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Abstract: From a differential geometric perspective, information geometry (IG) aims to
characterise the structure of statistical geodesic models. The research done for this paper offers a
novel method for modelling the information geometry of a queuing system. From the perspective
of IG, the manifold of the transient M/M /oo queue is described in this context. The Fisher
Information matrix (FIM) as well as the inverse of (FIM), (IFIM) of transient M/M/ o QM are
devised. In addition to that, new results that uncovered the significant impact of stability of
M /M / o0 QM on the existence of (IFIM) are obtained. Moreover, the Geodesic equations of motion
of the coordinates of the underlying transient M /M/ o are obtained. Also, it is revealed that stable
M/M/ oo QM is developable (i.e., has a zero Gaussian curvature) and has a non-zero Ricci
Curvature Tensor (RCT). Novel stability dynamics of transient M/M/ o queue manifold is
revealed by discovering the mutual dual impact between the behaviour of (RCT) and the
stability(instability) phases of M/M/ o QM. Furthermore, a new discovery that presents the
significant impact of stability of M/M/ oo queue manifold and the continuity of the unique
representation between M/G/1 queue manifold and Ricci Curvature Tensor (RCT). The
information matrix exponential (IME) is devised. Also, it is shown that stability of the devised
(IME) enforces the instability of M/M/ co QM. More interestingly, novel relativistic info-geometric
queueing theoretic links are revealed .

Keywords: transient M /M/ o queueuing system; information geometry (IG); statistical manifold
(SM); queue manifold (QM); geodesic equations of motion; Ricci Curvature (RC); Einstein Tensor;
Stress Energy Tensor; Riemannian metric (RM); Fisher Information matrix (FIM); inverse fisher
information matrix (IFIM); threshold theorem

1. Introduction

Numerous study areas, including statistical inference, stochastic control, and neural networks,
have extensively used IG (c.f., Mageed et al, 2023). In other words, the goal of IG is to use statistics
to apply the methods of differential geometry (DG).

A manifold (c.f, Mageed and Kouvatsos, 2021) is a topological finite dimensional Cartesian
space, R®, where one has an infinite-dimensional manifold. In Figure 1, the parameter inference 8
of a model from data can be interpreted as a decision-making problem(c.f., Nielsen, 2020).In
(Mageed et al, 2023; Mageed and Zhang 2022), the exponential distribution families were
investigated with many variations.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 1.

In this paper, a study is undertaken of the geometric structure of the stable M/G/1 queue
manifold (QM). To our knowledge, there is only one research paper (c.f., Nakagawa, 2002), which
studied the IG of a stable M/D/1 queues, where a geometric structure was introduced on the set of
M /D /1 queues by employing the properties of queue length paths. This point of view motivated the
novel track of the research of this paper linking IG with information matrix theories towards a new
re-interpretation of the transient M/M/ o queue.As far as we are aware, just one study paper (cf.
Nakagawa, 2002) has looked at the IG of stable M/D/1 queues and added a geometric structure to
the collection of these queues by utilising the features of queue length pathways. This point of view
served as the motivation for the original research strategy in this study, which connected
information matrix theories with IG to create a novel understanding of the transient M /M /o queue.

In the context of this paper, Ricci curvature (c.f., Nielsen, 2020) evaluates the deviation of the
Riemannian metric (RM) from the standard Euclidean metric (EM), and scalar curvature measures
the deviation for the volume of a geodesic ball from the volume of a Euclidean ball of the same
radius (c.f., Figure 2).

_parallel of
latitude great

circle

Figure 2. Geometric representation of geodesics on curved surfaces (c.f., Norton, 2020).
2. Main Definitions

2.1. Main Definition on IG

Definition 2.1. Statistical Manifold (SM)
We call M = {p(x;0)| 0 = (6,67, ...,6™)eR"} a manifold(c.f, Mageed et al 2023) of n-dimensional
distribution with coordinate system (6%,02, ...,6™).
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Definition 2.2. Potential Function

The potential function, ¥(0) (c.f., Mageed et al 2023) is the distinguished negative function of the coordinates
alone of (L(x;0) = ln(p(x;@)) ). Fundamentally, ¥(0) is the part of (—L(x;0)) which only contains
(64,67, ...,6™).

Definition 2.3. FIM
FIM (namely, [g;;])is given by the Hessian matrix i.e.,

0? -
o] = [—agiaa 7 (‘1’(0))].1,1 €[123,..,1} 2.1)
Definition 2.4. [FIM
IFIM(namely, [g¥]) reads as(Dodson, 2005)
[9] = (g D)™ = “9) p— ger[g, ] (22)
The corresponding arc length function is:
(ds)? = Xij=1 i (d67)(d67) (2.3)

Definition 2.5. a-Connection
For each aeR, the a(or V® )-connection (c.f,, Dodson, 2005) is the torsion-free affine connection with
components:

T = (5(0:9,0,(¥(9))) (2.4)

where ¥ (8) is the potential function and 0; = %.

Definition 2.7.
(1)The geodesic equations of manifold M with coordinate system 0 = (0,,0,,..,6,) are defined by
(c.f.,Mageed et al 2023)

azek k(0) (d6Y\ a8l _ . . k(@) _ p(@)

rroRly (I) (G =04 =120 = [;Yg% (2.5)

(2) The geodesic equations(c.f., Lecture Notes, 2005) that characterize the curves that minimize the
length/energy between two arbitrary points on a smooth manifold M.
(3)The total energy (c.f., Malham, 2016) of a path 0 = 6(t), betweent = aandt = b, can be defined in

terms of a Lagrangian function L = L (9, Z—f), as follows
E) = fff L (6(b),6:(t)) dt (2.6)

The path 6 = 6(t) that minimizes the total energy E = E(0) necessarily satisfies the Euler—Lagrange
equations. Here these take the form of Lagrange’s equations of motion:

d| 0°L 0

@ ~ 3,

] a8, =0 (2.7)
Car
for each j = 1,2, ...,n.In the following, we use g (the inverse Fisher Information Matrix, FIM) to denote
symmetric positive matrix g;; (Fisher Information Matrix FIM) (where i,j = 1,2,..,m) so that:

1L,i=j

n ik ;= PR =
k=1 9" grj = 6ij = f(x) {O, otherwise (2.8)

(4) Lemma (2.7.4)(Geodesic equations). Lagrange’s equations (c.f., Malham, 2016) of motion for the
Lagrangian

Lemma 5 (Geodesic equations). Lagrange’s equations of motion for the Lagrangian
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4
de
L=1L (6,—) 2.9
1t (2.9)
are given in local coordinates by the system of ordinary differential equations:
dze; i (40 (doy\ _
it D 5 (D () = 0 (210

where the quantities I;’k are known as the Christoffel symbols and fori,j, k = 1,2,..,n.

By the above definition, it is clear that the geodesic equations are interpreted physically as the
information geometric equations of motion , shortly (IGEMs), or the relativitstic equations of
motion (REMs) , or the Riemannian equations of motion. At this stage, it is important to note that
this report is the first time ever which sets ground breaking discovery of the IG analysis of transient
queueuing systems in comparison to that of non-time dependent queueing systems, namely IG
analysis of stable queueues(c.f., Mageed and Kouvatsos, 2019,2021).

Definition 2.8.
1.Under the 8 coordinate system, the a — curvature RiemannianTensors, Ri(fk)l(c.f.,Li, Sun, Tao, and Jiu,
2007) are defined by

R = @@ = o) go + (G HE D = LR @) ke s, B = 123,m 211)
where Iwi;f(a) — Fi%)gsk

2. The a — Ricci curvatures (Ricci Tensors) Rf,f ) are determined by (c.f., Mageed et al 2023)
R = R 9" 2.12)
3. The a — sectional curvatures Kl(]‘g are defined by (c.f., Mageed et al 2023)
@ _ Rijo

K@ =
YU (9 (9)5) — (94)?

Specifically, if n = 2, the a — sectional curvature ng‘}z =K@ is called « — Gaussian curvature and is
given by(c.f., Mageed et al 2023)

ij =12, ..,n (2.13)

R(a)
K@ — 1212 (2.14)
det(gu)
4. The Ricci Tensor (c.f., Loveridge, 2016) is simply a contraction of the Riemannian Tensor (c.f., Mageed et al

2023).

5.The Ricci curvature Tensor (RCT)(c.f., Rudelius, 2012) of an oriented Riemannian Manifold M means the
extent to which the volume of a geodesic ball on the surface differs from the volume of a geodesic ball in
Euclidean space.

6. The Ricci curvature (RCT) (c.f., Ollivier, 2010) contracts the evolution of volumes under the geodesic flow.
When Ricci curvature is positive, then according to the Bonnet Myers theorem (c.f., Ollivier, 2010) the
Riemannian manifold is more positively curved than a sphere and the diameter of the manifold is smaller.
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Figure 3. (RCT) describes how conical regions in the manifold differ in volume from the equivalent

conical regions in Euclidean space (c.f., Thomas, 2015).

Definition 2.10.

(i) A certain category of ruled surfaces called developable surfaces can be mapped onto a plane surface without
causing any deformation to the curves; each curve drawn from such a surface onto the flat plane retains its
original shape (c.f., Snezana, 2011).

Figure 4. Three kinds of developable surfaces: Tangential on Figure 5a (on the left), Conical on
Figure 5b (on the centre) and Figure 5c (on the right), Cylindrical. Note that curves in bold are
directrix or base curves and straight lines in bold are directors or generating lines (curves) (c.f,,
Snezana, 2011).

Definition 2.12 (c.f,, Weisstein, 2013).
1.A function is well-defined if it gives the same result when the representation of the input is changed without
changing the value of the input.

Definition 2.13 (c.f., Sankaranarayanan, 2014).

