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Article 

Information Geometric Analysis of the Dynamics of 
Transient 𝑴/𝑴/∞ Queue Manifold 

Ismail A Mageed 

Member IAENG, OR Society; drismail664@gmail.com 

Abstract: From a differential geometric perspective, information geometry (IG) aims to 

characterise the structure of statistical geodesic models. The research done for this paper offers a 

novel method for modelling the information geometry of a queuing system. From the perspective 

of IG, the manifold of the transient  𝑀/𝑀/∞  queue is described in this context. The Fisher 

Information matrix (FIM) as well as the inverse of (FIM), (IFIM) of transient 𝑀/𝑀/ ∞ QM are 

devised. In addition to that, new results that uncovered the significant impact of stability of 𝑀/𝑀/ ∞ QM on the existence of (IFIM) are obtained. Moreover, the Geodesic equations of motion 

of the coordinates of the underlying transient 𝑀/𝑀/ ∞ are obtained. Also, it is revealed that stable 𝑀/𝑀/ ∞ QM is developable (i.e., has a zero Gaussian curvature) and has a non-zero Ricci 

Curvature Tensor (RCT). Novel stability dynamics of transient M/M/ ∞ queue manifold is 

revealed by discovering the mutual dual impact between the behaviour of (RCT) and the 

stability(instability) phases of 𝑀/𝑀/ ∞ QM. Furthermore, a new discovery that presents the 

significant impact of stability of 𝑀/𝑀/ ∞ queue manifold and the continuity of the unique 

representation between M/G/1 queue manifold and Ricci Curvature Tensor (RCT). The 

information matrix exponential (IME) is devised. Also, it is shown that stability of the devised 

(IME) enforces the instability of 𝑀/𝑀/ ∞ QM. More interestingly, novel relativistic info-geometric 

queueing theoretic links are revealed . 

Keywords: transient 𝑀/𝑀/ ∞ queueuing system; information geometry (IG); statistical manifold 

(SM); queue manifold (QM); geodesic equations of motion; Ricci Curvature (RC); Einstein Tensor; 

Stress Energy Tensor; Riemannian metric (RM); Fisher Information matrix (FIM); inverse fisher 

information matrix (IFIM); threshold theorem 

 

1. Introduction 

Numerous study areas, including statistical inference, stochastic control, and neural networks, 

have extensively used IG (c.f., Mageed et al, 2023). In other words, the goal of IG is to use statistics 

to apply the methods of differential geometry (DG). 

A manifold (c.f., Mageed and Kouvatsos, 2021) is a topological finite dimensional Cartesian 

space,  ℝ௡, where one has an infinite-dimensional manifold. In Figure 1, the parameter inference 𝜃෠ 

of a model from data can be interpreted as a decision-making problem(c.f., Nielsen, 2020).In 

(Mageed et al, 2023; Mageed and Zhang 2022), the exponential distribution families were 

investigated with many variations.  
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Figure 1. 

In this paper, a study is undertaken of the geometric structure of the stable 𝑀/𝐺/1 queue 

manifold (QM). To our knowledge, there is only one research paper (c.f., Nakagawa, 2002), which 

studied the IG of a stable M/D/1 queues, where a geometric structure was introduced on the set of 𝑀/𝐷/1 queues by employing the properties of queue length paths. This point of view motivated the 

novel track of the research of this paper linking IG with information matrix theories towards a new 

re-interpretation of the transient M/M/ ∞ queue.As far as we are aware, just one study paper (cf. 

Nakagawa, 2002) has looked at the IG of stable 𝑀/𝐷/1 queues and added a geometric structure to 

the collection of these queues by utilising the features of queue length pathways. This point of view 

served as the motivation for the original research strategy in this study, which connected 

information matrix theories with IG to create a novel understanding of the transient 𝑀/𝑀/∞ queue. 

In the context of this paper, Ricci curvature (c.f., Nielsen, 2020) evaluates the deviation of the 

Riemannian metric (RM) from the standard Euclidean metric (EM), and scalar curvature measures 

the deviation for the volume of a geodesic ball from the volume of a Euclidean ball of the same 

radius (c.f., Figure 2). 

 

Figure 2. Geometric representation of geodesics on curved surfaces (c.f., Norton, 2020). 

2. Main Definitions 

2.1. Main Definition on IG 

Definition 2.1. Statistical Manifold (SM)  

We call 𝑀 = {𝑝(𝑥; 𝜃)| 𝜃 = (𝜃ଵ, 𝜃ଶ, … , 𝜃௡)𝜖ℝ௡ሽ  a manifold(c.f., Mageed et al 2023) of n-dimensional 

distribution with coordinate system (𝜃ଵ, 𝜃ଶ, … , 𝜃௡). 
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Definition 2.2. Potential Function 

The potential function, 𝛹(𝜃) (c.f., Mageed et al 2023) is the distinguished negative function of the coordinates 

alone of ( ℒ(𝑥; 𝜃) = 𝑙 𝑛൫𝑝(𝑥; 𝜃)൯ ). Fundamentally, 𝛹(𝜃) is the part of (−ℒ(𝑥; 𝜃))  which only contains (𝜃ଵ, 𝜃ଶ, … , 𝜃௡). 
Definition 2.3. FIM 

FIM (namely, [𝑔௜௝])is given by the Hessian matrix i.e.,  ൣ𝑔௜௝൧ = ቈ 𝜕ଶ𝜕𝜃௜𝜕𝜃௝ ൫𝛹(𝜃)൯቉ , 𝑖, 𝑗 ∈ [1,2,3, … , 𝑛ሽ (2.1)

Definition 2.4. IFIM 

IFIM(namely, [𝑔௜௝]) reads as(Dodson, 2005) 

[𝑔௜௝]  = ([𝑔 ௜௝]) )ିଵ =  ௔ௗ௝ൣ௚೔ೕ൧∆ , ∆= detൣ𝑔௜௝൧ (2.2)

The corresponding arc length function is:  (𝑑𝑠)ଶ =  ∑ 𝑔௜௝௡௜,௝ୀଵ (𝑑𝜃௜)(𝑑𝜃௝)   (2.3)

Definition 2.5. 𝛼-Connection 

For each 𝛼𝜖ℝ, the 𝛼 (or 𝛻(ఈ) )-connection (c.f., Dodson, 2005) is the torsion-free affine connection with 

components: Γ௜௝,௞(ఈ) = (ଵିఈଶ )(𝜕௜𝜕௝𝜕௞(Ψ(𝜃))) (2.4)

where 𝛹(𝜃) is the potential function and 𝜕௜ = 
డడఏ೔. 

Definition 2.7. 

(1)The geodesic equations of manifold M with coordinate system 𝜃 = (𝜃ଵ, 𝜃ଶ, . . , 𝜃௡)  are defined by 

(c.f.,Mageed et al 2023) ௗమఏೖௗ௧మ + 𝛤௜௝௞(଴) ቀௗఏ೔ௗ௧ ቁ (ௗఏೕௗ௧ ) = 0,𝑖, 𝑗 = 1,2, … , 𝑛,𝛤௜௝௞(ఈ) =  𝛤௜௝,௦(ఈ)𝑔௦௞ (2.5)

(2) The geodesic equations(c.f., Lecture Notes, 2005) that characterize the curves that minimize the 

length/energy between two arbitrary points on a smooth manifold M. 

(3)The total energy (c.f., Malham, 2016) of a path 𝜃 = 𝜃(𝑡), between 𝑡 =  𝑎 and 𝑡 =  𝑏, can be defined in 

terms of a Lagrangian function 𝐿 = 𝐿 ቀ𝜃, ௗఏௗ௧ቁ, as follows  𝐸(𝜃) = ׬  𝐿 (𝜃(𝑡), 𝜃 .(𝑡)) 𝑑𝑡௧మ௧భ   (2.6)

The path 𝜃 =  𝜃(𝑡) that minimizes the total energy 𝐸 = 𝐸(𝜃)  necessarily satisfies the Euler–Lagrange 

equations. Here these take the form of Lagrange’s equations of motion: 𝑑𝑑𝑡 ൮ 𝜕ଶ𝐿𝜕(𝑑𝜃௝𝑑𝑡 )൲ − 𝜕𝜕𝜃௝ = 0 (2.7)

for each 𝑗 = 1,2, … , 𝑛. In the following, we use 𝑔௜௝ (the inverse Fisher Information Matrix, FIM) to denote 

symmetric positive matrix 𝑔௜௝ (Fisher Information Matrix FIM) (where 𝑖, 𝑗 = 1,2, . . , 𝑛) so that: ∑  𝑔௜௞௡௞ୀଵ  𝑔௞௝ =  𝛿௜௝ =  𝑓(𝑥) = ൜1, 𝑖 = 𝑗0,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  (2.8)

(4) Lemma (2.7.4)(Geodesic equations). Lagrange’s equations (c.f., Malham, 2016) of motion for the 

Lagrangian 

Lemma 5 (Geodesic equations). Lagrange’s equations of motion for the Lagrangian 
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𝐿 = 𝐿 ൬𝜃, 𝑑𝜃𝑑𝑡 ൰ (2.9)

are given in local coordinates by the system of ordinary differential equations: ௗమఏ೔ௗ௧మ + ∑ 𝛤௝,௞௜ ቀௗఏೕௗ௧ ቁ ቀௗఏೖௗ௧ ቁ = 0௡௝,௞ୀଵ   (2.10)

where the quantities 𝛤௝,௞௜  are known as the Christoffel symbols and for 𝑖, 𝑗, 𝑘 = 1,2, . . , 𝑛. 

By the above definition, it is clear that the geodesic equations are interpreted physically as the 

information geometric equations of motion , shortly (IGEMs), or the relativitstic equations of 

motion (REMs) , or the Riemannian equations of motion. At this stage, it is important to note that 

this report is the first time ever which sets ground breaking discovery of the IG analysis of transient 

queueuing systems in comparison to that of non-time dependent queueing systems, namely IG 

analysis of stable queueues(c.f., Mageed and Kouvatsos, 2019,2021). 

Definition 2.8. 

1.Under the 𝜃 coordinate system, the 𝛼 − 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝑅𝑖𝑒𝑚𝑎𝑛𝑛𝑖𝑎𝑛Tensors,  𝑅௜௝௞௟(ఈ)
(c.f.,Li, Sun, Tao, and Jiu, 

2007) are defined by   𝑅௜௝௞௟(ఈ) = ቂ൫𝜕௝𝛤௜௞௦(ఈ) − 𝜕௜𝛤௝௞௦(ఈ)൯𝑔௦௟ + ቀ𝛤௝ఉ,௟(ఈ)𝛤௜௞ఉ(ఈ) − 𝛤௜ఉ,௟(ఈ)𝛤௝௞ఉ(ఈ)ቁቃ , 𝑖, 𝑗, 𝑘, 𝑙, 𝑠, 𝛽 = 1,2,3, … . , 𝑛 (2.11)

where 𝛤௜௝௞(ఈ) =  𝛤௜௝,௦(ఈ)𝑔௦௞ 

2. The 𝛼 − 𝑅𝑖𝑐𝑐𝑖 curvatures (Ricci Tensors)  𝑅௜௞(ఈ)
 are determined by (c.f., Mageed et al 2023)  𝑅௜௞(ఈ) =  𝑅௜௝௞௟(ఈ) 𝑔௝௟ (2.12)

3. The 𝛼 − 𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒𝑠 𝐾௜௝௜௝(ఈ)
 are defined by (c.f., Mageed et al 2023) 

𝐾௜௝௜௝(ఈ) =  𝑅௜௝௜௝(ఈ)(𝑔௜௜)൫𝑔௝௝൯ − (𝑔௜௝)ଶ , 𝑖, 𝑗 = 1,2, … , 𝑛 (2.13)

Specifically, if 𝑛 = 2, the 𝛼 −  𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝐾ଵଶଵଶ(ఈ)
 = 𝐾(ఈ) is called 𝛼 −  𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 and is 

given by(c.f., Mageed et al 2023) 

𝐾(ఈ) =  𝑅ଵଶଵଶ(ఈ)𝑑𝑒𝑡൫𝑔௜௝൯ (2.14)

4. The Ricci Tensor (c.f., Loveridge, 2016) is simply a contraction of the Riemannian Tensor (c.f.,Mageed et al 

2023).  

5.The Ricci curvature Tensor (RCT)(c.f., Rudelius, 2012) of an oriented Riemannian Manifold M means the 

extent to which the volume of a geodesic ball on the surface differs from the volume of a geodesic ball in 

Euclidean space. 

6. The Ricci curvature (RCT) (c.f., Ollivier, 2010) contracts the evolution of volumes under the geodesic flow. 

When Ricci curvature is positive, then according to the Bonnet Myers theorem (c.f., Ollivier, 2010) the 

Riemannian manifold is more positively curved than a sphere and the diameter of the manifold is smaller. 
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Figure 3. (RCT) describes how conical regions in the manifold differ in volume from the equivalent 

conical regions in Euclidean space (c.f., Thomas, 2015). 

Definition 2.10. 

(i) A certain category of ruled surfaces called developable surfaces can be mapped onto a plane surface without 

causing any deformation to the curves; each curve drawn from such a surface onto the flat plane retains its 

original shape (c.f., Snezana, 2011). 

 

Figure 4. Three kinds of developable surfaces: Tangential on Figure 5a (on the left), Conical on 

Figure 5b (on the centre) and Figure 5c (on the right), Cylindrical. Note that curves in bold are 

directrix or base curves and straight lines in bold are directors or generating lines (curves) (c.f., 

Snezana, 2011). 

Definition 2.12 (c.f., Weisstein, 2013). 

1.A function is well-defined if it gives the same result when the representation of the input is changed without 

changing the value of the input.  

Definition 2.13 (c.f., Sankaranarayanan, 2014). 

1. function f is said to be one-to-one, or injective, if and only if 𝑓(𝑥) = 𝑓(𝑦)implies 𝑥 = 𝑦 for all x, y in the 

domain of 𝑓. A function is said to be an injection if it is one-to-one. Alternative: A function is one-to-one if 

and only if 𝑓(𝑥) ≠ 𝑓(𝑦), whenever x ≠ y. This is the contrapositive of the definition. 

2.A function f from A to B is called onto, or surjective, if and only if for every 𝑏  𝐵 there is an element 𝑎  𝐴 

such that 𝑓(𝑎)  =  𝑏. Alternative: all co-domain elements are covered. 

3. A function f is called a bijection if it is both one-to-one (injection) and onto (surjection). 

Preliminary Theorem(PT) 2.15 (Horan and Lavelle, 2005). 

Let f be a function that is defined and differentiable on an open interval (c,d). 

(1) If 𝑓 ′(𝑥) > 0 for all 𝑥 ∈ (𝑐, 𝑑) ,then f is increasing on (𝑐, 𝑑). (2.15) 
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(2) If 𝑓 ′(𝑥) < 0 for all 𝑥 ∈ (𝑐, 𝑑), then f is decreasing on (𝑐, 𝑑). (2.16) 

Taylor expansions (c.f., Shaw, 2015) are widely used to approximate functions by expansions. We have for all 𝑥 around zero,  𝑙𝑛(1 + 𝑥) = ∑ (−1)௡ାଵஶ௡ୀଵ ௫೙௡   (2.17)

ଵଵା௫ = ∑ (−1)௡ஶ௡ୀ଴ 𝑥௡  (2.18)

2.4. Important Inequalities (c.f., Kozma, 2020) 

1. Chebyshev inequality 𝑥1 + 𝑥 ≤ 𝑙𝑛(1 + 𝑥) ≤ 𝑥 for 𝑥 ≥ −1 (2.19)(2.35)can be rewritten as   1 − 1𝑥 ≤ 𝑙𝑛(𝑥) ≤ 𝑥 − 1 for  𝑥 ≥ −1 (2.20)2. Lehmer inequality  ௫೙௡! < ௫೙௡! + 1 ≤ 𝑒௫ for all 𝑥, 𝑛 > 0 (2.21)

3. The FIM and ITS Inverse for the Transient 𝑴/𝑴/∞ QM 

In queueing theory, a discipline within the mathematical theory of probability, the 𝑀/𝑀/∞ 

queue (c., f., Harrison et al, 1993) is a multi-server queueing model where every arrival experience 

immediate service and does not wait. 

