reduces to

1 4 1 ¢ o o ¢ .
5(1 + 1p_1p1) = 5(1 + 1p—2p2)’ which directly implies % = lpp Hence, {(p; — p,) =0 , which

implies p; = p, or { = O(impossible, { > 1). This proves v).
It is straightforward to prove vi), vii) .
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2z-1
(2z-1+Q)

Consequently, f;7(p) =

vii)Let fo(p) =2(1+ %) =z, p€(0,1) This implies p =
2p-1
G (e, (141)

14.3. The third representation

Define the statistical functionals f;, f, from the stable M/G/1 QM into its KLF as follows:

filk)=p¢, pe(0,1),{>1 (142)
F(p) = = = PETV*L 1 yor = §(1 +%),( = (2 isfixed, ¢ > 1 (142)

L-p p(((+1)—)1'
2—-T . Ts
where CZy = Tf]“(c.f.,(60)) with Tg, = ot 2/(1+ C2).

Theorem 14.3 For a stable M/G/1 QM, the above defined SQFs, f;,f, (c.f., (142), (143)), it holds
that:

i)f; is well defined.

ii) f;is one-to-one.

iii) f; is onto.

iv)f{ ! exists and is given by:

fite) =% (143)

v)f, is well defined.

vi) f, is one-to-one.

vii) f, is onto.

viii)f; * exists and is given by:

-1 _ p+1
fax ) =S 5iao (144)
P1 P2

i)Let p;,p; € (0,1) such that p; # p, and f;(p;) = fi(p,). Hence, 7= 7o pi=pyor %—

O(contradiction, since ¢ > 1). Therefore, f; is well defined.
The easy proofs of ii), iii) and iv) are straightforward.

_ . p1(-1)+1 _ pa({-1)+1
v)Let p;,p, € (0,1) such that p; # p, and f,(p;) = f,(p;). This reduces to S GIDo1 = a1

Hence, it follows that:

P -D+DEC+D-D = +D-D@((-D+1D) (145)

After some calculations, (145) reduces to {(p; —p,) =0 , which implies p; =p, or { =
O(impossible, { > 1). This proves v).

The proofs of vi) and vii) are straightforward.

_ p@-1)+1 _ _ z+1 -1 _
viii)Let  f,(p) = G 1=Z > P € (0,1) .Hence, p = 2CDIaD) .Consequently, f,- (p) =

p+1
srnra—p (©f (144)

14.4. The fourth representation

Define the statistical functionals fj, f, from the underlying manifold to its KLDF by:

filp) = p*, p € (0,1),{ > 1(146)

fo(p) =MoL =L =2(1 +£),z = (2, is fixed,{ > 1(147)

where (2, = %(c.f.,(m)) with T = 5, = 2/(1+ C).

Theorem 14.4 For a stable M/G/1 QM, the above defined SQFs, f;,f, (c.f., (141), (142)), it holds
that:

i)f; is well defined.

ii) f1is one-to-one.

iii) f; is onto.

iv)fi ! exists and is given by:

fitp) =p (147)

v)f, is well defined.

vi) f, is one-to-one.

vii) f;, is onto
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viii)f; ! exists and is given by:
- -(2p+1)+V((2p+1)2+8p({-1))
fid () ==, 05—
i)Let py,p, € (0,1) such that p; # p, and fi(p) = fi(p,). Hence, p{ = p7, or p; = pyorp; +
p, = O(contradiction, since p;, p, € (0,1)). Therefore, f; is well defined.
The easy proofs of ii), iii) and iv) are straightforward.

v)Let pq, p; € (0,1) such that p; # p, and f,(p;) = f,(p2). This reduces to %(1 + %) = p—z(l +
~F1

(148)

214
1-p;

). Hence, it follows that

(pr=p)[(Q—p)(A —p) +{] =0 (149)

(149) implies p; = p, or [(1 —p;)(1 — p;) +{] = 0 (contradiction, since p;,p, € (0,1) and ¢ >
1). Thus, v) holds.
The proofs of vi) and vii) are easy.

viii)Let f,(p) = g(l + %) = z.Consequently,

2 2z+1 2z \ _
pt+ () - () =0 (150)
Therefore,

_ —@z+D#V((2z+1)%+82({-1))

= 20D (151)

Since p € (0,1), it holds by (151) that:

_ —Qz+D)+V((2z+1)%+82({-1))

P (152) 2
Clearly, by (14.22), it follows that f57 (p) = ‘<2P+1)+“(§§§_+11)) *80671) (¢ £ (14.18)).