1. function f is said to be one-to-one, or injective, if and only if f(x) = f(y)implies x =y for all x, y in the
domain of f. A function is said to be an injection if it is one-to-one. Alternative: A function is one-to-one if
and only if f (x) # f(y), whenever x #y. This is the contrapositive of the definition.

2.A function f from A to B is called onto, or surjective, if and only if for every b € B there is an element a € A
such that f(a) = b. Alternative: all co-domain elements are covered.

3. A function f is called a bijection if it is both one-to-one (injection) and onto (surjection).

Preliminary Theorem(PT) 2.15 (Horan and Lavelle, 2005).
Let fbe a function that is defined and differentiable on an open interval (c,d).
(D) If f'(x) > 0 for all x € (c,d) ,then f'is increasing on (c,d). (2.15)
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) If f'(x) < 0 for all x € (c,d), then fis decreasing on (c,d). (2.16)
Taylor expansions (c.f., Shaw, 2015) are widely used to approximate functions by expansions. We have for all
x around zero,

In(1+x) = £, (-1 E 2.17)
ﬁ = Ym=o(—D)" x™ (2.18)

2.4. Important Inequalities (c.f., Kozma, 2020)

1. Chebyshev inequality

lflc——x <in(l+x)<xforx=-1 (2.19)
(2.35)can be rewritten as
1—%Sln(x)3x—1f0rx2—1 (2.20)
2. Lehmer inequality
T < t1<erforallyn>0 (2.21)

3. The FIM and ITS Inverse for the Transient M/M /oo QM

In queueing theory, a discipline within the mathematical theory of probability, the M /M /oo
queue (c., f., Harrison et al, 1993) is a multi-server queueing model where every arrival experience
immediate service and does not wait.

The transient probability of the M/M /oo queueuing system with Poissson arrival rate ¢ (c.f.,
Kumar et al, 2014) and exponentially distributed service time with mean%and arrival rate A is

given by:

[ (1 - e

A gt _ 3.1
P (t) = EEETE— {—g(l —e7$H}, n=20,1,2,... C)

It has been pointed out by Conolly and Langaris (1993) that one of the best-known Bessel
function forms for the time- dependent state probabilities in M/M/1/c0 queueuing system is given

by:

e~ @A+w)(®)
0@ = ——C Z mp " (@) 62

m=n+1

Theorem 3.1. For the transient formalism of M/M/o queueuing system, we have
(i) [9)] (c£, (2.1)) reads as

0 a b
[gij]=[a d, g (3.3)
Il h r
where
1
= 5_2([1 +téle ¥ —1) (34)

1
b= {—2(—5- +Ee B[tE+E+E]) (3.5)

doi:10.20944/preprints202401.1994.v1
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dy = %(2 — [1 + t&][t€ + 2]e™*) (3.6)

g= 5—13([/1-5 — 208] + e "H[AE — 2ALEE + AtE2 — 228 — AEA2E — AtE3]) (3.7)
1= flz(—f- + e B[eE +¢]) (3.8)

h = (’152—32’15) [(1+é&t)e ¥ —1] (3.9)

1
r= g (08 - AfE - 2088 +2267)

+ e E[EOMEE + ALE2 + ALEE" + 3NEE + 1€ + A& —16) — (EE+E  (3.10)
— 25)(ABLE + 8% + A% — A D]

Provided that, . refers to the temporal derivative %.

(iii) IFIM reads as
Ceatlay [A B L
[gV]=—%=|D; E F|a=det|g;]) = (-alg —ar) + b(ah - ld,)) (3.12)
G H 1
where
Ao Tda—gh) (3.13)
A
A
L = (ag — bdy) (3.15)
A
D, = (g —ar) (3.16)
A
_ (=)
E = A (3.17)
_ (ab)
F = - (3.18)
(ah —ld;)
= 1
G n (3.19)
_
H = A (3.20)
_aZ)
=~ 3.21
I n (3.21)
Proof.

(i)Following (3.1), we have:
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Fa-eor
L(x;0) = In(p,(x;0)) = In EEr—— {_E(l —e~%t}
['31 (1-e™OH1"\ - (3.22)
= In| |- E(-ey

6 = (61,6,,65) = (4,<, 1)

Hence, we have

yl
v() = E(1 —e~%h (3.23)
Thus,
0, =2 = %(1 —e )0, = 5= 5%((1 +iet—1),0,= 5 = %2((/1'5 — &) + (AgEt + .
38— 1+ 28)e ) (5:24)
9,0, =0 (3.25)
0,0, = 0,0, = %([1 +téle™® —1) (3.26)
0,0, = %(2 — [1 +t][tg + 2]e™*) (3.27)
0,05 = %([2/15- — X&)+ e B[N tE" — 24688 + ME: — A — A7 — A& + 208 - 228]) (3.28)
030, = @ [(1+¢&t)e ™ — 1] # 0,05 (3.29)
9,0, = ?12(—6' +EeTCtE +E+E) (3.30)
1 —tEp, g
030, = ?(_f +Ee Tt + &) # 0,0, (3.31)
0303 =

1
= (82 =288 — 2288 + 2482)
+ e [EQMEE + ALE2 + ALEE + 3ABEE + 1€2 + A8 — 48) — (&g + 32
— 25) (MBS + A5% + A5 —A)]])

Therefore, the Fisher Information Matrix, FIM, is obtained (c.f., (3.3)).

We write IFIM as
L. adjlgij] Transpose(Cov|g;i]) 1 0 a b
[gY] = [g;]7" = . Y= A = =S transpose(Cov|a d; g|) (3.33)
Il h r
0 a b (rdy —gh) (lg—ar) (ah—ldy)
(Cov Ia di g ) = | (hb —ar) (—=1b) (la) (3.34)
I h r (ag — bd,) (ab) (—a?)
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Thus,
(rd; —gh) (lg—ar) (ah—=ld)| (A4 B L
[gij] = %transpose(Cov (hb — ar) (—1b) (la) ) =|D; E F (C.f., (3.12)-(3.18))
(ag — bd,) (ab) (—a?) G H I

Notably, the symmetry requirement should hold for FIM. Meanwhile, it is observed that FIM
(c.f., (3.3) of Theorem 3.1) is not symmetric, since d,9; # 039, and 3,03 # 350;. This raises many open
problems on such novel phenomenon and shows the significant impact of time as a coordinate in the potential
function (c.f., (3.23). it is inevitable to investigate under what conditions will FIM be symmetric. The following
theorem answers this question.

Theorem 3.2. For the transient formalism of M/M/co queueuing system, as time approaches infinity, FIM
(c.f., (3.3) of Theorem 3.1) is symmetric. The converse statement is not always true.

Proof.
It is sufficient to prove that if t — oo,

6263 = 6362 al’ld 6163 = 6361 (3.35)
Clearly if t = oo, it holds that lim;_,4,0,05 = lim;_059, = (1'5;32&) limy 000105 = lim; 0,030, = —%
Consequently, the corresponding FIM given by
1 &
[0 = = 1
1 A 1
l9i,..=| "= & =228 =29 (3.36)
-5 HQIE -2 F(WE - A58 - 2088 +2087)
which is symmetric.
To investigate the necessity requirement:
et 0,0; = 050, and 0,03 = 050,. This generates the following two sets of equations:
L 8 g q
1
& ([228 — 2] + e B[AtE2 — 2ALEE + AE?2 — AE — AE2L2E — Até3 + 20:€ — 2A8])
3.37)
(€ = 228) ] (
= T[(l +€t)€ tf 1]
and
1 e 1 e
g(—5'+€e [t&+E+8D = g(—5'+€e [t + <D (3.38)
(3.37) reduces to:
-t E_oE
ef: [AtE2 — 2ALEE + AtE2 — & — AE22E — MtE3 + 2008 — 208] = (”f—j“) [(1+&)e %]  (3.39)
This implies:
et
5_3 =0 (3.40)
or

[AtE2 — 2AtEE + AtE?2 — A& — AE2L2E — A3 4 22& — 248 ) =(AE —248))(1 + &) (3.41)
Similarly, (3.38) reduces to (3.40) and
Slee+&+8] = &t +¢] (3.42)
Clearly, it follows from (3.40),
Eithert —» o or & - (3.43)

doi:10.20944/preprints202401.1994.v1
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(3.41) generates the following differential equation:
[At&% — 2AtEE + AtE2 — A& — AE2L2E — AtE3 + 208 — 248 ] — (A& —2A&))(1 + ét) = 0 (3.44)

It could be verified that 1 = 0 and & = 0 are two solutions of (3.44).
The reader can check that (3.42) reduces to

e +&+&] = &leg +¢5l,0r E& =0 (3.45)
It could be verified that ¢ = constant is the closed form solution of (3.45). Proof completed.
Theorem 3.2. For the transient formalism of M/M/co queueuing system, as time approaches infinity,
[97] =0 (c.f., (3.12) of Theorem 3.1) does not exist if and only if one of following requirements is satisfied:
- (3.46)

or
or whenever A, & are solutions of the following differential equation:

[AEE-+ 2262 — 2€2] =0 (3.47)
Proof.
Following  Matrix  Algebra, [gl],., does not exist if and only if A[gi]-]tﬁoo =0,
[gi]-]t_)00 (c.f., (3.36)).Therefore, [g¥];., will never exist if and only if Eiz[s‘% ((/1"52 — AEE — 2088 +

2267 (= ) + 5 @48 = 49 (éf—z)] - £15(5) - 5 @2 - 29 @)1 =0, equivalently

1 . 2 227 —
5—7[/165 +248° = 28] =0 (3.48)
Hence,A[gij]t_)o0 = 0 if and only if
1
7= 0 (3.49)
Or
[A§¢ + 2282 — 2§%] =0 (c.f., (3.47))

Clearly, (3.49) implies £ — oo(c.f., (3.46)).