The transient probability of the 𝑀/𝑀/∞ queueuing system with 𝑃𝑜𝑖𝑠𝑠𝑠𝑜𝑛 𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑟𝑎𝑡𝑒 𝜉 (c.f., 

Kumar et al, 2014) and exponentially distributed service time with mean 
ଵ క  and arrival rate 𝜆 is 

given by: 

𝑝௡(𝑡) =  [𝜆𝜉 (1 − 𝑒ିక௧)]௡𝑛! exp {− 𝜆𝜉 ൫1 − 𝑒ିక௧)ൟ, 𝑛 = 0,1,2, …. (3.1)

It has been pointed out by Conolly and Langaris (1993) that one of the best-known Bessel 

function forms for the time- dependent state probabilities in M/M/1/∞ queueuing system is given 

by: 𝑄௡(𝑡) =  𝑒ି(ఒାఓ)(௧)𝜇𝑡 (𝜆𝜇)௡ ෍ 𝑚𝛽ି௠𝐼௠(𝜔𝑡)ஶ
௠ୀ௡ାଵ  (3.2)

Theorem 3.1. For the transient formalism of M/M/∞ queueuing system, we have 

(i) [𝑔௜௝] (c.f., (2.1)) reads as 
[𝑔௜௝] =  ൥0 𝑎 𝑏𝑎 𝑑ଵ 𝑔𝑙 ℎ 𝑟൩ (3.3)

where 𝑎 =  1𝜉ଶ ([1 + 𝑡𝜉]𝑒ି௧క − 1) (3.4)

𝑏 = 1𝜉ଶ ൫−𝜉 . + 𝜉𝑒ି௧క[𝑡𝜉 . + 𝜉 + 𝜉 .]൯ (3.5)
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𝑑ଵ =  𝜆𝜉ଷ (2 − [1 + 𝑡𝜉][𝑡𝜉 + 2]𝑒ି௧క) (3.6)

𝑔 =  1𝜉ଷ ([𝜆.𝜉 − 2𝜆𝜉 .] + 𝑒ି௧క[𝜆.𝜉 − 2𝜆𝑡𝜉𝜉 . + 𝜆𝑡𝜉ଶ − 2𝜆𝜉 − 𝜆𝜉ଶ𝑡ଶ𝜉 . − 𝜆𝑡𝜉ଷ]) (3.7)

𝑙 = 1𝜉ଶ ൫−𝜉 . + 𝜉𝑒ି௧క[𝑡𝜉 . + 𝜉]൯ (3.8)

ℎ = (𝜆.𝜉 − 2𝜆𝜉 .)𝜉ଷ [(1 + 𝜉𝑡)𝑒ି௧క − 1] (3.9)

𝑟 = 1𝜉ଷ ((𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)+ 𝑒ି௧క[ξ(λtξξ. + 𝜆𝑡𝜉 .ଶ +  𝜆𝑡𝜉𝜉 .. + 3λξtξ. + 𝜆.𝜉ଶ + 𝜆𝜉 .. − 𝜆..𝜉) − ( ξ[tξ. + ξ]− 2ξ.)(λξtξ. + λξଶ + λξ. − λ.ξ)]]) 
(3.10)

Provided that, . refers to the temporal derivative 
ௗௗ௧. 

(iii) IFIM reads as 

[𝑔௜௝] = 
௔ௗ௝ൣ௚೔ೕ൧∆  =൥ 𝐴 𝐵 𝐿𝐷ଵ 𝐸 𝐹𝐺 𝐻 𝐼 ൩, 𝛥 = 𝑑𝑒𝑡(ൣ𝑔௜௝൧) = ൫−𝑎(𝑙𝑔 − 𝑎𝑟) + 𝑏(𝑎ℎ − 𝑙𝑑ଵ)൯ (3.12)

where  𝐴 =  (𝑟𝑑ଵ − 𝑔ℎ)∆  (3.13)

𝐵 =  (ℎ𝑏 − 𝑎𝑟)∆  (3.14)

𝐿 =  (𝑎𝑔 − 𝑏𝑑ଵ)∆  (3.15)

𝐷ଵ =  (𝑙𝑔 − 𝑎𝑟)∆  (3.16)

𝐸 =  (−𝑙𝑏)∆  (3.17)

𝐹 =  (𝑎𝑏)∆  (3.18)

𝐺 =  (𝑎ℎ − 𝑙𝑑ଵ)∆  (3.19)

𝐻 =  (𝑙𝑎)∆  (3.20)

𝐼 =  (−𝑎ଶ)∆  (3.21)

Proof. 

(i)Following (3.1), we have: 
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ℒ(𝑥; 𝜃) = 𝑙 𝑛൫𝑝௡(𝑥; 𝜃)൯ =  𝑙 𝑛 ൮[𝜆𝜉 (1 − 𝑒ିక௧)]௡𝑛! exp {− 𝜆𝜉 ൫1 − 𝑒ିక௧ൟ൲
=   𝑙 𝑛 ൮[𝜆𝜉 (1 − 𝑒ିక௧)]௡𝑛! ൲ − {𝜆𝜉 ൫1 − 𝑒ିక௧ൟ 

𝜃 =  (𝜃ଵ, 𝜃ଶ, 𝜃ଷ) = (𝜆, 𝜉, 𝑡) 

(3.22)

Hence, we have Ψ(𝜃) = 𝜆𝜉 (1 − 𝑒ିక௧) (3.23)

Thus, 𝜕ଵ =  డஏడఒ =  1𝜉 ൫1 − 𝑒−𝜉𝑡൯, 𝜕ଶ =  డஏడక =  𝜆𝜉2 ቀ(1 + 𝜉𝑡)𝑒−𝜉𝑡 − 1ቁ , 𝜕ଷ =  డஏడ௧ =  1𝜉2 ൬(𝜆.𝜉 − 𝜆𝜉.) + (𝜆𝜉𝜉.𝑡 +𝜆𝜉2 − 𝜆.𝜉 + 𝜆𝜉.)𝑒−𝜉𝑡൰ 
(3.24)

𝜕ଵ𝜕ଵ =  0  (3.25)

𝜕ଵ𝜕ଶ = 𝜕ଶ𝜕ଵ =   1𝜉2 ([1 + 𝑡𝜉]𝑒−𝑡𝜉 − 1) (3.26)

𝜕ଶ𝜕ଶ =  𝜆𝜉3 (2 − [1 + 𝑡𝜉][𝑡𝜉 + 2]𝑒−𝑡𝜉) (3.27)

𝜕ଶ𝜕ଷ =   1𝜉3 ([2𝜆𝜉. − 𝜆.𝜉] + 𝑒−𝑡𝜉[𝜆.𝑡𝜉2 − 2𝜆𝑡𝜉𝜉. + 𝜆𝑡𝜉2 − 𝜆𝜉 − 𝜆𝜉2𝑡2𝜉. − 𝜆𝑡𝜉3 + 2𝜆.𝜉 − 2𝜆𝜉.]) (3.28)

𝜕ଷ𝜕ଶ =  (𝜆.𝜉 − 2𝜆𝜉.)𝜉3 [(1 + 𝜉𝑡)𝑒−𝑡𝜉 − 1] ≠ 𝜕ଶ𝜕ଷ (3.29)

𝜕ଵ𝜕ଷ =  1𝜉2 (−𝜉. + 𝜉𝑒−𝑡𝜉[𝑡𝜉. + 𝜉 + 𝜉.]) (3.30)

𝜕ଷ𝜕ଵ =  1𝜉2 (−𝜉. + 𝜉𝑒−𝑡𝜉[𝑡𝜉. + 𝜉]) ≠ 𝜕ଵ𝜕ଷ (3.31)𝜕ଷ𝜕ଷ =  1𝜉ଷ ((𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)+ 𝑒ି௧క[ξ(λtξξ. + 𝜆𝑡𝜉 .ଶ +  𝜆𝑡𝜉𝜉 .. + 3λξtξ. + 𝜆.𝜉ଶ + 𝜆𝜉 .. − 𝜆..𝜉) − ( ξ[tξ. + ξ]− 2ξ.)(λξtξ. + λξଶ + λξ. − λ.ξ)]]) 

(3.32)

Therefore, the Fisher Information Matrix, FIM, is obtained (c.f., (3.3)). 

We write IFIM as 

[𝑔௜௝] = [𝑔௜௝]ିଵ = ௔ௗ௝ൣ௚೔ೕ൧∆ =  ்௥௔௡௦௣௢௦௘(஼௢௩ൣ௚೔ೕ൧)∆ = 
ଵ∆ 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒(𝐶𝑜𝑣 ൥0 𝑎 𝑏𝑎 𝑑ଵ 𝑔𝑙 ℎ 𝑟൩) (3.33)

൭𝐶𝑜𝑣 ൥0 𝑎 𝑏𝑎 𝑑ଵ 𝑔𝑙 ℎ 𝑟൩൱ =  ቎(𝑟𝑑ଵ − 𝑔ℎ) (𝑙𝑔 − 𝑎𝑟) (𝑎ℎ − 𝑙𝑑ଵ)(ℎ𝑏 − 𝑎𝑟) (−𝑙𝑏) (𝑙𝑎)(𝑎𝑔 − 𝑏𝑑ଵ) (𝑎𝑏) (−𝑎ଶ) ቏ (3.34)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 29 January 2024                   doi:10.20944/preprints202401.1994.v1

https://doi.org/10.20944/preprints202401.1994.v1


 9 

 

Thus,  

[𝑔௜௝] = 
ଵ∆ 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒(𝐶𝑜𝑣 ቎(𝑟𝑑ଵ − 𝑔ℎ) (𝑙𝑔 − 𝑎𝑟) (𝑎ℎ − 𝑙𝑑ଵ)(ℎ𝑏 − 𝑎𝑟) (−𝑙𝑏) (𝑙𝑎)(𝑎𝑔 − 𝑏𝑑ଵ) (𝑎𝑏) (−𝑎ଶ) ቏) = ൥ 𝐴 𝐵 𝐿𝐷ଵ 𝐸 𝐹𝐺 𝐻 𝐼 ൩ (c.f., (3.12)-(3.18))

Notably, the symmetry requirement should hold for FIM. Meanwhile, it is observed that FIM 

(c.f., (3.3) of Theorem 3.1) is not symmetric, since 𝜕ଶ𝜕ଷ ≠ 𝜕ଷ𝜕ଶ and 𝜕ଵ𝜕ଷ ≠ 𝜕ଷ𝜕ଵ. This raises many open 

problems on such novel phenomenon and shows the significant impact of time as a coordinate in the potential 

function (c.f., (3.23). it is inevitable to investigate under what conditions will FIM be symmetric. The following 

theorem answers this question. 

Theorem 3.2. For the transient formalism of M/M/∞ queueuing system, as time approaches infinity, FIM 

(c.f., (3.3) of Theorem 3.1) is symmetric. The converse statement is not always true. 

Proof. 

It is sufficient to prove that if 𝑡 → ∞, 𝜕ଶ𝜕ଷ = 𝜕ଷ𝜕ଶ and  𝜕ଵ𝜕ଷ = 𝜕ଷ𝜕ଵ (3.35)Clearly if 𝑡 → ∞, it holds that 𝑙𝑖𝑚௧→ஶ𝜕2𝜕3 =  𝑙𝑖𝑚௧→ஶ𝜕3𝜕2 =  (ఒ.కିଶఒక.)కయ 𝑙𝑖𝑚௧→ஶ𝜕1𝜕3 =  𝑙𝑖𝑚௧→ஶ𝜕3𝜕1 =  − క.కమ 

Consequently, the corresponding FIM given by 

ൣ𝑔௜௝൧௧→ஶ= ⎣⎢⎢
⎢⎡ 0 − ଵకమ − క.కమ− ଵకమ ఒకయ ଵకయ (2𝜆𝜉 . − 𝜆.𝜉)− క.కమ ଵకయ (2𝜆𝜉 . − 𝜆.𝜉) ଵకయ ((𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)⎦⎥⎥

⎥⎤
 (3.36)

which is symmetric. To investigate the necessity requirement: 
Let 𝜕ଶ𝜕ଷ =  𝜕ଷ𝜕ଶ and  𝜕ଵ𝜕ଷ =  𝜕ଷ𝜕ଵ. This generates the following two sets of equations: 1𝜉ଷ ൫[2𝜆𝜉 . − 𝜆.𝜉] + 𝑒ି௧క[𝜆.𝑡𝜉ଶ − 2𝜆𝑡𝜉𝜉 . + 𝜆𝑡𝜉ଶ − 𝜆𝜉 − 𝜆𝜉ଶ𝑡ଶ𝜉 . − 𝜆𝑡𝜉ଷ + 2𝜆.𝜉 − 2𝜆𝜉 .]൯ 

=  (𝜆.𝜉 − 2𝜆𝜉 .)𝜉ଷ [(1 + 𝜉𝑡)𝑒ି௧క − 1] 

(3.37)

and 1𝜉ଶ (−𝜉 . + 𝜉𝑒ି௧క[𝑡𝜉 . + 𝜉 + 𝜉 .])    =  1𝜉ଶ (−𝜉 . + 𝜉𝑒ି௧క[𝑡𝜉 . + 𝜉]) (3.38)

(3.37) reduces to: ௘ష೟഍కయ [𝜆.𝑡𝜉ଶ − 2𝜆𝑡𝜉𝜉 . + 𝜆𝑡𝜉ଶ − 𝜆𝜉 − 𝜆𝜉ଶ𝑡ଶ𝜉 . − 𝜆𝑡𝜉ଷ + 2𝜆.𝜉 − 2𝜆𝜉 .] = 
(ఒ.కିଶఒక.)కయ [(1 + 𝜉𝑡)𝑒ି௧క] (3.39)

This implies:  𝑒ି௧క𝜉ଷ = 0 (3.40)

or  [𝜆.𝑡𝜉ଶ − 2𝜆𝑡𝜉𝜉 . + 𝜆𝑡𝜉ଶ − 𝜆𝜉 − 𝜆𝜉ଶ𝑡ଶ𝜉 . − 𝜆𝑡𝜉ଷ + 2𝜆.𝜉 − 2𝜆𝜉 .] =(𝜆.𝜉 − 2𝜆𝜉 .))(1 + 𝜉𝑡) (3.41)

Similarly, (3.38) reduces to (3.40) and  𝜉[𝑡𝜉 . + 𝜉 + 𝜉 .]  =  𝜉[𝑡𝜉 . + 𝜉] (3.42)

Clearly, it follows from (3.40),  𝐸𝑖𝑡ℎ𝑒𝑟 𝑡 → ∞ 𝑜𝑟 𝜉 → ∞ (3.43)
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(3.41) generates the following differential equation: [𝜆.𝑡𝜉ଶ − 2𝜆𝑡𝜉𝜉 . + 𝜆𝑡𝜉ଶ − 𝜆𝜉 − 𝜆𝜉ଶ𝑡ଶ𝜉 . − 𝜆𝑡𝜉ଷ + 2𝜆.𝜉 − 2𝜆𝜉 .] − (𝜆.𝜉 − 2𝜆𝜉 .))(1 + 𝜉𝑡) = 0  (3.44)

It could be verified that 𝜆 = 0 and 𝜉 = 0 are two solutions of (3.44). 

The reader can check that (3.42) reduces to  𝜉[𝑡𝜉 . + 𝜉 + 𝜉 .]  =  𝜉[𝑡𝜉 . + 𝜉] , 𝑜𝑟    𝜉𝜉 .  = 0 (3.45)

It could be verified that 𝜉 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 is the closed form solution of (3.45). Proof completed. 

Theorem 3.2. For the transient formalism of M/M/∞  queueuing system, as time approaches infinity, [𝑔௜௝]௧→ஶ (c.f., (3.12) of Theorem 3.1) does not exist if and only if one of following requirements is satisfied: 𝜉 → ∞ (3.46)

or 

or whenever  𝜆, 𝜉 are solutions of the following differential equation: [𝜆𝜉𝜉 .. + 2𝜆𝜉 .ଶ − 𝜆..𝜉ଶ] = 0 (3.47)

Proof. 

Following  Matrix  Algebra, [g୧୨]୲→ஶ  does not exist if and only if Δൣg୧୨൧୲→ஶ = 0,ൣg୧୨൧୲→ஶ൫c. f. , (3.36)൯.Therefore, [𝑔௜௝]௧→ஶ will never exist if and only if 
ଵకమ[

ଵకయ ቆ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . +2𝜆𝜉 .ଶ) ቀ− ଵకమቁ + ଵకయ (2𝜆𝜉 . − 𝜆.𝜉) ቀ క.కమቁ቉ − క.కమ [ ఒకయ ቀ క.కమቁ − ଵకయ (2𝜆𝜉 . − 𝜆.𝜉)( ଵకమ)] =0, equivalently 1𝜉଻ [𝜆𝜉𝜉 .. + 2𝜆𝜉 .ଶ − 𝜆..𝜉ଶ] = 0 (3.48)Hence, Δൣ𝑔௜௝൧௧→ஶ = 0 if and only if 1𝜉଻ = 0 (3.49)

Or [𝜆𝜉𝜉 .. + 2𝜆𝜉 .ଶ − 𝜆..𝜉ଶ] = 0 (c.f., (3.47))

Clearly, (3.49) implies 𝜉 → ∞(c.f., (3.46)).  

It could be verified that 𝜆 = 0 and 𝜉 = 0 are two solutions of (3.47).Moreover 𝜉 = 1 in (3.47) implies  𝜆.. = 0, which has the closed form solution , 𝜆 =  𝑐ଵ + 𝑐ଶ𝑡 , a family of families of temporal straight 

lines. As time reaches infinity, the arrival rate in this case becomes infinite. This completes the 

proof. 

In the following section, the components of  𝜶(or 𝛁(𝛂))- connection are obtained and it will be 

shown that the algebraic structure of this connection is no longer symmetric as in the non-time 

dependent case. This unexpected phenomenon is justified by strong impact of the time coordinate 

relating to the time-dependency. Also, it  is shown that for sufficiently large temporal values(i.e., 𝑡 → ∞), the generated special case of  𝜶(or 𝛁(𝛂) )- connection is symmetric. All these genuine 

contributions are new to the knowledge to both information geometry and queueing theorists. 

These calculated expressions are needed to obtain the corresponding Geodesic Equations (GEs) of 

the parametric coordinates of 𝑀/𝑀/∞ QM. 