14.5. The fifth representation

Define the statistical functionals fi, f, from the underlying queue manifold into its KLDF by:
filp) =p™, p€(0,1),n>0 (153)
£(p) =1L = 5(1 + %) = MQL,{ = C% is fixed, { > 1 (154)

where (2, = Q:—IZL)(C.f.,(6O)) with T = 251 = 2/(1+ C3).

Theorem 14.5 For a stable M/G/1 QM, the above defined SQFs, f;,f, (c.f., (14.23), (14.24)), it
holds that:

i)f; is well defined.
ii) f1is one-to-one.
iii) f; is onto.
iv)fi * exists and is given by:

1
fitlp) = pn (155)
v)f, is well defined.
vi) f, is one-to-one.
vii) f, is onto.
viii)f; ! exists and is given by:

1 1 \?2
_ —(2p5+1>+\/((2pﬁ+1) +8p({-1))

f2i () = D (156)

iLet py,p, €(0,1) such that p; #p, and fi(p;) = fi(p,) . Hence, pi'= p7 ., or p
pyor (p1 + pl'~2p, + -+ + p¥~1)(contradiction, since p;, p, € (0,1)). Therefore, f; is well defined.
The easy proofs of ii), iii) and iv) are straightforward.

v)Let py,p, € (0,1) such that p; # p, and f,(p;) = f(p,). This reduces to [p2_1 (1 +%)]" =
—PF1

[22 (1 + L()]". Hence, it follows that:~
2 1-p2

(T ] s (-
0 (157

(157) implies:
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T I (e I I = I

(Contradiction, since p,,p, € (0,1) and ¢ > 1). Thus, v) holds.
The proofs of vi) and vii) are straightforward.

viii)Let f,(p) = [B (1 + ﬁ)]" = z.Consequently,

2 2k+1 2k \ _ n,
o ()= () =0k =2 o9
Therefore,

_ —@k+D)HV((2k+1)%+8k({-1))

_ Ty (159)

Since p € (0,1), it holds by (151) that:
_ —(2k+D)+V((2k+1)?+8k({-1))
- 2(¢-1)

(160)

1 1 \? 1
(zpﬁ+1>+\/(<2pﬁ+1> +8pn({—-1))
Clearly, by (160), it follows that fz (p) = 2(¢-1)

For n =1, (14.26) reduces to (14.18) as a special case.

(c.f., (156)).

15. Closing remarks and next phase of research

FIM, and a -connection for KLDF manifold is presented. Geodesic equations, Kullback
divergence, and J-divergence are also developed for this KLDF manifold. According to the findings,
the compressibility for the KLDF manifold is proven. Additionally, the underlying manifold
possesses a non-zero RCT. Furthermore, the exponential of the FIM is demonstrated to be a
differential equation solution, and the work develops information geometric ties to provide
queueing-theoretic unification with other mathematical disciplines .

Appendix A: KL Formalism vs. EME Consistency Axioms

1. Uniqueness

It translates to, “If the same problem is solved twice in exactly the same way, the same answer
is expected in both cases i.e., the solution should be unique” (c.f., [6]). Let f;, h be two PDFs such

that:

Hia(fun) = Hi(hian) (A1)

Hence,

f

(i) () = 3 (hep) n(L88) - (42)

By (A.2),it is implied that

(feen) (In(fien) —In (@(N))) = (hgpn)(In(hgn) — In (@(V))  (A3)

Let the contradiction be true, namely,( fKL‘N) +* ( hKL,N). Thus 3y > 1 satisfying:

(fKL,N) = Y( hKL,N) (A4)

Combining (A.3) and (A.4) , we get

V( hKL,N)(lnY + ln( hKL,N) - ln(q(N)) = ( hKL,N)(ln( hKL,N) - ln(q(N))
(A.5)

Since ( hg. N) is non-zero, (A.5) can be transformed into

_ (hkLN)

y(iny) = (1 —y)(in () (A6)

By default, q(N) € (0,1)

By mathematical analysis, we have the following possibilities:

g(N) < hgn

It is implied that % > 1, In( (hKL N)) > 0. This implies by (A.6), ¥ > 1, that y(lny) <0
(Contradiction)

q(N) = hgpn
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It is implied that % =1, In( %) = 0. This implies by (A.6), ¥ > 1, that y(lny) =0
(Contradiction)
q(N) > hgpn
It is implied that % <1, In( %) < 0. Hence, KL divergence is negative , which

contradicts that fact that KL divergence is non-negative(c.f.[57]).

Therefore., “there cannot be two distinct probability distributions fi n, hg,neQ having the
same KL divergence measure in .Thus, KL formalism satisfies the axiom of uniqueness (c.f., [6]).