It could be verified that A = 0 and ¢ = 0 are two solutions of (3.47).Moreover ¢ = 1 in (3.47) implies
A+ = 0, which has the closed form solution, A1 = ¢; + c,t, a family of families of temporal straight
lines. As time reaches infinity, the arrival rate in this case becomes infinite. This completes the
proof.

In the following section, the components of a(or V(®)- connection are obtained and it will be
shown that the algebraic structure of this connection is no longer symmetric as in the non-time
dependent case. This unexpected phenomenon is justified by strong impact of the time coordinate
relating to the time-dependency. Also, it is shown that for sufficiently large temporal values(i.e.,
t > ), the generated special case of a(or V®¥)- connection is symmetric. All these genuine
contributions are new to the knowledge to both information geometry and queueing theorists.
These calculated expressions are needed to obtain the corresponding Geodesic Equations (GEs) of
the parametric coordinates of M /M /oo QM.

4. Thea(. OR V®)-Connection of the Transient M/M /oo QM

4.1. The obtained I‘gx,)c expressions (c.f., definition (2.5)) of the transient M/M /oo QM

By definition (2.5), the reader can check that:
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@_n_p@ _ p@ _ r@_p@
I‘11,1‘ 0= I‘11,2 - F12,1 - I‘21,1‘ I‘31,1

(@ _
Fh3=10

@ _ = 1@
[31= 0= 1T3;

Ff?,)z = o8 [1—(1+&)e ¥

63
Lz = %(é e[t — 2688 — ¢ — 2028 — 187 — 28 ) #
r) = LD 0 1+ eslfeg + 20

2§

1-—
rg = & 53“) (262 - §6)

+ e B[E(EEE + t&2 + t&E- + 3EE + &) — (E[tE + &) — 28)(BtE +
I =T = %(2 — e~ (282 + 2(1 + t6))

(@)
ey

g2 +5)1D

Engaging the same approach, the remaining F.(f ,2 expressions can be obtained.

9]

5. THE a(OR V®) — CONNECTION OF THE TRANSIENT M/M /0 QM WHEN TIME IS

INFINITE

5.1. Geometry of M/M /oo QM ast — oo

doi:10.20944/preprints202401.1994.v1
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4.1)
4.2)
4.3)

(4.4)

(4.5)

(4.6)

4.7)

(4.8)

Now, we are in a situation to reveal the significant temporal impact on the overall IG analysis
of the underlying M/M/oo QM. This would be clear as time approaches infinity and in this phase;
the FIM will be symmetric which not the case was before as time was not infinite. This also reflects
upon the paths of motion of the corresponding geodesic equations of motion for each coordinate of

the underlying M /M /oo QM.
Setting t — oo in (3.4)-(3.10), we have

[x§ - 22¢]
63
f.
s
_ @i -29)
= g

(Ig? = 28" = 208 + 2467)
r= &

=

h

(5.1)

(5.2)

(5.3)

(5.5)

(5.6)

(5.7)

(5.8)
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with

= CD det ([gi;]) = (—a(lg — ar) + b(ah — ld, ))

A

12

(5.9)

(5.10)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

5.2. The FZ(“) expressions of the arrival rate coordinate, A of the transient M /M /oo QM corresponding

to infinite temporal values

(@) _
;" =

1-—
Ly® = (—4“) (248§ — 6§Dy + (§[248 + 1§ = A-§] = 38[248 — A§])G)

L =0

1) _ 1-a)
1—'12 - 253

(2D; +¢:G)

1(a) — (1 - )

a
L1 =255 @Dy +268)

1((1) _ (1 - a)
[2'13 - 2{3

2Dy + (287 - §§)6)

1

Hence, 1”113(0) = (2D; + (282 - £8)G))

1 _A-a)
1131 - 253

28Dy + (287 = §§)6)

i@ = % ((2AE — 6AD; + (21E — 6AE)G)

(1-a)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

+IEQ@EF = A8 = 22€) = 3> — AEE" — 2268 +2289)]6)

2§

(5.27)
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I = ( 2;400 (A2 = 68 + (=€ + 248 + A$)E +3(A§ — 228)8)D;
+ (§(A-82 — 28&~ —3XEE- +3A48¢€7) (5.28)
=38 (1§ — A5 — 2088 + 228))6)

Similarly, the remaining components at infinite temporal can be obtained.
6 The IMEs of the Coordinates THE Transient M/M /oo QM WHEN TIME IS INFINITE

6.1. The IMEs of the arrival rate coordinate, Aof the transient M/M/e QM

The IMEs (c.f.,(2.7)) corresponding to the arrival rate coordinate, A of the transient M/M/co
1(0) e’
QMare +F (dt)(dt)—()l] 1,2,3

Now, we are in a situation of trying to find the path of motion of family of families of IMEs
corresponding to the arrival rate coordinate, 4.

[55+ Ggs (2D +§6) + 555 (2D, + 2GE)) () (59) +1p5 (2D, + (267 — §6)6)) 555 (2D, +
dA. dt

(262 = £66)) 16D Gy [((2A8 — 64D, + (22§ — 62§)6)] () +l557 248 +
(226 = 6AID, + (€280 = A§™ = 226) = 307 — A6 = 2286 +2269]6) +

1 6.1
o7 (2ASE — 68Dy + (§[248 + A4S — 461 = 38[248 = 28D)6) ] ( )(5) (254 (A2 - e
£6) + (=1 + 228 + XE)E + 3¢ — 2A6)€)Dy + (E(-€% — 266~ — 366 +
BAEE) — 3E(E? - AE-— 2266 + 2269)6) () 1= 0
Without any loss of generality, let £ = 1, so (6.1) reduces to
[AG+ (1 —DyA +24D;] =0 (6.2)
At& =1, (5.1)-(5.8) reduce to
a= -1 (6.3)
b=0 (6.4)
d, = 22 (6.5)
g=x (6.6)
=0 (6.7)
h= —x (6.8)
r= 1 (6.9)
This implies that (5.13) and (5.16) reduce to
_(lg—ar) A
by=—F—=+=1 (6.10)
_ (eh—ldy) _ A (6.11)
A= A (6.12)
Consequently,

A.
A (/1—) +20=0= 22" +21)=0 (6.13)
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(6.13) implies A =0, with a closed form solution A = constant . This explains that A =
constant characterize the path of motion of the arrival rate coordinate of M/M /oo QM. By (6.13),
(A" +22)=0.Let A = ket,

Y3+2Y2=0=Y?2+Y) =0 implying ¥; ;3 = 0,0,—2. Therefore, we have the closed form
solutions represented by the family of families,

A=K + Kyt + ke (6.14)

This supports a strong evidence that the corresponding paths of motion of the arrival rate for
the Poisson arrival rate { = 1 are devised by family of families A = constant.This explains that 1 =
constant or 1 = k; + Kkt + ke %L,

6.2. The IMEs of the Poisson arrival ratecoordinate, § of the transient M/M/> QM

The IMEs (c.f.,(2.7)) corresponding to the Poisson arrival ratecoordinate, ¢ of the transient
M/M/o QMare: 22 + 1@ (42 (&%) = 0,1, = 1,23
dt? y dt/ ~dt > e
Now, we are in a situation of trying to find the path of motion of family of families of IMEs

corresponding to the Poisson arrival rate coordinate, {. As t — oo, we have:

rZ® =0 (6.15)

rA® = % (2E + &H) (6.16)

r2@ - % (2E + 2HE) (6.17)

Ia® = (12;30() (2E + (2§% = §§)H) (6.18)
r;” = %(ZE-E + (262 = £§)H) (6.19)
rA® = % (2B — 6AE + (21 — 6AE)H) (6.20)

2@ = (12;4@ (2B + (22§ — 6A)E .
+[(§(282 = 28~ = 22§) = B(1€2 — A&~ — 22€ + 2E)|H) '

1—
rz” = % (2BEE — 65 + (§[228 + A — 1§] =3¢ [228 —AEDH)  (622)

1 —
rzo =20 5 ff) (§B(282 = £ + ((—1€ + 228 + 2§)E + 3(AE — 248)¢)E
+(E-€% — A58~ — 3188 +328°¢) (6.23)
— 38 (WE2 — A8&- — 2468 + 2A8))H)
Setting 1 = 1, we have

a=— (6.24)

b= —= (6.25)

doi:10.20944/preprints202401.1994.v1
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d 5 (6.26)

9= % (6.27)

l= —; (6.28)

h= f,—i (6.29)

r= G e gy] = 5 (630)
r’®=o (6.31)

rZ® = 2—53 (2E + &H) (6.32)

M =55 (2 + 2HE) (6.33)

s = 253 (E + (262 = §§)H) (6.34)

i = 253 (26°E + (282 — £€)H) (6.35)

I —5—4((35 3E + (—3¢)H) (6.36)

A = 2{4 (2BE + (—68)E + [(£(=§") — 3(€2 — &€~ + 262)]H) (6.37)
" = 254 (2BEE = 6F + (§[2¢°] = 3¢[28DH) (638)

ra” = 54 — (EB(28% — §&°) + ((28)& + 3(—28)E)E + (§(—&&~) — 3&(—E&- + 2E%))H)(6.39)

ow-an (F)(-F)+ EEFE

B=-— — = &2 (6.40)
&

ﬁ 2z.2

E= %b) :__f:;: f;' (6.41)
3

(la) i‘* §%

a .
H=T—f—g= T (6:42)

The resulting IMEs corresponding to A = 1 is represented by family of families of paths of
motions given by
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[+ G ((BE = 3E + (- ) (L) + 5 (2BE + (~66)E + [(6(~£) -

dt?