4. 𝐓𝐡𝐞𝜶(. OR 𝛁(𝛂))-Connection of the Transient 𝑴/𝑴/∞ QM 

4.1. The obtained 𝜞𝒊𝒋,𝒌(𝜶)
 expressions (c.f., definition (2.5)) of the transient 𝑀/𝑀/∞   QM 

By definition (2.5), the reader can check that: 
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Γଵଵ,ଵ(ఈ)
= 0 = Γଵଵ,ଶ(ఈ) = Γଵଶ,ଵ(ఈ) = Γଶଵ,ଵ(ఈ)

= Γଷଵ,ଵ(ఈ)
 (4.1)Γଵଵ,ଷ(ఈ) =  0 (4.2)Γଵଷ,ଵ(ఈ) =  0 =  Γଵଵ,ଷ(ఈ)

 (4.3)

Γଵଷ,ଶ(ఈ) =  (ଵିఈ)క.కయ [1 − (1 + 𝜉𝑡)𝑒ି௧క]  (4.4)

Γଵଶ,ଷ(ఈ) =  (1 − 𝛼)2𝜉ଷ (𝜉 . + 𝑒ି௧క[𝑡𝜉ଶ − 2𝑡𝜉𝜉 . − 𝜉 − 𝜉ଶ𝑡ଶ𝜉 . − 𝑡𝜉ଷ − 2𝜉 .]) ≠ Γଵଷ,ଶ(ఈ)
 (4.5)

Γଵଶ,ଶ(ఈ) =  (1 − 𝛼)2𝜉ଷ (2 − [1 + 𝑡𝜉][𝑡𝜉 + 2]𝑒ି௧క) (4.6)

Γଵଷ,ଷ(ఈ) =  (1 − 𝛼)2𝜉ଷ ((2𝜉 .ଶ − 𝜉𝜉 ..)+ 𝑒ି௧క[ξ(tξξ. + 𝑡𝜉 .ଶ +  𝑡𝜉𝜉 .. + 3ξtξ. + 𝜉 ..) − ( ξ[tξ. + ξ] − 2ξ.)(ξtξ. + ξଶ + ξ.)]])    (4.7)

Γଶଵ,ଶ(ఈ) = Γଶଶ,ଵ(ఈ) =  (1 − 𝛼)2𝜉ଷ (2 − 𝑒ି௧క൫𝑡ଶ𝜉ଶ + 2(1 + 𝑡𝜉)൯          (4.8)

Engaging the same approach, the remaining   Γ௜௝,௞(ఈ)  expressions can be obtained. 

5. 𝐓𝐇𝐄  𝜶(𝐎𝐑 𝛁(𝛂)) − 𝐂𝐎𝐍𝐍𝐄𝐂𝐓𝐈𝐎𝐍  OF THE TRANSIENT 𝑴/𝑴/∞ QM WHEN TIME IS 

INFINITE 

5.1. Geometry of 𝑀/𝑀/∞ QM as 𝑡 → ∞ 

Now, we are in a situation to reveal the significant temporal impact on the overall IG analysis 

of the underlying M/M/∞ QM. This would be clear as time approaches infinity and in this phase; 

the FIM will be symmetric which not the case was before as time was not infinite. This also reflects 

upon the paths of motion of the corresponding geodesic equations of motion for each coordinate of 

the underlying 𝑀/𝑀/∞ QM. 

Setting 𝑡 → ∞ in (3.4)-(3.10), we have 𝑎 = − 1𝜉ଶ (5.1)

𝑏 =  − 𝜉 .𝜉ଶ (5.2)

𝑑ଵ =  2𝜆𝜉ଷ  (5.3)

𝑔 =  [𝜆.𝜉 − 2𝜆𝜉 .]𝜉ଷ  (5.5)

𝑙 = − 𝜉 .𝜉ଶ (5.6)

ℎ =  (2𝜆𝜉 . − 𝜆.𝜉)𝜉ଷ  (5.7)

𝑟 =  (𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)𝜉ଷ  (5.8)
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with  𝐴 =  (𝑟𝑑ଵ − 𝑔ℎ)∆  (5.9)

𝐵 =  (ℎ𝑏 − 𝑎𝑟)∆  (5.10)

𝐿 =  (𝑎𝑔 − 𝑏𝑑ଵ)∆  (5.12)

𝐷ଵ =  (𝑙𝑔 − 𝑎𝑟)∆  (5.13)

𝐸 =  (−𝑙𝑏)∆  (5.14)

𝐹 =  (𝑎𝑏)∆  (5.15)

𝐺 =  (𝑎ℎ − 𝑙𝑑ଵ)∆  (5.16)

𝐻 =  (𝑙𝑎)∆  (5.17)

𝐼 =  (ି௔మ)∆  , Δ = 𝑑𝑒𝑡 (ൣ𝑔௜௝൧) = (−𝑎(𝑙𝑔 − 𝑎𝑟) + 𝑏(𝑎ℎ − 𝑙𝑑ଵ ) ) (5.18)

5.2. The 𝜞𝒊𝒋𝒌(𝜶)
 expressions of the  𝒂𝒓𝒓𝒊𝒗𝒂𝒍 𝒓𝒂𝒕𝒆 coordinate, 𝝀 of the transient 𝑴/𝑴/∞   QM corresponding 

to infinite temporal values  𝛤ଵଵଵ(ఈ)  = 0 (5.19)

𝛤ଵଶଵ(ఈ) =  (1 − 𝛼)2𝜉ଷ (2𝐷ଵ + 𝜉 .𝐺) (5.20)

𝛤ଶଵଵ(ఈ) = (1 − 𝛼)2𝜉ଷ (2𝐷ଵ + 2𝐺𝜉 .) (5.21)

𝛤ଵଷଵ(ఈ) = (1 − 𝛼)2𝜉ଷ (2𝐷ଵ + (2𝜉 .ଶ − 𝜉𝜉 ..)𝐺) (5.22)

Hence,  𝛤ଵଷଵ(଴) = ଵଶకయ (2𝐷ଵ + (2𝜉 .ଶ − 𝜉𝜉 ..)𝐺)) (5.23)

𝛤ଷଵଵ(ఈ)   = (1 − 𝛼)2𝜉ଷ (2𝜉 .𝐷ଵ + (2𝜉 .ଶ − 𝜉𝜉 ..)𝐺) (5.24)

𝛤ଶଶଵ(ఈ) = (1 − 𝛼)2𝜉ସ ((2𝐴𝜉 − 6𝜆𝐷ଵ + (2𝜆.𝜉 − 6𝜆𝜉 .)𝐺) (5.25)

𝛤ଶଷଵ(ఈ) = (1 − 𝛼)2𝜉ସ (2𝐴𝜉 . + (2𝜆.𝜉 − 6𝜆𝜉 .)𝐷ଵ+ [(𝜉(2𝜉𝜆.. − 𝜆𝜉 .. − 2𝜆.𝜉 .) − 3(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)]𝐺) 
(5.26)

𝛤ଷଶଵ(ఈ) = (1 − 𝛼)2𝜉ସ (2𝐴𝜉𝜉 . − 6𝜉 .𝐷ଵ + (𝜉[2𝜆𝜉 .. + 𝜆.𝜉 . − 𝜆..𝜉] − 3𝜉 .[2𝜆𝜉 . − 𝜆.𝜉])𝐺) (5.27)
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𝛤ଷଷଵ(ఈ) = (1 − 𝛼)2𝜉ସ (𝜉𝐴(2𝜉 .ଶ − 𝜉𝜉 ..) + ൫(−𝜆..𝜉 + 2𝜆𝜉 .. + 𝜆.𝜉 .)𝜉 + 3(𝜆.𝜉 − 2𝜆𝜉 .)𝜉 .൯𝐷ଵ+ ൫𝜉(𝜆...𝜉ଶ − 𝜆𝜉𝜉…  − 3𝜆.𝜉𝜉 .. + 3𝜆𝜉 .𝜉 ..)− 3𝜉 .(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)൯𝐺) 

(5.28)

Similarly, the remaining components at infinite temporal can be obtained. 𝟔 𝐓𝐡𝐞 𝐈𝐌𝐄𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐂𝐨𝐨𝐫𝐝𝐢𝐧𝐚𝐭𝐞𝐬  THE Transient 𝑴/𝑴/∞ QM WHEN TIME IS INFINITE 

6.1. The 𝑰𝑴𝑬𝒔 of the  𝒂𝒓𝒓𝒊𝒗𝒂𝒍 𝒓𝒂𝒕𝒆 coordinate, 𝝀of the transient M/M/∞   QM 

The IMEs (c.f.,(2.7)) corresponding to the 𝒂𝒓𝒓𝒊𝒗𝒂𝒍 𝒓𝒂𝒕𝒆 coordinate, 𝝀 of the transient M/M/∞   

QM are 
ௗమఏభௗ௧మ + 𝛤௜௝ଵ(଴) ቀௗఏ೔ௗ௧ ቁ (ௗఏೕௗ௧ ) = 0,𝑖, 𝑗 = 1,2,3 

Now, we are in a situation of trying to find the path of motion of family of families of IMEs 

corresponding to the arrival rate coordinate, 𝜆. [ௗమఒௗ௧మ + ( ଵଶకయ (2𝐷ଵ + 𝜉 .𝐺) + ଵଶకయ (2𝐷ଵ + 2𝐺𝜉 .))(ௗఒௗ௧)(ௗకௗ௧) +[
ଵଶకయ (2𝐷ଵ + (2𝜉 .ଶ − 𝜉𝜉 ..)𝐺)) ଵଶకయ (2𝐷ଵ +(2𝜉 .ଶ − 𝜉𝜉 ..)𝐺)) ](ௗఒௗ௧)(ௗ௧ௗ௧)+

ଵଶకర [((2𝐴𝜉 − 6𝜆𝐷ଵ + (2𝜆.𝜉 − 6𝜆𝜉 .)𝐺)] (ௗకௗ௧)ଶ+[ ଵଶకర (2𝐴𝜉 . +(2𝜆.𝜉 − 6𝜆𝜉 .)𝐷ଵ + [(𝜉(2𝜉𝜆.. − 𝜆𝜉 .. − 2𝜆.𝜉 .) − 3(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)]𝐺) +ଵଶకర (2𝐴𝜉𝜉 . − 6𝜉 .𝐷ଵ + (𝜉[2𝜆𝜉 .. + 𝜆.𝜉 . − 𝜆..𝜉] − 3𝜉 .[2𝜆𝜉 . − 𝜆.𝜉])𝐺)   ] (ௗకௗ௧)(ௗ௧ௗ௧)+(
ଵଶకర (𝜉𝐴(2𝜉 .ଶ −𝜉𝜉 ..) + ൫(−𝜆..𝜉 + 2𝜆𝜉 .. + 𝜆.𝜉 .)𝜉 + 3(𝜆.𝜉 − 2𝜆𝜉 .)𝜉 .൯𝐷ଵ + ൫𝜉(𝜆...𝜉ଶ − 𝜆𝜉𝜉…  − 3𝜆.𝜉𝜉 .. +3𝜆𝜉 .𝜉 ..) − 3𝜉 .(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)൯𝐺) ቀௗ௧ௗ௧ቁଶ] = 0 

(6.1)

Without any loss of generality, let  𝜉 = 1, so (6.1) reduces to [𝜆...𝐺 + (1 − 𝐷ଵ)𝜆.. + 2𝜆.𝐷ଵ] = 0 (6.2)

At 𝜉 = 1,  (5.1)-(5.8) reduce to 𝑎 =  −1 (6.3)𝑏 =  0 (6.4)𝑑ଵ =  2𝜆 (6.5)𝑔 =  𝜆. (6.6)𝑙 = 0 (6.7)ℎ =   −𝜆. (6.8)𝑟 =  𝜆.. (6.9)

This implies that (5.13) and (5.16) reduce to 𝐷ଵ =  (𝑙𝑔 − 𝑎𝑟)∆ =  𝜆..𝜆.. = 1 (6.10)

𝐺 =  (𝑎ℎ − 𝑙𝑑ଵ)∆ =  𝜆.𝜆.. (6.11)

∆ =  𝜆.. (6.12)

Consequently,  𝜆... ൬𝜆.𝜆..൰ + 2𝜆. = 0 =  𝜆.(𝜆... + 2 𝜆..) = 0 (6.13)
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(6.13)  implies  𝜆. = 0 , with  a closed form solution 𝜆 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 .This explains that 𝜆 =𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 characterize the path of motion of the arrival rate coordinate of 𝑀/𝑀/∞ QM. By (6.13), (𝜆... + 2 𝜆..) = 0. Let 𝜆 =  𝜅𝑒஌௧ ,  Υଷ + 2Υଶ = 0 = Υଶ(2 + Υ) = 0  implying  𝛶ଵ,ଶ,ଷ = 0,0, −2 . Therefore, we have the closed form 

solutions represented by the family of families,  𝜆 = 𝜅ଵ + 𝜅ଶ𝑡 + 𝜅ଶ𝑒ିଶ௧ (6.14)

This supports a strong evidence that the corresponding paths of motion of the arrival rate for 

the Poisson arrival rate 𝜉 = 1 are devised by family of families 𝜆 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡.This explains that 𝜆 =𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 or 𝜆 = 𝜅ଵ + 𝜅ଶ𝑡 + 𝜅ଶ𝑒ିଶ௧.                                                                           
6.2. The 𝑰𝑴𝑬𝒔 of the 𝑷𝒐𝒊𝒔𝒔𝒐𝒏 𝒂𝒓𝒓𝒊𝒗𝒂𝒍 𝒓𝒂𝒕𝒆coordinate, 𝝃 of the transient M/M/∞   QM 

The IMEs (c.f.,(2.7)) corresponding to the 𝐏𝐨𝐢𝐬𝐬𝐨𝐧 𝐚𝐫𝐫𝐢𝐯𝐚𝐥 𝐫𝐚𝐭𝐞coordinate, 𝝃 of the transient 𝑴/𝑴/∞   QM are: 
ௗమఏమௗ௧మ + 𝛤௜௝ଵ(଴) ቀௗఏ೔ௗ௧ ቁ (ௗఏೕௗ௧ ) = 0,𝑖, 𝑗 = 1,2,3 

Now, we are in a situation of trying to find the path of motion of family of families of IMEs 

corresponding to the Poisson arrival rate coordinate, 𝜉.  As  𝑡 → ∞, we have:  Γଵଵଶ(ఈ) =  0 (6.15)

Γଵଶଶ(ఈ) =  (1 − 𝛼)2𝜉ଷ (2𝐸 + 𝜉 .𝐻) (6.16)

Γଶଵଶ(ఈ)
  = 

(ଵିఈ)ଶకయ (2𝐸 + 2𝐻𝜉 .) (6.17)

Γଵଷଶ(ఈ) =  (1 − 𝛼)2𝜉ଷ (2𝐸 + (2𝜉 .ଶ − 𝜉𝜉 ..)𝐻) (6.18)

Γଷଵଶ(ఈ) =  (1 − 𝛼)2𝜉ଷ (2𝜉 .𝐸 + (2𝜉 .ଶ − 𝜉𝜉 ..)𝐻) (6.19)

Γଶଶଶ(ఈ) = (1 − 𝛼)2𝜉ସ ((2𝐵𝜉 − 6𝜆𝐸 + (2𝜆.𝜉 − 6𝜆𝜉 .)𝐻) (6.20)

Γଶଷଶ(ఈ) =  (1 − 𝛼)2𝜉ସ (2𝐵𝜉 . + (2𝜆.𝜉 − 6𝜆𝜉 .)𝐸+ [(𝜉(2𝜉𝜆.. − 𝜆𝜉 .. − 2𝜆.𝜉 .) − 3(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)]𝐻) 
(6.21)

Γଷଶଶ(ఈ) =  (1 − 𝛼)2𝜉ସ (2𝐵𝜉𝜉 . − 6𝜉 .𝐸 + (𝜉[2𝜆𝜉 .. + 𝜆.𝜉 . − 𝜆..𝜉] − 3𝜉 .[2𝜆𝜉 . − 𝜆.𝜉])𝐻)   (6.22)

Γଷଷଶ(ఈ)  = (1 − 𝛼)2𝜉ସ ൫𝜉𝐵(2𝜉 .ଶ − 𝜉𝜉 ..) + ൫(−𝜆..𝜉 + 2𝜆𝜉 .. + 𝜆.𝜉 .)𝜉 + 3(𝜆.𝜉 − 2𝜆𝜉 .)𝜉 .൯𝐸+ ൫𝜉(𝜆...𝜉ଶ − 𝜆𝜉𝜉…  − 3𝜆.𝜉𝜉 .. + 3𝜆𝜉 .𝜉 ..)− 3𝜉 .(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)൯𝐻൯ 

(6.23)

Setting  𝜆 = 1, we have  𝑎 =  −1𝜉ଶ  (6.24)

𝑏 =  − 𝜉 .𝜉ଶ (6.25)
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𝑑ଵ =  2𝜉ଷ (6.26)

𝑔 =  −2𝜉 .𝜉ଷ  (6.27)

𝑙 = − 𝜉 .𝜉ଶ (6.28)

ℎ =  2𝜉 .𝜉ଷ  (6.29)

𝑟 =  ൫ିకక..ାଶక.మ൯కయ   , Δ = 𝑑𝑒𝑡 (ൣ𝑔௜௝൧ = ିక..కల  (6.30)

Γଵଵଶ(଴) =  0 (6.31)

Γଵଶଶ(଴) =  12𝜉ଷ (2𝐸 + 𝜉 .𝐻) (6.32)

Γଶଵଶ(଴)  = ଵଶకయ (2𝐸 + 2𝐻𝜉 .) (6.33)

Γଵଷଶ(଴) =  12𝜉ଷ (2𝐸 + (2𝜉 .ଶ − 𝜉𝜉 ..)𝐻) (6.34)