2. Invariance

The invariance axiom states that “The same solution should be obtained if the same inference
problem is solved twice in two different coordinate systems” (c.f., [58]).Following the analytic
methodology proposed in and adopting the notation of Subsection 1, let E be a coordinate
transformation from state {S,,n = 1,2, ...,N} to state {M,,n = 1,2, ..., N}, where Mbe a transformed

set of N possible discrete states, namely M = {M,,n = 1,2,..., N}with I'(pxyxn(Mp)= E~(pxn(Sn),
9(Mn)
a(sp)
distributions ' defined on M such that E(pKl,N(Mn)) > 0 for all MyeM, n = 1, 2,

where ] is the Jacobian | = Moreover, let I'Qbe the closed convex set of all probability

...,Nand ZgzlE(pKL,N(Mn)) =1. It can be clearly seen that, transforming variables from S,€ S

into R, € R, the extended KL divergence (c.f., (2.1)) is transformation invariant namely

HI*(L( pKL,N) = HI*(L(E'(pKL,,N)) (A7)

Thus, the EME formalism satisfies the axiom of invariance since the minimum in ZQ
corresponds to the minimum in Q” (c.f.,, [57])._

3. System Independence

It translates to “It should not matter whether one accounts for independent information about
independent systems separately in terms of different probabilities or together in terms of the joint
probability” (c.f., [6]). The joint probability for any independent systems Q and M is:

hignk, Yn) = PriX = x, Y = yn) = fiank) gxinyn) (A.8)

Thus, KL divergence measure (c.f. (2.1)) can be written as

(le,N (xx) 8KIN (¥n) )

N N
(hin)
Hgp (h = h In . = fin (X In
KL( KI,N) ;( KI,N) ( q(N) ) ; kN (X ) 8rin(yn ) In ( qN) )
(A.9)
Assume that
Hi(hrn) = Hiw[fon] + Hia[g(en)] (AL10)
By (A.9) and (A.10), this could be rewritten in the simpler form:
f9\ _ S 9
fgln (m) = fln (q(N)) +gln (q(N)) (A.11D)
Hence, it follows that:
fg (Infg — Ing(N)) = f Inf + g Ing — (f + g)Inq(N) (A.11)
Define q(N) =1, so (A.11) will be:
fg(nfg) = finf +glng (A.12)
(A.12) implies,
(f9)'s = f/g° (A13)

Let f = g = in (A.13)

Hence, it follows that

(%)i =z (A.14)

(A.14) is impossible. Thus, system independence is defied because of long-range interactions.

4 Subset Independence(SI)

SI in a physical interpretation reads as “It does not matter whether one treats an independent
subset of system states in terms of a separate conditional density or in terms of the full system
density” (c.f., [59]).
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In the given context, the notation and concepts related to an aggregate state of a system, denoted
as x, and its associated probability distribution fi;(x). The probability distribution represents the
likelihood of the random variable X taking the value x. The text also mentions that the aggregate
states §;, where i ranges from 1 to L, can be expressed using this notation.

Xs; frni(xi) = & (A.15)

We have

Hi(fk) = i 2s; & fieni () (A.16)

wherefy, ;(x) (€ 2. Equation (3.10) will read as

Hi (fx) = [ZiEiZSi fKL,i(Xij)] )
(A.17)

Thus,

Hiwi(fiai) = (Zsf(le,i)(Xij)ln(%)) (A.18)

Hence,

M)“mxxij)

q(N)

Dxii (1) (x45)
Hik(L.i(le,i(Xij)) = (Zgi* ln(( (fkgg\]() ,)) j )
(A.19)

Hence, apparently by the above proof it holds that

)= in(E(

(f) o)\ R0 i) B9 1000\ ™ () )™
2s; (( B ) >( A ) ~ ( ) ) T @™
(A.20)
By (A.20), there  exists a positive real number 0 < o <1 satisfying:

(ficns) (xi1) (fn1) (x35) B (fir) () 200
( q(N) ]) - G(q(N))JQ(N) (A21)

Combining (A.19) and (A.21) implies

(e (1) (i) YA
HI*(L,i(le,i(Xij)) = (ZSZ ln(((fl(l,l)( 1])) ) _ (M)

q(N) O'(q(N))q(N)
Following (A.23),
N) N
(le,i)q( (xi) = U(Q(N))q Hii (i (x37)) (A.24)
By (A.24),
1 1
(fiai (i) = N 0T (Hig (i) ) @00 (A.25)
Linking (A.16) with (A.25) yields

1 1
Hi () = ZiEaN)o ™ (i (o () 0 (A26)
(A.26) implies that KLD satisfies subset independence .

(A.22)
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