3(62 = §6"+269)IH) + 55 (2BEE — 65°F + (£[267] = 3¢ [26DH) 15D + (643)
o7 (68267 — 6 + ((2¢ )E+3( 26)§)E + (§(=§§) — 38 (=€ + 26%))H)|= 0

By (6.40)-(6.42), we have (6.43) in the form:

i+ (<E3 3¢ j) +(=3¢) (- 1—*’))) (%) + e st + (-6)ED +
[(6(=¢) - 3(5"‘ — e +260)- ) + S e -6t (—) + (gl2¢] -
3¢ (261 S 1E )+L§4<€ (262 — &) + (2608 +3(- 26)6)(—)+
(eC-¢67) - 3 (=g +269) (- 25 )]= 0

The complicated equation (6.44) can be rewritten in the form:

(6.44)

(42 (L) + 1 + (68 + 268 - €2 — 662)(- D) + (288~ 6(0) +
268~ 65D~ EN 1) + 3 [(5(252 £6) + (268 — 659)(0) + (BEE —§26 — (6.49)
64 (-5)|=0
We can put (6.45) into the more compact form:
[26262 + 28 662 + [25¢ + (=6§)(§%) + [286" — §* — 6£%] (=€) + (28¢°¢ —
6(¢™) + (268 — 6= 1) + (8¢ (287 —ee) + (288 — 66D+ (645)
(Beee -8 - 657 (=¢))] =
The family of families of constant paths of motion of the Poisson arrival rate given by, &=
constant provide a closed form solution of (6.45)
6.3. The IME's of the temporal coordinate, t of the transient M /M /oo QM

The IMEs (c.f.,(2.7)) corresponding to the time coordinate, t of the transient M/M /0 QM
293 i
are:ﬂ+r}(°)(d")(‘“”) =0,i,j =123

dt? Y dt
Setting A = 1,§ =1 + ¢t, n and ¢ are any real numbers
-1
a= iz (6.46)
¢
b= T (6.47)
2
dy = (6.48)
26
9= —g (6.49)
¢
l= —? (6.50)
2
h=2 (6.51)
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2¢?
r = 6—3
with
-1, 2¢ ¢, 2
[ = agbay @R CDE@ 4
A A AgS
po @) ¢
A AE*
_ (a1
I'= A AEY

[3© _ &L —3F — 3¢1

22 3;4
r;® = f—i(L — 3F — 3¢I)

s =z (L& —3F —3¢I)

e = 54 (6L~ 3F — 31)

The IMEs of time, for A =1, =7 + ¢t are given by + 1’232(0) (Zi) + I 3(0)(

B (E)(2)-0
dt

or 13" (5 ) + 150 + (130 + 1) (5) = 0, implying either

¢=0,0r§ =n = constant

dat

or
1300 1300, 13(0)
3(0) (d§ 3(0) 3(0) 3(0)_ _(d&\ _ ( 3 +I3; ) _
['22 ( )+I" +F +F OOI‘T] (E)——T—
(p333(0)+p233(0)+p332(0)) §—4(L—3F—3gl)+§i4(L$—3F—3q1 )+:,—i(EL—3F—3cI)
- PEIO) == EL—3F—3¢] =
22 4
_ S(=3F=3¢D+¢(L§-3F -3¢ )+¢*(§L=3F=3¢I) _ _ (L=3F=3¢D+(LE-3F=3¢I)+¢(§L=3F=3¢I)
EL-3F-3¢I S EL-3F-3¢I
This implies :
¢ =0,0r § =n = constant
Or

1+ L (L=3F=3¢D)+(LE-3F=3¢1)+¢(§L-3F~3¢I) _
EL—3F—3¢I

Following (6.62), we have

(L—3F —3¢I) + (LE —3F —3¢I ) + ¢(éL —3F —3¢I) + L —3F —3¢I = 0

Consequently, it follows that:

(6.64) holds if and only if
¢=0,0r ¢ =n = constant

or

17

(6.52)

(6.53)

(6.54)

(6.55)

(6.56)

(6.57)

(6.58)

(6.59)

)+ 0+

(6.60)

(6.61)

(c.f., 6.60)

(6.62)

(6.63)

(6.64)

(6.65)
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1 . _ . 1
A—§5 = 0, equivalently & — oo, which is equivalent to A= 0 (6.67)
Or
[2—-¢E+28]=0 (6.68)
By (6.68), we have
§dg
—— = 2dt .
1t¢ (6.69)
It could be verified that (6.69) has a closed form solution devised by
(£ +1)eé = e 2t for some constant { (6.70)
The obtained result in (6.70) is quite new and interesting as it shows that for sufficiently large
temporal values, this generates two unexpected values of the Poisson arrival rate, namely , { = —1
or§ - —oo.
At this stage, we need to provide more analysis of the obtained result:
L 0 f, 6.67
A= (c.f., 6.67)
We have by (6.46)-(6.52) and (5.18),
‘,2
A =det ([g;]) = —45 (6.71)
Combining (6.67) and (6.71), implies either ¢ =0or¢= Z—"Z — oo. This means that within the

obtaind phase of (6.67), either the Poisson arrival rate vanishes, or we will be in a situation where
the corresponding velocity of the Poissonian arrival rate is infinite.

7. The Threshold Theorems for the Potential function (c.f., (3.23) of Theorem 3.1) of the
Underlying transient M/M/cQM

7.1. The Threshold Theorem for the Potential Function, TTPF (c.f., (3.23) of Theorem 3.1)

Based on the Preliminary Theorem (PT), the threshold theorem for the potential function, (c.f.,
(3.23) of Theorem 3.1) corresponding to each coordinate is devised.
Theorem 7.1. For the obtained potential function W(6)(c.f., (3.23) of Theorem 3.1), the following holds
)W(0) is forever increasing in A.
ii) W(0) is never increasing in A.
iii) W(8) is never decreasing in &.
iv) W(0) is forever decreasing in & for all 1,&,t > 0
v) W(8) is forever increasing in t if and only if ¢ > 0 and temporal values satisfying:

(A& —28)est > (A58t — 282 + 4§ — A8) 7.1)

vi) W(0) is never decreasing in t.
Proof.
i)We have

- 2 - : -
0, =2 = %(1—3 i),9, = ‘;_jz f—z((1+ft)e £-1),0,= 2= fz((lf—ls‘)+

(c.f.,(3.24))
(A58 + 28" + 4 = A5)e %)
It holds that 9, > 0 if and only if one of the following statements is true:
(7 > 0 and(1 - e7¥) > 0 (7.2)

@;<0and (1-e™¥) <0 (7.3)

doi:10.20944/preprints202401.1994.v1
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The second statement is impossible since it contradicts the fact ¢ is positive. So, we have to accept
the first statement, (7.2) implies e%* > 1, which is always true for all ¢, ¢t > 0. This proves i).
As for ii), 4; < 0 if and only if one of the following statements is true:

(1)% >0and (1—e~$) <0 (7.4)

(2)% <0Oand(1-e7%t) >0 (7.5)

The second statement is impossible since it contradicts the fact ¢ is positive. So, we have to accept
the first statement, (7.5) implies et < 1, which is never true for all £,t > 0. This proves ii).
iif)d, > 0 if and only if one of the following statements is true:

(1)512 >0and ((1+¢)e™=1)>0 (7.6)

(z)fiz <0and ((1 +Et)e~St — 1) <0 7.7)

The first statement is impossible since it contradicts the fact ¢ is positive. Since, (7.6) implies

((1 +&t)e8t — 1) >0, implying (14 ét) > e%’, a contradiction always true for all &¢>0.
A

Moreover, we have to reject the second statement, since = < 0 is never permissible. This proves iii).
To show iv), 3, < 0 if and only if one of the following statements is true:
(1)512 > 0 and ((1 +Et)e~St — 1) <0 (7.8)
A —&t
(% < 0and ((1 + Et)e~St — 1) >0 (7.9)

The second statement is impossible since it contradicts the fact thatA,é > 0. So, we have to reject
(7.9). The first statement, (7.9) implies ((1 + &t)e ¢ — 1) <0, implying (1 + &t) > e*t, which is
always true for all §,t > 0. Also,fi2 > 0 holds for all 4, £ > 0. This proves iv).

v)We have a; = 2% = fiz((lf —AE) + (AEEL+ AEE — NE+ ,1§~)e—ft). So, 35 > 0if and only if one of the

following statements is true:

(15 > 0 and (4§ = 26) + (AEE't + 282 — 4§ +2§)e ™) > 0 (7.10)

(@) < 0 and (K = 28) + (AEE't + 482 = A€ + 28)e ™) < 0 (7.11)

We have to reject (7.11) since(fi2 < 0 is non- permissible. As for (7.10), Eiz > 0 holds. Furthermore,
(€ = 28) + (Ag8't + 282 — € + A8)e~¥t) > 0 implies

(A = 28)eft = (k- 28) (1 + &t +g o) = (A = A8 = AEEE+ ) >
(AEEt — AE% + A& — AE)
Hence, (1§ — A1&)eét > (—AEEt — AE2 + A€ — AE) holds. This proves v).
vi)We have 9, = 2 = {%((A‘f —AE) 4+ (AEEt+ A% — 1+ Af‘)e—ff). So, 8 < 0if and only if one of the

(7.12)

following
statement is true:

(1) > 0 and (K = 28) + (AE6't + 482 = A€ + 48)e ™) < 0 (7.13)

()% < 0 and (¢ = 28) + (A6t + 262 = A€ +2§)e ™) > 0 (7.14)

1

We must reject (7.14). (7.13) is true since 2

> 0 holds for all £ > 0. Moreover, we have
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(€ = 28) + gt + 282 — 1€ + 28)e™5) < 0 (7.15)

Let{ = 1 = A,t = 0. This provides a counter example generating the inequality,
1<0 (7.16)

A contradiction. Therefore, vi) holds.
In what follows, PAR = & = Poissopn Arrival Rate, AR = A = Arrival Rate PF =
Potential Function = ¥(8)

7.2.1. Numerical Experiment One

Y@ =21-e1)
The numerical observation in Figure 5 matches the analytic result (c.f., i) of Theorem 7.1).