Γଷଵଶ(଴) =  12𝜉ଷ (2𝜉 .𝐸 + (2𝜉 .ଶ − 𝜉𝜉 ..)𝐻) (6.35)

Γଶଶଶ(଴) = 1𝜉ସ ((𝐵𝜉 − 3𝐸 + (−3𝜉 .)𝐻) (6.36)

Γଶଷଶ(଴) =  12𝜉ସ (2𝐵𝜉 . + (−6𝜉 .)𝐸 + [(𝜉(−𝜉 ..) − 3(𝜉ଶ − 𝜉𝜉 .. + 2𝜉 .ଶ)]𝐻) (6.37)

Γଷଶଶ(଴) =  12𝜉ସ (2𝐵𝜉𝜉 . − 6𝜉 .𝐸 + (𝜉[2𝜉 ..] − 3𝜉 .[2𝜉 .])𝐻)   (6.38)

Γଷଷଶ(଴)  = 12𝜉ସ ൫𝜉𝐵(2𝜉 .ଶ − 𝜉𝜉 ..) + ൫(2𝜉 ..)𝜉 + 3(−2𝜉 .)𝜉 .൯𝐸 + ൫𝜉(−𝜉𝜉… ) − 3𝜉 .(−𝜉𝜉 .. + 2𝜉 .ଶ)൯𝐻൯ (6.39)

𝐵 =  (ℎ𝑏 − 𝑎𝑟)∆ =  (൬2𝜉 .𝜉ଷ ൰ ൬ − 𝜉 .𝜉ଶ ൰ + ((−𝜉𝜉 .. + 2𝜉 .ଶ)𝜉ହ ))−𝜉 ..𝜉଺ = 𝜉ଶ (6.40)

𝐸 =  (ି௟௕)∆   =− ഍.మ഍రష഍..഍ల =  కమక.మక..  (6.41)

𝐻 =  (𝑙𝑎)∆ =  𝜉 .𝜉ସ−𝜉 ..𝜉଺ =  − 𝜉ଶ𝜉 .𝜉 ..  (6.42)

The resulting IMEs  corresponding to 𝜆 = 1 is represented by family of  families of paths of 

motions given by 
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[ௗమకௗ௧మ + ( ଵకర ((𝐵𝜉 − 3𝐸 + (−3𝜉 .)𝐻)) ቀௗకௗ௧ቁଶ + [ ଵଶకర (2𝐵𝜉 . + (−6𝜉 .)𝐸 + [(𝜉(−𝜉 ..) −3(𝜉ଶ − 𝜉𝜉 .. + 2𝜉 .ଶ)]𝐻)  + ଵଶకర (2𝐵𝜉𝜉 . − 6𝜉 .𝐸 + (𝜉[2𝜉 ..] − 3𝜉 .[2𝜉 .])𝐻) ](ௗకௗ௧) +ቂ ଵଶకర ൫𝜉𝐵(2𝜉 .ଶ − 𝜉𝜉 ..) + ൫(2𝜉 ..)𝜉 + 3(−2𝜉 .)𝜉 .൯𝐸 + ൫𝜉(−𝜉𝜉… ) − 3𝜉 .(−𝜉𝜉 .. + 2𝜉 .ଶ)൯𝐻൯ቃ= 0 

(6.43)

By (6.40)-(6.42), we have  (6.43) in the form: [ௗమకௗ௧మ + ( 1𝜉4 (ቆ𝜉3 − 3 ൬𝜉2𝜉.2𝜉.. ൰ + (−3𝜉.) ቀ− 𝜉2𝜉.𝜉.. ቁቇ) ቀ𝑑𝜉𝑑𝑡ቁ2 + [ 12𝜉4 (2𝜉2𝜉. + (−6𝜉.)(𝜉2𝜉.2𝜉.. ) +
[(𝜉(−𝜉..) − 3(𝜉2 − 𝜉𝜉.. + 2𝜉.2)](− 𝜉2𝜉.𝜉.. ))  +  12𝜉4 (2𝜉3𝜉. − 6𝜉.(𝜉2𝜉.2𝜉.. ) + (𝜉[2𝜉..] −3𝜉.[2𝜉.])(− 𝜉2𝜉.𝜉.. )) ](𝑑𝜉𝑑𝑡) + ൤ 12𝜉4 ൬𝜉3(2𝜉.2 − 𝜉𝜉..) + ൫(2𝜉..)𝜉 + 3(−2𝜉.)𝜉.൯(𝜉2𝜉.2𝜉.. ) +൫𝜉(−𝜉𝜉… ) − 3𝜉.(−𝜉𝜉.. + 2𝜉.2)൯(− 𝜉2𝜉.𝜉.. )൰൨= 0 

(6.44)

The complicated equation (6.44) can be rewritten in the form: [ௗమకௗ௧మ + ଵక  ቀௗకௗ௧ቁଶ + ଵଶకమ [(2𝜉 . + (−6𝜉 .)(క.మక.. ) + [2𝜉𝜉 .. − 𝜉ଶ − 6𝜉 .ଶ](− క.క..))  + (2𝜉𝜉 . − 6(క.యక.. ) +(2𝜉𝜉 .. − 6𝜉 .ଶ)(− క.క..)) ](ௗకௗ௧) + ଵଶకమ ቂቀ𝜉(2𝜉 .ଶ − 𝜉𝜉 ..) + (2𝜉𝜉 .. − 6𝜉 .ଶ)(క.మక.. ) + (3𝜉𝜉 .𝜉 ..   − 𝜉ଶ𝜉… −6𝜉 .ଷ)(− క.క..)ቁቃ= 0 

(6.45)

We can put (6.45) into the more compact form: [2𝜉2𝜉..2 + 2𝜉 𝜉..𝜉.2 + [(2𝜉.𝜉.. + (−6𝜉.)(𝜉.2) + [2𝜉𝜉.. − 𝜉2 − 6𝜉.2](−𝜉.))  +  (2𝜉𝜉..𝜉. −6(𝜉.3) + (2𝜉𝜉.. − 6𝜉.2)(−𝜉)) ](𝜉.) + ൣ൫𝜉𝜉..(2𝜉.2 − 𝜉𝜉..) + (2𝜉𝜉.. − 6𝜉.2)(𝜉.2) +(3𝜉𝜉.𝜉..  – 𝜉2𝜉… − 6𝜉.3)(−𝜉.)൯൧ = 0 
(6.45)

The family of families of constant paths of motion of the Poisson arrival rate given b y,   𝜉 =𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  provide a closed form solution of (6.45) 

6.3. The 𝐼𝑀𝐸𝑠 of the 𝑡𝑒𝑚𝑝𝑜𝑟𝑎𝑙 coordinate, 𝑡 of the transient 𝑀/𝑀/∞   QM 

The IMEs (c.f.,(2.7)) corresponding to the 𝐭𝐢𝐦𝐞 coordinate, 𝒕 of the transient 𝑴/𝑴/∞   QM 

are: 
ௗమఏయௗ௧మ + 𝛤௜௝ଵ(଴) ቀௗఏ೔ௗ௧ ቁ (ௗఏೕௗ௧ ) = 0,𝑖, 𝑗 = 1,2,3 

Setting 𝜆 = 1, 𝜉 = 𝜂 + 𝜍𝑡, 𝜂 and 𝜍 are any real numbers 𝑎 =  −1𝜉ଶ  (6.46)

𝑏 = − 𝜍𝜉ଶ (6.47)

𝑑ଵ =  2𝜉ଷ (6.48)

𝑔 =  − 2𝜍𝜉ଷ (6.49)

𝑙 = − 𝜍𝜉ଶ (6.50)

ℎ = 2𝜍𝜉ଷ (6.51)
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𝑟 = 2𝜍ଶ𝜉ଷ  (6.52)

with  𝐿 =  (௔௚ି௕ௗభ)∆  = 
(షభ഍మ)(ିమഒ഍య)ି(ି ഒ഍మ)( మ഍య)∆ =  ସచ∆ కఱ (6.53)

𝐹 =  (𝑎𝑏)∆ =  𝜍∆𝜉ସ (6.54)

𝐼 =  (ି௔మ)∆  = − ଵ∆కర, (6.55)

Γଶଶଷ(଴) =  𝜉𝐿 − 3𝐹 − 3𝜍𝐼𝜉ସ  (6.56)

Γଶଷଷ(ఈ) = 𝜍𝜉ସ (𝐿 − 3𝐹 − 3𝜍𝐼) (6.57)

Γଷଶଷ(ఈ) = 𝜍𝜉ସ (𝐿𝜉 − 3𝐹 − 3𝜍𝐼 ) (6.58)

Γଷଷଷ(ఈ) = 𝜍ଶ𝜉ସ (𝜉𝐿 − 3𝐹 − 3𝜍𝐼) (6.59)

The IMEs of time, for 𝜆 = 1, 𝜉 = 𝜂 + 𝜍𝑡  are given by 
ௗమ௧ௗ௧మ + 𝛤ଶଶଷ(଴) ቀௗకௗ௧ቁଶ + 𝛤ଷଷଷ(଴) ቀௗ௧ௗ௧ቁଶ + (𝛤ଶଷଷ(଴) +𝛤ଷଶଷ(଴)) ቀௗకௗ௧ቁ ቀௗ௧ௗ௧ቁ = 0  

or 𝛤ଶଶଷ(଴) ቀௗకௗ௧ቁଶ + 𝛤ଷଷଷ(଴) + (𝛤ଶଷଷ(଴) + 𝛤ଷଶଷ(଴)) ቀௗకௗ௧ቁ = 0, implying either 𝜍 = 0, 𝑜𝑟 𝜉 = 𝜂 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (6.60)

or  𝛤ଶଶଷ(଴) ቀௗకௗ௧ቁ + 𝛤ଷଷଷ(଴) + 𝛤ଶଷଷ(଴) + 𝛤ଷଶଷ(଴)
= 0, or 𝜂 = ቀௗకௗ௧ቁ =  − ቀ௰యయయ(బ)ା௰మయయ(బ)ା௰యమయ(బ)ቁ௰మమయ(బ) =

 − ቀ௰యయయ(బ)ା௰మయయ(బ)ା௰యమయ(బ)ቁ௰మమయ(బ)  = − ഒ഍ర(௅ିଷிିଷచூ)ା ഒ഍ర(௅కିଷிିଷచூ )ାഒమ഍ర(క௅ିଷிିଷచூ)഍ಽషయಷషయഒ಺഍ర = − చ(௅ିଷிିଷచூ)ାచ(௅కିଷிିଷచூ )ାచమ(క௅ିଷிିଷచூ)క௅ିଷிିଷచூ = −𝜍 (௅ିଷிିଷచூ)ା(௅కିଷிିଷచூ )ାచ(క௅ିଷிିଷచூ)క௅ିଷிିଷచூ  

(6.61)

This implies : 𝜍 = 0, 𝑜𝑟 𝜉 = 𝜂 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (c.f., 6.60)

Or 

1+
(௅ିଷிିଷచூ)ା(௅కିଷிିଷచூ )ାచ(క௅ିଷிିଷచூ)క௅ିଷிିଷచூ =     0 (6.62)

Following (6.62), we have (𝐿 − 3𝐹 − 3𝜍𝐼) + (𝐿𝜉 − 3𝐹 − 3𝜍𝐼 ) + 𝜍(𝜉𝐿 − 3𝐹 − 3𝜍𝐼) + 𝜉𝐿 − 3𝐹 − 3𝜍𝐼 = 0 (6.63)

Consequently, it follows that: 2𝜍∆ 𝜉ହ [2 − 𝜍𝜉 + 2𝜉] =  0 (6.64)

(6.64) holds if and only if 𝜍 = 0, 𝑜𝑟 𝜉 = 𝜂 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (6.65)

or 
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1∆ 𝜉ହ = 0, 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦 𝜉 → ∞, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 1∆ = 0 (6.67)

Or [2 − 𝜍𝜉 + 2𝜉] = 0 (6.68)

By (6.68), we have 𝜉𝑑𝜉1 + 𝜉 = 2𝑑𝑡 (6.69)

It could be verified that (6.69) has a closed form solution devised by (𝜉 + 1)𝑒క =  𝜁𝑒ିଶ௧, for some constant 𝜁 (6.70)

The obtained result in (6.70) is quite new and interesting as it shows that for sufficiently large 

temporal values, this generates two unexpected values of the Poisson arrival rate, namely , 𝜉 = −1 

or 𝜉 → −∞. 

At this stage, we need to provide more analysis of the obtained result: 1∆ = 0 (c.f., 6.67)

We have by (6.46)-(6.52) and (5.18), 𝚫 = 𝒅𝒆𝒕 (ൣ𝒈𝒊𝒋൧) = −𝟒 𝝇𝟐𝝃𝟕 (6.71)

Combining (6.67) and (6.71), implies either  𝜉 = 0 𝑜𝑟 𝜍 =  ௗకௗ௧ → ∞ . This means that within the 

obtaind phase of (6.67), either the Poisson arrival rate vanishes, or we will be in a situation where 

the corresponding velocity of the Poissonian arrival rate is infinite. 

7. The Threshold Theorems for the Potential function (c.f., (3.23) of Theorem 3.1) of the 

Underlying transient M/M/∞QM 

7.1. The Threshold Theorem for the Potential Function, TTPF (c.f., (3.23) of Theorem 3.1) 

Based on the Preliminary Theorem (PT) , the threshold theorem for the potential function, (c.f., 

(3.23) of Theorem 3.1) corresponding to each coordinate is devised. 

Theorem 7.1. For the obtained potential function Ψ(𝜃)(c.f., (3.23) of Theorem 3.1), the following holds 

i)Ψ(𝜃) is forever increasing in 𝜆. 
ii) Ψ(𝜃) is never increasing in 𝜆. 
iii) Ψ(𝜃) is never decreasing in 𝜉. 
iv) Ψ(𝜃) is forever decreasing in 𝜉 for all 𝜆, 𝜉, 𝑡 > 0 

v) Ψ(𝜃) is forever increasing in 𝑡 if and only if  𝜉 > 0 and temporal values satisfying: (𝜆.𝜉 − 𝜆𝜉 .)𝑒క௧ > (−𝜆𝜉𝜉 .𝑡 − 𝜆𝜉ଶ + 𝜆.𝜉 − 𝜆𝜉 .) (7.1)

vi) Ψ(𝜃) is  never decreasing in 𝑡. 
Proof. 

i)We have 𝜕ଵ =  డஏడఒ =  1𝜉 ൫1 − 𝑒−𝜉𝑡൯, 𝜕ଶ =  డஏడక =  𝜆𝜉2 ቀ(1 + 𝜉𝑡)𝑒−𝜉𝑡 − 1ቁ , 𝜕ଷ =  డஏడ௧ =  1𝜉2 ൬(𝜆.𝜉 − 𝜆𝜉.) +(𝜆𝜉𝜉. + 𝜆𝜉2 + 𝜆.𝜉 − 𝜆𝜉.)𝑒−𝜉𝑡൰ 
(c.f.,(3.24))

It holds that 𝜕ଵ > 0 if and only if one of the following statements is true: 

(1)
ଵక > 0 and൫1 − 𝑒ିక௧൯ > 0 (7.2)

(2)
ଵక < 0 and ൫1 − 𝑒ିక௧൯ < 0 (7.3)
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The second statement is impossible since it contradicts the  fact 𝜉 is positive. So, we have to accept 

the first statement, (7.2) implies 𝑒క௧ > 1, which is always true for all 𝜉, 𝑡 > 0. This proves i). 

As for ii), 𝜕ଵ < 0 if and only if one of the following statements is true: 

(1)
ଵక > 0 and ൫1 − 𝑒ିక௧൯ < 0 (7.4)

(2)
ଵక < 0 and ൫1 − 𝑒ିక௧൯ > 0 (7.5)

The second statement is impossible since it contradicts the  fact 𝜉 is positive. So, we have to accept 

the first statement, (7.5) implies 𝑒క௧ < 1, which is never true for all 𝜉, 𝑡 > 0. This proves ii). 

iii)𝜕ଶ > 0 if and only if one of the following statements is true: 

(1)
ఒకమ > 0 and ቀ(1 + 𝜉𝑡)𝑒ିక௧ − 1ቁ > 0 (7.6)

(2)
ఒకమ < 0 and ቀ(1 + 𝜉𝑡)𝑒ିక௧ − 1ቁ < 0 (7.7)

The first statement is impossible since it contradicts the  fact 𝜉 is positive. Since,  (7.6) implies ቀ(1 + 𝜉𝑡)𝑒ିక௧ − 1ቁ > 0 , implying (1 + 𝜉𝑡) > 𝑒క௧ , a contradiction  always true for all 𝜉, 𝑡 > 0 .  

Moreover, we have to reject the second statement, since 
ఒకమ < 0  is never permissible. This proves iii). 