THE IMPAGT OF AR ON PF OF M/M/INFINITY OM, PAR =1,1=1

PF OF MMMINFINITY QM, PAR =1, t =1

1 2 3 4 9 6
ARRIVAL RATE=AR

Figure 5.

Figure 6 provides an evidence of the forever decreasability phase of the PF in the Poisson
Arrival Rate, which agrees with the analytic findings of TTPF.
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THE IMPACT OF PAR ON PF OF M/M/INFINITY OM, AR =1=1

0.7

PF OF MIMANFINITY QM, AR =1 t =1

01

POISSON ARRIVAL RATE=PAR

Figure 6.

As observed from Figure 7, the potential function, PF is forever increasing in time, which
agrees with the analytic results.

TEMPORAL IMPAGT ON PF OF M/M/INFINITY OM, PAR =1= AR

1.0 . . : : : : : : :
Gg( ........ ........ ........ ........ ........ ......... ........

osll — T S T TR A T SR -
o7l S R S - T S S S -
o6l ; _________ ; ________ ; _________ ; ________ ; ________ ; _________ ; ________ ; _________ ; ________
oslih...... s R SR s T R S
oall R S - R R SRR R
oal s S A - S S -
o2l S T S s e ] J— S s
o1} SO TR e . TR S S S S
Y} S S S S S S S S
0 10 20 30 40 50 60 70 80 90 100
TIME(t)

= AR

PF OF MIMANFINITY QM, PAR =1

Figure 7.
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8. Some Algebraic Properties of the Potential Function, ¥(8) = %(1 — e~ %Y (c.f., (3.23))

Theorem 8.1. The three-dimensional potential function ¥(0) = %(1 —e~%N(cf, (3.23)) is generally not
well-defined.

Proof. Let A;,&,t; , i=12 be such that M#FEA, & #Fé&,t Ft, Let W(A,,6,t) =
Y(A,, &, t,). This implies

M Z ety =22 (1 — g6t
. (1 e °1 1) s (1 e °2 2) (8.1)
(8.1) directly implies:
M A [/12 Ay
S oE p et ——e‘flti] =0 8.2
R R P & t2)
So, (8.2) holds if and only if:
A [ee] (_5 L )m A (o] (_f t )m
éZm:l% - éZm:l# =0 (83)

Clearly (8.3) is satisfied if and only if:
=™

T [Az (fz)m_l(tz)m - /11(51)m_1(t1)m];m =12, .. (8.4)
It can be verified that (8.4) will generate the following sets of equations:

m=1= At,=At, (8.5)

m=2= [1,&(t,)* — 1:§(t)* ] =0 (8.6)

Engaging (8.5)and (8.6) yields

Mty (&t —&t) =0 = Aty =0 (which implies A,t; = 0,07 4; = 0 (contradiction),or t; =
0).1f t; = 0, then this implies by (8.5)that either A, = 0ort, =0)

In brief, this implies that either all the temporal values are set to zero, which is a contradiction.

Moreover, the other possibility is to allow the
arrival rate values to be zero, another contradiction . To this end, we have
&aty = &1ty (8.7)

The reader can check that after some manipulation,
m=3=§&t, =&t oré&t, + &t =0 (contradiction) (8.8)

Based on the analytic results, we can have A; #1,, & #&,t; #t,andW(A,,&,t) =
Y(4,,&,, t,) will hold. This means that W is not well-defined.

Several emerging important special cases of Theorem 8.1 are obtained in the following
theorems.

Theorem 8.2. For constant values of A, &, the three-dimensional potential function ¥(0) = %(1 —e~ %) (cf,

(3.23)) satisfies the following:

(1) ¥ is well-defined.

(2) ¥isonto

(3) WisOne—to— One

(4) W has aunique inverse, ¥~ given by

Lin (1 - 5) (8.9)

lp—l(l’f, t) = _E 2

Proof.
(1) For constant values of 4, ¢,define t;,i = 1,2 be such that t; # t,. Thus, W(4,¢,t;) = V(4, ¢, t,)
implies:
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A A
E(1 —e~%h) = E(1 — e $t2) (8.10)
Hence, it follows that

%(e‘ftl —et)=0 o %(contradiction) or ettt = e~ equivalently t; = t,.  (8.11)

This proves (1).
(2) For every arbitrary%(l - e‘ft), for constant values of 4, ¢ there exist a unique triple (4,¢,t)
such that the that the representation W(0) = %(1 — e~%h) exists. Therefore, W is onto.

(3) It suffices to show that for constant values of 4, ¢, it holds that:
Y& t) =YAit) ot =t (8.12)

=: follows by (1).
&=:t; =t, impliesW(4, ¢, ty) = ¥(4,¢,t,). The proof is immediate.
Combining (2) and (3), ¥ is bijective with a unique inverse, namely ¥~*. To obtain ¥, let

w(o) = '31(1 —e¥) =y (8.13)
Hence, it follows that
(1-e7%)= %y =ett=1- %y,equivalently,t = —%ln (1 - %y) (8.14)
Following (8.14), we get
Yi(e) = —%ln (1 - %) (c.f., (8.9))

Theorem 8.3. For constant &, t — oo the potential function Wy, (6) = %(C.f., (3.23)) satisfies the following:
(1) W,2(0) is well-defined.

(2)¥,2(0) is onto

(3)¥x,1(0) is One — to — One

(4)¥,2(0) has a unique inverse, ll’;‘l,l given by

Yoh() = A8 (8.15)

Proof.
Following a similar approach as in Theorem 8.2, the proofs are straightforward.

Theorem 8.4. For constant A, t — oo the potential function We, ((0) = %(c.f., (3.23)) satisfies the following:
(D)W ¢ is well-defined.

(2)¥ ¢ is onto.

(3)¥s ¢ is One — to — One.

(4)¥ ¢ has a unique inverse, W, given by

A
Yo (®) = 3 (8.16)
Proof.
Following a similar approach as in Theorem 8.2, the proofs are straightforward.

Theorem 8.5. For constant A, the potential function W.(0) =§(1 —e %) (cf, (3.23)) satisfies the

following:

(1)¥¢+(8) is well-defined if and only if the temporal values are constant.
(2)¥¢,(0) is onto.

(3)¥:,(0) is not in general One — to — One.
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(4)¥; () has a family of families of inverses,Wg; and they are existing uniquely if and only if the
temporal values are constant. In this case, W, e =¢
Such that, & satisfies:

N _aym-2 m—1
2 [Z %} ~1=0 (8.17)
m=1

Proof.
(1) Let ¢, t;, i = 1,2be such that &; # &,,t; # t,. Let W(4, &, t;) = W(4,&,, t,). This implies

F1-efit)=L(1-e o) (8.18)
(8.18) directly implies:
1 17 1 1
,1([a -]+ [ge-fzfz - ae-*flfl]) =0 (8.19)

For the Necessity, if the temporal values are constant, then t; = t, holds, which implies by (8.19),
that §; = &;, since 4 = 0 is non permissible by the hypothesis. Therefore, W;,(6) is well-defined.
For the sufficiency, let W¢ () be well-defined, then it is never permissible that:

&1 # &ty # ty toimply W(A, &y, t1) = W(A4, 83, t5) (8.20)

So,t; =t and & =&, hold. Assume that there is some t,, such that § # &,,t; # t,,, to imply
WA, é,t) =W, &, ty). Then, we get a contradiction to the hypothesis of well-defindness
of We((0) .Thus,§; = &, t; = ty, = t,. Therefore, the temporal values should be constant. This
completes the proof of (1).

The proof of (2) is straightforward.

(4) It suffices to show that for constant values of 4, we have for any arbitrary &,,¢,, t7,t;

Y(A4,8,t) =Y t,) & § =andt, = ¢, (8.21)

Following the proof of (1), the necessity condition holds if the temporal values are constant.
Furthermore, the sufficiency condition implies that W(4,¢,t;) = Y(4,¢,t,) = & = &,, which holds
if and only if t; = t,. Repeating implies the same procedure iteratively would imply ¢, =t, =
t; = t, = ---. This provides an evidence that all the temporal values are constant.

The first part of the proof of (4) is clear. Now, assume that all the temporal values are constant.
Then, of course, there should be a uniquely defined and determined inverse, namely, Wz Let

W (0) = §(1 — e7%t) = z, then it holds that

(0[5

m

D - %: [Z;.;:l (—1)’"'2(5)'"_1(0’"'1] (8.22)

m!
Therefore, the inverse potential function, Wz is devised by:

(*quwj—1=0

m!

‘Pg} = theroots of the equation A [Z;‘flzl (c.f, (8.17))

Theorem 8.6. For constant &, the potential function W, (0) = %(1 —e %) (cf, (3.23)) satisfies the
following:

(1) ¥,.+(0) is well-defined if and only if the temporal values are constant.

(2)¥,:(8)is onto

(3)¥,,:(0) is not in general One — to — One.

(4)¥,+(0) has a family of families of inverses, W,{tl and it is existing uniquely if and only if the
temporal values are constant. In this case,

A

Wi @) =
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Proof.
Following the same technique as in Theorem 8.5, the proofs can be easily done.

The following section provides the Threshold Theorems of the derived inverse of the potential
functions (c.f.,(8.9), (8.15),(8.16),(8.23)).

9. The Threshold Theorems of the Derived Inverses of Poten-Tial Function, IPFs

Theorem 9.1. For the derived inverse, ¥ ~1(t) = —%ln (1 — —) (c.f., (8.9)), we have
i) WL(t) is forever increasing in t if and only if:

<2 ©.1)
: .
ii) $~1(¢) is never decreasing in t 9.2)
Proof.
i) We have
1.8 1
o) = _?(I) = 1 = ! (9.3)
ot (1% (1 % (A-éD '
(-3 (-%)
By the preliminary theorem (PT)(C f., (2. 15)) W1 is forever increasing if and if w—l(t) 0.

Following (9.3), this holds if and only if (1 — {t) > 0. Surely, it is implied that i) holds.

. w1 . . 2 .. . &t . .
Engaging the same approach, < 0if and only if > E, but this implies =~ > 1, which violates

the continuity of W~(¢).Hence, ii) follows.

Theorem 9.2. For the obtained inverse, W25 (1) = A¢ (c.f., (8.15)), we have
i) ‘I’;,l,l(l) is forever increasing in A
i) W5 (Dis never decreasing in A

Proof.
i) We have

-1

MWop @ _ (9.4)

0
By the preliminary theorem (PT)(C f., (2. 15)) v ,1(2) is forever increasing if and if ”’1(/1) > 0. By
(9.4), this is satisfied generally since ¢ is always positive.
The proof of ii) follows since ¢ is never negative.
Theorem 9.3. For the obtained inverse, ‘P;‘lg & = % (c.f., (8.16)), we have
i) ‘I’;} (&) is never increasing in &
i) '}’;‘15 (&) is forever decreasing in &
Proof.
i) We have

oV}
af §?

By the preliminary theorem (PT)(C f., (2. 15)) w ;(f) is forever increasing if and if wf(f) >0.

Following (9.5), this never holds since ¢ and 4 are always positive. This proves i).
The proof of ii) is immediate.
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Theorem 9.4. For the obtained inverse, ¥, ) = % (c.f., (8.23)), we have
)Yy, +(A) is never increasing in A
ii) W3t (1) is never decreasing in A
iii) W; £ (A) is forever increasing in t if and only if
t> ! In(1+ e 9.6
i+ 7) 9:6)
iv) W3t () is forever decreasing in t if and only if
t< ! In(1+ A 9.7
(1 +7) ©97)
Proof.
i) We have
oW t(A ett
1 () = d . > 0(since ¢ is always paosive,t > 0) (9.8)

ar  (1—e%t)  (eft-1)

By the preliminary theorem (PT) (c. f., (2.15)), (9.8), it follows that ¥} £(2) is forever increasing in A
.This proves i).
The proof of ii) is immediate.

0V (D) EA(1—e¥t) + 288

= 9.9
ot (1 —e~¢t)2 ©9)
By the preliminary theorem (PT) (c. f., (2.15)), (9.9), it follows that ¥} £ () is forever increasing in t if
and only if:
2(1—e7%t) + 2e7%5(§) > 0, equivalently, A > A fe =2 d (9.10)
’ ’ (1—e%) (eft—1)
(9.10) could be re-written in the form:
& _ s i 1 s
(e 1) > o » equivalently, t > : In(1+7 (cf., (9.6))

Hence, iii) is done.
As for iv) following the preliminary theorem (PT) (c. f., (2.15)), (9.9), it follows that W} 1(1) is forever
decreasing in t if and only if

—ft
L= (9.11)

2(1—e7%t) + 2e7%5(§) < 0, equivalently, } < A ) = Aao

(

(9.11) could be re-written in the form:

(eft—1)< % , equivalently, t < %ln(l + ';—f (cf., (9.7))

10. Numerical Experiments on the Threshold Theorems of the Derived Inverses of Potential
Function

10.1. Numerical Experiment on Theorem 9.1

We have, the inverse of the potential function, IPF = ¥71(¢) = —%ln (1 - %)(C.f., (8.9)). Let

the arrival rate, AR= A = 0.1, the Poissonian arrival rate = PAR = & = 0.2, then % =0.2. If % > 1,0or
equivalently, t > 0.5, then ¥~1(t) — co.
As we can see from Figure 8 that the inverse of potential function, IPF is forever increasing for

all the temporal values less than the threshold = %, where both A,¢ are constants. These

experimental results agree with the analytic findings of Theorem 9.1
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TEMFORAL IMPACT OM IFF. AR = ©.,1,. PAR= ©.2
177 115717757
| 155. 115717757
| 133115717757
| 1111157 177s7
| 59115717757
| 67115717757
| 45. 115717757
| 25115717757

.14 015 [ 026 . w4z .45 N

t + t + t t t t + »
TIME Ct2
iTools.SubhashBose .comsghapher
Figure 8.

12.2. Numerical Experiment on Theorem 9.2

We have, the inverse of the potential function, IPF =¥} (1) = A¢ (cf., (8.15)). PAR=¢ =

0.2.

Figure 9 shows that the inverse of potential function, IPF is forever increasing with respect to
the arrival rate, for infinite time and constant Poissonian arrival rate. This agrees with the analytic
results of Theorem 10.2.

0,2, TIME APPROACHES INFINITY

INVERSE POTENTIAL FUNCTION,IPF, PAR

IMPACT OF ARRIVYAL RATE.

-

AR OM IPF .-.PAR ¢.2_ INFINITE TIME

« 0TF25

- DES

- 0575

- 05

- 0425

- 035

- 02FS

=51 0.54 0.37

-

' ' I
ARRIVAL RATE, AR

iTools.SubhashBose .comsgrapher

Figure 9.

10.3. Numerical Experiment on Theorem 9.3
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We have, the inverse of the potential function, IPF = ‘I{;_lf &= EA (c.f., (8.16)). AR =1 =0.1.

Figure 10 shows that IPF is forever decreasing in PAR = Poissonian arrival rate, for constant
arrival rate and infinite time. This agrees with the analytic findings of theorem 10.3. It is also clear
that,

A
‘P;,lg(f)=g—>035 § >

IMPACT OF PAR OM TPF- AR = O_.1_TNFINITE TIME

Y

-
- o.a7

L
=

55

L
=

]

0.1, TIME APPROACHES INFINITY
:

[NVERSE POTENTIAL FUNCTION, IPF, AR

v

FOISSOMIAM ARRIVAL RATE. PAR

iTools.SubhashBose . comsgraphet

Figure 10.

10.4. Numerical Experiment on Theorem 9.4

£
(1-e=%%)

We have, the inverse of the potential function, IPF =¥; (1) = (c.f., (8.23)). PAR =

£=02.

Part One: Lett =5

As observed from Figure 11, ¥;} () is forever increasing in A. This shows that both analytic
and numerical results match .

IMPACT OF ARRIYAL RATE- AR OM IPF-PAR = 0.2 . t = 5

-

=+ 0. 11563539554 14

0.2, t=5

4 0. 103639554 19

L
T
=

- 031639554 14

-+ 0. 07AEIASTEF 14

4 0. 0EFESASES 14

INVERSE POTENTIAL FUWCTION, IPF, PAR

- ISSE39534 14

0.19 N.22 0.25 0a.25 0.351 0.5 0.357
I I I I I >

ARRIYAL RATE. AR
iTools.SubhashBose . comsgrapher
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Part Two:
let £ =0.2,1 = e®Dt we have the threshold to be:

1 A8 _ 1 020Dty 02008 1 B
tin(1+3) = Zin(1+2555) =S in (14 52555 ) = = n(3) = 5493061443 (10.1)

3 0.2 0.1e(0- )t 0.2 0.1e(0- )t
As observed from Figure 12, ¥; L) = % is forever decreasing whenever time is less than
the threshold and it starts to increase when time is greater than the threshold.

TEMFORAL IMPACT OM IPF. PAR = ©.2. AR = EXP{O_.11t>

130435051

- 043495051

4 n.a5e4as051

4 M.EEIEAN0SL

- N.EA5495051

INVERSE POTENTIAL FUNCTION,IPF, PAR= 0.2, AR = EXP(0.LED

4 M. 0S435051

=1 S5 =39 -] = Sa2
I I T I I I

T »
TIME cth

iTools  SubhashBose (comsSSrapher

Figure 12.

11. The @ — Gaussian Curvature, K of (2.14) as Time Approaches Infinity

Theorem 11.1. The « — Gaussian Curvature, K< as time approaches infinity is devised by:

K@ — (1 —a)A§§* (228 — 21§ + 22— §(48? — §§7) (11.1)
Proof.
We have
(@)
Rem = [T = 05 ) g + (LT — R )] 1)
where I-;;((a) — I;](i)QSk
Therefore,
RS, = @559 - 0,15 g + (B9TE@ - $Orf@)|
11.2
a 2(a) 3(a); 0 2(a) 3(a) (
B (a_g[riga)+rll +In ]_5[r;$a)+rn +1Iy )(912+922+932) )
(@) 1(a) ) 2(a) ) 13(a) 1( ) 2(a) (@) -3(a)
+ ([1‘2‘;21"11“ + rg;,zrna + Fgg,zréa - [1"5‘;,)21*210‘) + Fg;,zrzga + r1§,zr21a )
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(— 55255120y +268) + (2F +2HE) + (F +16)]) (a + dy + ) (113
—‘%“)([ (2 = [1 + t£][tE + 2]et) %(ZE + 2HE) +%[1 — (1 + &t)e | (F + I8
Ast - o
1
a=-5 (11.4)
b= ;_f (11.5)
22
d = 5 (11.6)
AE — 208
g= % (11.7)
1= ;—f =b (11.8)
h= w (11.9)
w2 . . . 2
. (2§ — A§¢ ;/155 + 228) (11.10)
B, = (—a(lg — ar) + b(ah — ld,))) = TEHESAEEE (11.11)
(— =D 0 12D, + 2G&) + (2E + 2HE) + (F + 15-)]) (a+d, +h)
@ _ 283 9 1 1
Rip19 0™ B (1_,1)( (1-a) (2F + 2HE) + 2(1-a)¢& (F +18) ) (11.12)
e g d g ¢l
We have
(a n d1 n h) _ (;_;1 _5%4_(2,15{-;,1-5)) _ (2,15-_,1;:2/1—{) (11.13)
Recall that:
(lg—ar) E = (=lb) F= (ab) G = (ah-ldq) H = (a)
A’ A’ ’ A A
3 L (g—ar)+ (ah—1d)&  EX(AE* — 288 — 2288 +428%)  (11.14)
I= (2D1 + ZGf) - Aoo - /1"62 _ /13;6 _ 4/1'3;8(' + 416.2
1, , &
o 2fag-b) 2 l@étaEl (11.15)
(2F +2H§) = ———— = = ™ =0
1, 1, 1,
a(b—af')=_€_2(_?f +¢’25)=0 (11.16)