To  show iv), 𝜕ଶ < 0 if and only if one of the following statements is true: 

(1)
ఒకమ > 0 and ቀ(1 + 𝜉𝑡)𝑒ିక௧ − 1ቁ < 0 (7.8)

(2)
ఒకమ < 0 and ቀ(1 + 𝜉𝑡)𝑒ିక௧ − 1ቁ > 0 (7.9)

The second statement is impossible since it contradicts the  fact that 𝜆, 𝜉 > 0. So, we have to reject 

(7.9). The first  statement, (7.9) implies ቀ(1 + 𝜉𝑡)𝑒ିక௧ − 1ቁ < 0, implying (1 + 𝜉𝑡) > 𝑒క௧ , which is  

always true for all 𝜉, 𝑡 > 0. Also,
ఒకమ > 0  holds for all 𝜆, 𝜉 > 0. This proves iv). 

v)We have 𝜕ଷ =  డஏడ௧ =  1𝜉2 ൬(𝜆.𝜉 − 𝜆𝜉.) + (𝜆𝜉𝜉.𝑡 + 𝜆𝜉2 − 𝜆.𝜉 + 𝜆𝜉.)𝑒−𝜉𝑡൰. So, 𝜕ଷ > 0if and only if one of the 

following statements is true: 

(1)
ଵకమ > 0 and ቀ(𝜆.𝜉 − 𝜆𝜉 .) + (𝜆𝜉𝜉 .𝑡 + 𝜆𝜉ଶ − 𝜆.𝜉 + 𝜆𝜉 .)𝑒ିక௧ቁ > 0 (7.10)

(2)
ଵకమ < 0 and ቀ(𝜆.𝜉 − 𝜆𝜉 .) + (𝜆𝜉𝜉 .𝑡 + 𝜆𝜉ଶ − 𝜆.𝜉 + 𝜆𝜉 .)𝑒ିక௧ቁ < 0 (7.11)

We have to reject (7.11) since 
ଵకమ < 0  is non- permissible. As for (7.10), 

ଵకమ > 0 holds. Furthermore, ቀ(𝜆.𝜉 − 𝜆𝜉 .) + (𝜆𝜉𝜉 .𝑡 + 𝜆𝜉ଶ − 𝜆.𝜉 + 𝜆𝜉 .)𝑒ିక௧ቁ > 0 implies (𝜆.𝜉 − 𝜆𝜉 .)𝑒క௧ = (𝜆.𝜉 − 𝜆𝜉 .) ቀ1 + 𝜉𝑡 + (క௧)మଶ + ⋯ … . . ቁ = (𝜆.𝜉 − 𝜆𝜉 . − 𝜆𝜉 .𝜉𝑡 + ⋯ . ) >(−𝜆𝜉𝜉 .𝑡 − 𝜆𝜉ଶ + 𝜆.𝜉 − 𝜆𝜉 .)  
(7.12)

Hence, (𝜆.𝜉 − 𝜆𝜉 .)𝑒క௧ > (−𝜆𝜉𝜉 .𝑡 − 𝜆𝜉ଶ + 𝜆.𝜉 − 𝜆𝜉 .) holds. This proves v). 

vi)We have 𝜕ଷ =  డஏడ௧ =  1𝜉2 ൬(𝜆.𝜉 − 𝜆𝜉.) + (𝜆𝜉𝜉.𝑡 + 𝜆𝜉2 − 𝜆.𝜉 + 𝜆𝜉.)𝑒−𝜉𝑡൰. So, 𝜕ଷ < 0if and only if one of the 

following 

statement is true: 

(1)
ଵకమ > 0 and ቀ(𝜆.𝜉 − 𝜆𝜉 .) + (𝜆𝜉𝜉 .𝑡 + 𝜆𝜉ଶ − 𝜆.𝜉 + 𝜆𝜉 .)𝑒ିక௧ቁ < 0 (7.13)

(2)
ଵకమ < 0 and ቀ(𝜆.𝜉 − 𝜆𝜉 .) + (𝜆𝜉𝜉 .𝑡 + 𝜆𝜉ଶ − 𝜆.𝜉 + 𝜆𝜉 .)𝑒ିక௧ቁ > 0 (7.14)

We must reject (7.14). (7.13) is true  since 
ଵకమ > 0  holds for all 𝜉 > 0. Moreover, we have 
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ቀ(𝜆.𝜉 − 𝜆𝜉 .) + (𝜆𝜉𝜉 .𝑡 + 𝜆𝜉ଶ − 𝜆.𝜉 + 𝜆𝜉 .)𝑒ିక௧ቁ < 0 (7.15)Let 𝜉 = 1 = 𝜆, 𝑡 = 0. This provides a counter example generating the inequality, 1 < 0 (7.16)

A contradiction. Therefore, vi) holds. 

In what follows, PAR =  𝜉 = Poissopn Arrival Rate, AR =  𝜆 = Arrival Rate ,  PF =Potential Function = Ψ(𝜃) 

7.2.1. Numerical Experiment One Ψ(𝜃) = 𝜆(1 − 𝑒ିଵ) 

The numerical observation in Figure 5 matches the analytic result (c.f., i) of Theorem 7.1). 

 

Figure 5. 

Figure 6 provides an evidence of the forever decreasability phase of the PF in the Poisson 

Arrival Rate, which agrees with the analytic findings of TTPF. 
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Figure 6. 

As observed from Figure 7, the potential function, PF is forever increasing in time, which 

agrees with the analytic results. 

 

Figure 7. 
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8. Some Algebraic Properties of the Potential Function, 𝚿(𝜽) = 𝝀𝝃 (𝟏 − 𝒆ି𝝃𝒕)(c.f., (3.23)) 

Theorem 8.1. The three-dimensional potential function Ψ(𝜃) = ఒక (1 − 𝑒ିక௧)(c.f., (3.23)) is generally not 

well-defined. 

Proof. Let 𝜆௜ , 𝜉௜ , 𝑡௜  , 𝑖 = 1,2 be such that  𝜆ଵ ≠ 𝜆ଶ,  𝜉ଵ ≠ 𝜉ଶ, 𝑡ଵ ≠ 𝑡ଶ.  Let Ψ(𝜆ଵ, 𝜉ଵ, 𝑡ଵ) =Ψ(𝜆ଶ, 𝜉ଶ, 𝑡ଶ). This implies ఒభకభ ൫1 − 𝑒ିకభ௧భ൯ = ఒమకమ ൫1 − 𝑒ିకమ௧మ൯ (8.1)(8.1) directly implies: ൤ 𝜆ଵ𝜉ଵ − 𝜆ଶ𝜉ଶ൨ + ൤𝜆ଶ𝜉ଶ 𝑒ିకమ௧మ − 𝜆ଵ𝜉ଵ 𝑒ିకభ௧భ൨ = 0 (8.2)

So, (8.2) holds if and only if: ఒమకమ ∑ (ିకమ௧మ)೘௠!ஶ௠ୀଵ − ఒభకభ ∑ (ିకభ௧భ)೘௠!ஶ௠ୀଵ = 0  (8.3)

Clearly (8.3) is satisfied if and only if: (−1)௠𝑚! [𝜆ଶ(𝜉ଶ)௠ିଵ(𝑡ଶ)௠ − 𝜆ଵ(𝜉ଵ)௠ିଵ(𝑡ଵ)௠], 𝑚 = 1,2, …. (8.4)

It can be  verified that (8.4) will generate the following sets of equations: 𝑚 = 1 ⟹ 𝜆ଶ𝑡ଶ = 𝜆ଵ𝑡ଵ (8.5)𝑚 = 2 ⟹ [𝜆ଶ𝜉ଶ(𝑡ଶ)ଶ − 𝜆ଵ𝜉ଵ(𝑡ଵ)ଶ  ] = 0 (8.6)Engaging (8.5)and (8.6) yields 𝜆ଵ𝑡ଵ(𝜉ଶ𝑡ଶ − 𝜉ଵ𝑡ଵ) = 0 ⟹  𝜆ଵ𝑡ଵ = 0 (which implies 𝜆ଵ𝑡ଵ = 0, 𝑜𝑟 𝜆ଵ = 0 (𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛), 𝑜𝑟 𝑡ଵ =0). If 𝑡ଵ = 0, then this implies by (8.5)that either 𝜆ଶ = 0 𝑜𝑟 𝑡ଶ = 0 ) In brief, this implies that either all the temporal values are set to zero, which is a contradiction. 

Moreover, the other possibility is to allow the arrival rate values to be zero, another contradiction . To this end, we have 𝜉ଶ𝑡ଶ = 𝜉ଵ𝑡ଵ (8.7)

The reader can check that after some manipulation, 𝑚 = 3 ⟹ 𝜉ଶ𝑡ଶ = 𝜉ଵ𝑡ଵ      𝑜𝑟 𝜉ଶ𝑡ଶ + 𝜉ଵ𝑡ଵ = 0 (𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛) (8.8)

Based on the analytic results, we can have 𝜆ଵ ≠ 𝜆ଶ,  𝜉ଵ ≠ 𝜉ଶ, 𝑡ଵ ≠ 𝑡ଶ and Ψ(𝜆ଵ, 𝜉ଵ, 𝑡ଵ) =Ψ(𝜆ଶ, 𝜉ଶ, 𝑡ଶ) will hold. This means that Ψ is not well-defined. 

Several emerging important  special cases of Theorem 8.1 are obtained in the following 

theorems. 

Theorem 8.2. For constant values of 𝜆, 𝜉, the three-dimensional potential function Ψ(𝜃) = ఒక (1 − 𝑒ିక௧)(c.f., 

(3.23)) satisfies the following: 
(1) 𝛹 is well-defined. 
(2) 𝛹 𝑖𝑠 onto 
(3) 𝛹 𝑖𝑠 𝑂𝑛𝑒 − 𝑡𝑜 − 𝑂𝑛𝑒 
(4) 𝛹 ℎ𝑎𝑠 𝑎 𝑢𝑛𝑖𝑞𝑢𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒, 𝛹ିଵ given by Ψିଵ(𝜆, 𝜉, 𝑡) =  − 1𝜉 𝑙𝑛 ൬1 − 𝑡𝜉𝜆 ൰ (8.9)

𝐏𝐫𝐨𝐨𝐟. 
(1) For constant values of 𝜆, 𝜉, define 𝑡௜ , 𝑖 = 1,2  be such that  𝑡1 ≠ 𝑡2.  Thus,  Ψ(𝜆, 𝜉, 𝑡1) = Ψ(𝜆, 𝜉, 𝑡2) 

implies: 
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𝜆𝜉 ൫1 − 𝑒ିక௧భ൯ =  𝜆𝜉 (1 − 𝑒ିక௧మ) (8.10)

Hence, it follows that ఒక ൫𝑒ିక௧భ − 𝑒ିక௧మ൯ =  0  ⇔ ఒక (𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛) 𝑜𝑟 𝑒ିక௧భ = 𝑒ିక௧మ , 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦 𝑡ଵ = 𝑡ଶ. (8.11)

This proves (1). 

(2) For every arbitrary 
ఒక ൫1 − 𝑒ିక௧൯, for constant values of 𝜆, 𝜉 there exist a unique triple (𝜆, 𝜉, 𝑡) 

such that the  that the representation Ψ(𝜃) = ఒక (1 − 𝑒ିక௧) exists. Therefore,  Ψ is onto. 

(3) It suffices to show that for constant values of 𝜆, 𝜉, it holds that: Ψ(𝜆, 𝜉, 𝑡ଵ) = Ψ(𝜆, 𝜉, 𝑡ଶ)  ⟺ 𝑡ଵ = 𝑡ଶ (8.12)⟹: follows by (1). ⟸: 𝑡ଵ = 𝑡ଶ implies Ψ(𝜆, 𝜉, 𝑡ଵ) = Ψ(𝜆, 𝜉, 𝑡ଶ). The proof is immediate. 

Combining (2) and (3), Ψ is  bijective with a unique inverse, namely Ψିଵ. To obtain Ψିଵ , let Ψ(𝜃) = 𝜆𝜉 ൫1 − 𝑒ିక௧൯ = 𝑦 (8.13)Hence, it follows that ൫1 − 𝑒ିక௧൯ = క௬ఒ  ⟹ 𝑒ିక௧ = 1 − క௬ఒ , 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦, 𝑡 = − ଵక 𝑙𝑛 ቀ1 − క௬ఒ ቁ (8.14)

Following (8.14), we get Ψିଵ(𝑡) =  − 1𝜉 𝑙𝑛 ൬1 − 𝜉𝑡𝜆 ൰ (c.f., (8.9))

Theorem 8.3. For constant  𝜉, 𝑡 → ∞ the  potential function Ψஶ,஛(𝜃) = ఒక (c.f., (3.23)) satisfies the following: (1)𝛹ஶ,ఒ(𝜃) is well-defined. (2)𝛹ஶ,ఒ(𝜃) 𝑖𝑠 onto (3)𝛹ஶ,ఒ(𝜃) 𝑖𝑠 𝑂𝑛𝑒 − 𝑡𝑜 − 𝑂𝑛𝑒 

(4)𝛹ஶ,ఒ(𝜃) ℎ𝑎𝑠 𝑎 𝑢𝑛𝑖𝑞𝑢𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒, 𝛹ஶ,ఒିଵ  given by Ψஶ,ఒିଵ (𝜆) =  𝜆𝜉 (8.15)

𝐏𝐫𝐨𝐨𝐟. 
Following a similar approach as in Theorem 8.2, the proofs are straightforward. 

Theorem 8.4. For constant  𝜆, 𝑡 → ∞ the  potential function Ψஶ,ஞ(𝜃) = ఒక (c.f., (3.23)) satisfies the following: (1)𝛹ஶ,క is well-defined. (2)𝛹ஶ,క  𝑖𝑠 onto. (3)𝛹ஶ,క  𝑖𝑠 𝑂𝑛𝑒 − 𝑡𝑜 − 𝑂𝑛𝑒. 
(4)𝛹ஶ,క  ℎ𝑎𝑠 𝑎 𝑢𝑛𝑖𝑞𝑢𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒, 𝛹ஶ,కିଵ  given by Ψஶ,కିଵ (𝜉) =  𝜆𝜉  (8.16)

𝐏𝐫𝐨𝐨𝐟. 
Following a similar approach as in Theorem 8.2, the proofs are straightforward. 

Theorem 8.5. For constant 𝜆 , the  potential function Ψஞ,୲(𝜃) = ఒక (1 − 𝑒ିక௧) (c.f., (3.23)) satisfies the 

following: (1)𝛹క,௧(𝜃) is well-defined if and only if the temporal values are constant. (2)𝛹క,௧(𝜃) 𝑖𝑠 onto. (3)𝛹క,௧(𝜃) 𝑖𝑠  𝑛𝑜𝑡 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑂𝑛𝑒 − 𝑡𝑜 − 𝑂𝑛𝑒. 
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(4)𝛹క,௧(𝜃) ℎ𝑎𝑠  𝑎 𝑓𝑎𝑚𝑖𝑙𝑦 𝑜𝑓 𝑓𝑎𝑚𝑖𝑙𝑖𝑒𝑠 𝑜𝑓   𝑖𝑛𝑣𝑒𝑟𝑠𝑒𝑠, 𝛹క,௧ିଵ  and they are existing uniquely if and only if the 

temporal values are constant. In this case, Ψక,௧ିଵ(𝜉) = 𝜉 
Such that,  𝜉 satisfies: 

 𝜆 ൥ ෍ (−𝜉)௠ିଶ(𝑡)௠ିଵ𝑚!ஶ
௠ୀଵ ൩ − 1 = 0 (8.17)

𝐏𝐫𝐨𝐨𝐟. 
(1) Let 𝜉௜ , 𝑡௜ , 𝑖 = 1,2 be such that   𝜉ଵ ≠ 𝜉ଶ, 𝑡ଵ ≠ 𝑡ଶ. Let Ψ(𝜆, 𝜉ଵ, 𝑡ଵ) = Ψ(𝜆, 𝜉ଶ, 𝑡ଶ). This implies ఒకభ ൫1 − 𝑒ିకభ௧భ൯ = ఒకమ ൫1 − 𝑒ିకమ௧మ൯ (8.18)(8.18) directly implies: 𝜆(൤ 1𝜉ଵ − 1𝜉ଶ൨ + ൤ 1𝜉ଶ 𝑒ିకమ௧మ − 1𝜉ଵ 𝑒ିకభ௧భ൨) = 0 (8.19)

For the Necessity, if the temporal values are constant, then 𝑡ଵ = 𝑡ଶ holds, which implies by (8.19), 

that  𝜉ଵ = 𝜉ଶ, since 𝜆 = 0 is non permissible by the hypothesis. Therefore, Ψஞ,୲(𝜃) is well-defined. 

For the sufficiency, let Ψஞ,୲(𝜃) be well-defined, then it is never permissible that: 𝜉ଵ ≠ 𝜉ଶ, 𝑡ଵ ≠ 𝑡ଶ to imply Ψ(𝜆, 𝜉ଵ, 𝑡ଵ) = Ψ(𝜆, 𝜉ଶ, 𝑡ଶ) (8.20)So, 𝑡ଵ = 𝑡ଶ  and  𝜉ଵ = 𝜉ଶ  hold. Assume that there is some 𝑡௠  such that 𝜉ଵ ≠ 𝜉ଶ, 𝑡ଵ ≠ 𝑡௠  to imply Ψ(𝜆, 𝜉ଵ, 𝑡ଵ) = Ψ(𝜆, 𝜉ଶ, 𝑡௠) . Then, we get a contradiction to the hypothesis of well-defindness 

of  Ψஞ,୲(𝜃) . Thus, 𝜉ଵ = 𝜉ଶ, 𝑡ଵ = 𝑡௠ =  𝑡ଶ . Therefore, the temporal values should be constant. This 

completes the proof of (1). 

The proof of (2) is straightforward. 

(4) It suffices to show that for constant values of 𝜆, we have for any arbitrary ξ1, 𝜉2, 𝑡1, 𝑡2 Ψ(𝜆, 𝜉, 𝑡ଵ) = Ψ(𝜆, 𝜉, 𝑡ଶ)  ⟺  ξଵ = 𝜉ଶ and 𝑡ଵ = 𝑡ଶ (8.21)

Following the proof of (1), the necessity condition holds if the temporal values are constant. 