(F+18) = = -

Combining (11.12), (3.14)-(3.16), we have
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:[(_ (1-a)(AE-1§+24-8) 9 [(/1--52—sz--—za-ff-+4,1§-2)])]
t—oo 284 OA L A E2-AEE—ANEE+4AE2

_[(~ o @@ =+ 2A- (467 — 669 (o8 = 266~ AAEE 4 467 — (o7 = 266 =2 (114
) 2 Y T
_ (A —a)@A8 — A +24 - HAE (42 - EE)
Based on our calculations, the a — Gaussian Curvature, K as time approaches infinity is
devised by:

o [(A=@is - ke v 21— prc e i)
(@ _ Riztzee _ PO = RE — 4155 + 41577
* T a, Z§7 = JEE — 5L + 4157
7

3
_ [(A=@rgst@ag — kg +22- H(462 - 6
) (&7 =25 — 425 +425)°

(c.f, (11.1))

In the following theorem, the zeros of the o — Gaussian Curvature K(an) are determined. Based
on this, the paths of motion of the coordinates at which the underlying QM is looked at as a
developable surface are obtained. The following theorem presents a novel approach which unifies
Information Geometry with Riemannian Geometry, the theory of developable surfaces and the
theory of time -dependent queueing systems.

Theorem 11.2. The underlying M/M/co QM is developable on the following trajectories: a =1, or A =
t

49t

constant or & =constant or 1=&=0 or & =1U,e or A= ay,(§—2a,) =aye*a or &=

2t
as,(2A—a3) = ase

for any arbitrary non-zero real constants ¥;,9,, a,, a, and as, a,, (11.18)

Proof.
Kk = 0ifand only if

(1 - AEEH(4E2 — £6)(2AE — AE+22— ) =0 (11.19)
If and only if one of the following equations holds:
Hl-a)=0=a=1 (11.20)
(i) A = 0 = A = constant (11.21)
(iii) ¢ = 0 = & = constant (11.22)
(iV)é§*=0=¢=0 (11.23)
(452 - 61 =0=
L
v)4 T =7 (11.24)
(13.24) which has a closed form solution
49,6 = & (11.25)
where VY, is an arbitrary constant
(11.25) has the closed form solution:
& = 9,e*t (11.26)

where U, is an arbitrary constant
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(Vi) QAE —AE+21—8) =0 (11.27)

It is clear that A = 0 and £ = 0 are two closed form solutions of (11.26). We can try another
closed form solutions of (11.27), for example, let A = a, for any arbitrary non-zero real constant a,.

This implies:
Ra; & +2a, -8 =0 = 20,6 =¢&—2a;, = €, In(¢ —-2a,) = 4 Ina, for some
&-2a, 2a4 2a4q

arbitrary non-zero real constant a,. Therefore, we have the closed form solutions of (11.27) to be

given by
t
A= a;,(§ —2ay) = ae?a (11.28)
Moreover, we can deduce more closed form solutions of (11.27), for example, let{ = a3 for any
arbitrary non-zero real constant az. This implies :

(—raz+21—ay)) =0 = Lay=—(21—a;) = —= 2t

2t
m = — a—3 - ln(2/1— a3) = _a—3+ lna4 for
some arbitrary non-zero real constant a,. Therefore, we have the closed form solutions of (11.27) to
be given by

2t

§= a3, (21— a3) = ase 93 (11.29)

5
12. Ricci Curvature TENSOR , (RCT')  and the a — Sectional Gaussian Curvatures of M/M/x

QM F M/M/co QM as Time Approaches Infinity

In this section, the Ricci Curvature Tensor, (RCT) of M/M/oo is obtained. These calculations are
needed in the following sections.

(@) (@) (@)
N Rll,oo R12,oo R13,oo

_| p(@) (@) (@)
(RCT) N R21,oo Rzz,oo R23,oo

(@) (@) (@)
R31,oo R32,oo R33,oo

oo

Which is a nine-dimensional tensor.

12.1. The First Component, Ry,

Theorem 12.1. for the underlying M/M/o QM, the first component of the Ricci Curvature Tensor as time

reaches infinity, Rg)oo.
_ 2 _ rz0\g -
R, = QZ O TR caoas - aE 4 20— )] - (2061 4+ £)]

B = G — 26 — 4REE + 4IEDD
L2 D A6 3065+ 2E] 6] 26 (26 A 2046
e

Proof.
Recalling from (11.4)-(11.10), that

— 1 _ =& _ 21 _ [A&-22¢] _ =& _ _ (2AE=-18) _ (1"52—/155"—2/1-55-+2)L§-2)
a=-—g.b=m.d=g9="F Jl=g=bh="—Fg"r= 2 ’
V2N EEe_a)EE 2
Ap = (—a(lg — ar) + b(ah — ldy))) = U i 1 ;/155 +42E
We have
22 1, 2A8-28), _ (A8 =AE+24-§)
@td+th=G-a"m )= & (12.1)
R = R, g™ + RS, 007" + RS, 0% + R, 09" + R, g3 + 1)

R(a) 22,0 4 R(O!) 2300 4 R(a)

32,00 R(a) 33,00
1212,009 +

1213,09 1312,00 1313,00

We have


https://doi.org/10.20944/preprints202401.1994.v1

Preprints.org (Www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 January 2024

() _ s(a) s(a) (a) B(a) () pB(@)
Rijkl - [(ajfik - ai[}"k )gsl + (C‘B,l Ly = riﬁ,l I}k )]
k() _ p(a) s s _
where I} Y = I"UO; 9%, ijks=1.2,.,n
(@) _ (@) () (@) pB(a) (@) pB@)] _
R1(;11,t—>oo = [(61111510‘ - alrlsla )gsl + (111;,11111 © - 111[;1111 )] =0

oo = [(0159 = 0,15) g + (ROTA - KR
_ _ p(@®
- 0 - R1112,00

(a) _ (a) (a) (a) pB(a) (a) pB(a)
R 1o = (015 = 0115V gon + (5o @ — R @))]

3] 0
= |(G7 A + R0 + 59 = 5 (B + 1 + 1Y)

0
+ (B - B )]
0 0 (1—-a) L, 0-a L, 1-a)
= [(6_5(0) A (2D; + 2G¢&) + e (2E + 2HE&) + TE

—(0)] =%[<%(D1+E+F+ (H+G +1)§.))]

(Di+E+F+H+G+DHE) =
(lg—ar)—lb+ab+(la—a?+(ah—1d1))E,
[ Aw =
—E[E—248] | 1 (228822088 +2A82)\ —E-& —1-§ —1-& 1 —12AE-2§) —&24..,.
G "z £ petpg e et g gk

A E2_AEE—aNEE+4AE2
7

((/1--;2-Aes--—za-es-ﬂas-z))
_ 55 _ fz(A"fz—ﬂff"—Zﬂ.‘ff'+4—/‘{f'2)
[ A--fz—/1€€--—;1-€€-+4/1€-2 1=1 A-E2-QEE—AN-EE+ANE2 ]
9 N 52 0 [r8 =288 — 2248 + 4287)
[(ﬁ Or+E+F+HAGH 1)5))] =& 52| ez —Ace —aner + a2 ]
B2 1 ek 10 S
g - 258 - AREE + 4257)?