Furthermore, the sufficiency condition implies that  Ψ(𝜆, 𝜉, 𝑡ଵ) = Ψ(𝜆, 𝜉, 𝑡ଶ)  ⟹  ξଵ = 𝜉ଶ, which holds 

if and only if  𝑡ଵ = 𝑡ଶ.  Repeating implies the same  procedure iteratively would imply   𝑡ଵ = 𝑡ଶ = 𝑡ଷ = 𝑡ସ = ⋯. This provides an evidence that all the temporal values are constant. 

The first part of the proof of (4) is clear. Now, assume that all the temporal values are constant. 

Then, of course, there should be a uniquely defined and determined inverse, namely, Ψక,௧ିଵ. Let Ψஞ,୲(𝜃) = ఒక (1 − 𝑒ିక௧) = z, then it holds that 

z= ఒక ቀ1 − ቂ∑ (ି௧క)೘௠!ஶ௠ୀ଴ ቃቁ  ⟹ ௭ఒ = ቂ∑ (ିଵ)೘షమ(క)೘షభ(௧)೘షభ௠!ஶ௠ୀଵ ቃ (8.22)

Therefore, the inverse potential function, Ψక,௧ିଵ is devised by: Ψక,௧ିଵ =  𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛   𝜆 ቂ∑ (ିక)೘షమ(௧)೘షభ௠!ஶ௠ୀଵ ቃ − 1 = 0 (c.f., (8.17))

Theorem 8.6. For constant 𝜉 , the  potential function Ψ஛,୲(𝜃) = ఒక (1 − 𝑒ିక௧) (c.f., (3.23)) satisfies the 

following: (1)𝛹ఒ,௧(𝜃) is well-defined if and only if the temporal values are constant. (2)𝛹ఒ,௧(𝜃)𝑖𝑠 onto (3)𝛹ఒ,௧(𝜃) 𝑖𝑠  𝑛𝑜𝑡 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑂𝑛𝑒 − 𝑡𝑜 − 𝑂𝑛𝑒. 

(4)𝛹ఒ,௧(𝜃) ℎ𝑎𝑠  𝑎 𝑓𝑎𝑚𝑖𝑙𝑦 𝑜𝑓 𝑓𝑎𝑚𝑖𝑙𝑖𝑒𝑠 𝑜𝑓   𝑖𝑛𝑣𝑒𝑟𝑠𝑒𝑠, 𝛹ఒ,௧ିଵ   and it is  existing uniquely if and only if the 

temporal values are constant. In this case, Ψఒ,௧ିଵ(𝜆) = 𝜆𝜉 (1 − 𝑒ିక௧) (8.23)
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𝐏𝐫𝐨𝐨𝐟. 

Following the same technique as in Theorem 8.5, the proofs can be easily done. 

The following section provides the Threshold Theorems of the derived inverse of the potential 

functions (c.f.,(8.9), (8.15),(8.16),(8.23)). 

9. The Threshold Theorems of the Derived Inverses of Poten-Tial Function, IPFs 

Theorem 9.1. For the derived inverse, Ψିଵ(𝑡) =  − ଵక 𝑙𝑛 ቀ1 − క௧ఒ ቁ  (c.f., (8.9)), we have 

i)  𝛹ିଵ(𝑡) is forever increasing in 𝑡 if and only if: 𝑡 < 𝜆𝜉 (9.1)

ii)  Ψିଵ(𝑡) is never decreasing in 𝑡                                                                                                            (9.2) 

Proof. 

i) We have  ∂Ψିଵ(𝑡)𝜕𝑡 =  − 1𝜉 (𝜉𝜆)ቀ1 − 𝜉𝑡𝜆 ቁ  =  1𝜆ቀ1 − 𝜉𝑡𝜆 ቁ  = 1(𝜆 − 𝜉𝑡)   (9.3)

By the preliminary theorem (PT)൫c. f. , (2.15)൯,  Ψିଵ  is forever increasing if and if 
 பஏషభ(௧)డ௧ > 0 . 

Following (9.3), this holds if and only if (𝜆 − 𝜉𝑡) > 0. Surely, it is implied that i) holds. 

Engaging the same approach, 
 பஏషభ(௧)డ௧ < 0 if and only if > ఒక , but this implies 

క௧ఒ > 1, which violates 

the continuity of    Ψିଵ(𝑡). Hence, ii) follows. 
Theorem 9.2.  For the obtained inverse, Ψஶ,ఒିଵ (𝜆) =  𝜆𝜉  (c.f., (8.15)), we have 

i) 𝛹ஶ,ఒିଵ (𝜆) is forever increasing in 𝜆 

ii) 𝛹ஶ,ఒିଵ (𝜆)is never decreasing in 𝜆 

Proof. 

i) We have ∂Ψஶ,ఒିଵ (𝜆)𝜕𝜆 =  𝜉 (9.4)

By the preliminary theorem (PT)൫c. f. , (2.15)൯, Ψஶ,ఒିଵ (𝜆) is forever increasing if and if 
பஏಮ,ഊషభ (ఒ)డఒ > 0. By 

(9.4), this is satisfied generally since 𝜉 is always positive. 

The proof of ii) follows since 𝜉 is  never negative. 

Theorem 9.3.  For the obtained inverse, Ψஶ,కିଵ (𝜉) =  ఒక   (c.f., (8.16)), we have 

i) 𝛹ஶ,కିଵ (𝜉) is never increasing in 𝜉 

ii) 𝛹ஶ,కିଵ (𝜉) is forever decreasing in 𝜉 

Proof. 

i) We have ∂Ψஶ,కିଵ (𝜉)𝜕𝜉 = − 𝜆𝜉ଶ (9.5)

By the preliminary theorem (PT)൫c. f. , (2.15)൯, Ψஶ,కିଵ (𝜉) is forever increasing if and if 
பஏಮ,഍షభ (క)డక > 0 . 

Following (9.5), this never holds since 𝜉 and 𝜆 are always positive. This proves i). 

The proof of ii) is immediate. 
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Theorem 9.4.  For the obtained inverse, Ψఒ,௧ିଵ(𝜆) = ఒక (ଵି௘ష഍೟)  (c.f., (8.23)), we have 

i) 𝛹ఒ,௧ିଵ(𝜆) is never increasing in 𝜆 

ii) 𝛹ఒ,௧ିଵ(𝜆) is never decreasing in 𝜆 

iii) 𝛹ఒ,௧ିଵ(𝜆) is forever increasing in 𝑡   if and only if 𝑡 > 1𝜉 𝑙𝑛(1 + 𝜆𝜉𝜆. ) (9.6)

iv) 𝛹ఒ,௧ିଵ(𝜆) is forever decreasing in 𝑡 if and only if 𝑡 < 1𝜉 𝑙𝑛(1 + 𝜆𝜉𝜆. ) (9.7)

Proof. 

i) We have ∂Ψఒ,௧ିଵ(𝜆)𝜕𝜆 = 𝜉 (1 − 𝑒ିక௧) =  𝜉𝑒క௧ (𝑒క௧ − 1) > 0(𝑠𝑖𝑛𝑐𝑒 𝜉 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑝𝑎𝑜𝑠𝑖𝑣𝑒, 𝑡 > 0) (9.8)By the preliminary theorem (PT)൫c. f. , (2.15)൯, (9.8), it follows that Ψఒ,௧ିଵ(𝜆) is forever increasing in 𝜆 

.This proves i). 

The proof of ii) is immediate. ∂Ψఒ,௧ିଵ(𝜆)𝜕𝑡 = 𝜉(𝜆.൫1 − 𝑒ିక௧൯ + 𝜆𝜉𝑒ିక௧) (1 − 𝑒ିక௧)ଶ  (9.9)By the preliminary theorem (PT)൫c. f. , (2.15)൯, (9.9), it follows that Ψఒ,௧ିଵ(𝜆) is forever increasing in  𝑡  if 

and only if: 𝜆.൫1 − 𝑒ିక௧൯ + 𝜆𝑒ିక௧(𝜉) > 0, 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦, 𝜆. > 𝜆 𝜉𝑒ିక௧(1 − 𝑒ିక௧) =  𝜆 𝜉(𝑒క௧ − 1) (9.10)

(9.10) could be re-written in the form: ൫𝑒క௧ − 1൯ > ఒకఒ.  , equivalently, 𝑡 > ଵక 𝑙𝑛(1 + ఒకఒ. ) (c.f., (9.6))

Hence, iii) is done.  

As for iv) following  the preliminary theorem (PT)൫c. f. , (2.15)൯, (9.9), it follows that Ψఒ,௧ିଵ(𝜆) is forever 

decreasing in  𝑡  if and only if 𝜆.൫1 − 𝑒ିక௧൯ + 𝜆𝑒ିక௧(𝜉) < 0, 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦, 𝜆. < 𝜆 క௘ష഍೟൫ଵି௘ష഍೟൯ =  𝜆 క൫௘഍೟ିଵ൯      (9.11)

(9.11) could be re-written in the form: ൫𝑒క௧ − 1൯ < ఒకఒ.  , equivalently, 𝑡 < ଵక 𝑙𝑛(1 + ఒకఒ. ) (c.f., (9.7))

10. Numerical Experiments on the Threshold Theorems of the Derived Inverses of Potential 

Function 

10.1. Numerical Experiment on Theorem 9.1 

We have, the inverse of the potential function, IPF =  Ψିଵ(𝑡) =  − ଵక 𝑙𝑛 ቀ1 − క௧ఒ ቁ(c.f., (8.9)). Let 

the arrival rate, AR= 𝜆 = 0.1, the Poissonian arrival rate = PAR = 𝜉 = 0.2, then ఒక = 0.2. If  
క௧ఒ > 1,or 

equivalently, 𝑡 > 0.5, then  Ψିଵ(𝑡) → ∞. 

As we can see from Figure 8 that the inverse of potential function, IPF is forever increasing for 

all the temporal values less than the threshold =   ఒక , where both 𝜆, 𝜉  are constants. These 

experimental results agree with the analytic findings of Theorem 9.1 
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Figure 8. 

12.2. Numerical Experiment on Theorem 9.2 

We have, the inverse of the potential function, IPF = Ψஶ,ఒିଵ (𝜆) =  𝜆𝜉  (c.f., (8.15)). PAR = 𝜉 =0.2. 

Figure 9 shows that the inverse of potential function, IPF is forever increasing with respect to 

the arrival rate, for infinite time and constant Poissonian arrival rate. This agrees with the analytic 

results of Theorem 10.2. 

 

Figure 9. 

10.3. Numerical Experiment on Theorem 9.3 
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We have, the inverse of the potential function, IPF = Ψஶ,కିଵ (𝜉) =  ఒక      (c.f., (8.16)). AR = 𝜆 = 0.1. 

Figure 10 shows that IPF is forever decreasing in PAR = Poissonian arrival rate, for constant 

arrival rate and infinite time. This agrees with the analytic  findings of theorem 10.3. It is also clear 

that , Ψஶ,కିଵ (𝜉) =  𝜆𝜉 → 0 as  𝜉 → ∞ 

 

Figure 10. 

10.4. Numerical Experiment on Theorem 9.4 

We have, the inverse of the potential function, IPF = Ψఒ,௧ିଵ(𝜆) = ఒక (ଵି௘ష഍೟)     (c.f., (8.23)). PAR =𝜉 = 0.2. 

Part One: Let 𝒕 = 𝟓 

As observed from Figure 11, Ψఒ,௧ିଵ(𝜆) is forever increasing in 𝜆.  This  shows that both analytic 

and numerical results match . 
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Figure 11. 

Part Two: 𝑙𝑒𝑡 𝜉 = 0.2, 𝜆 =  𝑒(଴.ଵ)௧ , we have the threshold to be: ଵక 𝑙𝑛 ቀ1 + ఒకఒ. ቁ =  ଵ଴.ଶ 𝑙𝑛 ቀ1 + ଴.ଶ௘(బ.భ)೟଴.ଵ௘(బ.భ)೟ቁ = ଵ଴.ଶ 𝑙𝑛 ቀ1 + ଴.ଶ௘(బ.భ)೟଴.ଵ௘(బ.భ)೟ቁ = ଵ଴.ଶ 𝑙𝑛(3) = 5.493061443 (10.1)

As observed from Figure 12, Ψఒ,௧ିଵ(𝜆) = ఒక (ଵି௘ష഍೟)  is forever decreasing whenever time is less than 

the threshold and it starts to increase when time is greater than the threshold. 

 

Figure 12. 

11. The 𝜶 − Gaussian Curvature, 𝑲ஶ(𝜶)
of (2.14) as Time Approaches Infinity 

Theorem 11.1. The α − Gaussian Curvature, 𝐾ஶ(ఈ)
 as time approaches infinity is devised by: 𝐾ஶ(ఈ) =  ቈቆ(1 − 𝛼)𝜆.𝜉 .𝜉ସ(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)(4𝜉 .ଶ − 𝜉𝜉 ..)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଷ ቇ቉ (11.1)

Proof. 

We have  𝑅௜௝௞௟(ఈ) = ቂ൫𝜕௝𝛤௜௞௦(ఈ) − 𝜕௜𝛤௝௞௦(ఈ)൯𝑔௦௟ + ቀ𝛤௝ఉ,௟(ఈ)𝛤௜௞ఉ(ఈ) − 𝛤௜ఉ,௟(ఈ)𝛤௝௞ఉ(ఈ)ቁቃ (2.11)

where  𝛤௜௝௞(ఈ) =  𝛤௜௝,௦(ఈ)𝑔௦௞ 

Therefore,  𝑅ଵଶଵଶ(ఈ) = ቂ൫𝜕ଶ𝛤ଵଵ௦(ఈ) − 𝜕ଵ𝛤ଶଵ௦(ఈ)൯𝑔௦௟ + ቀ𝛤௝ఉ,௟(ఈ)𝛤ଵଵఉ(ఈ) − 𝛤௜ఉ,௟(ఈ)𝛤ଶଵఉ(ఈ)ቁቃ 
           

= ቎ ቀ 𝜕𝜕𝜉 [𝛤111(𝛼) + 𝛤112(𝛼) + 𝛤113(𝛼)] − 𝜕𝜕𝜆 [𝛤211(𝛼) + 𝛤212(𝛼) + 𝛤213(𝛼)]ቁ (𝑔12 + 𝑔22 + 𝑔32)+ ቀቂ𝛤21,2(𝛼) 𝛤111(𝛼) + 𝛤22,2(𝛼) 𝛤112(𝛼) + 𝛤23,2(𝛼) 𝛤113(𝛼)ቃ − [𝛤11,2(𝛼) 𝛤211(𝛼) + 𝛤12,2(𝛼) 𝛤212(𝛼) + 𝛤13,2(𝛼) 𝛤213(𝛼)]ቁ቏  (11.2

)
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=቎ ቀ− (ଵିఈ)ଶకయ డడఒ [(2𝐷ଵ + 2𝐺𝜉 .) + (2𝐸 + 2𝐻𝜉 .) + (𝐹 + 𝐼𝜉 .)]ቁ (𝑎 + 𝑑ଵ + ℎ)− (ଵିఈ)ଶకయ ቀ[ (2 − [1 + 𝑡𝜉][𝑡𝜉 + 2]𝑒ି௧క) (ଵିఈ)ଶకయ (2𝐸 + 2𝐻𝜉 .) + ଶ(ଵିఈ)క.కయ [1 − (1 + 𝜉𝑡)𝑒ି௧క](𝐹 + 𝐼𝜉(11.3

)

As 𝑡 → ∞ 𝑎 =  − 1𝜉ଶ (11.4)

𝑏 = −𝜉 .𝜉ଶ  (11.5)

𝑑ଵ =  2𝜆𝜉ଷ  (11.6)

𝑔 =  [𝜆.𝜉 − 2𝜆𝜉 .]𝜉ଷ  (11.7)

𝑙 = −𝜉 .𝜉ଶ = 𝑏 (11.8)

ℎ = (2𝜆𝜉 . − 𝜆.𝜉)𝜉ଷ  (11.9)

𝑟 = (𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)𝜉ଷ  (11.10)

Δஶ = (−𝑎(𝑙𝑔 − 𝑎𝑟) + 𝑏(𝑎ℎ − 𝑙𝑑ଵ)))  = ఒ..కమିఒకక..ିସఒ.కక.ାସఒక.మకళ  (11.11)

 𝑅ଵଶଵଶ,௧→ஶ(ఈ) =቎ቀ− (ଵିఈ)ଶకయ డడఒ [(2𝐷ଵ + 2𝐺𝜉 .) + (2𝐸 + 2𝐻𝜉 .) + (𝐹 + 𝐼𝜉 .)]ቁ (𝑎 + 𝑑ଵ + ℎ)− (ଵିఈ)ଶకయ ቀ[  (ଵିఈ)కయ (2𝐸 + 2𝐻𝜉 .) + ଶ(ଵିఈ)క.కయ (𝐹 + 𝐼𝜉 .)]ቁ ቏ (11.12)

We have (𝑎 + 𝑑ଵ + ℎ) = (ଶఒకయ − ଵకమ+(ଶఒక.ିఒ.క)కయ ) = (ଶఒక.ିఒ.కାଶఒିక)కయ  (11.13)

Recall that: (௟௚ି௔௥)∆ , 𝐸 =  (ି௟௕)∆ , 𝐹 =  (௔௕)∆ , 𝐺 =  (௔௛ି௟ௗభ)∆ , 𝐻 =  (௟௔)∆  

 𝐼 =  (2𝐷ଵ + 2𝐺𝜉 .) = (𝑙𝑔 − 𝑎𝑟) + (𝑎ℎ − 𝑙𝑑ଵ)𝜉 .∆ஶ =  𝜉ଶ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ  
(11.14)

(2𝐸 + 2𝐻𝜉 .) = 2𝑙[𝑎𝜉 . − 𝑏]∆ஶ =  −2𝜉 .𝜉ଶ  [− 1𝜉ଶ 𝜉 . + 𝜉 .𝜉ଶ]∆ஶ = 0 (11.15)

(𝐹 + 𝐼𝜉 .) =  𝑎(𝑏 − 𝑎𝜉 .)∆ஶ = − 1𝜉ଶ (− 1𝜉ଶ 𝜉 . + 1𝜉ଶ 𝜉 .)∆ஶ = 0 (11.16)

Combining (11.12), (3.14)-(3.16), we have 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 29 January 2024                   doi:10.20944/preprints202401.1994.v1

https://doi.org/10.20944/preprints202401.1994.v1


 31 

 

,௧→ஶ=ቂቀ− (ଵିఈ)(ଶఒక.ିఒ.కାଶఒିక)ଶకర డడఒ [(ఒ..కమିఒకక..ିଶఒ.కక.ାସఒక.మ)ఒ..కమିఒకక..ିସఒ.కక.ାସఒక.మ ]ቁቃ         = ቈቆ− (1 − 𝛼)(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)(4𝜉 .ଶ − 𝜉𝜉 ..)2𝜉ସ [(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ) − (𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ
                   = ቈቆ(1 − 𝛼)(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)𝜆.𝜉 .(4𝜉 .ଶ − 𝜉𝜉 ..)𝜉ଷ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ ቇ቉ 

(11.1

7)

Based on our calculations , the α −  Gaussian Curvature, 𝐾ஶ(ఈ)
 as time approaches infinity is 

devised by: 

𝐾ஶ(ఈ) =  𝑅ଵଶଵଶ,௧→ஶ(ఈ)∆ஶ =  ൤൬(1 − 𝛼)(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)𝜆.𝜉 .(4𝜉 .ଶ − 𝜉𝜉 ..)𝜉ଷ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ ൰൨𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ𝜉଻=  ቈቆ(1 − 𝛼)𝜆.𝜉 .𝜉ସ(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)(4𝜉 .ଶ − 𝜉𝜉 ..)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଷ ቇ቉ 

(c.f., (11.1))

In the following theorem, the zeros of the α − Gaussian Curvature  𝐾ஶ(ఈ)
 are determined. Based 

on this, the paths of motion of the coordinates at which the underlying QM is looked at as a 

developable surface are obtained. The following theorem presents a novel approach which unifies 

Information Geometry with Riemannian Geometry, the theory of developable surfaces and the 

theory of time -dependent queueing systems. 

Theorem 11.2. The underlying M/M/∞ QM is developable on the following trajectories: 𝛼 = 1, or 𝜆 =𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  or 𝜉 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  or 𝜆 = 𝜉 = 0  or 𝜉 = 𝜗ଶ𝑒ସణభ௧   or 𝜆 =  𝑎ଵ, (𝜉 − 2𝑎ଵ) = 𝑎ଶ𝑒 ೟మೌభ  or  𝜉 = 𝑎ଷ, (2𝜆 − 𝑎ଷ) = 𝑎ସ𝑒ିమ೟ೌయ 

for any arbitrary non-zero real constants 𝜗ଵ, 𝜗ଶ, 𝑎ଵ, 𝑎ଶ  𝑎𝑛𝑑 𝑎ଷ, 𝑎ସ. (11.18)

Proof. 𝐾ஶ(ఈ) = 0 if and only if (1 − 𝛼)𝜆.𝜉 .𝜉ସ(4𝜉 .ଶ − 𝜉𝜉 ..)(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉) = 0 (11.19)

If and only if one of the following equations holds: 

(i) (1 − 𝛼) = 0 ⟹ 𝛼 = 1 (11.20)

(ii) 𝜆. = 0 ⟹ 𝜆 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (11.21)

(iii) 𝜉 . = 0 ⟹ 𝜉 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (11.22)

(iv) 𝜉ସ = 0 ⟹ 𝜉 = 0 (11.23) (4𝜉 .ଶ − 𝜉𝜉 ..) = 0 ⟹ 

(v) 4 క.క = క..క.  (11.24)(13.24) 𝑤ℎ𝑖𝑐ℎ ℎ𝑎𝑠 𝑎   𝑐𝑙𝑜𝑠𝑒𝑑 𝑓𝑜𝑟𝑚 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛  4𝜗ଵ𝜉 =   𝜉 . (11.25)𝑤ℎ𝑒𝑟𝑒 𝜗ଵ 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

(11.25) has the closed form solution:  𝜉 = 𝜗ଶ𝑒ସణభ௧ (11.26)𝑤ℎ𝑒𝑟𝑒 𝜗ଶ 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
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(vi) (2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉) = 0 (11.27)

It is clear that 𝜆 = 0 and 𝜉 = 0 are two closed form solutions of (11.26). We can try another 

closed form solutions of (11.27), for example, let 𝜆 =  𝑎ଵ for any arbitrary non-zero real constant 𝑎ଵ. 

This implies: (2𝑎ଵ 𝜉 . + 2𝑎ଵ − 𝜉) = 0  ⟹ 2𝑎ଵ𝜉 . = 𝜉 − 2𝑎ଵ ⟹ ௗకకିଶ௔భ =  ௗ௧ଶ௔భ  ⟹ 𝑙𝑛(𝜉 − 2𝑎ଵ) = ௧ଶ௔భ + 𝑙𝑛𝑎ଶ  for some 

arbitrary non-zero real constant 𝑎ଶ. Therefore, we have the closed form solutions of (11.27) to be 

given by 𝜆 =  𝑎ଵ, (𝜉 − 2𝑎ଵ) = 𝑎ଶ𝑒 ௧ଶ௔భ (11.28)

Moreover, we can deduce more closed form solutions of (11.27), for example, let 𝜉 =  𝑎ଷ for any 

arbitrary non-zero real constant 𝑎ଷ. This implies : (−𝜆.𝑎ଷ + 2𝜆 − 𝑎ଷ) = 0   ⟹  𝜆.𝑎ଷ = −(2𝜆 − 𝑎ଷ) ⟹ ௗఒ(ଶఒି௔య) = − ଶௗ௧௔య  ⟹ 𝑙𝑛(2𝜆 − 𝑎ଷ) = − ଶ௧௔య + 𝑙𝑛𝑎ସ  for 

some arbitrary non-zero real constant 𝑎ସ. Therefore, we have the closed form solutions of (11.27) to 

be given by 𝜉 =  𝑎ଷ, (2𝜆 − 𝑎ଷ) = 𝑎ସ𝑒ିଶ௧௔య (11.29)

12. Ricci Curvature TENSOR , 
→

∞

)(RCT  and the 𝜶 − 𝐒𝐞𝐜𝐭𝐢𝐨𝐧𝐚𝐥  Gaussian Curvatures of M/M/∞  

QM F M/M/∞ QM as Time Approaches Infinity 

In this section, the Ricci Curvature Tensor, (RCT) of M/M/∞ is obtained. These calculations are 

needed in the following sections. 

→

∞

)(RCT =⎣⎢⎢
⎡𝑅ଵଵ,ஶ(ఈ) 𝑅ଵଶ,ஶ(ఈ) 𝑅ଵଷ,ஶ(ఈ)𝑅ଶଵ,ஶ(ఈ) 𝑅ଶଶ,ஶ(ఈ) 𝑅ଶଷ,ஶ(ఈ)𝑅ଷଵ,ஶ(ఈ) 𝑅ଷଶ,ஶ(ఈ) 𝑅ଷଷ,ஶ(ఈ) ⎦⎥⎥

⎤
 

Which is a nine-dimensional tensor. 

12.1. The  First Component, 𝑅ଵଵ,ஶ(ఈ)
 

Theorem 12.1. for the underlying M/M/∞ QM, the first component of the Ricci Curvature Tensor as time 

reaches infinity,  𝑅ଵଵ,ஶ(ఈ) .  𝑅ଵଵ,ஶ(ఈ) = (1 − 𝛼)(4𝜉 .ଶ − 𝜉𝜉 ..)𝜉 .𝜆.(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଷ ([−𝜉 .ଶ(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)] − [2𝜆.𝜉(1 + 𝜉 .)]+ [2(𝜉 . + 1)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 3𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)] − [𝜉 .ଶ𝜉ସ] + [2𝜉 .(−2𝜆𝜉 . + 𝜆.𝜉 − 2𝜆 + 𝜉)+ [𝜉 .𝜉ଷ]) 

Proof. 

Recalling from (11.4)-(11.10), that 𝑎 =  − ଵకమ , 𝑏 = ିక.కమ  , 𝑑ଵ =  ଶఒకయ , 𝑔 =  [ఒ.కିଶఒక.]కయ , 𝑙 = ିక.కమ = 𝑏, ℎ = (ଶఒక.ିఒ.క)కయ , 𝑟 = ൫ఒ..కమିఒకక..ିଶఒ.కక.ାଶఒక.మ൯కయ  , Δஶ = (−𝑎(𝑙𝑔 − 𝑎𝑟) + 𝑏(𝑎ℎ − 𝑙𝑑ଵ)))  = ఒ..కమିఒకక..ିସఒ.కక.ାସఒక.మకళ  

We have (𝑎 + 𝑑ଵ + ℎ) = (
ଶఒకయ − ଵకమ+

(ଶఒక.ିఒ.క)కయ ) = 
(ଶఒక.ିఒ.కାଶఒିక)కయ  (12.1)

𝑅ଵଵ,ஶ(ఈ) =  𝑅ଵଵଵଵ,ஶ(ఈ) 𝑔ଵଵ,ஶ +  𝑅ଵଶଵଵ,ஶ(ఈ) 𝑔ଶଵ,ஶ +  𝑅ଵଷଵଵ,ஶ(ఈ) 𝑔ଷଵ,ஶ +  𝑅ଵଵଵଶ,ஶ(ఈ) 𝑔ଵଶ,ஶ +  𝑅ଵଵଵଷ(ఈ) 𝑔ଵଷ,ஶ + 𝑅ଵଶଵଶ,ஶ(ఈ) 𝑔ଶଶ,ஶ +  𝑅ଵଶଵଷ,ஶ(ఈ) 𝑔ଶଷ,ஶ +  𝑅ଵଷଵଶ,ஶ(ఈ) 𝑔ଷଶ,ஶ +  𝑅ଵଷଵଷ,ஶ(ఈ) 𝑔ଷଷ,ஶ                       (12.2)

We have 
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 𝑅௜௝௞௟(ఈ) = ቂ൫𝜕௝𝛤௜௞௦(ఈ) − 𝜕௜𝛤௝௞௦(ఈ)൯𝑔௦௟ + ቀ𝛤௝ఉ,௟(ఈ)𝛤௜௞ఉ(ఈ) − 𝛤௜ఉ,௟(ఈ)𝛤௝௞ఉ(ఈ)ቁቃ (2.11)

where 𝛤௜௝௞(ఈ) =  𝛤௜௝,௦(ఈ)𝑔௦௞, i,j,k,s = 1,2,...,n  𝑅ଵଵଵଵ,௧→ஶ(ఈ) = ቂ൫𝜕ଵ𝛤ଵଵ௦(ఈ) − 𝜕ଵ𝛤ଵଵ௦(ఈ)൯𝑔௦ଵ + ቀ𝛤ଵఉ,ଵ(ఈ) 𝛤ଵଵఉ(ఈ) − 𝛤ଵఉ,ଵ(ఈ) 𝛤ଵଵఉ(ఈ)ቁቃ = 0 (12.3)

,௧→ஶ =   ቂ൫𝜕ଵ𝛤ଵଵ௦(ఈ) − 𝜕ଵ𝛤ଵଵ௦(ఈ)൯𝑔௦ଷ + ቀ𝛤ଵఉ,ଷ(ఈ) 𝛤ଵଵఉ(ఈ) − 𝛤ଵఉ,ଷ(ఈ) 𝛤ଵଵఉ(ఈ)ቁቃ                      = 0  =  𝑅ଵଵଵଶ,ஶ(ఈ)
 

(12.4)

 𝑅ଵଶଵଵ,௧→ஶ(ఈ) = ቂ൫𝜕ଶ𝛤ଵଵ௦(ఈ) − 𝜕ଵ𝛤ଶଵ௦(ఈ)൯𝑔௦ଵ + ቀ𝛤ଶఉ,௟(ఈ)𝛤ଵଵఉ(ఈ) − 𝛤ଵఉ,௟(ఈ)𝛤ଶଵఉ(ఈ)ቁቃ= ൤൬ 𝜕𝜕𝜉 (𝛤ଵଵଵ(ఈ) + 𝛤ଵଵଶ(ఈ) + 𝛤ଵଵଷ(ఈ)) − 𝜕𝜕𝜆 (𝛤ଶଵଵ(ఈ) + 𝛤ଶଵଶ(ఈ) + 𝛤ଶଵଷ(ఈ))൰+ ቀ𝛤ଶఉ,ଵ(ఈ) 𝛤ଵଵఉ(ఈ) − 𝛤ଵఉ,ଵ(ఈ) 𝛤ଶଵఉ(ఈ)ቁ൨ 

= ቈቆ 𝜕𝜕𝜉 (0) − 𝜕𝜕𝜆 ((1 − 𝛼)2𝜉ଷ (2𝐷ଵ + 2𝐺𝜉 .) + (1 − 𝛼)2𝜉ଷ (2𝐸 + 2𝐻𝜉 .) + (1 − 𝛼)2𝜉ଷ (2𝐹 + 2𝐼𝜉 .)ቇ− (0)቉ = (𝛼 − 1)𝜉ଷ ൤൬ 𝜕𝜕𝜆 (𝐷ଵ + 𝐸 + 𝐹 + (𝐻 + 𝐺 + 𝐼)𝜉 .)൰൨  
(12.5)

(𝐷ଵ + 𝐸 + 𝐹 + (𝐻 + 𝐺 + 𝐼)𝜉 .) =[(௟௚ି௔௥)ି௟௕ା௔௕ା(௟௔ି௔మା(௔௛ି௟ௗభ))క.∆ಮ ]=

 [ ቆష഍.഍మ [ഊ.഍షమഊ഍.]഍య ା భ഍మ൫ഊ..഍మషഊ഍഍..షమഊ.഍഍.శమഊ഍.మ൯഍య ቇିష഍.഍మ ష഍.഍మ ାషభ഍మష഍.഍మ ା(షభ഍మష഍.഍మ ି భ഍రା(షభ഍మ(మഊ഍.షഊ.഍)഍య ିష഍.഍మ మഊ഍య))క.
ഊ..഍మషഊ഍഍..షరഊ.഍഍.శరഊ഍.మ഍ళ ] 

= [ ቆ൫ഊ..഍మషഊ഍഍..షమഊ.഍഍.శరഊ഍.మ൯഍ఱ ቇഊ..഍మషഊ഍഍..షరഊ.഍഍.శరഊ഍.మ഍ళ ] = [కమ൫ఒ..కమିఒకక..ିଶఒ.కక.ାସఒక.మ൯ఒ..కమିఒకక..ିସఒ.కక.ାସఒక.మ ] 
(12.6)

൤൬ 𝜕𝜕𝜆 (𝐷ଵ + 𝐸 + 𝐹 + (𝐻 + 𝐺 + 𝐼)𝜉 .)൰൨ = 𝜉ଶ 𝜕𝜕𝜆 ቈ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 2𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ ቉=  [ 2𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)𝜉ଷ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ] (12.7)

Hence,  𝑅ଵଶଵଵ,௧→ஶ(ఈ) = ቈ 2(1 − 𝛼)𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(𝜉 . + 1)𝜉ଶ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ቉ (12.8)

 𝑅ଵଷଵଵ,௧→ஶ(ఈ) = ቂ൫𝜕ଷ𝛤ଵଵ௦(ఈ) − 𝜕ଵ𝛤ଶଵ௦(ఈ)൯𝑔௦ଵ + ቀ𝛤ଷఉ,ଵ(ఈ) 𝛤ଵଵఉ(ఈ) − 𝛤ଵఉ,ଵ(ఈ) 𝛤ଶଵఉ(ఈ)ቁቃ= ቈ 2(1 − 𝛼)𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(1 + 𝜉 .)𝜉ଶ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ቉ 
(12.9)

 𝑅ଵଷଵଶ,௧→ஶ(ఈ) = 2(1 − 𝛼)𝜉ଷ [𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ ] (12.10)

 𝑅ଵଶଵଷ,௧→ஶ(ఈ) = (1 − 𝛼)𝜉ଶ ቈ 𝜆.𝜉 .ଶ(𝜉𝜉 .. − 4𝜉 .ଶ)𝜉ଷ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ቉ (12.11)

 𝑅ଵଷଵଷ,௧→ஶ(ఈ) = (1 − 𝛼)𝜉ଶ ቈ 𝜆.𝜉 .ଶ(𝜉𝜉 .. − 4𝜉 .ଶ)𝜉ଷ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ቉ (12.12)