Hence,
R@ (2 -8 @EE —48)(E+ 1)
121Leoe T2 (182 = 288 — 4AEE + 4AE7)?
RS0 = (051357 = 0159 gsa + (LA - R EA))]
20 —a)2E (e - 48D+ )
- 62(1..62 _ ﬂff _ 4’/1'63;' + 4/16.2)2
R@ _2(1—a) A§(EE — 4828 —l'€+21—€)]
1312,t»00 53 (/1..52 _ /1‘55 _ 4/1.55. + 4/15.2)2
R@ _(1-o AE2(EE — 48183
1213,t-0 — Ez (A"Ez _ Aff _ 41.55. + 415.2)2
R@ _(1-o A28 —48%)¢83
1313,to>0 — Ez (A"Ez _ Aff _ 41.55. + 415.2)2
Therefore,

@ _ p@ (@) (@) (@) (@) (@)
Rt = Rizi10D1 + Riz11,0G T Ripipel T Riziz el + Rizipwll + Rizizel

(2F + 215-))
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(2.11)

(12.3)

(12.4)

(12.5)

(12.6)

(12.7)

(12.8)

(12.9)

(12.10)

(12.11)

(12.12)
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(@)
Rll,oo

_ (K(l — (28 = X¢ + 24— HAE (42 Ef"))] .
2(1 = RE (5 = 4621 +§)
FE — 25 —4REE + 4A5)?
201~ A~ DE+ D |
R e R O

G

(1-a) AE2(EE — 45088 F
|8 =M — 42T + 427 (1213
L2A - ) [A8(EE - 42 (@2A8 2§ +24-9)
$3 (8% = A58 — 4088 + 4A52)?
(1-a) AE2(EE — 45088 N
§2 (8% = 288 — 4AEE + 4A82)?
(=) -§%¢2
b= = T carcr sz (12.14)
_(ah—1d,)) _ rE3
(=", ~ A-E2 — QEE — ANEE + 4482 (12.15)
_ (g—ar) (A —-258 =318 + 228787
D, = A, - NE2 — JEE — 4QEE + 4282 (12.16)
_ (ab) _ £
F= A N2 —QEE- — 41EE + 4282 (12.17)
_ (a) _ &3¢
H= 8, = 72 gt —axec 1 4222 (12.18)
_ &
I'= Moo - A-E2—QEE—4A-EE+4AE2 (1219)
Based on the above complicated calculations, we have
p@ _ (A= )@ —A{+ 22— DA =88 [ -2 :
L [2A = A& S - 40 +8) A |
(W82 — AEE- — AAEE + 4AE2)2 |82 — NEE- — 4AEE + 4AE2
L [2A =S - 42 (E + D] (8% — 488 - 3488 + 2/15'2)]
(162 — A58 — 4AEE + 42822 |~ X162 — AEE — 4AEE + 4A8?
+(1_a)' A§2 (56— 452§t '[ § :
(182 — AEE- — ANEE + 4AED)2| D82 — QEE- — ANEE + 4AE2
4201 — o [FEEE B —REr 2 -0 £ 1220
(6% = A58 — 4AEE +4A82)% | A§% — A58 — 4AEE + 4487
N (l—a)- A§2(§E- — 48288 '[_ 1 D
(462 = 288 — 4NEE + 4AE2)2 [0 482 — AEE — 4NEE + 4482

(1-a)

= e (62 (28 — 28 + 22— DAE (452 — §6)] + 22768 (5§ -

4§D+ O] + 22§ (5 — 46D + DOE? = A6 = 34EE +282)] + [AE3(¢ -
42§ + (242 (58 — 4ED)(2A8 — 1§ + 20— )] - [RE2 (¢ — 4ED)E])
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1-— 4 2 DNEA
- e (e — 26+ 24— D1 - A€+ £))

+ (208 + D@EE? - 286 = 3XEE + 226D)] = [£2¢] (12.21)
+ (26 (=228 + 2 = 24+ D] + [£6°])

This completes the proof of our theorem.

Recall that whenever Ricci curvature is positive, then according to the Bonnet Myers theorem
(c.f., Ollivier, 2010) the Riemannian manifold is more positively curved than a sphere and the
diameter of the manifold is smaller.

Based on this, we are going to open a new thinking framework which designs a decision
procedure on when the underlying QM is more positively curved than a sphere and the diameter of
the manifold is smaller. This could be obtained by calculating the zeros of the first component of the

N
Ricci Curvature tensor as time approaches infinity, (RC7T'), namely, Ri’f‘)m . In other words, the

following theorem answers this open question.

Theorem 12.2. The zeros of Ri’f‘)m (c.f.,(12.21)) is one of the following:

1) a =1,in other words, whenever the curvature parameter is set to unity.
2) the equation of motion of the Poissonian arrival rate, £ is governed by the temporal path

§ = 0,ett (c.f., (11.26))

3) & = constant

4) A = constant
5)
The dynamics of both of arrival rate and the Poissonian arrival rate is governed by the equation

t
A =céeé + c,, & = constant, ¢; and ¢, are any two non — zero real arbitrary constants (12.22)

6)
The dynamics of both of arrival rate and the Poissonian arrival rate is governed by the equatio
n]

o (re)a| | |
& =tan — ,A = zero and c; is any non — zero real arbirary constant (12.23)
Proof.
We have
(1—a)(45? = §§)5 A :
R = 737 (67228 = A€ + 24— O] — 245 (1 +§)

1o ™ (A-£2 — NEE- — 4AEE + 4AE
+[2(§ + D(A§? — A58 = 3488 + 2287 — [§287]
+[28 (=228 + 2§ =22+ O]+ [§8°]

(cf. (11.21))

Clearly, Rﬁ’)of 0 if and only if one of the following statements holds:
1-a)=0 (12.24)
(42 -¢¢)=0 (12.25)
&=0 (12.26)
A=0 (12.27)

+[28 (=228 + 2§ =22+ D]+ [§8°D =0 '
Clearly (11.24)implies 1).
It has been proven that the exact solution of differential equation (11.25) is determined by
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& = 9,e*t (c.f., (11.26))
This proves 2).
The proofs of 3) and 4) are straightforward.
Following

([=2(228 = 2§ + 22 = O] = [22§(1 + )] + [2(§ + D(A§? — 468 — 3488 + 2482)]
— 2+ (28 (=228 + 28 -2+ D] +[§8°D) =0
Let ¢ = constant. This reduces (11.28) to

28 —2)=0 (12.29)

(c.f., (11.28))

which implies § = 0 or

FE=1 (12.30)

. t
(equivalently, i—’_l = %). These yields 1 = c;e¢, which has a closed form solution:

t
A =céet + (c.f, (12.22))

with non — zero real constants cy, ¢, This proves 5).
Moreover, plugging A =0 in (11.28) yields

0 = [(—=58§2) = §28M4288+88%] = §§[(—588) — §§H+28+87] (12.31)
It can be easily seen that (11.31) generates ¢ = 0 or ¢ = constant
or
[(=5§) — §§°+2+¢%] = 0, implying

5
L 2% 2 e} +&dé =dt 12.32
@7

Integrating both sides of (11.32), we have the exact solution of of the form
= tan~! (i) +E= (t + c3) or —tan~! (i) = (t £ ) 3 is any non — zero real constant(12.33)
vz vz) 2 T 3 vz z) = 2 1 ¢3),C3 y .

This rewrites (11.33)to the compact form
2
(t - % + C3> \/z

& =tan S

(c.f. (12.23))

This proves 6).

(@
; @ _ Rijij .
11.3. The a — Sectional curvatures ,K;;;; = m, i,j=12,..,n,(cf, (2.13))
The a — Sectional Curvatures as time approaches infinity are given by
(@)

k@ - Riiew (12.34)
ijij,c0 A,
The reader can easily check that
K =0= Kiho= K. (12.35)

A-E2-AEE—ANEE +4AE2
f7

Ay = (—a(lg — ar) + b(ah — 1d,))) =

(@ _ Rl _ [20 - @REEE - 4EDE + DES (12.36)
1211,00 — Aw - [ (l"fz _ lff _ 4_2.56. + 4/15.2)3
RY) 2(1 — A& (E- — 4ED)(1 + £)ES
(a) _ 1311,00
K1311,oo = A, - [ (l"fz — A& — AQEE + 4/15.2)2 (12'37)
@ RS 201 - @AE(EE — 462228 — AE + 24— )E*
Kistze = =5 = =1 (&2 — AFE- — 4AEE + 4AE2)? ] (12:39)
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@ _ RSie [20-0)xEEE — 4D +E)E
K1311,°° - A, - (/1..52 — AEE- — ANEE + 4/15.2)2 (12'39)
@ RSe[| (- @)ag(Es — 4528
K1213.°° - A, - (/1..52 — AEE- — ANEE + 4/15.2)2 (12'40)
@ RSe[| (- @rE2EE - 4898
K1313,°o - A, - ()L"fz — AEE — ANEE + 4/15.2)2 (12'41)

The remaining 72 a — Sectional Curvatures can be obtained by following the same procedure.

13. Conclusion and Future Work

The research done for this paper offers a fresh method for modelling the information geometry
of a queuing system. From the perspective of IG, the manifold of the temporary M/M /o queue is
described in this context.

FIM and IFIM of transient M/M/ o queue manifold is devised. In addition to that, new results
that uncovered the significant impact of stability of M/M/ co queue manifold on the existence of
(IFIM) are devised. Moreover, the Geodesic equations of motion of the coordinates of the
underlying transient M/M/ oo are obtained. Also, it is revealed that stable M/M/ o QM is
developable (i.e., has a zero Gaussian curvature) and has a non-zero Ricci Curvature Tensor (RCT).
Novel stability dynamics of transient M/M/ o queue manifold is revealed by discovering the
mutual dual impact between the behaviour of (RCT) and the stability and the instability phases of
the underlying M/M/ o queue manifold. Furthermore, a new discovery that presents the significant
impact of stability of M/M/ o queue manifold and the continuity of the unique representation
between M/G/1 queue manifold and Ricci Curvature Tensor (RCT). The information matrix
exponential (IME) is devised. Also, it is shown that stability of the devised (IME) enforces the
instability of M/M/ oo queue manifold. Unifying IG with Queueing Theory enables the study of
dynamics of transient queueing systems from a novel Riemannian Geometric (RG) point of view,
leading to the analysis of the transient M /M/ oo queue, based on the Theory of Relativity (TR). Full
analytic study of the obtained potential function together is provided. Additionally, provision of a
novel link between Ricci Curvature (RCT) and the stability analysis of the transient M/M/ o QM
combined with a full investigation of the newly introduced QT-IG unifiers together with the
impact of stability/ instability of the underlying transient M /M / c on them. More interestingly, full
investigation of the newly introduced (QIGU) unifiers together with the impact of stability/
instability of the underlying transient M/M/c QM on them is given. There are several avenues of
future work. To start with, we are going to extend this novel approach to many existing transient
queueing systems. Also, another interesting path is to investigate the Information geometric
analysis of the overall dynamic of time dependent distributions in Physics and Quantum
Mechanics.
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