Therefore,  𝑅ଵଵ,ஶ(ఈ) =  𝑅ଵଶଵଵ,ஶ(ఈ) 𝐷ଵ +  𝑅ଵଷଵଵ,ஶ(ఈ) 𝐺 +  𝑅ଵଶଵଶ,ஶ(ఈ) 𝐸 +  𝑅ଵଶଵଷ,ஶ(ఈ) 𝐹 +  𝑅ଵଷଵଶ,ஶ(ఈ) 𝐻 +  𝑅ଵଷଵଷ,ஶ(ఈ) 𝐼 
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 𝑅ଵଵ,ஶ(ఈ) = (ቈቆ(1 − 𝛼)(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)𝜆.𝜉 .(4𝜉 .ଶ − 𝜉𝜉 ..)𝜉ଷ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ ቇ቉ 𝐸+ ቈ 2(1 − 𝛼)𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(1 + 𝜉 .)𝜉ଶ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ቉ 𝐺+ ቈ 2(1 − 𝛼)𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(𝜉 . + 1)𝜉ଶ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ቉ 𝐷ଵ  + (1 − 𝛼)𝜉ଶ ቈ 𝜆.𝜉 .ଶ(𝜉𝜉 .. − 4𝜉 .ଶ)𝜉ଷ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ቉ 𝐹+ 2(1 − 𝛼)𝜉ଷ ቈ𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ ቉ 𝐻+ (1 − 𝛼)𝜉ଶ ቈ 𝜆.𝜉 .ଶ(𝜉𝜉 .. − 4𝜉 .ଶ)𝜉ଷ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ቉ 𝐼) 

(12.13)

𝐸 = (ି௟௕)∆ಮ  = 
ିకయక.మఒ..కమିఒకక..ିସఒ.కక.ାସఒక.మ (12.14)

G = (𝑎ℎ − 𝑙𝑑ଵ)∆ஶ =  𝜆.𝜉ଷ𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ (12.15)

𝐷ଵ =  (𝑙𝑔 − 𝑎𝑟)∆ஶ =  (𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 3𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)𝜉ଶ𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ  (12.16)

𝐹 =  (𝑎𝑏)∆ஶ =  𝜉ଷ𝜉 .𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ (12.17)

𝐻 =  (𝑙𝑎)∆ஶ =  𝜉ଷ𝜉 .𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ (12.18)

𝐼 =  (ି௔మ)∆ಮ  = − కయఒ..కమିఒకక..ିସఒ.కక.ାସఒక.మ (12.19)

Based on the above complicated calculations, we have  𝑅ଵଵ,ஶ(ఈ) = (ቈቆ(1 − 𝛼)(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)𝜆.𝜉 .(4𝜉 .ଶ − 𝜉𝜉 ..)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ ቇ቉ [ −𝜉 .ଶ𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ]+ ቈ2(1 − 𝛼)𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(1 + 𝜉 .)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ ቉ [ 𝜆.𝜉𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ]+ ቈ2(1 − 𝛼)𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(𝜉 . + 1)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ ቉ [(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 3𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ ]  + (1 − 𝛼) ቈ 𝜆.𝜉 .ଶ(𝜉𝜉 .. − 4𝜉 .ଶ)𝜉ସ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ቉ [ 𝜉 .𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ]+ 2(1 − 𝛼) ቈ𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ ቉ [ 𝜉 .𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ]+ (1 − 𝛼) ቈ 𝜆.𝜉 .ଶ(𝜉𝜉 .. − 4𝜉 .ଶ)𝜉ଷ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ቉ [− 1𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ]) 

 = (ଵିఈ)(ఒ..కమିఒకక..ିସఒ.కక.ାସఒక.మ)య ([−𝜉 .ଶ(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)𝜆.𝜉 .(4𝜉 .ଶ − 𝜉𝜉 ..)] + [2𝜆.ଶ𝜉𝜉 .(𝜉𝜉 .. −4𝜉 .ଶ)(1 + 𝜉 .)] + [2𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(𝜉 . + 1)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 3𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)]  + [𝜆.𝜉 .ଷ(𝜉𝜉 .. −4𝜉 .ଶ)𝜉ସ] + [2𝜆.𝜉 .ଶ(𝜉𝜉 .. − 4𝜉 .ଶ)(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)] − [𝜆.𝜉 .ଶ(𝜉𝜉 .. − 4𝜉 .ଶ)𝜉ଷ]) 

(12.20)
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= (1 − 𝛼)(4𝜉 .ଶ − 𝜉𝜉 ..)𝜉 .𝜆.(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଷ ([−𝜉 .ଶ(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)] − [2𝜆.𝜉(1 + 𝜉 .)]+ [2(𝜉 . + 1)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 3𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)] − [𝜉 .ଶ𝜉ସ]+ [2𝜉 .(−2𝜆𝜉 . + 𝜆.𝜉 − 2𝜆 + 𝜉)] + [𝜉 .𝜉ଷ]) 

(12.21)

This completes the proof of our theorem. 
Recall that whenever Ricci curvature is positive, then according to the Bonnet Myers theorem 

(c.f., Ollivier, 2010) the Riemannian manifold is more positively curved than a sphere and the 

diameter of the manifold is smaller. 

Based on this, we are going to open a new thinking framework which designs a decision 

procedure on when the underlying QM is more positively curved than a sphere and the diameter of 

the manifold is smaller. This could be obtained by calculating the zeros of the first component of the 

Ricci Curvature tensor as time approaches infinity,
→

∞

)(RCT , namely,  𝑅ଵଵ,ஶ(ఈ)
 . In other words, the 

following theorem answers this open question. 

Theorem 12.2.  𝑇ℎ𝑒 𝑧𝑒𝑟𝑜𝑠 𝑜𝑓 𝑅ଵଵ,ஶ(ఈ)  ൫𝑐. 𝑓. , (12.21)൯  is one of the following: 

1) 𝛼 = 1, 𝑖𝑛 𝑜𝑡ℎ𝑒𝑟 𝑤𝑜𝑟𝑑𝑠, 𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟 𝑡ℎ𝑒 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑖𝑠 𝑠𝑒𝑡 𝑡𝑜 𝑢𝑛𝑖𝑡𝑦. 
2) 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑃𝑜𝑖𝑠𝑠𝑜𝑛𝑖𝑎𝑛 𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑟𝑎𝑡𝑒, 𝜉 𝑖𝑠 𝑔𝑜𝑣𝑒𝑟𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑡𝑒𝑚𝑝𝑜𝑟𝑎𝑙 𝑝𝑎𝑡ℎ 𝜉 = 𝜗ଶ𝑒ସణభ௧ (c.f., (11.26))

3) 𝜉 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 4) 𝜆 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

5) 𝑇ℎ𝑒 𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑠 𝑜𝑓 𝑏𝑜𝑡ℎ 𝑜𝑓 𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑟𝑎𝑡𝑒 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑃𝑜𝑖𝑠𝑠𝑜𝑛𝑖𝑎𝑛 𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑟𝑎𝑡𝑒 𝑖𝑠 𝑔𝑜𝑣𝑒𝑟𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝜆 = 𝑐ଵ𝜉𝑒 ೟഍ + 𝑐ଶ , 𝜉 = constant, 𝑐ଵ and 𝑐ଶ  are any two non − zero  real arbitrary  constants (12.22)

6) 𝑇ℎ𝑒 𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑠 𝑜𝑓 𝑏𝑜𝑡ℎ 𝑜𝑓 𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑟𝑎𝑡𝑒 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑃𝑜𝑖𝑠𝑠𝑜𝑛𝑖𝑎𝑛 𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑟𝑎𝑡𝑒 𝑖𝑠 𝑔𝑜𝑣𝑒𝑟𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜
n] 𝜉 = 𝑡𝑎𝑛 ൥൬௧ି഍మమ ା௖య൰√ଶହ ൩ , 𝜆 = zero and 𝑐ଷ is any non − zero real arbirary  constant (12.23)

Proof. 

We have  𝑅ଵଵ,ஶ(ఈ) = (1 − 𝛼)(4𝜉 .ଶ − 𝜉𝜉 ..)𝜉 .𝜆.(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଷ ([−𝜉 .ଶ(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)] − [2𝜆.𝜉(1 + 𝜉 .)]+ [2(𝜉 . + 1)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 3𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)] − [𝜉 .ଶ𝜉ସ]+ [2𝜉 .(−2𝜆𝜉 . + 𝜆.𝜉 − 2𝜆 + 𝜉)] + [𝜉 .𝜉ଷ]) (c.f., (11.21))

Clearly,  𝑅ଵଵ,ஶ(ఈ)
= 0 if and only if one of the following statements holds: (1 − 𝛼) = 0 (12.24)(4𝜉 .ଶ − 𝜉𝜉 ..) = 0 (12.25)𝜉 . = 0 (12.26)𝜆. = 0 (12.27)([−𝜉 .ଶ(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)] − [2𝜆.𝜉(1 + 𝜉 .)] + [2(𝜉 . + 1)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 3𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)] − [𝜉 .ଶ𝜉ସ]+ [2𝜉 .(−2𝜆𝜉 . + 𝜆.𝜉 − 2𝜆 + 𝜉)] + [𝜉 .𝜉ଷ]) = 0 

(12.28)Clearly (11.24)implies 1). 
It has been proven that the exact solution of differential equation (11.25) is determined by 
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𝜉 = 𝜗ଶ𝑒ସణభ௧ (c.f., (11.26))

This proves 2). 

The proofs of 3) and 4) are straightforward. 

Following ([−𝜉 .ଶ(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)] − [2𝜆.𝜉(1 + 𝜉 .)] + [2(𝜉 . + 1)(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 3𝜆.𝜉𝜉 . + 2𝜆𝜉 .ଶ)]− [𝜉 .ଶ𝜉ସ] + [2𝜉 .(−2𝜆𝜉 . + 𝜆.𝜉 − 2𝜆 + 𝜉)] + [𝜉 .𝜉ଷ]) = 0 (c.f., (11.28))

Let 𝜉 = constant. This reduces (11.28) to 2𝜉(𝜆..𝜉 − 𝜆.) = 0 (12.29)

which implies 𝜉 = 0 or 𝜆..𝜉 = 𝜆. (12.30)

(equivalently, 
ௗఒ.ఒ.  = 

ௗ௧క ). These yields  𝜆. =  𝑐ଵ𝑒 ೟഍, which has a closed form solution: 𝜆 = 𝑐ଵ𝜉𝑒௧క + 𝑐ଶ (c.f., (12.22))with non − zero real constants cଵ, cଶThis proves 5). 

Moreover, plugging  𝜆 = 0  in (11.28)  yields 0 = [(−5𝜉𝜉 .ଶ) − 𝜉 .ଶ𝜉ସ+2𝜉𝜉 .+𝜉 .𝜉ଷ] = 𝜉𝜉 .[(−5𝜉𝜉 .) − 𝜉 .𝜉ସ+2𝜉+𝜉ଷ] (12.31)

It can be easily seen that  (11.31) generates  𝜉 = 0 or  𝜉 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

or [(−5𝜉 .) − 𝜉 .𝜉ଷ+2+𝜉ଶ] = 0, implying 

𝜉 . =  2 + 𝜉ଶ5 + 𝜉ଷ  ⟹ ൮ 52 𝑑𝜉1 + ( 𝜉√2)ଶ − 2 𝑑𝜉2 + 𝜉ଶ൲ + 𝜉𝑑𝜉 = 𝑑𝑡 (12.32)

Integrating both sides of  (11.32), we have the   exact solution of  of the form ହ√ଶ 𝑡𝑎𝑛ିଵ ቀ క√ଶቁ + కమଶ = (𝑡 + 𝑐ଷ) or  
ହ√ଶ 𝑡𝑎𝑛ିଵ ቀ క√ଶቁ = ቀ𝑡 − కమଶ + 𝑐ଷቁ , 𝑐ଷ 𝑖𝑠 𝑎𝑛𝑦 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜  real constant(12.33)This rewrites (11.33)to the compact form 

𝜉 = 𝑡𝑎𝑛 ൦൬𝑡 − 𝜉ଶ2 + 𝑐ଷ൰ √25 ൪ (c.f., (12.23))

This proves 6). 

11.3.   𝑇ℎ𝑒 𝛼 − 𝑆𝑒𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒𝑠 , 𝐾௜௝௜௝(ఈ) =  ோ೔ೕ೔ೕ(ഀ)(௚೔೔)൫௚ೕೕ൯ି(௚೔ೕ)మ , 𝑖, 𝑗 = 1,2, … , 𝑛 , (c.f., (2.13)) The α − Sectional Curvatures  as time approaches infinity are given by   𝐾௜௝௜௝,ஶ(ఈ) =  𝑅௜௝௜௝,ஶ(ఈ)Δஶ  (12.34)The reader can easily check that   𝐾ଵଵଵଵ,ஶ(ఈ) = 0 =    𝐾ଵଵଵଶ,ஶ(ఈ) =   𝐾ଵଵଵଷ,ஶ(ఈ)
 (12.35)Δஶ = (−𝑎(𝑙𝑔 − 𝑎𝑟) + 𝑏(𝑎ℎ − 𝑙𝑑ଵ)))  = ఒ..కమିఒకక..ିସఒ.కక.ାସఒక.మకళ    𝐾ଵଶଵଵ,ஶ(ఈ) =  𝑅ଵଶଵଵ,ஶ(ఈ)Δஶ = ቈ2(1 − 𝛼)𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(𝜉 . + 1)𝜉ହ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଷ ቉ 

(12.36)

  𝐾ଵଷଵଵ,ஶ(ఈ) =  𝑅ଵଷଵଵ,ஶ(ఈ)Δஶ = ቈ2(1 − 𝛼)𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(1 + 𝜉 .)𝜉ହ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ ቉ (12.37)

               𝐾ଵଷଵଶ,ஶ(ఈ) =  𝑅ଵଷଵଶ,ஶ(ఈ)Δஶ = [2(1 − 𝛼)𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(2𝜆𝜉 . − 𝜆.𝜉 + 2𝜆 − 𝜉)𝜉ସ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ ] (12.38)
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  𝐾ଵଷଵଵ,ஶ(ఈ) =  𝑅ଵଷଵଵ,ஶ(ఈ)Δஶ = ቈ2(1 − 𝛼)𝜆.𝜉 .(𝜉𝜉 .. − 4𝜉 .ଶ)(1 + 𝜉 .)𝜉ହ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ ቉ (12.39)

  𝐾ଵଶଵଷ,ஶ(ఈ) =  𝑅ଵଶଵଷ,ஶ(ఈ)Δஶ = ቈ (1 − 𝛼)𝜆.𝜉 .ଶ(𝜉𝜉 .. − 4𝜉 .ଶ)𝜉଼(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ቉ (12.40)

  𝐾ଵଷଵଷ,ஶ(ఈ) =  𝑅ଵଷଵଷ,ஶ(ఈ)Δஶ = ቈ (1 − 𝛼)𝜆.𝜉 .ଶ(𝜉𝜉 .. − 4𝜉 .ଶ)𝜉ଷ(𝜆..𝜉ଶ − 𝜆𝜉𝜉 .. − 4𝜆.𝜉𝜉 . + 4𝜆𝜉 .ଶ)ଶ቉ (12.41)

The remaining 72 α − Sectional Curvatures  can be obtained by following the same procedure. 

13. Conclusion and Future Work 

The research done for this paper offers a fresh method for modelling the information geometry 

of a queuing system.  From the perspective of IG, the manifold of the temporary 𝑀/𝑀/∞ queue is 

described in this context. 

FIM and IFIM of transient M/M/ ∞  queue manifold is devised. In addition to that, new results 

that uncovered the significant impact of stability of M/M/ ∞ queue manifold on the existence of 

(IFIM) are devised. Moreover, the Geodesic equations of motion of the coordinates of the 

underlying transient 𝑀/𝑀/ ∞  are obtained. Also, it is revealed that stable 𝑀/𝑀/ ∞ QM is   

developable (i.e., has a zero Gaussian curvature) and has a non-zero Ricci Curvature Tensor (RCT).  

Novel stability dynamics of transient M/M/ ∞ queue manifold is revealed by discovering the 

mutual dual impact between the behaviour of (RCT) and the stability and the instability phases of 

the underlying 𝑀/𝑀/ ∞ queue manifold. Furthermore, a new discovery that presents the significant 

impact of stability of 𝑀/𝑀/ ∞ queue manifold and the continuity of the unique representation 

between M/G/1 queue manifold and Ricci Curvature Tensor (RCT).  The information matrix 

exponential (IME) is devised. Also, it is shown that stability of the devised (IME) enforces the 

instability of   𝑀/𝑀/ ∞ queue manifold. Unifying IG with Queueing Theory enables the study of    

dynamics of  transient queueing   systems from a novel Riemannian Geometric (RG) point of view, 

leading to the analysis of the transient 𝑀/𝑀/ ∞ queue, based on the Theory of Relativity (TR). Full 

analytic study of the obtained potential function together is provided. Additionally,  provision of a 

novel link between Ricci Curvature (RCT) and the stability analysis of the transient 𝑀/𝑀/ ∞  QM 

combined with a  full investigation of the newly introduced QT-IG unifiers together with the 

impact of stability/ instability of the underlying transient 𝑀/𝑀/ ∞ on them. More interestingly, full 

investigation of the newly introduced (QIGU) unifiers together with the impact of stability/ 

instability of the underlying transient 𝑀/𝑀/ ∞ QM on them is given. There are several avenues of 

future work. To start with, we are going to extend this novel approach to many existing transient 

queueing systems. Also, another interesting path is to investigate the Information geometric 

analysis of the overall dynamic of time dependent distributions in Physics and Quantum 

Mechanics. 
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